Differentiation Rules and Techniques

Calculus 1 — Sections 3.3, 3.5-3.9

Differentiation rules - trigonometric functions - chain rule - inverse functions - implicit differentiation -

exponentials and logarithms
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§3.3 Differentiation Rules



Learning objectives

By the end of this section you should be able to:

e State the constant, constant multiple, and power rules.

Apply the sum and difference rules to combine derivatives.

Use the product rule and the quotient rule.

Extend the power rule to negative exponents.

Combine the rules to differentiate any polynomial or rational function.

The idea

Computing every derivative from the limit definition is tedious. A few rules, each proved once
from the definition, let us differentiate whole families of functions directly.
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The constant rule

Theorem 3.2 — Constant rule
Let ¢ be a constant. If f(x) = ¢, then f/(x) = 0. That is,

d
a(c) =0.

Why? From the definition,
f/(x) = lim < = lim 0 =0.
h—0 h—0
The graph of f(x) = c is a horizontal line, so every tangent line has slope 0.

Example 3.17
If f(x) =8, then f'(x) = 0.
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Example 3.18 — differentiating x> from the definition

We know %(x2) = 2x and %(xl/z) = 1x71/2. What about x*?

?(X3) = ||m
Ix
o X3+ 3x2h+3xh? + kP — X3
,|,|m0 A expand (x + h)3
—
. h(3x®> +3xh + h?)
lim
h—0 h
= il)imo (3X2 + 3xh + h2) = 3x2. let h — 0
—

cancel x3, factor out h

The exponent comes down as a coefficient, and the power drops by 1.
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The power rule

Theorem 3.3 — Power rule

Let n be a positive integer. If f(x) = x", then

f'(x) = nx"71, ie. — (x") = nx""1.

Proof. By the binomial theorem, (x + h)" = x" + nx""*h+ (3)x"?h* +--- + h", so
h n _ n
bt i) =7 X"t 4 <n> X"Ph AT — X"
h 2 h—0

Every term except the first contains a factor of h. a

Example 3.19

4 (x1%) =10x°. Caution: the rule is for x”, not for a constant raised to a variable power such as 3*.
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Sum, difference, and constant multiple rules

Theorem 3.4
Let f and g be differentiable and k a constant. Then

(F+g) =Ff+g, (F-g)=Ff—-g, (k) =kf"

Proof of the sum rule. With j = f + g, regroup the difference quotient and use the sum law for limits:

(f(XJrhz', f(X) o g(X+ h) *g(x)> _ fl(X) +g/(X)‘

J'(x) = lim b

h—0

The difference and constant multiple rules are proved in the same way. O
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Examples 3.20 & 3.21 — using the basic rules

3.20 — constant multiple 3.21 — step by step
For g(x) = 3x2, For f(x) = 2x° + T:
g'(x)=3 %(X2) = 3(2x) = 6bx, f'(x) = dix(2xs) + %(7) sum rule
three times the derivative of =2 dix (x°) + %(7) constant multiple
ARISE = 2(5X4) +0 power and constant rules
= 10x".
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Example 3.22 — finding a tangent line

Find the line tangent to f(x) = x? —4x + 6 at x = 1.
e Point: f(1)=1-4+6=3,so (1,3).
o Slope: by the rules, f'(x) = 2x — 4, so f'(1) = —2.

e Line: y —3=—-2(x—1), thatis, | y = —2x+5 |

Linear approximation

This line is the linearization of f at 1:

L(x) =f(1)+ f'(1)(x —1) = —2x + 5. So f(x) ~ —2x +5
for x near 1. For instance, f(1.1) = L(1.1) = 2.8; the exact
value is f(1.1) = 2.81.
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The product rule

The derivative of a product is not the product of the derivatives

Write x? = x - x. Then L (x?) = 2x, but £(x)- £(x)=1-1=1.

Theorem 3.5 — Product rule
Let f and g be differentiable. If j(x) = f(x) g(x), then

J(x) =f(x) g(x) + &'(x) f(x).

In words: the derivative of the first times the second, plus the derivative of the second times
the first.
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Proof of the product rule

Let j(x) = f(x)g(x). Add and subtract f(x) g(x + h) in the numerator:
f(x + h)g(x + h) — f(x)g(x)

h—0 h
— lim f(x+ h)g(x + h) — f(x)g(x + h) + f(x)g(x + h) — f(x)g(x)
h—0 h
=hp (= et (=)
= f'(x) g(x) + g'(x) f(x).
The key step
g is differentiable, hence continuous (Theorem 3.1), so fIIiLnO g(x + h) = g(x). O
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Examples 3.23 & 3.24 — applying the product rule

3.23 — at a point
For j = fg with f(2) =3, f'(2) = —4, g(2) =1, g'(2) = 6:

J'(2) =f'(2)8(2) + &'(2)f(2) = (-4)(1) + (6)(3) = 14.
3.24 — binomials
For j(x) = (x® +2)(3x® — 5x), take f = x> +2, g = 3x> — 5x, so f = 2x, g’ = 9x?> — b:
J'(x) = (2x)(3x> — 5x) + (9x* — 5)(x* + 2) = 15x* + 3x* — 10.

