Limits at Infinity and Asymptotes

Calculus 1 — Section 4.6

Limits at infinity - end behavior - guidelines for drawing the graph of a function



Limits at infinity



Limits at infinity and horizontal asymptotes

1
Consider f(x) =2+ " As x gets larger, f(x)

approaches 2:

4 4
100 1000 10,000

2.01 2.001 2.0001

- = = = = - 2 —
—100 —1000 —10,000 ‘ ‘ \

lim f(x)=2

1.99  1.999  1.9999 -8 4 \ 4 8~
Table 4.2 -2
_4 -
Figure 4.40: f approaches y = 2 as x — Fo0.
and lim f(x)=2.
X—>— 00
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Limits at infinity — definition

Definition
If the values of f(x) become arbitrarily close to L as x becomes sufficiently large, we say that
f has a limit at infinity and write lim f(x) = L.

X—>00

If the values of f(x) become arbitrarily close to L for x < 0 as |x| becomes sufficiently large,
we say that 7 has a limit at negative infinity and write lim f(x) = L.
X—— 00
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Limits at infinity — definition

Definition
If the values of f(x) become arbitrarily close to L as x becomes sufficiently large, we say that
f has a limit at infinity and write lim f(x) = L.

X—>00

If the values of f(x) become arbitrarily close to L for x < 0 as |x| becomes sufficiently large,
we say that 7 has a limit at negative infinity and write lim f(x) = L.
X—— 00

Definition

If lim f(x)=Lor lim f(x)=L, we say the line y =L is a horizontal asymptote of f.

X—r 00 X—>— 00
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Limits at infinity — definition

Definition
If the values of f(x) become arbitrarily close to L as x becomes sufficiently large, we say that
f has a limit at infinity and write lim f(x) = L.

X—>00

If the values of f(x) become arbitrarily close to L for x < 0 as |x| becomes sufficiently large,

we say that 7 has a limit at negative infinity and write lim f(x) = L.
X—— 00

Definition

If lim f(x)=Lor lim f(x)=L, we say the line y =L is a horizontal asymptote of f.
X—r 00 X—>— 00
For example, since limy_,, £ = 0, the line y = 0 is a horizontal asymptote of f(x) = 2.
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Crossing a horizontal asymptote

A graph cannot cross a vertical asymptote. However, it may cross a horizontal asymptote, even
an unlimited number of times.

Figure 4.42: f crosses its horizontal asymptote y = 1 an infinite number of times.

The algebraic limit laws and the squeeze theorem also apply to limits at infinity.
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Example 4.21(a) — computing limits at infinity

Evaluate limy_ o f(x) and limy_,_ f(x) for

2 . .

f(x) =5 — —, and determine its horizontal
X

asymptotes.
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Example 4.21(a) — computing limits at infinity

Evaluate limy_ o f(x) and limy_,_ f(x) for

2 . .

f(x) =5 — —, and determine its horizontal
X

asymptotes.

By the algebraic limit laws,

lim (5—%):5—2( lim 1)2:5—2-0:5.

X—00 X—00 X
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Example 4.21(a) — computing limits at infinity

Evaluate limy_ o f(x) and limy_,_ f(x) for

2 . .

f(x) =5 — —, and determine its horizontal y
X

asymptotes.

By the algebraic limit laws,

lim (5—%):5—2( lim 1)2:5—2-0:5.

X—00 X—00 X

|

Similarly, limy,_, o f(x) = 5. Therefore y =5 is a
horizontal asymptote, and f approaches it as
X — Fo00.
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Example 4.21(b) — computing limits at infinity

Evaluate limy_, oo F(x) and limy_,_ o f(x) for

sin x S .
f(x)= , and determine its horizontal
X
asymptotes.
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Example 4.21(b) — computing limits at infinity

Evaluate limy_, oo F(x) and limy_,_ o f(x) for
f(x)= X and determine its horizontal
X

asymptotes.
Since —1 <sinx < 1, we have

sin x

<

< for x > 0,

X | =
X | =

X

and limy_, (— %) =0=Ilim % By the

) sin x
squeeze theorem, limy_ oo —— = 0.
X
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Example 4.21(b) — computing limits at infinity

Evaluate limy_, oo F(x) and limy_,_ o f(x) for

sin x S .
f(x)= , and determine its horizontal
X
asymptotes.

