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Limits at Infinity

Definition (Limit at ∞)

Let f be a function defined on some interval [a,∞). We say that
f (x) has limit L at ∞, and we write

lim
x→∞

f (x) = L,

if f (x) can be made arbitrarily close to L by requiring x to be
sufficiently large.

232 CHAPTER 3  Applications of Differentiation

In general, we use the notation

lim
x l `

 f sxd − L

to indicate that the values of f sxd approach L as x becomes larger and larger.

1   Intuitive Definition of a Limit at Infinity Let f  be a function defined on 
some interval sa, `d. Then

lim
x l `

 f sxd − L

  means that the values of f sxd can be made arbitrarily close to L by requiring x to 
be sufficiently large.

Another notation for lim x l ` f sxd − L is

f sxd l L  as  x l `

The symbol ` does not represent a number. Nonetheless, the expression lim
x l

 

`
 f sxd − L 

is often read as
“the limit of f sxd, as x approaches infinity, is L”

or “the limit of f sxd, as x becomes infinite, is L”

or “the limit of f sxd, as x increases without bound, is L”

The meaning of such phrases is given by Definition 1. A more precise definition, similar 
to the «, ! definition of Section 1.7, is given at the end of this section.

Geometric illustrations of Definition 1 are shown in Figure 2. Notice that there are 
many ways for the graph of f  to approach the line y − L (which is called a horizontal 
asymptote) as we look to the far right of each graph.
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Referring back to Figure 1, we see that for numerically large negative values of x, 
the values of f sxd are close to 1. By letting x decrease through negative values without 
bound, we can make f sxd as close to 1 as we like. This is expressed by writing

lim
x l2`

 
x 2 2 1
x 2 1 1

− 1

The general definition is as follows.

2   Definition Let f  be a function defined on some interval s2`, ad. Then

lim
x l 2`

 f sxd − L

  means that the values of f sxd can be made arbitrarily close to L by requiring x to 
be sufficiently large negative.

FIGURE 2  
Examples illustrating lim

x l `
 f sxd − L 
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Limits at Infinity

Example

We have

lim
x→∞

1

x
=∞.

234 CHAPTER 3  Applications of Differentiation

As x becomes large, it appears that f sxd approaches 4. But as x decreases through 
negative values, f sxd approaches 2. So

lim
x l `

 f sxd − 4    and    lim
x l2`

 f sxd − 2

This means that both y − 4 and y − 2 are horizontal asymptotes. Q

EXAMPLE 2 Find lim
x l `

 
1
x

 and lim
x l2`

 
1
x

.

SOLUTION Observe that when x is large, 1yx is small. For instance, 

 
1

100
− 0.01      

1
10,000

− 0.0001      
1

1,000,000
− 0.000001

In fact, by taking x large enough, we can make 1yx as close to 0 as we please. There-
fore, according to Definition 1, we have 

lim
x l `

 
1
x

− 0

Similar reasoning shows that when x is large negative, 1yx is small negative, so we also 
have

lim
x l2`

 
1
x

− 0

It follows that the line y − 0 (the x-axis) is a horizontal asymptote of the curve 
y − 1yx. (This is an equilateral hyperbola; see Figure 6.) Q

Most of the Limit Laws that were given in Section 1.6 also hold for limits at infinity. It 
can be proved that the Limit Laws listed in Section 1.6 (with the exception of Laws 9 and 
10) are also valid if “x l a” is replaced by “x l `” or “x l 2`.” In particular, if we 
combine Laws 6 and 11 with the results of Example 2, we obtain the following important 
rule for calculating limits.

4   Theorem If r . 0 is a rational number, then

lim
x l `

 
1
xr − 0

If r . 0 is a rational number such that xr is defined for all x, then

lim 
x l2`

 
1
xr − 0

EXAMPLE 3 Evaluate

lim
x l

 

`
 

3x 2 2 x 2 2
5x 2 1 4x 1 1

and indicate which properties of limits are used at each stage.