Check: j(x) = 3x® + x3 — 10x, so j/(x) = 15x* + 3x? — 10.
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The quotient rule

Not the quotient of the derivatives either

3 d (3 2
Write x? = X—. Then di(xz) = 2x, but % x) = 3 =
x ) a1

Theorem 3.6 — Quotient rule

Let £ and g be differentiable. If j(x) = @ then
g(x)

10 = ['(x)glx) — g'(x) F(x)
./( ) (g(x))2

13/100



Example 3.25 — applying the quotient rule

. I 5x2
Find the derivative of k(x) = i3

Take f(x) = 5x? and g(x) = 4x + 3, so f'(x) = 10x and g’(x) = 4. Then

f'(x)g(x) — g’ (x)f(x) _ 10x(4x +3) — 4(5x2)'

k'(x) = (g(x))2 (4x + 3)2

Expanding the numerator, 40x? 4+ 30x — 20x2? = 20x? + 30x, so

20x% + 30x
k/ =
(x) (4x +3)?
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The extended power rule

Theorem 3.7 — Extended power rule

If k is a negative integer, then
d

K\ _ pok—1
a(x)—kx .

s _ 1 . .
Proof. Set n = —k, a positive integer, so x = x~" = —. Apply the quotient rule with f(x) =1 and
Xn
n—1,

g(x)=x",s0 f =0and g’ = nx

d, _, 0-x"—nx""1.1 o=t —he1 K—1
(X ) = )2 = = ™ = kx""". O

So %(x") = nx"~! holds for every integer n (for n =0, it is the constant rule).
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Examples 3.26 & 3.27 — negative exponents

3.26
With k = —4: i()F“) = —4x 41 = _4x75.

3.27 — rewrite first

6
For f(x) = =, the quotient rule works, but rewriting as f(x) = 6x~? is quicker:
X

d
f/(X) =0 a (Xiz) constant multiple rule
= 6( = 2X73) extended power rule
= —12x73.
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Combining differentiation rules

Rule of thumb

Apply the rules in the reverse of the order in which you would evaluate the function.

Example 3.28
For k(x) = 3h(x) + x?g(x) (sum, constant multiple, product rules):

k'(x) = 3h'(x) + di;( (xz)g(x) + g'(x) x* = 3K (x) + 2x g(x) + xg’(x).

Example 3.29 — a product of three functions
For k(x) = f(x)g(x)h(x) = (f(x)g(x)) - h(x), apply the product rule twice:

K'(x) = f'(x)g(x)h(x) + f(x)g' (x)h(x) + F(x)g () A (x).
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Example 3.30 — quotient rule and product rule together

3
For h(x) = 23Xx j_();) find A'(x).

2 (2°k(x)) - (3x +2) — £(3x + 2) - 2x°k(x)

B (x) = dx Gx 127 quotient rule
X

(6x°k(x) + 2x°k'(x)) (3x + 2) — 3 - 2x°k(x)

= Gx 27 product rule; £ (3x 4 2) = 3
—6x3k + 18x%k + 12x°k + 6x" k' + 4x3K’

= (3X i 2)2 expand
12k(x) (x> + x?) + 2k’ (x) (3x* + 2x%) o

= Gx 127 . simplify
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Example 3.31 — where is the tangent line horizontal?

y
For f(x) = x3 — 7x® + 8x + 1, a horizontal o Ak
tangent means f'(x) = 0. .
o f/(x) =3x% — 14x + 8 = (3x — 2)(x — 4). By an_ } }
o f/(x) =0 when x =3 or x = 4. \ N i 6
At these points the graph levels off: a local high point at 20 -
5= % and a local low point at x = 4.
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Example 3.32 — finding a velocity

An object’s position at time t is s(t) = . What is its initial velocity?

t2+1

The initial velocity is v(0) = s’(0). By the quotient rule,

, 1-(t2+1)—2t-¢t 1-—t2
S(t): = .
(t2—|—1)2 (t2+1)2

Evaluating at t = O:
1-0

v(0) ='(0) = ES

1.
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Constant rule dlx(c) =0
Power rule (any integer n) 4 (x") = nx"t
Sum, difference, constant multiple (f +£g) =f"+g’, (kf) = kf’
Product rule (fg) =f'g+g'f
Quotient rule (f)/ = Pg;f/f
g g

Combine the rules in the reverse of the order of evaluation, and remember: the derivative of a
product (or quotient) is not the product (or quotient) of the derivatives.
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§3.5 Derivatives of
Trigonometric Functions



Learning objectives

By the end of this section you should be able to:

e Find the derivatives of the sine and cosine functions.
e Find the derivatives of the other standard trigonometric functions.

e Calculate higher-order derivatives of sine and cosine.

Why it matters
Simple harmonic motion, such as a mass oscillating on a spring, is described by sines and
cosines. Their derivatives give the velocity and acceleration of that motion.
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The derivative of sinx at x =0

From the graph. Near the origin, the graph of y=x
sin x hugs the line y = x: the tangent line at 0 is 14
y = x, of slope 1.

Proof. By the definition of the derivative,

t *
az, i U
> sin x

|
[SE]

P -
9 (sinx)| = jim SNOEA) Zsin0 o sinh

dx x=0 h—0 h h—0 h ol

the limit proved in §2.3 with the Squeeze Theorem.
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The derivative of cosx at x =0

From the graph. The graph of cosx is at its
highest point at x = 0: the tangent line there is the
horizontal line y = 1, of slope 0.

Proof. By the definition of the derivative,

i(cos ) i cosh—cosO . cosh—1
dx X:thlno h TS0 h

by §2.3 (Example 2.25).

:O7

COSs X
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The derivatives of sin x and cos x

Theorem 3.8
The derivative of the sine is the cosine, and the derivative of the cosine is the negative sine:

a(smx) = COS X, a(cosx) = —sinx.

