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Limits at Infinity

Definition (Limit at co)

Let f be a function defined on some interval [a, 00). We say that
f(x) has limit L at co, and we write

lim f(x) =L,

X—>00

if f(x) can be made arbitrarily close to L by requiring x to be
sufficiently large.




Limits at Infinity

Example
We have




Limits at Infinity

Find the limit at co of f(x) = o1
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Limits at Infinity

Definition (Limit at —oc0)

Let f be a function defined on some interval (—oo, a]. We say that
f(x) has limit L at —oo, and we write

lim f(x) =L,

X—>—00

if f(x) can be made arbitrarily close to L by requiring x to be
sufficiently large negative.

y y
y=fx)
/ y = f(x)
y=L
y=L
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Limits at Infinity

Example
We have
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Limits at Infinity

Find the limit at —oco of f(x) = o L
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Horizontal Asymptotes

Definition

We say that the (horizontal) line y = L is a horizontal asymptote
of the curve y = f(x) if

lim f(x)=1L or lim f(x)=L.

X—>00 X—r—00




Horizontal Asymptotes

Example

The line y = 0 is a horizontal asymptote of the curve y = 1/x.

y




Horizontal Asymptotes

: 2_
The line y = 1 is a horizontal asymptote of the curve y = §2+i.
y

y=1
ﬁ
0
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Horizontal Asymptotes

Example

The lines y = —1 and y = 2 are horizontal asymptotes of the
curve y = f(x) below.

Here we have

lim f(x)=-1 and lim f(x)=2.

X—00 X—>—00
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The laws for limits of function in Section 1.6 continue to holds for
limits at infinity.

Theorem (Limit Laws)

Q /flimy_ o F(x) and limy_, g(x) both exist, then
Mg 69209 = [, 69] = | T 6
XIer;O [cf(x)] = cXILrgo f(x) (c any constant),
Jim_ [F()g()] = fim £(x)- lim g(x).

lim flx) _ limysoo F) if lim g(x) #0.

x—00 g(x) iMoo g(x) X—00

@ The same rules hold if limy_,_ f(x) and lim,_,_ g(x) exist.
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Power Functions

e If g is a positive integer, then by definition x1/9 is the unique
solution of the equation y9 = x.

If g is even, then x/9 is defined only for x > 0.
If g is odd, then x1/49 is defined for all real values of x.

o
e If p is another positive integer, then xP/9 is defined by
X9 = (xp)%.
e If pis even or q is odd, then xP/9 is defined for all real values
of x.

If pis odd and g is even, then xP/9 is defined only for x > 0.
We further define

5 1\P4
q — — — — .
X N .

provided x # 0 and xP/9 is well defined.
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Power Functions

@ The power function x" can also be defined if r is irrational.
e If r > 0, its domain is [0, c0).

e If r <0, its domain is (0, c0).

e We always have

1

Xr1+r2 — Xr1Xr2’ x = —
xr

whenever x1 172 x" x and x=" are well defined.

If x > 0, then x" is always well defined for any value of r.
If x=0, then 0" =0 if r > 0.

©00

If x <0, then x" make sense if r is rational, r = £p/q with p
even or g odd.
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Power Functions

Theorem (Power Law)

Let r be any real number.
@ Suppose that limy_, f(x) exists. We have
g 737 = [l )

provided f(x)" and [limy_,o f(x)]" are well defined.

@ The same rule applies to limy_, o f(x) if it exists.
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Power Functions

Suppose that r > 0.
Q@ We have

1
lim — =0.
x—o0 X'
@ Ifr is a rational number, r = p/q with p even or q odd, then

lim — =0.
x——o00 X'

© In any case y = 0 is a horizontal asymptote of the curve
y=1/x".
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Power Functions

Find

lim (\/x2+1—x>.

X—00
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Infinite Limits at Infinity

Definition (Infinite Limits at co)
Let f be a function defined on some interval [a, 00).

@ We say that f(x) has limit oo at oo, and we write

lim f(x) = oo,

X—>00

if f(x) can be made arbitrarily large by requiring x to be
sufficiently large.

@ We say that f(x) has limit —oco at oo, and we write

Jim, () = o0

if f(x) can be made arbitrarily large negative by requiring x to
be sufficiently large.
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Infinite Limits at Infinity

Definition (Infinite Limits at —oc0)

Let f be a function defined on some interval (—o0, a].

@ We say that f(x) has limit oo at —oo, and we write

lim f(x) = oo,

X——00

if (x) can be made arbitrarily large by requiring x to be
sufficiently large negative.