SOLUTION As x becomes large, both numerator and denominator become large, so it 
isn’t obvious what happens to their ratio. We need to do some preliminary algebra. 
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FIGURE 6  

lim
x l `

 
1
x

− 0, lim
x l2`

 
1
x

− 0
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Limits at Infinity

Example

Find the limit at ∞ of f (x) = x2−1
x2+1

.

 SECTION 3.4  Limits at Infinity; Horizontal Asymptotes 231

 76.  For what values of c is the function

f sxd − cx 1
1

x 2 1 3
increasing on s2`, `d?

 77.  The three cases in the First Derivative Test cover the situations 
one commonly encounters but do not exhaust all possibilities. 
Consider the functions f, t, and h whose values at 0 are all 0 
and, for x ± 0,

f sxd − x 4 sin 
1
x

      tsxd − x 4S2 1 sin 
1
xD

hsxd − x 4S22 1 sin 
1
xD

 (a)  Show that 0 is a critical number of all three functions but 
their derivatives change sign infinitely often on both sides 
of 0.

 (b)  Show that f  has neither a local maximum nor a local min-
imum at 0, t has a local minimum, and h has a local  
maximum.

 70.  For what values of c does the polynomial 
Psxd − x 4 1 cx 3 1 x 2 have two in ection points? One 
in ection point? None? Illustrate by graphing P for several 
values of c. How does the graph change as c decreases?

 71.  Prove that if sc, f scdd is a point of in ection of the graph  
of f  and f 0 exists in an open interval that contains c, then 
f 0scd − 0. [Hint: Apply the First Derivative Test and  
Fermat’s Theorem to the function t − f 9.]

 72.  Show that if f sxd − x 4, then f 0s0d − 0, but s0, 0d is not an 
in ection point of the graph of f .

 73.  Show that the function tsxd − x | x | has an in ection point at 
s0, 0d but t0s0d does not exist.

 74.  Suppose that f 09 is continuous and f 9scd − f 0scd − 0, but 
f -scd . 0. Does f  have a local maximum or minimum  
at c? Does f  have a point of in ection at c?

 75.  Suppose f  is differentiable on an interval I and f 9sxd . 0 for 
all numbers x in I except for a single number c. Prove that f  is 
increasing on the entire interval I.

;

In Sections 1.5 and 1.7 we investigated infinite limits and vertical asymptotes. There we 
let x approach a number and the result was that the values of y became arbitrarily large 
(positive or negative). In this section we let x become arbitrarily large (positive or nega-
tive) and see what happens to y. We will find it very useful to consider this so-called end 
behavior when sketching graphs.

Let’s begin by investigating the behavior of the function f  defined by

f sxd −
x 2 2 1
x 2 1 1

as x becomes large. The table at the left gives values of this function correct to six deci-
mal places, and the graph of f  has been drawn by a computer in Figure 1.

x10

y
y=1

y=≈-1
≈+1

FIGURE 1 

As x grows larger and larger you can see that the values of f sxd get closer and closer  
to 1. (The graph of f  approaches the horizontal line y − 1 as we look to the right.) In 
fact, it seems that we can make the values of f sxd as close as we like to 1 by taking x 
sufficiently large. This situation is expressed symbolically by writing

lim
x l `

 
x 2 2 1
x 2 1 1

− 1

x f sxd
0 21

61 0
62 0.600000
63 0.800000
64 0.882353
65 0.923077

610 0.980198
650 0.999200

6100 0.999800
61000 0.999998

Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.

4 / 31



Limits at Infinity

Definition (Limit at −∞)

Let f be a function defined on some interval (−∞, a]. We say that
f (x) has limit L at −∞, and we write

lim
x→−∞

f (x) = L,

if f (x) can be made arbitrarily close to L by requiring x to be
sufficiently large negative.

 SECTION 3.4  Limits at Inffnity; Horizontal Asymptotes 233

Again, the symbol 2` does not represent a number, but the expression lim
x l 2`

 f sxd − L 
is often read as

“the limit of f sxd, as x approaches negative infinity, is L”

Definition 2 is illustrated in Figure 3. Notice that the graph approaches the line y − L as 
we look to the far left of each graph.