Ingredients for the proof.

e The derivatives at 0 we just computed, i.e. the two trigonometric limits from §2.3:

sin h . cosh—1
am—- =L jm—p— =0

e The sum identity sin(x + h) = sin x cos h + cos x sin h.
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Proof that < (sin

—sinx =

dx

The proof for cos x

sin(x + h) — sinx

lim

h—0 h

. sinxcosh+ cosxsinh—sinx
= lim

h—0 h

. . cosh—1 sinh
= lim {sinx- ——— +cosx - ——

h—0 h h

=sinx-0+cosx-1

COS X.

is similar, using cos(x + h) = cos x cos h — sin x sin h.

definition of the derivative

sum identity

regroup

the two trig limits

O
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Examples 3.39 & 3.40 — with the product and quotient rules

3.39 — product rule

For f(x) = 5x3sin x:

d d
/ 3) C) B3 — 1R 2 o 3
f'(x) = I (5x%) -sinx + dx(smx) 5x” = 15x“ sin x + 5x” cos x.

3.40 — quotient rule
COS X |

For g(x) = R

(%) (—sinx)4x? —8xcosx  —4x?sinx —8xcosx  —xsinx — 2cosx
X) = == = .
& (4x2)2 16x* 4x3
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Example 3.41 — when is the particle at rest?

A particle’s position is s(t) = 2sint — ¢ for
0<t<2m.
e At rest means v(t) = s'(t) = 0.
e s'(t) =2cost — 1, so we solve
2cost—1=0, i.e. cost = %

e On[0,27]: t=7% and t = °F.

At these times the graph of s has horizontal tangents.

Wl
Wl

s(t)
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Example 3.42 — the derivative of tan x

Write tan x as a quotient and use the quotient rule:

d d (sinx cos x - cos x — (—sinx) - sinx .
—(tan X) = = = 5 quotient rule
dx dx \ cos x (cos x)
cos? x + sin x o
=S simplify
cos? x
1
= —= cos? x +sin’x =1
cos? x
2 1
= sec” X. secx =

COs X

The other three are found the same way, since cot x, sec x, csc x are all quotients of sin x and
COS X.
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The remaining four derivatives

Theorem 3.9
2 2
—(t - _ t = —
dx( an x) = sec” x, dX(co x) csc” x,
d d
a(sec X) = sec x tan x, a(csc X) = — csc x cot X.

Example 3.44 — sum and product rules together
For f(x) = cscx + x tan x:
f'(x) = —(csc x) + i(xtan x) = —cscxcotx + (1 -tanx + sec® x - x)
dx dx

= —cscxcotx+tanx+xsec2x.
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Example 3.43 — a tangent line to cot x

Find the line tangent to f(x) = cotx at x =
e Point: f(Z) =cotZ =1,s0 (%,1).

e Slope: f'(x) = —
f(5) =~ x5
e Line: y — 1=

INE

cot x

1 1
pusy s
Z \\
tangent
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Example 3.45 — the derivatives of sin x repeat

=sinx .

y 4 sin x B
Q = COS X . .
dx

d2
Yy _ q — cos X cos X
ﬁ = —SInXx
d3y
@ = — COS X di %
X .
—sinx
ﬂ =sinx
dx4

d4n d4n+1
S (sin x) = sinx and

The pattern repeats every four steps: (sin x) = cos x.

dX4n+1
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Derivatives of all orders of sin x and cos x

Write k = 4n+ r with r € {0,1,2,3} the remainder of k divided by 4. Only r matters:

k 4n 4n+1 4n+4+2 4n+3
dk

dk(sinx) sinx  cosx  —sinx —cosx
X

dk

dk(cosx) CosX —sinx —cosx  sinx
X
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Example 3.46 — using the pattern

d74

Find W(sin x).

Divide by 4. 74 = 4(18) 4 2. Every block of four derivatives brings us back to sin x, so only
the remainder 2 matters:
d74 d72+2 d2

W(Sinx) = W(Sin X) = @(sin X) = —sinx.
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Summary

e sin and cos come from the definition,

. a o sinh __ 2 cosh—1 __
4 (sin x) = cos x < (cosx) = —sinx using lim =% =1 and lim <= =0.
p ) . ) e The other four follow from the quotient
£ (tan x) = sec” x < (cot x) = — csc” x
dx dx rule.
di(sec x) = sec x tan x dl(csc x) = — csc x cot x e Derivatives of sinx and cos x repeat

every four steps.
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§3.6 The Chain Rule




Learning objectives

By the end of this section you should be able to:

e State the chain rule for the composition of two functions.
e Apply the chain rule together with the power rule.

e Apply the chain rule and the product/quotient rules in combination when both are
necessary.

e Describe the proof of the chain rule.

Why it matters

We can differentiate x”, sin x, cos x, ..., and their sums, products and quotients. We cannot
yet differentiate compositions such as

h(x) = sin (x*) or k(x)=+v3x?>+1.
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A chain reaction

Consider h(x) = sin (X3). As x changes, x3 changes, which leads to a change in sin (X3).

So the derivative of sin (x3) should involve both the derivative of x3 and the derivative of sin u

with respect to u, where u = x3.