Since —1 <sinx < 1, we have

sin x

< < for x > 0,

X | =
X | =

X

and limy_, (— %) =0=Ilim % By the
) sin x
squeeze theorem, limy_ oo —— = 0.
X

. sin x .
Similarly, limy_, snx_ 0. Soy=0isa

horizontal asymptote, which the graph crosses
infinitely many times.
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Example 4.21(c) — computing limits at infinity

Evaluate limy_soo tan™1 x and limy_, _ o tan™ ! x.
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Example 4.21(c) — computing limits at infinity

Evaluate limy_soo tan™1 x and limy_, _ o tan™ ! x.

tan~! is the inverse of tan restricted to ( — %, %),
and
lim tanx = oo, lim tanx = —o0.
x—(m/2)- x—s(—m/2)*+
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Example 4.21(c) — computing limits at infinity

Evaluate limy_soo tan™1 x and limy_, _ o tan™ ! x.

1

tan~! is the inverse of tan restricted to ( — %, %), P
and Zloccccoooac
lim  tanx = oo, lim tanx = —oc0. ‘ ‘ ‘ ‘ ‘ ‘
_ oY — —
x—(m/2) x>(=7/2) 6 —4 -2 2 4 6%
It follows that . S
: 1 s li —1 m
X'L}”go tan” " x = PX X_:TOO tan " x = T Figure 4.46: f(x) = tan~! x has two horizontal
asymptotes.
So y = % and y = —7 are horizontal asymptotes of
tan~! x.
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Infinite limits at infinity

For f(x) = x3, the values become arbitrarily large as
x — 00, and negative but arbitrarily large in magnitude
as x — —oo:

lim x3 = o0, lim x°> = —oc0.
X—00 X—— 00
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Infinite limits at infinity

For f(x) = x3, the values become arbitrarily large as
x — 00, and negative but arbitrarily large in magnitude
as x — —oo:

lim x3 = o0, lim x°> = —oc0.
X—00 X—— 00

Definition

f has an infinite limit at infinity, limy_ o f(x) = oo,
if f(x) becomes arbitrarily large for x sufficiently
large; and limy_, o f(x) = —oo if f(x) < 0 and |f(x)] Figure 4.47: f(x) = x3
becomes arbitrarily large for x sufficiently large.

Similarly as x — —o0.
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End behavior



End behavior and power functions

The behavior of f as x — £oo is its end behavior. At each end, f(x) may approach a
horizontal asymptote y = L, tend to oo or —oo, or do neither (e.g. oscillate).
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End behavior and power functions

The behavior of f as x — £oo is its end behavior. At each end, f(x) may approach a
horizontal asymptote y = L, tend to oo or —oo, or do neither (e.g. oscillate).

For n=1,2,3,... (Figures 4.50 and 4.51):

XZVXA X, x3
) , ) ) 00 n even,
lim x" = oo, lim x" =
X—>00 X—>—00 —00 n odd'
For a constant ¢ # 0, limcx” = lim x" if ¢ > 0 and
limex” = —limx” if ¢ <0 (as x — oo or x = —00).
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End behavior and power functions

The behavior of f as x — £oo is its end behavior. At each end, f(x) may approach a
horizontal asymptote y = L, tend to oo or —oo, or do neither (e.g. oscillate).

For n=1,2,3,... (Figures 4.50 and 4.51):

XZVXA X, x3
) , ) ) 00 n even,
lim x" = oo, lim x" =
X—>00 X—>—00 —00 n odd'
For a constant ¢ # 0, limcx” = lim x" if ¢ > 0 and
limex” = —limx” if ¢ <0 (as x — oo or x = —00).