3   Definition The line y − L is called a horizontal asymptote of the curve 
y − f sxd if either 

lim
x l

 

`
 f sxd − L    or    lim

x l
 

2`
 f sxd − L

For instance, the curve illustrated in Figure 1 has the line y − 1 as a horizontal asymp-
tote because 

lim
x l `

 
x 2 2 1
x 2 1 1

− 1

The curve y − f sxd sketched in Figure 4 has both y − 21 and y − 2 as horizontal asymp-
totes because

lim 
x l `

 f sxd − 21 and lim 
x l2`

 f sxd − 2

x0

y

y=2

y=_1

2

_1

y=ƒ

EXAMPLE 1 Find the infinite limits, limits at infinity, and asymptotes for the function 
f  whose graph is shown in Figure 5.

SOLUTION We see that the values of f sxd become large as x l 21 from both sides, so

lim
x l21

 f sxd − `

Notice that f sxd becomes large negative as x approaches 2 from the left, but large posi-
tive as x approaches 2 from the right. So

lim
x l

 

22
 f sxd − 2`    and    lim

x l
 

21
 f sxd − `

Thus both of the lines x − 21 and x − 2 are vertical asymptotes.

FIGURE 3  
Examples illustrating lim

x l 2`
 f sxd − L 
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FIGURE 4

FIGURE 5
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 SECTION 3.4  Limits at Inffnity; Horizontal Asymptotes 233

Again, the symbol 2` does not represent a number, but the expression lim
x l 2`

 f sxd − L 
is often read as

“the limit of f sxd, as x approaches negative infinity, is L”

Definition 2 is illustrated in Figure 3. Notice that the graph approaches the line y − L as 
we look to the far left of each graph.

3   Definition The line y − L is called a horizontal asymptote of the curve 
y − f sxd if either 

lim
x l

 

`
 f sxd − L    or    lim

x l
 

2`
 f sxd − L

For instance, the curve illustrated in Figure 1 has the line y − 1 as a horizontal asymp-
tote because 

lim
x l `

 
x 2 2 1
x 2 1 1

− 1

The curve y − f sxd sketched in Figure 4 has both y − 21 and y − 2 as horizontal asymp-
totes because

lim 
x l `

 f sxd − 21 and lim 
x l2`

 f sxd − 2

x0

y

y=2

y=_1

2

_1

y=ƒ

EXAMPLE 1 Find the infinite limits, limits at infinity, and asymptotes for the function 
f  whose graph is shown in Figure 5.

SOLUTION We see that the values of f sxd become large as x l 21 from both sides, so

lim
x l21

 f sxd − `

Notice that f sxd becomes large negative as x approaches 2 from the left, but large posi-
tive as x approaches 2 from the right. So

lim
x l

 

22
 f sxd − 2`    and    lim

x l
 

21
 f sxd − `

Thus both of the lines x − 21 and x − 2 are vertical asymptotes.

FIGURE 3  
Examples illustrating lim

x l 2`
 f sxd − L 
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Limits at Infinity

Example

We have

lim
x→−∞

1

x
= 0.

234 CHAPTER 3  Applications of Differentiation

As x becomes large, it appears that f sxd approaches 4. But as x decreases through 
negative values, f sxd approaches 2. So

lim
x l `

 f sxd − 4    and    lim
x l2`

 f sxd − 2

This means that both y − 4 and y − 2 are horizontal asymptotes. Q

EXAMPLE 2 Find lim
x l `

 
1
x

 and lim
x l2`

 
1
x

.