Rates multiply. At x = 1: u changes 3 times as fast as x, and y changes cos1 ~ 0.54 times
as fast as u. So y changes about 3 x 0.54 ~ 1.62 times as fast as x.
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The derivative of sin (x*) at x = a

By the definition of the derivative, multiplying and dividing by x3 — a:
L3 (3 - P A
sin (x3) —sin (a sin (x3) —sin (a —a
W(a) = tim SnC) =S (@) (2 3()-X :
X—ra X — a X—a X2 — a X — a
Second factor. By the definition of the First factor. Let u = x3. As x — a, u — a°:
derivative, . .
. sinu—sin (a%) d . . 3
s 3 lim ———————% = —(sinu) = cos (a°).
. x>—a @ ;g > u—a3 u—as du s
lim = —(x ) = 3a°. u=a
x—a X —a dx vea

Thus H(a) = cos (a%) - 3a°.
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The chain rule

Rule: The Chain Rule
Let f and g be functions. For all x in the domain of g for which g is differentiable at x and
is differentiable at g(x), the derivative of the composite function

h(x) = (f o g)(x) = f(g(x)) is

W (x) = f'(g(x) S CORN (3.17)
—— ool
outer derivative, erivative of

evaluated at the inner function the inner function
Alternatively, if y is a function of u, and v is a function of x, then

dy _dy du
dx  du dx’

For h(x) = sin (x*): f(x) =sinx and g(x) = x*, so h'(x) = cos (x*) - 3x?, as found above.
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Problem-solving strategy: applying the chain rule

1. To differentiate h(x) = f(g(x)), begin by identifying f(x) and g(x).
2. Find f'(x) and evaluate it at g(x) to obtain '(g(x)).
3. Find g’'(x).

4. Write h'(x) = f'(g(x)) - g'(x).

Keep in mind
e Work your way from the outside function in.

e The derivative of a composition of two functions has two parts; of three functions, three
parts; and so on.

e We never evaluate a derivative at a derivative.
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Power rule for composition of functions

To differentiate h(x) = ( ) , think of it as f(g(x)) with f(x) = x". Then f’(x) = nx""1,
so f'(g(x)) = n(g(x))"”

Rule: Power Rule for Composition of Functions

For all values of x for which the derivative is defined, if h(x) = (g(x))", then

H(x) = n(g(x)""g'(x). (3.18)
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Examples 3.48 & 3.49 — chain and power rules

3.48 — find the derivative of h(x) = m
Rewrite h(x) = (3x* + 1) % and apply the power rule with g(x) = 3x? + 1:
—12x

H(x) = —2(3x% +1)°(6x) = e

3.49 — find the derivative of h(x) = sin> x

Recall sin® x = (sin x)3. Apply the power rule with g(x) = sin x:

h'(x) = 3(sin x)? cos x = 3sin x cos x.
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Example 3.50 — finding the equation of a tangent line

Find the equation of the line tangent to the graph

1
th(X):matxzz. 20
1
Point. h(2) = B@) 5y =1, so the point is 3+
(2,1).

Slope. Rewrite h(x) = (3x — 5)7%

H'(x) = —2(3x — 5)73(3) = —6(3x — 5) 3,

so W'(2) = —6(3(2) —5)"3 = —6. 1
Line. y — 1= —6(x — 2), that is, y = —6x + 13.
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Example 3.52 — using the chain rule on a cosine function

Find the derivative of h(x) = cos (5x?).

Think of h(x) as f(g(x)), with outer function f(x) = cosx and inner function g(x) = 5x°.

Since f’(x) = —sinx, we have f'(g(x)) = —sin (5x?); and g’(x) = 10x.

H(x) = f'(g(x)) g'(x) = —sin (5x%) - 10x = —10xsin (5x°).
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Example 3.53 — the secant of a function

Find the derivative of h(x) = sec (4x® + 2x).

Apply the chain rule to h(x) = sec (g(x)):
h'(x) = sec (g(x)) tan (g(x)) g’ (x).
Here g(x) = 4x® 4 2x, so g’(x) = 20x* + 2. Therefore

' (x) = sec (4x> + 2x) tan (4x° + 2x) (20x* + 2)
= (20x* + 2) sec (4x> + 2x) tan (4x° + 2x).
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Example 3.54 — combining the chain rule with the product rule

Find the derivative of h(x) = (2x + 1)°(3x — 2)".
First apply the product rule, then the chain rule to each factor:

H(x) = % (2x+1)°) - (3x—2)" + %((3x —-2)7) - (2x +1)°
=502x+1)*-2-(3x—2)" +7(3x —2)°-3-(2x +1)°
=10(2x + 1)*(3x — 2)" +21(3x — 2)%(2x + 1)°
= (2x +1)*(3x — 2)°(10(3x — 2) + 21(2x + 1))

= (2x + 1)*(3x — 2)°(72x + 1)

product rule

chain rule

simplify

factor out (2x + 1)*(3x — 2)°
simplify
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Example 3.56 — using the chain rule in a velocity problem

A particle moves along a coordinate axis. Its position at time t is
s(t) = sin(2t) + cos(3t).
What is the velocity of the particle at time t = %?
The velocity is the derivative of the position. By the chain rule,
v(t) = s'(t) = cos(2t) - 2+ (—sin(3t)) - 3 = 2cos(2t) — 3sin(3t).

Substituting t = %:
(5)—2 (1)—3'n(3)—2 LS
v 6 = ZCOS 3 Sl > = > = .
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An informal proof

For simplicity, assume g(x) # g(a) for x # a in some open interval containing a. Then

W(a) = lim (EC) —F(e(@) _ \  F(800) ~(8(a)  g(x) = g(a)

T x—a T (0~ £(2) x—a

e The second factor tends to g’(a).
e For the first factor: since g is differentiable at a, it is continuous at a, so lim g(x) = g(a).

X—ra
Substituting y = g(x) and b = g(a),

lim f(g(x)) _ f(g(a)) = lim 71(
x—a g(x) —g(a) y—=b y—b

Finally, H'(a)=f"(g(a)) &g'(a). O
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Example 3.57 — using the chain rule with functional values

Let h(x) = f(g(x)). If g(1) =4, g/(1) =3, and '(4) =7, find H'(1).