Example 4.24. lim,_, o (=5x3) = —00, lim,s _oo(—5x3) = 00;  limy_y0 2x* = 00,

liMy_y— oo 2x% = o0.
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End behavior of polynomials

Let f(x) = apx" + a,_1x" "1+ -+ + a;x + ag with
n>1 and a, # 0. Factoring,

an—11 a1
1l ealy
X

an x"

f(x) = a,,x"(l +

an
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End behavior of polynomials

Let f(x) = apx" + a,_1x" "1+ -+ + a;x + ag with
n>1 and a, # 0. Factoring,

a, X an x"

n—11 1
f(x):a,,x"(lJra ! +~o+@—).

As x — 400, all the terms inside the parentheses
except the first approach 0. Hence

lim f(x)= lim apx".
x—too x—+oo
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End behavior of polynomials

Let f(x) = apx" + a,_1x" "1+ -+ + a;x + ag with
n>1 and a, # 0. Factoring,

an—11 a1
1l ealy

a, X an x"

f(x) = a,,x"(l +

As x — 400, all the terms inside the parentheses
except the first approach 0. Hence

lim a,x".
x—+oo

lim f(x) =

x—too

For example, f(x) = 5x> — 3x2 + 4 behaves like
g(x) = 5x3 as x — +o0.

Figure 4.52: the end behavior is determined by

the term with the largest exponent.
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Example 4.25(a) — end behavior of a rational function

3x—1

T 2x+5
(numerator and denominator have the same degree).

Determine the limits as x — 400 of f(x)
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Example 4.25(a) — end behavior of a rational function

3x—1

T 2x+5
(numerator and denominator have the same degree).

Determine the limits as x — 400 of f(x)

Divide numerator and denominator by x, the highest
power of x in the denominator:

3x-1  3-1/x 3-0 3

x—lToo2X—|—5_x—1T002+5/X_2+0 2
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Example 4.25(a) — end behavior of a rational function

3x—1

T 2x+5
(numerator and denominator have the same degree). 54

Determine the limits as x — 400 of f(x)

Divide numerator and denominator by x, the highest ~  =—=——T"______________

power of x in the denominator: _10 s 5 10 X

3x-1  3-1/x 3-0 3

x—lToo2X—|—5_x—1T002+5/X_2+0 2

- : _3
So y = 3 is a horizontal asymptote of f. Figure 4.53: f approaches y = 3 as x — +o0.
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Example 4.25(b) — end behavior of a rational function

Determine the limits as x — 400 of
£(x) 3x2 + 2x

X)=—%—"7"——

4x3 —5x +7

less than the degree of the denominator).

(the degree of the numerator is
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Example 4.25(b) — end behavior of a rational function

Determine the limits as x — 400 of
£(x) 3x2 + 2x

X)=—%—"7"——

4x3 —5x +7

less than the degree of the denominator).

(the degree of the numerator is

Divide numerator and denominator by x3:

2
lim f(x) = _3/x+2/x 0 0.
x—Fo00 x—)ioo4 5/X2—|—7/X3 4
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Example 4.25(b) — end behavior of a rational function

Determine the limits as x — 400 of

y
3x% 4+ 2 .
f(x) = ﬁ (the degree of the numerator is 4T
less than the degree of the denominator).
Divide numerator and denominator by x3: _‘4 ~ 2 . X
3/x +2/x? 0 i

x—llmoo f(X) x—)ioo 4 — 5/)(2 4 7/X3 T4 0. .