SOLUTION Observe that when x is large, 1yx is small. For instance, 

 
1

100
− 0.01      

1
10,000

− 0.0001      
1

1,000,000
− 0.000001

In fact, by taking x large enough, we can make 1yx as close to 0 as we please. There-
fore, according to Definition 1, we have 

lim
x l `

 
1
x

− 0

Similar reasoning shows that when x is large negative, 1yx is small negative, so we also 
have

lim
x l2`

 
1
x

− 0

It follows that the line y − 0 (the x-axis) is a horizontal asymptote of the curve 
y − 1yx. (This is an equilateral hyperbola; see Figure 6.) Q

Most of the Limit Laws that were given in Section 1.6 also hold for limits at infinity. It 
can be proved that the Limit Laws listed in Section 1.6 (with the exception of Laws 9 and 
10) are also valid if “x l a” is replaced by “x l `” or “x l 2`.” In particular, if we 
combine Laws 6 and 11 with the results of Example 2, we obtain the following important 
rule for calculating limits.

4   Theorem If r . 0 is a rational number, then

lim
x l `

 
1
xr − 0

If r . 0 is a rational number such that xr is defined for all x, then

lim 
x l2`

 
1
xr − 0

EXAMPLE 3 Evaluate

lim
x l

 

`
 

3x 2 2 x 2 2
5x 2 1 4x 1 1

and indicate which properties of limits are used at each stage.

SOLUTION As x becomes large, both numerator and denominator become large, so it 
isn’t obvious what happens to their ratio. We need to do some preliminary algebra. 

0

y

x

y=∆

FIGURE 6  

lim
x l `

 
1
x

− 0, lim
x l2`

 
1
x

− 0
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Limits at Infinity

Example

Find the limit at −∞ of f (x) = x2−1
x2+1

.

 SECTION 3.4  Limits at Infinity; Horizontal Asymptotes 231

 76.  For what values of c is the function

f sxd − cx 1
1

x 2 1 3
increasing on s2`, `d?

 77.  The three cases in the First Derivative Test cover the situations 
one commonly encounters but do not exhaust all possibilities. 
Consider the functions f, t, and h whose values at 0 are all 0 
and, for x ± 0,

f sxd − x 4 sin 
1
x

      tsxd − x 4S2 1 sin 
1
xD

hsxd − x 4S22 1 sin 
1
xD

 (a)  Show that 0 is a critical number of all three functions but 
their derivatives change sign infinitely often on both sides 
of 0.

 (b)  Show that f  has neither a local maximum nor a local min-
imum at 0, t has a local minimum, and h has a local  
maximum.

 70.  For what values of c does the polynomial 
Psxd − x 4 1 cx 3 1 x 2 have two in ection points? One 
in ection point? None? Illustrate by graphing P for several 
values of c. How does the graph change as c decreases?

 71.  Prove that if sc, f scdd is a point of in ection of the graph  
of f  and f 0 exists in an open interval that contains c, then 
f 0scd − 0. [Hint: Apply the First Derivative Test and  
Fermat’s Theorem to the function t − f 9.]

 72.  Show that if f sxd − x 4, then f 0s0d − 0, but s0, 0d is not an 
in ection point of the graph of f .

 73.  Show that the function tsxd − x | x | has an in ection point at 
s0, 0d but t0s0d does not exist.

 74.  Suppose that f 09 is continuous and f 9scd − f 0scd − 0, but 
f -scd . 0. Does f  have a local maximum or minimum  
at c? Does f  have a point of in ection at c?

 75.  Suppose f  is differentiable on an interval I and f 9sxd . 0 for 
all numbers x in I except for a single number c. Prove that f  is 
increasing on the entire interval I.

;

In Sections 1.5 and 1.7 we investigated infinite limits and vertical asymptotes. There we 
let x approach a number and the result was that the values of y became arbitrarily large 
(positive or negative). In this section we let x become arbitrarily large (positive or nega-
tive) and see what happens to y. We will find it very useful to consider this so-called end 
behavior when sketching graphs.