Use the chain rule, then substitute:

h'(1) = f'(g(1)) g’(1) chain rule

=f'(4)-3 substitute g(1) = 4 and g'(1) =3
=7-3 substitute '(4) =7
=21.
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The chain rule using Leibniz’s notation

For h(x) = f(g(x)), let u = g(x) and y = h(x) = f(u). Then

M =2, Fe) =) =2  gx=F

Consequently,

Y W)= el g = 2 L

Rule: Chain Rule Using Leibniz’s Notation

If y is a function of u, and v is a function of x, then
dy dy du
dx  du dx’
This notation is used heavily in physics applications.
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Example 3.58 — Leibniz’s notation

X 5
Find the derivative of y = ( ) :

3x+2
Let u = x , so0 y = u®. By the quotient rule and the power rule,
3x+2
du (3x+2)-1—x-3 2 dy a
— = = d — =b5u".
dx (3x + 2)2 Gxt22 " @
Putting it all together:
dy dy du 4 2 ( X )4 2 10x*
—_— = — « — = u - = . — .
dx du dx (3x +2)? 3x+2 (3x+2)2  (3x+2)

Remember

With the Leibniz form of the chain rule, the final answer must be expressed entirely in terms
of the original variable x.
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Chain rule: 2£f(g(x)) = f'(g(x)) g'(x), or & = . du

With the power rule: 2 (g(x))" = n(g(x))"flg’(x).

With trigonometric functions: < sin (g(x)) = cos (g(x)) g’(x), and so on.

e Work from the outside in, one derivative at a time; never evaluate a derivative at a

derivative.
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§3.7 Derivatives of Inverse
Functions




Learning objectives

By the end of this section you should be able to:

e Calculate the derivative of an inverse function.

e Recognize the derivatives of the standard inverse trigonometric functions.

Why it matters
The relationship between the derivative of a function and the derivative of its inverse lets us
differentiate inverses without the limit definition. We use it to

e extend the power rule to rational exponents, such as /x = x/3;

o differentiate the inverse trigonometric functions, such as sin~! x and tan~! x.
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The inverse function theorem

If f is invertible and differentiable, we find the derivative of f~! with the chain rule. Recall that
x = f(f~*(x)). Differentiating both sides (chain rule on the right), then solving for (f’l),(x):
1

1=F(F0)) (FH' (), so (FH(0)= ) (3.19)

Theorem 3.11 (Inverse Function Theorem)

Let f(x) be a function that is both invertible and differentiable. Let y = f~1(x) be the
inverse of f(x). For all x satisfying f'(f~*(x)) # 0,

dy d . -1y’ !
2 - 0= Y0 = ey
Alternatively, if y = g(x) is the inverse of f(x), then g'(x) f’(gl(x))
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Example 3.61 — the derivative of /x

Use the inverse function theorem to find the derivative of g(x) = /x.

begin by finding f'(x):

Finally,

1
The function g(x) = /x is the inverse of the function f(x) = x3. Since g’(x) = m
g(x
f'(x) =3x*>  and f'(g(x)) = 3(\3/;()2 = 3x%/3,
1 1
/ o _ - ,-2/3
&) =g =3
d with n:%: %x%_l_%x_2/3.

This is the power rule £-x" = nx"!

d;
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Extending the power rule to rational exponents

Example 3.61 suggests that the power rule extends to exponents of the form % and then to
any rational exponent.

Theorem 3.12 (Extending the Power Rule to Rational Exponents)

If nis a positive integer, then

doam_ 1 am-1
L (xt/n) = 2 /-1, 3.20
dx(X ) nX ( )

Also, if n is a positive integer and m is an arbitrary integer, then

d m _
a(xm/") = ;x('"/"> L (3.21)
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Proof of Theorem 3.12

_
f(g(x))’

The function g(x) = x'/" is the inverse of the function f(x) = x". Since g’(x) =
begin by finding '(x):

f'(x) = nx"! and f'(g(x)) = n(xl/")"_l — px(n=1)/n
Finally,

1 1
! - - _ = (1—n)/n —— (1/n)—1
g'(x) =D/ = X - X .

To differentiate x™/", rewrite it as (x/")" and apply the chain rule:

A ommy D (ymmY — o cymym=t L amer M (-t
dx(X )7dx<(x )>fm(x ) nX 7nX . O
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Example 3.62 — applying the power rule to a rational power

Find an equation of the line tangent to the graph of
y=x*%atx=8.

Slope. Since
— 1 4

dy 2 2 1 1 VS e

Y _ 2,13 44 57 =-.-=2 4+

dx 3 dx s 3 2 3 y = x2/3
the slope of the tangent line at x = 8 is 1. 2hij
Point. Substituting x = 8 into the original function ‘ : ‘
gives y = 8%/3 = 4, so the point is (8, 4). —4 4 8 12

Line. By the point-slope formula, y —4 = (x — 8),
thatis, y = %X+ %.
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The derivative of the inverse tangent

Use the inverse function theorem to find the derivative of g(x) = tan=! x.

For x in the interval (f % %) f(x) = tan x is the inverse of g(x) = tan~! x. Begin by finding
f'(x), using < (tan x) = tan®x + 1:

f'(x) = tan®x + 1 and f'(g(x)) =tan® (tan"'x) + 1 = x* + 1,
since tan (tan*1 X) = X

As x2 +1 = 0 for every x, the inverse function theorem gives, for all real x,

11
f’(g(x)) 14 X2

g'(x)= dix(tan_1 x) =

A surprise: the derivative of an inverse trigonometric function is an algebraic function. The derivative

of a function need not be of the same type as the function.

59/100



Example 3.67 — applying the inverse tangent function

1
The position of a particle at time t is given by s(t) = tan™! (;) for t > % Find the velocity
of the particle at time t = 1.

