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Asymptotes

Reminder (Vertical Asymptotes; see Section 1.5)

The vertical line x = a is a vertical asymptote of the curve
y = f (x) if at least one the following situations occurs:

lim
x→a

f (x) = ±∞, lim
x→a−

f (x) = ±∞, lim
x→a+

f (x) = ±∞.

58 CHAPTER 1  Functions and Limits

and similarly x l a1 means that we consider only x . a. Illustrations of these four cases  
are given in Figure 14.
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6   Definition The vertical line x − a is called a vertical asymptote of the  
curve y − f sxd if at least one of the following statements is true:

 lim
x l

 

a
 f sxd − ` lim

x l
 

a2
 f sxd − `  lim

x l
 

a1
 f sxd − `

 lim
x l

 

a
 f sxd − 2` lim

x l
 

a2
 f sxd − 2` lim

x l
 

a1
 f sxd − 2`

For instance, the y-axis is a vertical asymptote of the curve y − 1yx 2 because 
limx l 0 s1yx 2 d − `. In Figure 14 the line x − a is a vertical asymptote in each of 
the four cases shown. In general, knowledge of vertical asymptotes is very useful in 
sketching graphs.

EXAMPLE 9 Find lim
x l

 

31
 

2x
x 2 3

 and lim
x l

 

32
 

2x
x 2 3

.

SOLUTION If x is close to 3 but larger than 3, then the denominator x 2 3 is a small 
positive number and 2x is close to 6. So the quotient 2xysx 2 3d is a large positive 
number. [For instance, if x − 3.01 then 2xysx 2 3d − 6.02y0.01 − 602.] Thus, intui-
tively, we see that

lim
x l

 

31
 

2x
x 2 3

− `

Likewise, if x is close to 3 but smaller than 3, then x 2 3 is a small negative number 
but 2x is still a positive number (close to 6). So 2xysx 2 3d is a numerically large 
negative number. Thus

  lim
x l

 

32
 

2x
x 2 3

− 2`

The graph of the curve y − 2xysx 2 3d is given in Figure 15. The line x − 3 is a 
vertical asymptote. Q

EXAMPLE 10 Find the vertical asymptotes of f sxd − tan x.
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and similarly x l a1 means that we consider only x . a. Illustrations of these four cases  
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6   Definition The vertical line x − a is called a vertical asymptote of the  
curve y − f sxd if at least one of the following statements is true:
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For instance, the y-axis is a vertical asymptote of the curve y − 1yx 2 because 
limx l 0 s1yx 2 d − `. In Figure 14 the line x − a is a vertical asymptote in each of 
the four cases shown. In general, knowledge of vertical asymptotes is very useful in 
sketching graphs.
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SOLUTION If x is close to 3 but larger than 3, then the denominator x 2 3 is a small 
positive number and 2x is close to 6. So the quotient 2xysx 2 3d is a large positive 
number. [For instance, if x − 3.01 then 2xysx 2 3d − 6.02y0.01 − 602.] Thus, intui-
tively, we see that

lim
x l

 

31
 

2x
x 2 3

− `

Likewise, if x is close to 3 but smaller than 3, then x 2 3 is a small negative number 
but 2x is still a positive number (close to 6). So 2xysx 2 3d is a numerically large 
negative number. Thus
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The graph of the curve y − 2xysx 2 3d is given in Figure 15. The line x − 3 is a 
vertical asymptote. Q

EXAMPLE 10 Find the vertical asymptotes of f sxd − tan x.
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Asymptotes

Reminder (Horizontal Asymptotes; see Section 3.4)

We say that the (horizontal) line y = L is a horizontal asymptote
of the curve y = f (x) if

lim
x→∞

f (x) = L or lim
x→−∞

f (x) = L.

 SECTION 3.4  Limits at Inffnity; Horizontal Asymptotes 233

Again, the symbol 2` does not represent a number, but the expression lim
x l 2`

 f sxd − L 
is often read as

“the limit of f sxd, as x approaches negative infinity, is L”

Definition 2 is illustrated in Figure 3. Notice that the graph approaches the line y − L as 
we look to the far left of each graph.