@ We say that f(x) has limit —oo at —oo, and we write

XlI)TOO f(X) =

if f(x) can be made arbitrarily large negative by requiring x to
be sufficiently large negative.
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Infinite Limits at Infinity

Example
We have

lim x
X—00

:oo’
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Infinite Limits at Infinity

Let r > 0.
@ We have

lim x" = oo.
X—>00
@ Assume that r is a rational, r = p/q, with p even or q odd.
Then, we have

lim x" =
X—r—00

oo if p is even,
—oo if p and g are odd.
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Infinite Limits at Infinity

Several (but not all) laws for finite limits continue to hold for
infinite limits by using the following rules:

00 + 00 = 00 — (—00) = 00,
—00 — 00 = —00 + (—00) = —o0,
c(£o0) = oo (¢ >0), c(£o0) = oo (¢ <0),

00 - (o) = too, —00 + (£o0) = Foo,
c

1
—— =0 (c any constant), o= = +oo,
(00)" = o0, (—00)" = £oo (depending on r).
Here 0" (resp., 07) means that lim f(x) = 0 with f(x) > 0 (resp.,
f(x) <0).




Infinite Limits at Infinity

Remark (continued)
For instance:
@ If limy_oo f(x) = 00 and limy_,o g(x) = o0, then
Jim 17+ 80 = i 7] + [ g0] = 0 + 00 = o
Jim_ Fx)g(x) = lim_ £(x) - lim_g(x) = o0 -0 = oo,
1 1

XILngO%:£:O, XIer;of(x)r:(oo)’:oo (r>0).

@ If limy_,_o 7(x) is finite and limy_,_ o g(x) = £00, then
lim [f(x)+ g(x)] = £oo.
X—>r—00
@ If limy_, oo f(x) is finite and > 0 and limy_,o g(x) = %00,

then
lim f(x)g(x) = £oo.

X—00
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Infinite Limits at Infinity

Remark (Indeterminate Forms)

The following situations are indeterminate:

+o0o
- - (+00).
0 (00)

In those situations any outcome is possible: finite limit, infinite
limit, no limit.

00 — 00, —00 + 09,
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Infinite Limits at Infinity

Example (Indeterminate Form oo — c0)

Let 1 and r» be positive numbers.

oo ifr>m,
lim (x™* —x") = 0 ifrn=mn,
X—>00 o

—o00 ifn < nm.

" oo if > nm,

lim — = 1 ifrn=n,
x—o00 X2 .

0 ifrn<nm.
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Infinite Limits at Infinity
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Precise Definitions

Definition (Informal Definition)

We say that f(x) has limit L at oo, and write limy_,o f(x) = L, if
f(x) can be made arbitrarily close to L by requiring x to be
sufficiently large.

Definition (Precise Definition)
We say that f(x) has limit L at oo, and write limy_,o f(x) = L, if
for every € > 0 there is a number N such that

|f(x)— L <e  forall x> N.

¥
y=L+e y=f)
L e } flx)is
te in here
y=L—¢
0 N x
-
when x is in here
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Precise Definitions

Definition (Informal Definition)

We say that f(x) has limit L at —oo, and write limy_, o f(x) = L,
if f(x) can be made arbitrarily close to L by requiring x to be
sufficiently large negative.

Definition (Precise Definition)
We say that f(x) has limit L at —oo, and write limy_,_ f(x) = L,
if for every € > 0 there is a number N such that

|f(x)— L <e  forall x <N.
y

y=fx)
y=L+e
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Precise Definitions

Definition (Informal Definition)

We say that f(x) has limit co at co, and write limy_,~ f(x) = o0,
if f(x) can be made arbitrarily large by requiring x to be
sufficiently large.

Definition (Precise Definition)

We say that f(x) has limit co at co, and write limy_,~ f(x) = o0,
if for every M > 0 there is a number N such that

f(x)>M for all x > N.

,
e /
M
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Precise Definitions

Definition (Informal Definition)

We say that f(x) has limit —oco at oo, and write
limy 00 F(X) = —00, if f(x) can be made arbitrarily large negative
by requiring x to be sufficiently large.

Definition (Precise Definition)

We say that f(x) has limit —oco at oo, and write
limy—o0 f(X) = —o0, if for every M < 0 there is a number N such

that
a f(x) <M  forall x> N.
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Precise Definitions

We also have precise definitions of infinite limits at —oo.

Definition (Precise Definition)

We say that f(x) has limit co at —oco, and write
limy— oo F(x) = 00, if for every M > 0 there is a number N such

that
a f(x)>M  forall x < N.

Definition (Precise Definition)

We say that f(x) has limit —oco at —oo, and write
limy— 0o F(X) = —00, if for every M < 0 there is a number N

h that
SHeh e flx)y<M for all x < N.
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