: : o : . . 1 du 1.
Begin by differentiating s(t) to find v(t). By the chain rule, with u = ; and & = —5:
1 -1
V) =s(t)= ——— —-
()
Simplifying, we have
(t) 1 1
v = — = — .
t2(1+ %) 2 +1
1
Thus, v(1) = —5
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Example 3.63 — the derivative of the inverse sine

Use the inverse function theorem to find the derivative of g(x) = sin™! x.

For x in the interval [ — Z, 2|, f(x) = sin x is the inverse of g(x) = sin"! x. Begin by findin
272 gin by g

f'(x):
f'(x) =cosx  and f'(g(x)) = cos (sin"'x) = /1 —x2 (next slide).
We see that 1 1
g'(x)= —X(sm x) 7 (g(x)) = e
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Why cos (sin~* x) = v/1— x? (Figure 3.29)

Set sin" ' x = 6. Then sinf = x, where =SS0 < 4

e If 0 <0 < 7: ina right triangle with acute angle 6,
hypotenuse 1 and opposite side x, the adjacent side
is v/1 — x? (Pythagoras). So cosf = /1 — x2.

° If—g<9<0: then0<—9<g, and
cosf = cos(—0) = V1 — x2.

o If 0= +7: then x = £1, and both sides equal 0. If
6 = 0: then x = 0, and both sides equal 1.

Consequently, in all cases, cos (sin*1 x) =+v1— x2.

V1—x2
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Example 3.64 — the chain rule and the inverse sine

Find the derivative of h(x) = sin~" (2x°).

Apply the chain rule, with the derivative of sin™! from Example 3.63 as the outer derivative:
1 d
W0 = ——— - L (20
1-(23)° &
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Derivatives of inverse trigonometric functions

The derivatives of the remaining inverse trigonometric functions may also be found by using

the inverse function theorem.

Theorem 3.13 (Derivatives of Inverse Trigonometric Functions)

1
asin_lx = \/ﬁ (3.22)
—tan"1x = ! 3.24
dx T 14 x2 (3:24)
] (3.26)
—sec lx=
dx |x|\/x2

-1
™ cos 1x = \/ﬁ (3.23)
—cot lx= -t 3.25
dx 1+ x2 (3.29)
G e (3.2
— @€ tx= 7)
dx |x\\/x2
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o Inverse function theorem: (f~1)(x) = f/(fll()) or g'(x) = f,(l()) when g is
—1(x g(x

the inverse of f.

d m
H | ts: m/n\ _ (m/n)—l'
¢ Rational exponents 5 (xm/m) X

d
e Inverse trigonometric functions: —sin” " x = ——, —tan " x= ——, and so
¢ dx V1—x2 dx 14 x2

on.
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§3.8 Implicit Differentiation




Learning objectives

By the end of this section you should be able to:

e Find the derivative of a complicated function by using implicit differentiation.

e Use implicit differentiation to determine the equation of a tangent line.

Why it matters

So far we had an explicit formula y = f(x) to differentiate. To find the tangent line to an

arbitrary curve, such as the circle x2 4+ y2 — 25, we find the derivatives of functions that the
equation defines implicitly, without solving for y.
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The circle x2 + y? = 25: two half circles

The circle is not the graph of a function: the
vertical line x = 3 meets it twice, at (3,4) and

(3,—4).
e Solving for y: y? =25 —x?, so
y = :I:m.
e The circle is made of two half circles, each the

graph of a function on [-5, 5]

e upper half: y =+1/25— x2, through (3,4);
e lower half: y = —+/25 — x2, through (3, —4).

We say that the equation x? + y? = 25 defines

these functions implicitly.
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The tangent line to x*> + y? = 25 at (3,4)

Near (3,4) the circle is the graph of a function y = y(x);
we do not need its formula.

Differentiate both sides with respect to x, treating y as a
function of x (chain rule: < (y?) =2y &):

d, 5 d, , d dy
dX(X)—l—dX(y)—dX(ZS) = 2x+2ydx—0.
Solving for %: % = —;.

At (3,4) the slope is —3, so the tangent line is

2
y—4= f%(xf3), thatis, y = fZXJr 75

(3,4)

The circle x? + y? = 25 and its tangent line

at (3,4).
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ntiation: the method

Implicit differentiation

To flnd ~ when an equation in x and y defines y as a function of x:

1.

AR B

Differentiate both sides of the equation with respect to x, treating y as a function of x
(use the chain rule for terms containing y).

Put all terms contalnlng on the left, all other terms on the right.
Factor out d—
Solve for %

For the tangent line at a point (xo, yo) on the curve: substitute x = xp, ¥ = yp into % to
get the slope m; then the tangent line is y — yp = m(x — xo).
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Example 3.68 — using implicit differentiation

Assuming that y is defined implicitly by the equation x? + y? = 25, find % and the tangent
line at the point (3, —4).

d d
e (X2 + y2) = 5(25) Step 1: differentiate both sides
dy . d, , dy
2X—|—2ya =0 chain rule: a(y )72yg
d
2y Y ox Step 2: keep the terms with d on the left
dx dx
dy X .
— = == Step 4: divide by 2y (Step 3 not needed)
dx y
Step 5 li 3,—4)). The slope is & R line i
tep 5 (tangent line at (3, —4)). The slopeis & P S bt so the tangent line is
3 3 25
4=—-(x-3 that i = =K = =,
y+ 4(x ), atls, y= x-—
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Example 3.69 — implicit differentiation and the product rule

Assuming that y is defined implicitly by x>siny + y = 4x + 3, find %.

d d
p (X3 siny + y) = (4x + 3) Step 1: differentiate both sides

X X

d d
&(X3 sin y) + a(y) =4 sum rule on the left
d, 3 . d, . 3 dy _ d dy
(E(X ) -siny + a(smy) - X ) + & =4 product rule; E(y) =
, dy dy d d
2 — || o 3 _— = i - —(si = 7}’
3x“siny + (COSy dX) x7 4+ i 4 chain rule: e (siny) = cosy =
d d
x3 cos y & + & 4 —3x%siny Step 2: terms with a on the left
dx = dx dx

d .
& (X3 cosy + 1) =4—3x%siny Step 3: factor out a
dx dx

dy 4 —3x%siny

o3 ] Step 4: divide by x> cosy + 1
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Example 3.72 — the tangent line to the folium of Descartes

Find an equation of the line tangent to the graph of
y®+x3 —3xy = 0 at the point (3, 3).