3   Definition The line y − L is called a horizontal asymptote of the curve 
y − f sxd if either 

lim
x l

 

`
 f sxd − L    or    lim

x l
 

2`
 f sxd − L

For instance, the curve illustrated in Figure 1 has the line y − 1 as a horizontal asymp-
tote because 

lim
x l `

 
x 2 2 1
x 2 1 1

− 1

The curve y − f sxd sketched in Figure 4 has both y − 21 and y − 2 as horizontal asymp-
totes because

lim 
x l `

 f sxd − 21 and lim 
x l2`

 f sxd − 2

x0

y

y=2

y=_1

2

_1

y=ƒ

EXAMPLE 1 Find the infinite limits, limits at infinity, and asymptotes for the function 
f  whose graph is shown in Figure 5.

SOLUTION We see that the values of f sxd become large as x l 21 from both sides, so

lim
x l21

 f sxd − `

Notice that f sxd becomes large negative as x approaches 2 from the left, but large posi-
tive as x approaches 2 from the right. So

lim
x l

 

22
 f sxd − 2`    and    lim

x l
 

21
 f sxd − `

Thus both of the lines x − 21 and x − 2 are vertical asymptotes.

FIGURE 3  
Examples illustrating lim

x l 2`
 f sxd − L 
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Asymptotes

Definition (Slant Asymptotes)

We say that the line y = mx + b (with m 6= 0) is a slant
asymptote of the curve y = f (x) if

lim
x→∞

[f (x)− (mx + b)] = 0 or lim
x→−∞

[f (x)− (mx + b)] = 0.

248 CHAPTER 3  Applications of Differentiation

C.  f  is neither even nor odd, but f sx 1 2!d − f sxd for all x and so f  is periodic and 
has period 2!. Thus, in what follows, we need to consider only 0 < x < 2! and 
then extend the curve by translation in part H.

D. Asymptotes: None

E. f 9sxd −
s2 1 sin xds2sin xd 2 cos x scos xd

s2 1 sin xd2 − 2
2 sin x 1 1
s2 1 sin xd2

  The denominator is always positive, so f 9sxd . 0 when 2 sin x 1 1 , 0    &?    
sin x , 21

2    &? 7!y6 , x , 11!y6. So f  is increasing on s7!y6, 11!y6d and 
decreasing onfis0, 7!y6d and s11!y6, 2!d.

F.  From part E and the First Derivative Test, we see that the local minimum value is 
f s7!y6d − 21ys3  and the local maximum value is f s11!y6d − 1ys3 .

G.  If we use the Quotient Rule again and simplify, we get

f 0sxd − 2
2 cos x s1 2 sin xd

s2 1 sin xd3

  Because s2 1 sin xd3 . 0 and 1 2 sin x > 0 for all x, we know that f 0sxd . 0 
when cos x , 0, that is, !y2 , x , 3!y2. So f  is concave upward on s!y2, 3!y2d 
and concave downward on s0, !y2d and s3!y2, 2!d. The in ection points are 
s!y2, 0d and s3!y2, 0d.

H.  The graph of the function restricted to 0 < x < 2! is shown in Figure 8. Then we 
extend it, using periodicity, to the complete graph in Figure 9.
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Q

Slant Asymptotes
Some curves have asymptotes that are oblique, that is, neither horizontal nor vertical. If

lim
x l `

 f f sxd 2 smx 1 bdg − 0

where m ± 0, then the line y − mx 1 b is called a slant asymptote because the ver-
tical distance between the curve y − f sxd and the line y − mx 1 b approaches 0, as 
infi Fig urefi 10. (A similar situation exists if we let x l 2`.) For rational functions, 
slant fiasymp totesfioccur when the degree of the numerator is one more than the degree of 
the denominator. In such a case the equation of the slant asymptote can be found by long 
division as in the following example.

FIGURE 8 FIGURE 9
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Asymptotes

Example

Show that y = x is a slant asymptote for y = x3

x2+1
.
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Guidelines for Sketching a Curve

The following checklist describes the main steps for sketching
by hand a curve y = f (x).

Not every item is relevant depending on the function.

However, this provides all the info that is need to make a
sketch that displays the main aspects of the function.

6 / 16



Guidelines for Sketching a Curve

A. Domain

Determine the domain D of f .

B. Intercepts

Find the y -intercept, i.e., the point (0, f (0)).

