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Chapter 4:
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§4.1 Mean of a Random Variable
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Expected Value

Definition

Let X be a discrete random variable with probability distribution
f (x). The expected value (or mean) is

µ = E (X ) =
∑

x

xf (x).

Definition

Let X be a continuous random variable with probability
distribution f (x). The expected value (or mean) is

µ = E (X ) =

∫ ∞

−∞
xf (x)dx .
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Expected Value

Example

A lot containing 7 components is sampled by a quality inspector.
The lot contains 4 good components and 3 defective components.
A sample of 3 is taken by the inspector. Find the expected value of
the number of good components in this sample.

Example

Let X be the random variable that denotes the life in hours of
some electronic device. Its probability density function is

f (x) =

{
20,000
x3

for x > 100,

0 elsewhere.

Find the expected life of this type of device.
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Expected Value of g(X )

Remark

Let X be a random variable defined on a sample space S .

By definition X is a function on S .

We can compose it with any function g(x) defined on the
range of X .

The composition is denoted g(X ). This is a function on S .

We thus get a new random variable.
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Expected Value of g(X )

Example

Suppose that the range of X is {−1, 0, 1, 2} and g(x) = x2.

The range of g(X ) is

{g(−1), g(0), g(1), g(2)} = {0, 1, 4}.

If y ∈ {0, 1, 4}, then

g(X ) = y ⇐⇒ X = x withx2 = y and x ∈ {0,±1, 2}.

Thus,

{g(X ) = 0} = {X = 0}, {g(X ) = 4} = {X = 2},
{g(X ) = 1} = {X = −1} ∪ {X = 1}.

If f (x) is the probability distribution of X , then

P [g(X ) = 0] = P [X = 0] = f (0),

P [g(X ) = 1] = P [X = −1] + P [X = 1] = f (−1) + f (1),

P [g(X ) = 4] = P [X = 2] = f (2).
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Expected Value of g(X )

Example (continued)

We can now compute the expected value of g(X ).

We obtain:

E [g(X )] =
∑

y∈{0,1,4}

g(y)P [g(X ) = y ]

= g(0)P [g(X ) = 0] + g(1)P [g(X ) = 1]

+ g(4)P [g(X ) = 4]

= 0f (0) + 1 (f (−1) + f (1)) + 4f (2)

= g(0)f (0) + g(−1)f (1) + g(1)f (1) + g(2)f (2)

=
∑

x∈{0,±1,2}

g(x)f (x).
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Expected Value of g(X )

Theorem

Let X be a discrete random variable with probability distribution
f (x). The expected value of the random variable g(X ) is given by

µg(X ) = E [g(X )] =
∑

x

g(x)f (x).

Theorem

Let X be a continuous random variable with probability distribution
f (x). The expected value of the random variable g(X ) is given by

µg(X ) = E [g(X )] =

∫ ∞

−∞
g(x)f (x)dx .
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Expected Value of g(X )

Example

Let X be a (continuous) random variable with density function,

f (x) =

{
1
3x

2 for − 1 < x < 2,

0 elsewhere.

Find the expected value of g(X ) = 4X + 3.
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Expected Value of g(X ,Y )

Remark

Let X and Y be (discrete or continuous) random variables on a
sample space S .

By definition X and Y are functions on S .

If g(x , y) is a function defined on range(X )× range(Y ), then
we define another function g(X ,Y ) on S by

g(X ,Y )(s) = g (X (s),Y (s)) , s ∈ S .

We thus get a new random variable on S .
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Expected Value of g(X ,Y )

Theorem

Let X and Y be discrete random variables with joint probability
distribution f (x , y). The expected value of the random variable
g(X ,Y ) is given by

µg(X ,Y ) = E [g(X ,Y )] =
∑

x

∑

y

g(x , y)f (x , y).

Theorem

Let X and Y be continuous random variable with probability
distribution f (x , y). The expected value of the random variable
g(X ,Y ) is given by

µg(X ,Y ) = E [g(X ,Y )] =

∫ ∞

−∞

∫ ∞

−∞
g(x , y)f (x , y)dxdy .
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Expected Value of g(X ,Y )

Example

Two ballpoint pens are selected at random from a box that
contains 3 blue pens, 2 red pens, and 3 green pens. Let X be the
number of blue pens selected and Y the number of red pens
selected. In Section 3.4 we saw that the probability distribution
f (x , y) of X and Y is given by the following table:

96 Chapter 3 Random Variables and Probability Distributions

5, it will become clear that the joint probability distribution of Table 3.1 can
be represented by the formula

f(x, y) =

⎦
3
x

)⎦
2
y

)⎦
3

2−x−y

)
⎦
8
2

) ,

for x = 0, 1, 2; y = 0, 1, 2; and 0 ≤ x + y ≤ 2.

(b) The probability that (X, Y ) fall in the region A is

P [(X, Y ) ∈ A] = P (X + Y ≤ 1) = f(0, 0) + f(0, 1) + f(1, 0)

=
3

28
+

3

14
+

9

28
=

9

14
.

Table 3.1: Joint Probability Distribution for Example 3.14

x Row
f(x, y) 0 1 2 Totals

0 3
28

9
28

3
28

15
28

y 1 3
14

3
14 0 3

7

2 1
28 0 0 1

28

Column Totals 5
14

15
28

3
28 1

When X and Y are continuous random variables, the joint density function
f(x, y) is a surface lying above the xy plane, and P [(X, Y ) ∈ A], where A is any
region in the xy plane, is equal to the volume of the right cylinder bounded by the
base A and the surface.

Definition 3.9: The function f(x, y) is a joint density function of the continuous random
variables X and Y if

1. f(x, y) ≥ 0, for all (x, y),

2.
∫ ∞

−∞
∫ ∞

−∞ f(x, y) dx dy = 1,

3. P [(X, Y ) ∈ A] =
∫ ∫

A
f(x, y) dx dy, for any region A in the xy plane.

Example 3.15: A privately owned business operates both a drive-in facility and a walk-in facility.
On a randomly selected day, let X and Y , respectively, be the proportions of the
time that the drive-in and the walk-in facilities are in use, and suppose that the
joint density function of these random variables is

f(x, y) =

{
2
5 (2x + 3y), 0 ≤ x ≤ 1, 0 ≤ y ≤ 1,

0, elsewhere.

(a) Verify condition 2 of Definition 3.9.

(b) Find P [(X, Y ) ∈ A], where A = {(x, y) | 0 < x < 1
2 , 1

4 < y < 1
2}.

Find the expected value of g(X ,Y ) = XY .
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Expected Value of g(X ,Y )

Example

Let X and Y be (continuous) random variables with joint density,

f (x , y) =

{
1
4x(1 + 3y2), 0 < x < 2, 0 < y < 1,

0 elsewhere.

Find the expected value of g(X ,Y ) = Y /X .

12 / 12