So y = 0 is a horizontal asymptote of f. Figure 4.54: f approaches y = 0 as x — d-00.
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Example 4.25(c) — an oblique asymptote

. . 3x2+ 4
Determine the limits as x — +o0 of f(x) = %
X

(the degree of the numerator is greater).
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Example 4.25(c) — an oblique asymptote

3x* 4+ 4
Determine the limits as x — oo of f(x) = %
X

(the degree of the numerator is greater).
3x+4

T 1+ 2/x
tends to 1, so limy_,o f(x) = 0o and

Dividing by x: f(x) . The denominator

limy oo F(x) = —00.

13/25



Example 4.25(c) — an oblique asymptote

3x2 +4
Determine the limits as x — +o0 of f(x) = %
X
(the degree of the numerator is greater).
3x + 4 y .
Dividing by x: f(x) = 1 i—g/x The denominator y=3x-2 ol
tends to 1, so limy_,o f(x) = 0o and /
limy oo F(x) = —00. —;0 7 5 x
By long division, L
7 0
f(x)=3x—-2+ 4
x) =3x — .
x+2

Figures 4.55-4.56: f(x) = 3’;2%“
Since limy_, 4 o0 X% =0, we get f(x) —(3x—2) =0

as x — Foo. The graph of f approaches the line
y =3x — 2 as x — £o0o: an oblique asymptote.
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End behavior of rational functions

p(x) anx"+ -+ aix + ag i
Let f = = , with a, # 0 and b, # 0.
et f(x) 4(0) ~ o™ £ T bix T by with a, # 0 an #
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End behavior of rational functions

p(x)  apx"+---4aix+ ag
q(x)  bpx™ 4+ bix + by’

Let f(x) = with a, # 0 and by, # 0.

1. If n=m, then f has the horizontal asymptote y = ZT"n as x — Foo.
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End behavior of rational functions

p(x)  apx"+---4aix+ ag

Let f = = ,
e qg(x)  bmx™+ -+ bix+ by

with a, # 0 and b, # 0.

1. If n=m, then f has the horizontal asymptote y = ZT"n as x — Foo.

2. If n < m, then f has the horizontal asymptote y = 0 as x — +o0.

14/25



End behavior of rational functions

p(x)  apx"+---4aix+ ag

=  with a, % 0 and by # 0.
G) ~ Bt Fbax by T @0 7 @ and by #

Let f(x) =

1. If n=m, then f has the horizontal asymptote y = ZT"n as x — Foo.
2. If n < m, then f has the horizontal asymptote y = 0 as x — +o0.

3. If n > m, then f has no horizontal asymptote: the limits at infinity are oo or —oco. By long

division, )
r(x
f(x)=g(x)+ —=, degr < deggq,
() = €60 + 23
50 limy— 00 2 =0 and f(x) —g(x) = 0. If n=m+1, then g is linear and the line

q(x)
y = g(x) is an oblique asymptote.
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Example 4.26 — a function involving a radical

3x -2
Vax2+5

Find the limits as x — %00 of f(x) =
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Example 4.26 — a function involving a radical

3x -2
Vax2+5
For large |x|, V4x? +5 = V4x? = 2|x|. We divide by
x| = V/x2, with |x| = x for x > 0 and |x| = —x for
x < 0O

Find the limits as x — %00 of f(x) =
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Example 4.26 — a function involving a radical

3x -2
Vax2+5
For large |x|, V4x? +5 = V4x? = 2|x|. We divide by
x| = V/x2, with |x| = x for x > 0 and |x| = —x for
x < 0O

Find the limits as x — %00 of f(x) =

3-2/x 3 3

lim f(x) = lim

X—00 X—00 /4—|—5/X27ﬁ72’

X—+—00 x—>—oo,/4+5/x2_ 2
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Example 4.26 — a function involving a radical

3x -2
Vax2+5
For large |x|, vV4x? +5 &~ V4x2 = 2|x|. We divide by

Find the limits as x — %00 of f(x) =

y
|x| = V'x2, with |x| = x for x > 0 and |x| = —x for
1.5 +
x < 0: K——-
.  3-2/x 3 3 — ——
lim f(x) = Im ——— = — = -, -6 —4 —2 2 4 6%
X—00 ( ) X—00 /4_|_5/X2 \/Z 2 \/5//
=1l N
. . -34+2/x 3
lim f(x)= lm ———=—=. . .
X——00 x——00 /4 + 5/X2 2 Figure 4.57: two horizontal asymptotes.
8