Find the x-intercept, i.e, the points (x , f (x)) with f (x) = 0.

The previous step can be skipped if the equation f (x) = 0 is
too hard to solve.

7 / 16



Guidelines for Sketching a Curve

C. Symmetry (Part 1)

Check for symmetries.

If f (−x) = f (x), then the function is even and its graph is
symmetric about the y -axis.

If f (−x) = −f (x), then the function is odd and its graph is
symmetric about the origin.

 SECTION 3.5  Summary of Curve Sketching 245

asymptote or possess symmetry.) But the guidelines provide all the information you need 
to make a sketch that displays the most important aspects of the function.
A.  Domain It’s often useful to start by determining the domain D of f , that is, the set 

of values of x for which f sxd is defined.
B.  Intercepts The y-intercept is f s0d and this tells us where the curve intersects the  

y-axis. To find the x-intercepts, we set y − 0 and solve for x. (You can omit this step 
if the equa tion is difficult to solve.)

C.  Symmetry
 (i ) If f s2xd − f sxd for all x in D, that is, the equation of the curve is unchanged 
when x is replaced by 2x, then f  is an even function and the curve is symmetric 
about the y-axis. This means that our work is cut in half. If we know what the curve 
looks like for x > 0, then we need only reflect about the y-axis to obtain the com-
plete curve [see Figure 3(a)]. Here are some examples: y − x 2, y − x 4, y − | x |, and 
y − cos x.
 (ii) If f s2xd − 2f sxd for all x in D, then f  is an odd function and the curve 
is sym metric about the origin. Again we can obtain the complete curve if we know 
what it looks like for x > 0. [Rotate 180° about the origin; see Figure 3(b).] Some 
simple examples of odd functions are y − x, y − x 3, y − x 5, and y − sin x.
 (iii) If f sx 1 pd − f sxd for all x in D, where p is a positive constant, then f  is 
called a periodic function and the smallest such number p is called the period. For 
instance, y − sin x has period 2! and y − tan x has period !. If we know what the 
graph looks like in an interval of length p, then we can use translation to sketch the 
entire graph (see Figure 4).

a-p a a+p a+2p x

y

0

period p

D.  Asymptotes
 (i) Horizontal Asymptotes. Recall from Section 3.4 that if either lim x l ` f sxd − L 
or lim x l2 ` f sxd − L, then the line y − L is a horizontal asymptote of the curve 
y − f sxd. If it turns out that lim x l ` f sxd − ` (or 2`), then we do not have an  
asymptote to the right, but this fact is still useful information for sketching the curve.
 (ii) Vertical Asymptotes. Recall from Section 1.5 that the line x − a is a vertical 
asymptote if at least one of the following statements is true:

 lim
x l

 

a1
  f sxd − `    lim

x l
 

a2
  f sxd − `

 lim
x l

 

a1
  f sxd − 2`    lim

x l
 

a2
  f sxd − 2`

(For rational functions you can locate the vertical asymptotes by equating the denomi-
nator to 0 after canceling any common factors. But for other functions this method 
does not apply.) Furthermore, in sketching the curve it is very useful to know exactly 
which of the statements in (1) is true. If f sad is not defined but a is an endpoint of the 
domain of f, then you should compute lim x l a2 f sxd or lim x l a1 f sxd, whether or not 
this limit is infinite.
 (iii) Slant Asymptotes. These are discussed at the end of this section.

(a) Even function: reflectional symmetry

(b) Odd function: rotational symmetry

x
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x
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0

FIGURE 3 

FIGURE 4  
Periodic function: 

 translational symmetry
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 SECTION 3.5  Summary of Curve Sketching 245

asymptote or possess symmetry.) But the guidelines provide all the information you need 
to make a sketch that displays the most important aspects of the function.
A.  Domain It’s often useful to start by determining the domain D of f , that is, the set 

of values of x for which f sxd is defined.
B.  Intercepts The y-intercept is f s0d and this tells us where the curve intersects the  

y-axis. To find the x-intercepts, we set y − 0 and solve for x. (You can omit this step 
if the equa tion is difficult to solve.)