Let’s begin by investigating the behavior of the function f  defined by

f sxd −
x 2 2 1
x 2 1 1

as x becomes large. The table at the left gives values of this function correct to six deci-
mal places, and the graph of f  has been drawn by a computer in Figure 1.

x10

y
y=1

y=≈-1
≈+1

FIGURE 1 

As x grows larger and larger you can see that the values of f sxd get closer and closer  
to 1. (The graph of f  approaches the horizontal line y − 1 as we look to the right.) In 
fact, it seems that we can make the values of f sxd as close as we like to 1 by taking x 
sufficiently large. This situation is expressed symbolically by writing

lim
x l `

 
x 2 2 1
x 2 1 1

− 1

x f sxd
0 21

61 0
62 0.600000
63 0.800000
64 0.882353
65 0.923077

610 0.980198
650 0.999200

6100 0.999800
61000 0.999998
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Horizontal Asymptotes

Definition

We say that the (horizontal) line y = L is a horizontal asymptote
of the curve y = f (x) if

lim
x→∞

f (x) = L or lim
x→−∞

f (x) = L.
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Horizontal Asymptotes

Example

The line y = 0 is a horizontal asymptote of the curve y = 1/x .

234 CHAPTER 3  Applications of Differentiation

As x becomes large, it appears that f sxd approaches 4. But as x decreases through 
negative values, f sxd approaches 2. So

lim
x l `

 f sxd − 4    and    lim
x l2`

 f sxd − 2

This means that both y − 4 and y − 2 are horizontal asymptotes. Q

EXAMPLE 2 Find lim
x l `

 
1
x

 and lim
x l2`

 
1
x

.

SOLUTION Observe that when x is large, 1yx is small. For instance, 

 
1

100
− 0.01      

1
10,000

− 0.0001      
1

1,000,000
− 0.000001

In fact, by taking x large enough, we can make 1yx as close to 0 as we please. There-
fore, according to Definition 1, we have 

lim
x l `

 
1
x

− 0

Similar reasoning shows that when x is large negative, 1yx is small negative, so we also 
have

lim
x l2`

 
1
x

− 0

It follows that the line y − 0 (the x-axis) is a horizontal asymptote of the curve 
y − 1yx. (This is an equilateral hyperbola; see Figure 6.) Q

Most of the Limit Laws that were given in Section 1.6 also hold for limits at infinity. It 
can be proved that the Limit Laws listed in Section 1.6 (with the exception of Laws 9 and 
10) are also valid if “x l a” is replaced by “x l `” or “x l 2`.” In particular, if we 
combine Laws 6 and 11 with the results of Example 2, we obtain the following important 
rule for calculating limits.

4   Theorem If r . 0 is a rational number, then

lim
x l `

 
1
xr − 0

If r . 0 is a rational number such that xr is defined for all x, then

lim 
x l2`

 
1
xr − 0

EXAMPLE 3 Evaluate

lim
x l

 

`
 

3x 2 2 x 2 2
5x 2 1 4x 1 1

and indicate which properties of limits are used at each stage.

SOLUTION As x becomes large, both numerator and denominator become large, so it 
isn’t obvious what happens to their ratio. We need to do some preliminary algebra. 

0

y

x

y=∆

FIGURE 6  

lim
x l `

 
1
x

− 0, lim
x l2`

 
1
x

− 0
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Horizontal Asymptotes

Example

The line y = 1 is a horizontal asymptote of the curve y = x2−1
x2+1

.

 SECTION 3.4  Limits at Infinity; Horizontal Asymptotes 231

 76.  For what values of c is the function

f sxd − cx 1
1

x 2 1 3
increasing on s2`, `d?

 77.  The three cases in the First Derivative Test cover the situations 
one commonly encounters but do not exhaust all possibilities. 
Consider the functions f, t, and h whose values at 0 are all 0 
and, for x ± 0,

f sxd − x 4 sin 
1
x

      tsxd − x 4S2 1 sin 
1
xD

hsxd − x 4S22 1 sin 
1
xD

 (a)  Show that 0 is a critical number of all three functions but 
their derivatives change sign infinitely often on both sides 
of 0.

 (b)  Show that f  has neither a local maximum nor a local min-
imum at 0, t has a local minimum, and h has a local  
maximum.

 70.  For what values of c does the polynomial 
Psxd − x 4 1 cx 3 1 x 2 have two in ection points? One 
in ection point? None? Illustrate by graphing P for several 
values of c. How does the graph change as c decreases?