Two horizontal asymptotes: y = 5 as x — oo and

y=-3asx— —cc.
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Example 4.26 — a function involving a radical

3x -2
Vax2+5
For large |x|, vV4x? +5 &~ V4x2 = 2|x|. We divide by

Find the limits as x — %00 of f(x) =

y
|x| = V'x2, with |x| = x for x > 0 and |x| = —x for
———————— 15
x < 0:
. 3-2/x 3 3
lim f(x) = lim ———— = — = -,
X—00 ( ) X—00 /4—|—5/X2 \/Z 2
. . -34+2/x 3
lim f(x)= lm ———=—=. . .
X——00 x——00 /4 + 5/X2 2 Figure 4.57: two horizontal asymptotes.

Two horizontal asymptotes: y = % as x — 0o and

y=-3asx— —cc.
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End behavior of transcendental functions

e sin x and cos x oscillate between —1 and 1; tan x
has infinitely many vertical asymptotes. They
have no limit (finite or infinite) as x — £o0.

16/25



End behavior of transcendental functions

e sin x and cos x oscillate between —1 and 1; tan x
has infinitely many vertical asymptotes. They &
have no limit (finite or infinite) as x — £o0.

o limy,oe¥=00 and lim,,_, e =0.
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End behavior of transcendental functions

e sin x and cos x oscillate between —1 and 1; tan x In x

has infinitely many vertical asymptotes. They & )

have no limit (finite or infinite) as x — £o0. )
o limy,oe¥=00 and lim,,_, e =0. 4 8
e lim oo Inx =00 and lim, g+ Inx = —oco. -2 2 2

16/25



Example 4.27 — a transcendental function

2+ 3e"

Find the limits as x — to00 of f(x) = el
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Example 4.27 — a transcendental function

B 2 + 3e¥
7 —5ex’

Find the limits as x — 00 of f(x)
As x — oo, divide by e*:

2/e+3 0+3 3
fim ()= lim 2L&+3_0+3 3
X—00 X—00 7/6X75 0-5 )

since limy_ oo e% =0=Ilimy_ elx
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Example 4.27 — a transcendental function

B 2 + 3e*
7 —5ex’

Find the limits as x — 00 of f(x)

As x — oo, divide by e*:

2/*+3 043 3
fim ()= lim 2L&+3_0+3 3
X—00 X—00 7/6X75 0-5 )

since limy_ oo e% =0=Ilimy_ elx

2
As x — —00, € = 0, so lim,_, _ f(x) = 7
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Example 4.27 — a transcendental function

2+ 3e"

Find the limits as x — to00 of f(x) = el

As x — oo, divide by e*:

2/e*+3 0+3 3

lim f(x) = lim = =—=
X—00 (x) x>0 7/eX—5 0-—5 5’
since limy_ oo e% =0=Ilimy_ elx
" ) 2
As x = —00, € = 0, so limy_, o f(x) = 2
f(x) = % (vertical asymptote at x = In %)
i oy = _3 =2
Horizontal asymptotes: y = —¢ as x oo and y = 2

as X — —0oQ.
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Guidelines for drawing the graph
of a function




Drawing the graph of a function

Problem-solving strategy: drawing the graph of a function

1.
2.
3.

Determine the domain of the function.
Locate the x- and y-intercepts.

Evaluate limy_,~ f(x) and lim,_, _, f(x) to determine the end behavior. If either is a
finite number L, then y = L is a horizontal asymptote. If either is +=00, determine whether
f has an oblique asymptote.

Determine whether f has any vertical asymptotes.