C.  Symmetry
 (i ) If f s2xd − f sxd for all x in D, that is, the equation of the curve is unchanged 
when x is replaced by 2x, then f  is an even function and the curve is symmetric 
about the y-axis. This means that our work is cut in half. If we know what the curve 
looks like for x > 0, then we need only reflect about the y-axis to obtain the com-
plete curve [see Figure 3(a)]. Here are some examples: y − x 2, y − x 4, y − | x |, and 
y − cos x.
 (ii) If f s2xd − 2f sxd for all x in D, then f  is an odd function and the curve 
is sym metric about the origin. Again we can obtain the complete curve if we know 
what it looks like for x > 0. [Rotate 180° about the origin; see Figure 3(b).] Some 
simple examples of odd functions are y − x, y − x 3, y − x 5, and y − sin x.
 (iii) If f sx 1 pd − f sxd for all x in D, where p is a positive constant, then f  is 
called a periodic function and the smallest such number p is called the period. For 
instance, y − sin x has period 2! and y − tan x has period !. If we know what the 
graph looks like in an interval of length p, then we can use translation to sketch the 
entire graph (see Figure 4).
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D.  Asymptotes
 (i) Horizontal Asymptotes. Recall from Section 3.4 that if either lim x l ` f sxd − L 
or lim x l2 ` f sxd − L, then the line y − L is a horizontal asymptote of the curve 
y − f sxd. If it turns out that lim x l ` f sxd − ` (or 2`), then we do not have an  
asymptote to the right, but this fact is still useful information for sketching the curve.
 (ii) Vertical Asymptotes. Recall from Section 1.5 that the line x − a is a vertical 
asymptote if at least one of the following statements is true:

 lim
x l

 

a1
  f sxd − `    lim

x l
 

a2
  f sxd − `

 lim
x l

 

a1
  f sxd − 2`    lim

x l
 

a2
  f sxd − 2`

(For rational functions you can locate the vertical asymptotes by equating the denomi-
nator to 0 after canceling any common factors. But for other functions this method 
does not apply.) Furthermore, in sketching the curve it is very useful to know exactly 
which of the statements in (1) is true. If f sad is not defined but a is an endpoint of the 
domain of f, then you should compute lim x l a2 f sxd or lim x l a1 f sxd, whether or not 
this limit is infinite.
 (iii) Slant Asymptotes. These are discussed at the end of this section.

(a) Even function: reflectional symmetry

(b) Odd function: rotational symmetry
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Guidelines for Sketching a Curve

C. Symmetry (Part 2)

If f (x + p) = f (x) for some p > 0, then the function is
p-periodic. Its graph is obtained by translations along the
x-axis of its graph over any interval of length p (i.e.,
[−p/2, p/2] or [0, p]).

 SECTION 3.5  Summary of Curve Sketching 245

asymptote or possess symmetry.) But the guidelines provide all the information you need 
to make a sketch that displays the most important aspects of the function.
A.  Domain It’s often useful to start by determining the domain D of f , that is, the set 

of values of x for which f sxd is defined.
B.  Intercepts The y-intercept is f s0d and this tells us where the curve intersects the  

y-axis. To find the x-intercepts, we set y − 0 and solve for x. (You can omit this step 
if the equa tion is difficult to solve.)

C.  Symmetry
 (i ) If f s2xd − f sxd for all x in D, that is, the equation of the curve is unchanged 
when x is replaced by 2x, then f  is an even function and the curve is symmetric 
about the y-axis. This means that our work is cut in half. If we know what the curve 
looks like for x > 0, then we need only reflect about the y-axis to obtain the com-
plete curve [see Figure 3(a)]. Here are some examples: y − x 2, y − x 4, y − | x |, and 
y − cos x.
 (ii) If f s2xd − 2f sxd for all x in D, then f  is an odd function and the curve 
is sym metric about the origin. Again we can obtain the complete curve if we know 
what it looks like for x > 0. [Rotate 180° about the origin; see Figure 3(b).] Some 
simple examples of odd functions are y − x, y − x 3, y − x 5, and y − sin x.
 (iii) If f sx 1 pd − f sxd for all x in D, where p is a positive constant, then f  is 
called a periodic function and the smallest such number p is called the period. For 
instance, y − sin x has period 2! and y − tan x has period !. If we know what the 
graph looks like in an interval of length p, then we can use translation to sketch the 
entire graph (see Figure 4).