Begin by flndlng S

The folium of Descartes y3 + x3 —3xy =0

-
<]
5
o+
v
o

©
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<
I
|
|
|
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><

N\w

v
—+
=0
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+
2

<
|
|
x
+
w
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Example 3.73 — applying implicit differentiation

In a video game, a rocket travels along the ellipse 4x2 4 25y? = 100 and fires missiles along

lines tangent to its path. If it fires when it is at (3, %) where does the missile cross the x-axis?

Differentiating, 8x + 50y & —0s0 %= A
U dx ' dx 25)/-
4.3 12 3 ~ (3:9)
8\ : _ _

The slope at (3,5) IS —ﬂ——fo——ﬁ, /é_\
so the tangent lineis y = —3x + 3. 7\5\*/ 5
Solving 0 = — 2 x + 3 gives x = 2: the missile

crosses the x-axis at (%, O).
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e An equation in x and y may define y implicitly as one or several functions of x.

e Implicit differentiation: differentiate both sides, treating y as a function of x (chain rule:

%(y") = ny”*l%, %(sin y) = cosy %), then solve for %.

e The result usually involves both x and y.

e Tangent lines: substitute the point into % to get the slope, then use the point-slope
equation.
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§3.9 Derivatives of Exponential
and Logarithmic Functions




Learning objectives

By the end of this section you should be able to:

e Find the derivative of exponential functions.
e Find the derivative of logarithmic functions.

e Use logarithmic differentiation to determine the derivative of a function.

Our route

We start from the natural logarithm, characterized by the way it turns products into sums.
We deduce its derivative from its tangent line at x = 1, and then obtain e* as its inverse
function.
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The natural logarithm

Definition
The natural logarithm (or Napierian logarithm, after John Napier, 1614) is the unique
differentiable function In : (0, 00) — R such that

In(xy) =Inx+Iny forall x,y >0, In1=0, In"(1) = 1.

e A logarithm turns products into sums: this is why logarithm tables were used to multiply
large numbers by hand.
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Properties of the natural logarithm

Properties

From In(xy) =Inx +Iny and In1 = 0 we get, for all x,y > 0:

1
In <7) = —Inx, In (f) =Inx—Iny, In (xq) = glInx for every rational number g.
X y

Inx+|n(§) :In(x~§) =In1=0.
e For a positive integer n: In (x") =In(x---x) =Inx+---+Inx =nlnx.

Then nln (Xl/") =In ((Xl/")") =lInx,soln (Xl/") =1inx

e Negative exponents follow from In (1) = —Inx.
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The graph of Inx

In x is defined for x > 0 only.

In1 = 0: the graph passes through (1,0).

Since In1 =0 and In’(1) = 1, the tangent
lineat x=1is

y=x—1.

Near x =1: Inx~x— 1.
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The derivative of In x

Fix x > 0. Since In(x + h) —Inx =In (Xj(_h> =In (1—1—2),

In(x + h) — Inx ~n (1—|—ﬁ)
—Inx =1 = X
dx T A h B0 h
In(1+ k
= lim n(1+ k) substitute k = 1 (k — 0 as h — 0)
k—0 kx X
1 In(L+ k) —1Inl 1 1
= — |lim M == In’(l) — — the slope of the tangent at x =1is 1
X k—0 k X X

Theorem 3.15 (Derivative of the Natural Logarithm)
If x > 0, then

d 1

79/100



The derivative of In (g(x))

Theorem 3.15 (continued)
Let g(x) be a differentiable function. For all x with g(x) > 0,

d _&
™ In (g(x)) = 2(x) (3.31)

Proof. Write h(x) = In (g(x)) = f(g(x)) with outer function f(x) = Inx and inner function
g(x).

Since f'(x) = % we have f'(g(x)) = $
By the chain rule,
/ Y ! o i L - g’(x)
H(x) = f'(g(x)) &'(x) 20 g'(x) ) -
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Example 3.77 — taking a derivative of a natural logarithm

Find the derivative of f(x) = In (x> + 3x — 4).

Use Equation (3.31) with g(x) = x> + 3x — 4, so g’(x) = 3x* + 3:

3x2+3
x3 4+ 3x —4°

1

(y) —
f(X)_X3+3X—4

-(3x*+3) =
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The exponential function

Definition

9 o Qg 0 / 1
Since In is increasing (In’(x) = £ > 0) and takes every
real value, it has an inverse function. The exponential
function exp : R — (0, 00) is the inverse function of In:

y =exp(x) <= Iny = x.