5. Calculate /. Find all critical points, the intervals where f is increasing and decreasing,

and the local extrema.

Calculate . Find the intervals where f is concave up and concave down, and the
inflection points.
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Example 4.28 — sketching a polynomial

Sketch a graph of f(x) = (x — 1)3(x + 2).
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Example 4.28 — sketching a polynomial

Sketch a graph of f(x) = (x — 1)3(x + 2).

Step 1. Domain: all real numbers.
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Example 4.28 — sketching a polynomial

Sketch a graph of f(x) = (x — 1)3(x + 2).

Step 1. Domain: all real numbers.
Step 2. f(0) = 2: y-intercept (0, 2); x-intercepts (1,0) and
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Example 4.28 — sketching a polynomial

Sketch a graph of f(x) = (x — 1)3(x + 2).

Step 1. Domain: all real numbers.

Step 2. f(0) = 2: y-intercept (0, 2); x-intercepts (1,0) and

Step 3. f(x) = x® — 3x + 2 behaves like x*:
limx— oo F(Xx) = 00, limy—_oo F(x) = —00.
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Example 4.28 — sketching a polynomial

Sketch a graph of f(x) = (x — 1)3(x + 2).

Step 1. Domain: all real numbers.

Step 2. f(0) = 2: y-intercept (0, 2); x-intercepts (1,0) and

Step 3. f(x) = x® — 3x + 2 behaves like x*:
limx— oo F(Xx) = 00, limy—_oo F(x) = —00.

Step 4. No vertical asymptotes (polynomial).
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Example 4.28 — sketching a polynomial

Sketch a graph of f(x) = (x — 1)3(x + 2).

Step 1. Domain: all real numbers.

Step 2. f(0) = 2: y-intercept (0, 2); x-intercepts (1,0) and

Step 3. f(x) = x® — 3x + 2 behaves like x*:
limx— oo F(Xx) = 00, limy—_oo F(x) = —00.

Step 4. No vertical asymptotes (polynomial).

Step 5. f/(x) = 3x® — 3 =3(x — 1)(x + 1): f is increasing
on (—oo, —1) and (1, 00), decreasing on (—1,1). Local
maximum f(—1) = 4, local minimum (1) = 0.

19/25



Example 4.28 — sketching a polynomial

Sketch a graph of f(x) = (x — 1)3(x + 2).

Step 1. Domain: all real numbers.

Step 2. f(0) = 2: y-intercept (0, 2); x-intercepts (1,0) and

Step 3. f(x) = x® — 3x + 2 behaves like x*:
limx— oo F(Xx) = 00, limy—_oo F(x) = —00.

Step 4. No vertical asymptotes (polynomial).

Step 5. f/(x) = 3x® — 3 =3(x — 1)(x + 1): f is increasing
on (—oo, —1) and (1, 00), decreasing on (—1,1). Local
maximum f(—1) = 4, local minimum (1) = 0.

Step 6. f”(x) = 6x: concave down on (—o0,0), concave up
on (0, c0); inflection point (0, 2).
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Example 4.28 — sketching a polynomial

Sketch a graph of f(x) = (x — 1)3(x + 2).

Step 1. Domain: all real numbers. y
Step 2. f(0) = 2: y-intercept (0, 2); x-intercepts (1,0) and

(—2,0).

Step 3. f(x) = x® — 3x + 2 behaves like x*:

limx— oo F(Xx) = 00, limy—_oo F(x) = —00.

Step 4. No vertical asymptotes (polynomial).

Step 5. f/(x) = 3x® — 3 =3(x — 1)(x + 1): f is increasing
on (—oo, —1) and (1, 00), decreasing on (—1,1). Local

maximum f(—1) = 4, local minimum f(1) = 0. f(x) = (x=1)*(x +2)

Step 6. f”(x) = 6x: concave down on (—o0,0), concave up
on (0, c0); inflection point (0, 2).