a-p a a+p a+2p x
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0

period p

D.  Asymptotes
 (i) Horizontal Asymptotes. Recall from Section 3.4 that if either lim x l ` f sxd − L 
or lim x l2 ` f sxd − L, then the line y − L is a horizontal asymptote of the curve 
y − f sxd. If it turns out that lim x l ` f sxd − ` (or 2`), then we do not have an  
asymptote to the right, but this fact is still useful information for sketching the curve.
 (ii) Vertical Asymptotes. Recall from Section 1.5 that the line x − a is a vertical 
asymptote if at least one of the following statements is true:

 lim
x l

 

a1
  f sxd − `    lim

x l
 

a2
  f sxd − `

 lim
x l

 

a1
  f sxd − 2`    lim

x l
 

a2
  f sxd − 2`

(For rational functions you can locate the vertical asymptotes by equating the denomi-
nator to 0 after canceling any common factors. But for other functions this method 
does not apply.) Furthermore, in sketching the curve it is very useful to know exactly 
which of the statements in (1) is true. If f sad is not defined but a is an endpoint of the 
domain of f, then you should compute lim x l a2 f sxd or lim x l a1 f sxd, whether or not 
this limit is infinite.
 (iii) Slant Asymptotes. These are discussed at the end of this section.

(a) Even function: reflectional symmetry

(b) Odd function: rotational symmetry
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Guidelines for Sketching a Curve

D. Asymptotes

Look for asymptotes.

Horizontal and slant asymptotes give the shape of the graph
as x approaches ∞ or −∞.

A vertical asymptote x = a gives the shape of the graph as x
approaches a.
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Guidelines for Sketching a Curve

E. Intervals of Increase or Decrease

Use the Increasing/Decreasing Test.

Compute f ′(x) and find the intervals on which f ′(x) is
positive or negative.

The function is increasing where f ′(x) > 0 and is decreasing
where f ′(x) < 0.

11 / 16



Guidelines for Sketching a Curve

F. Local Extrema

Find the critical points of f (i.e., points c such that f ′(c)
does not exist or f ′(c) = 0).

Use the First Derivative Test if f ′(c) = 0.

If f ′(x) changes from positive to negative, then there is a
local maximum at x = c .

If f ′(x) changes from negative to positive, then there is a
local minimum at x = c .

The 2nd Derivative Test can also be used.

12 / 16



Guidelines for Sketching a Curve

G. Concavity and Inflection Points

Compute f ′′(x) and use the Concavity Test.

The curve is concave upward where f ′′(x) > 0.

The curve is concave downward where f ′′(x) < 0.

Inflection points at points at which concavity changes.
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Guidelines for Sketching a Curve

H. Sketch the Graph

Draw the graph by using the info from A–G.

Sketch the asymptotes as dashed lines.

Plot the the intercepts, local maximum and local minimum
points, and inflection points.

Make the curve pass through these points, rising or falling
according to E, with concavity according to G, and
approaching the asymptotes.
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Examples

Example

Use the guidelines to sketch the graph of y = 2x2

x2−1 .
 SECTION 3.5  Summary of Curve Sketching 247

G. f 0sxd −
sx 2 2 1d2s24d 1 4x ? 2sx 2 2 1d2x

sx 2 2 1d4 −
12x 2 1 4
sx 2 2 1d3

 Since 12x 2 1 4 . 0 for all x, we have

f 0sxd . 0  &?  x 2 2 1 . 0  &?  | x | . 1

  and f 0sxd , 0   &?   | x | , 1. Thus the curve is concave upward on the intervals 
s2`, 21d and s1, `d and concave downward on s21, 1d. It has no point of infiec-
tion since 1 and 21 are not in the domain of f.

H. Using the information in E–G, we  nish the sketch in Figure 6. Q

EXAMPLE 2 Sketch the graph of f sxd −
x 2

sx 1 1
.

A. Domain − hx | x 1 1 . 0j − hx | x . 21j − s21, `d
B. The x- and y-intercepts are both 0.
C. Symmetry: None
D. Since

lim
x l `

 
x 2

sx 1 1
− `

  there is no horizontal asymptote. Since sx 1 1 l 0 as x l 211 and f sxd is 
always positive, we have

lim
x l

 

211

x 2

sx 1 1
− `

  and so the line x − 21 is a vertical asymptote.