Equivalently, exp is the unique differentiable function such
that

exp(x +y) = exp(x) exp(y), exp(0) =1, exp'(0)=1.
T: t li HE=103 =x+41.
Indeed, In (exp(x) exp(y)) = Inexp(x) + Inexp(y) = x + y; sreent e st e
In1 = 0; and by the inverse function theorem,
1

_ 1 = = _ =
exp'(0) = ey = W@ = L
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The number e and the notation e~

Definition
e =exp(1), that is, Ine=1. Numerically, e ~ 2.71828.
e For every rational number g: In(e9) = glne=gq, so exp(q) = €.
e This justifies the notation: for every real x we write
e = exp(x).
In this notation

e =e*e, =1, In(e) =x (x €R), " =x (x> 0).
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The derivative of &

By the inverse function theorem (§3.7), with g(x) = €* the inverse of f(x) = Inx and
f'(x) = 1.

X

SN S S
g (x) f'(g(x)) 1/ex '

Alternatively, using e¥*" = eXe and exp’(0) = 1:

x  h h
2 m. B@ =@ g @@=l
—e* = |lim ————— =" lim
dx h—0 h h—0

Theorem 3.14 (Derivative of the Natural Exponential Function)

For all real x,
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The derivative of e&(*)

Chain rule

If g(x) is differentiable, then

d
aeg(X) = e8() g/(x).

e

Example 3.75 — find the derivative of y = <~
Use the derivative of e*, the quotient rule, and the chain rule:
, (@ 2)x -1 (23— 1)

y = =
x2 x?2
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Example 3.76 — applying the natural exponential function

A colony of mosquitoes has an initial population of 1000. After t days, the population is given
by A(t) = 1000e%3. Show that the ratio of the rate of change of the population, A’(t), to the
population, A(t), is constant.

First find A’(t). By the chain rule,
A'(t) = 1000€%3 - 0.3 = 3003,

Thus the ratio of the rate of change of the population to the population is

A(t) _ 300803
A(t) ~ 1000e03t ~
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Other exponential functions

Let b > 0.
Definition

b

Since b = e"?, we define, for every real number x,

b = exlnb

e This agrees with the usual powers: for every rational g, In (bq) =gqlnb, so b9 = ed'nb,

e Then In (bx) = xIn b for every real x.

Derivative of b*
d

b= b*Inb.
b =bInb

Proof: by the chain rule, ieX'"b =" . jnb= b Inb.
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Example 3.79 — applying the derivative of b~

Find the derivative of h(x) =

3x 42

Use the quotient rule and d¥"x3x =3*In3:

F00 = 3In3(3*+2) —3*In3(3*) _ 2.3%In3
(3 +2)° (3 +2)*
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Logarithms in other bases

Definition
Let b > 0, b # 1. The function b* is one-to-one with range (0, c0). The logarithm in base b,
logy, is its inverse function: for x > 0,

y =logyx < b =x.

In x

Since b¥ =x <= In(p’) =Inx < ylnb=Inx, we get Iogbx:ﬁ.
n

Derivative of log, x

— log, x = (x > 0).

R
dx xInb

d Inx __ 1

Proof: In b is a constant, so & 2% = Lol
Ix In b Inb x
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Example 3.80 — finding the slope of a tangent line

Find the slope of the line tangent to the graph of y = log,(3x + 1) at x = 1.

By the derivative of log, and the chain rule,

dy 1 3

ht .3 .
dx (3x+1)In2 (3x+1)In2

So the tangent line at x = 1 has slope

dy| 3 3
dx|._, 4In2 Inl6’
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Logarithmic differentiation

We still cannot differentiate functions such as y = x* or y = x™. Logarithmic differentiation
handles them.

Problem-solving strategy: using logarithmic differentiation

1. To differentiate y = h(x), take the natural logarithm of both sides: Iny = In (h(x)).
2. Use properties of logarithms to expand In (h(x)) as much as possible.

3. Differentiate both sides. On the left we have % %.

4. Multiply both sides of the equation by y to solve for %.

5.

Replace y by h(x).
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Example 3.81 — using logarithmic differentiation

tan x

Find the derivative of y = (2x* + 1)

Iny =1In (2x4 + l)tanX Step 1: take In of both sides
Iny =tanx In (2X4 + 1) Step 2: expand
1d 8x3
;/ dii =sec’x In (2X4 + 1) + 2)(47);1 -tan x Step 3: differentiate (product rule)
dy =y- (sec2X In (2X4 + 1) + i 'tanx) Step 4: multiply b
dX 25h F1 p 4 ply by y
d 8x3
dﬁ (2x* + 1) (sec2 x In(2x* +1) + 2)(47);1 - tan x) Step 5: substitute y
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The power rule for real exponents

e So far: d%x" = nx"~1 for integers n (§3.3), and %x’"/” = %x(’"/")*l for rational
exponents (§3.7).
e For x > 0 and any real number r, the power x" is defined: x" = e"""* (the base-b

exponential with b = x).

Power rule for real exponents

For every real number r and every x > 0,

—X =IX

dx

For example, d%x” =7x""1 and d%xﬁ =2 xV21,
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Proof of the power rule (Example 3.83)

Let y = x", where r is an arbitrary real number and x > 0. We use logarithmic differentiation.

Iny =Inx" Step 1: take In of both sides
Iny =rinx Step 2: expand
1 dy 1
== =F= Step 3: differentiate
y dx X
dy r .
— =y - Step 4: multiply by y
dx X
d r
& =x"— =1 Step 5: substitute y = x"; simplify
dx X

Alternatively, x" = e""* so by the chain rule dixx’ = e'nx. i =x" L =pxL

&
X
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Key results
d 1 d g'(x)
I T X wx " (g(x)) g(x)
d d
S aX — X ag(x) — p8(X) o
° dxe e, dxe et g'(x).

d X X d _
e Other bases: ab = b*In b, alogbxf b

e Logarithmic differentiation: take In of both sides, expand, differentiate, multiply by y.

e Power rule for real exponents: d—x’ =rx""1 (every real r, x > 0).
X
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