19/25



Example 4.29 — sketching a rational function

x2

Sketch the graph of f(x) = e
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Example 4.29 — sketching a rational function

x2

Sketch the graph of f(x) = e

Step 1. Domain: all real numbers except x = +1.
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Example 4.29 — sketching a rational function

x2

Sketch the graph of f(x) = e

Step 1. Domain: all real numbers except x = +1.

Step 2. f(0) =0, and f(x) = 0 only for x = 0: the only intercept is (0, 0).
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Example 4.29 — sketching a rational function

x2

Sketch the graph of f(x) = e

Step 1. Domain: all real numbers except x = +1.
Step 2. f(0) =0, and f(x) = 0 only for x = 0: the only intercept is (0, 0).
x? 1

—  —lim ———— = —1: the horizontal
X2 xrdoo 1/x2 -1

Step 3. Dividing by x?, limy_ 4+ 1

asymptote is y = —1.
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Example 4.29 — sketching a rational function

x2

Sketch the graph of f(x) = e

Step 1. Domain: all real numbers except x = +1.
Step 2. f(0) =0, and f(x) = 0 only for x = 0: the only intercept is (0, 0).
x? 1

—  —lim ———— = —1: the horizontal
X2 xrdoo 1/x2 -1

Step 3. Dividing by x?, limy_ 4+ 1

asymptote is y = —1.

Step 4. The denominator is zero at x = +£1, and

lim f(x) =00, lim f(x)= —o0, lim f(x)=—-o00, lim f(x)=o00:
x—1— x—1* x——1- x——1%
x =1 and x = —1 are vertical asymptotes.
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Example 4.29 — derivatives and graph

2x h v critical point i
122 the only critical point Is

Step 5. f'(x) = a
x=0. " <0on (—o0,—1) and (—1,0); ' > 0 on
(0,1) and (1,00). So f has a local minimum at x =0
and no local maximum.
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Example 4.29 — derivatives and graph

2x

Step 5. f'(x) = (1722: the only critical point is
— X

x=0. " <0on (—o0,—1) and (—1,0); ' > 0 on
(0,1) and (1,00). So f has a local minimum at x =0
and no local maximum.

6x + 2
Step 6. ''(x) = %12)3 never zero. " < 0 on
(=00, —1) and (1, 00): concave down; f” > 0 on

(=1,1): concave up.
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Example 4.29 — derivatives and graph

2x

Step 5. f'(x) = (1722: the only critical point is
— X

x=0. " <0on (—o0,—1) and (—1,0); ' > 0 on
(0,1) and (1,00). So f has a local minimum at x =0
and no local maximum.

6x + 2
Step 6. ''(x) = %12)3 never zero. " < 0 on
(=00, —1) and (1, 00): concave down; f” > 0 on

(=1,1): concave up.

f changes concavity at x = £1, but there are no

inflection points there, since f is not continuous at
% = =&ll,
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Example 4.30 — a rational function with an oblique asymptote

Sketch the graph of f(x) =
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Example 4.30 — a rational function with an oblique asymptote

Sketch the graph of f(x) =

Step 1. Domain: all real numbers except x = 1.
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Example 4.30 — a rational function with an oblique asymptote

Sketch the graph of f(x) =

Step 1. Domain: all real numbers except x = 1.

Step 2. The only intercept is (0, 0).

22/25



Example 4.30 — a rational function with an oblique asymptote

Sketch the graph of f(x) =

x—1
Step 1. Domain: all real numbers except x = 1.
Step 2. The only intercept is (0, 0).

Step 3. The degree of the numerator is one more than the degree of the denominator. By long
division, ,

X 1
F(x) = —x 14—
(x) x—1 X +X—1’

and ﬁ — 0 as x — +00: y = x + 1 is an oblique asymptote.
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Example 4.30 — a rational function with an oblique asymptote

Sketch the graph of f(x) =

x—1
Step 1. Domain: all real numbers except x = 1.
Step 2. The only intercept is (0, 0).