E. f 9sxd −
sx 1 1 s2xd 2 x 2 ? 1y(2sx 1 1)

x 1 1
−

3x 2 1 4x
2sx 1 1d3y2 −

xs3x 1 4d
2sx 1 1d3y2

  We see that f 9sxd − 0 when x − 0 (notice that 24
3 is not in the domain of f ), so the 

only critical number is 0. Since f 9sxd , 0 when 21 , x , 0 and f 9sxd . 0 when 
x . 0, f  is decreasing on s21, 0d and increasing on s0, `d.

F.  Since f 9s0d − 0 and f 9 changes from negative to positive at 0, f s0d − 0 is a local 
(and absolute) minimum by the First Derivative Test.

G. f 0sxd −
2sx 1 1d3y2s6x 1 4d 2 s3x 2 1 4xd3sx 1 1d1y2

4sx 1 1d3 −
3x 2 1 8x 1 8

4sx 1 1d5y2

   Note that the denominator is always positive. The numerator is the quadratic
  3x 2 1 8x 1 8, which is always positive because its discriminant is 

b 2 2 4ac − 232, which is negative, and the coef cient of x 2 is positive. Thus 
f 0sxd . 0 for all x in the domain of f, which means that f  is concave upward on 
s21, `d and there is no point of infiection.

H. The curve is sketched in Figure 7. Q

EXAMPLE 3 Sketch the graph of f sxd −
cos x

2 1 sin x
.

A. The domain is R.
B.  The y-intercept is f s0d − 1

2. The x-intercepts occur when cos x − 0, that is, 
x − s!y2d 1 n!, where n is an integer.

x=1x=_1

y=2

x

y

0

FIGURE 6  
Finished sketch of y −

2x 2

x 2 2 1

x=_1 x

y

0

œ„„„„
y= ≈

x+1

FIGURE 7  
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Examples

Example

Sketch the graph of y = x3

x2+1
.

 SECTION 3.5  Summary of Curve Sketching 249

EXAMPLE 4 Sketch the graph of f sxd −
x 3

x 2 1 1
.

A. The domain is R − s2`, `d.
B. The x- and y-intercepts are both 0.
C. Since f s2xd − 2f sxd, f  is odd and its graph is symmetric about the origin.
D.  Since x 2 1 1 is never 0, there is no vertical asymptote. Since f sxd l ` as x l ` 

and f sxd l 2` as x l 2`, there is no horizontal asymptote. But long division 
gives

 f sxd −
x 3

x 2 1 1
− x 2

x
x 2 1 1

 This equation suggests that y − x is a candidate for a slant asymptote. In fact,

 f sxd 2 x − 2
x

x 2 1 1
− 2

1
x

1 1
1
x 2

l 0   as  x l 6`

 So the line y − x is a slant asymptote.

E. f 9sxd −
sx 2 1 1ds3x2d 2 x 3 ? 2x

sx 2 1 1d2 −
x 2sx 2 1 3d
sx 2 1 1d2

 Since f 9sxd . 0 for all x (except 0), f  is increasing on s2`, `d.
F.  Although f 9s0d − 0, f 9 does not change sign at 0, so there is no local maximum or 

minimum.

G. f 0sxd −
sx 2 1 1d2s4x3 1 6xd 2 sx 4 1 3x 2 d ? 2sx 2 1 1d2x

sx 2 1 1d4 −
2xs3 2 x 2 d
sx 2 1 1d3

 Since f 0sxd − 0 when x − 0 or x − 6s3 , we set up the following chart:

Interval x 3 2 x 2 sx 2 1 1d3 f 99sxd f

 x , 2s3 2 2 1 1 CU on (2`, 2s3 )
 2s3 , x , 0 2 1 1 2 CD on (2s3 , 0)

0 , x , s3 1 1 1 1 CU on (0, s3 )
 x . s3 1 2 1 2 CD on (s3 , `)

 The points of infiection are (2s3 , 23
4 s3 ), s0, 0d, and (s3 , 34 s3 ).

H. The graph of f  is sketched in Figure 11. Q

y=x
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4

inflection
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x

y

0
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