Step 3. The degree of the numerator is one more than the degree of the denominator. By long
division, ,

X 1
F(x) = —x 14—
(x) x—1 X +X—1’

and ﬁ — 0 as x — +00: y = x + 1 is an oblique asymptote.

Step 4. lim,_,1+ f(x) = 0o and lim,_,;- f(x) = —oo0: x = 1 is a vertical asymptote.

22/25



Example 4.30 — derivatives and graph

L7 =2

Step 5. f'(x) = (XX — 1)); = )(<)(<X 1)2): critical points
x=0and x=2. f' >0 on (—00,0) and (2, 0),
f"<0on (0,1) and (1,2). Local maximum f(0) =0,

local minimum £(2) = 4.
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Example 4.30 — derivatives and graph

y .
29 —2 '
Step 5. f'(x) = (XX — 1)); = )(<)(<X 1)2): critical points 6 E //,
x=0and x=2. f' >0 on (—00,0) and (2, 0), o N
f"<0on (0,1) and (1,2). Local maximum f(0) =0, 2119 '
local minimum £(2) = 4. ) > \' 2 . X
2 :
Step 6. f'(x) = RN never zero: concave down - |
on (—o0, 1), concave up on (1, 00). '
f(X) = %=1
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Example 4.31 — a function with a cusp

Sketch a graph of f(x) = (x —1)%/3 = (V/x — 1)2.
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Example 4.31 — a function with a cusp

Sketch a graph of f(x) = (x —1)%/3 = (V/x — 1)2.

Steps 1-4. Domain: all real numbers. Intercepts (0, 1)
and (1,0). limy_ 100 f(x) = co. No vertical asymptotes.
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Example 4.31 — a function with a cusp

Sketch a graph of f(x) = (x —1)%/3 = (V/x — 1)2.

Steps 1-4. Domain: all real numbers. Intercepts (0, 1)
and (1,0). limy_ 100 f(x) = co. No vertical asymptotes.

2
Step 5. f/(x) = W is never zero and is
undefined at x = 1. f" <0 on (—o0,1) and ' > 0 on
(1,00): local minimum f(1) = 0. Since

lim f/(x) = lim £/(x) = —
XL>n;.]Jr (X) % x—l>r?* (X) =

f has a cusp at x = 1.
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Example 4.31 — a function with a cusp

Sketch a graph of f(x) = (x —1)%/3 = (V/x — 1)2.

Steps 1-4. Domain: all real numbers. Intercepts (0, 1)
and (1,0). limy_ 100 f(x) = co. No vertical asymptotes.

2
Step 5. f/(x) = W is never zero and is
undefined at x = 1. f" <0 on (—o0,1) and ' > 0 on

(1,00): local minimum f(1) = 0. Since

lim f/(x) = lim £/(x) = —
XL>n;.]Jr (X) % x—l>r?* (X) =

f has a cusp at x = 1.

2
Step 6. f//(X) = —W <0 ]COI'X§Ié 1: fis

concave down on (—oo, 1) and (1, 00).

<

—10 10 20¢

f(x) = (x — 1)?/3: a cusp at (1,0).

24/25



Key points

If limy— 00 F(x) = L or limy_,_o f(x) = L, then y = L is a horizontal asymptote; a graph
may cross it.

Polynomials behave like their leading term a,x"” as x — +o0.

Rational functions: degree of the numerator =, <, > degree of the denominator gives the

horizontal asymptote y = 2=, y = 0, or no horizontal asymptote (an oblique asymptote

m

when it exceeds it by one).

For radicals, divide by the appropriate power of |x|; for exponentials, use ¥ — oo as
x — oo and e — 0 as x = —o0.

To graph f: domain, intercepts, end behavior, vertical asymptotes, then f’
(increasing/decreasing, extrema) and "' (concavity, inflection points).

25/25



	Limits at infinity
	End behavior
	Guidelines for drawing the graph of a function