 71.  Prove that if sc, f scdd is a point of in ection of the graph  
of f  and f 0 exists in an open interval that contains c, then 
f 0scd − 0. [Hint: Apply the First Derivative Test and  
Fermat’s Theorem to the function t − f 9.]

 72.  Show that if f sxd − x 4, then f 0s0d − 0, but s0, 0d is not an 
in ection point of the graph of f .

 73.  Show that the function tsxd − x | x | has an in ection point at 
s0, 0d but t0s0d does not exist.

 74.  Suppose that f 09 is continuous and f 9scd − f 0scd − 0, but 
f -scd . 0. Does f  have a local maximum or minimum  
at c? Does f  have a point of in ection at c?

 75.  Suppose f  is differentiable on an interval I and f 9sxd . 0 for 
all numbers x in I except for a single number c. Prove that f  is 
increasing on the entire interval I.

;

In Sections 1.5 and 1.7 we investigated infinite limits and vertical asymptotes. There we 
let x approach a number and the result was that the values of y became arbitrarily large 
(positive or negative). In this section we let x become arbitrarily large (positive or nega-
tive) and see what happens to y. We will find it very useful to consider this so-called end 
behavior when sketching graphs.

Let’s begin by investigating the behavior of the function f  defined by

f sxd −
x 2 2 1
x 2 1 1

as x becomes large. The table at the left gives values of this function correct to six deci-
mal places, and the graph of f  has been drawn by a computer in Figure 1.

x10

y
y=1

y=≈-1
≈+1

FIGURE 1 

As x grows larger and larger you can see that the values of f sxd get closer and closer  
to 1. (The graph of f  approaches the horizontal line y − 1 as we look to the right.) In 
fact, it seems that we can make the values of f sxd as close as we like to 1 by taking x 
sufficiently large. This situation is expressed symbolically by writing

lim
x l `

 
x 2 2 1
x 2 1 1

− 1

x f sxd
0 21

61 0
62 0.600000
63 0.800000
64 0.882353
65 0.923077

610 0.980198
650 0.999200

6100 0.999800
61000 0.999998
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Horizontal Asymptotes

Example

The lines y = −1 and y = 2 are horizontal asymptotes of the
curve y = f (x) below.

 SECTION 3.4  Limits at Inffnity; Horizontal Asymptotes 233

Again, the symbol 2` does not represent a number, but the expression lim
x l 2`

 f sxd − L 
is often read as

“the limit of f sxd, as x approaches negative infinity, is L”

Definition 2 is illustrated in Figure 3. Notice that the graph approaches the line y − L as 
we look to the far left of each graph.

3   Definition The line y − L is called a horizontal asymptote of the curve 
y − f sxd if either 

lim
x l

 

`
 f sxd − L    or    lim

x l
 

2`
 f sxd − L

For instance, the curve illustrated in Figure 1 has the line y − 1 as a horizontal asymp-
tote because 

lim
x l `

 
x 2 2 1
x 2 1 1

− 1

The curve y − f sxd sketched in Figure 4 has both y − 21 and y − 2 as horizontal asymp-
totes because

lim 
x l `

 f sxd − 21 and lim 
x l2`

 f sxd − 2

x0

y

y=2

y=_1

2

_1

y=ƒ

EXAMPLE 1 Find the infinite limits, limits at infinity, and asymptotes for the function 
f  whose graph is shown in Figure 5.

SOLUTION We see that the values of f sxd become large as x l 21 from both sides, so

lim
x l21

 f sxd − `

Notice that f sxd becomes large negative as x approaches 2 from the left, but large posi-
tive as x approaches 2 from the right. So

lim
x l

 

22
 f sxd − 2`    and    lim

x l
 

21
 f sxd − `

Thus both of the lines x − 21 and x − 2 are vertical asymptotes.

FIGURE 3  
Examples illustrating lim

x l 2`
 f sxd − L 

0

y

x

y=ƒ

y=L

x0

y

y=ƒ
y=L

FIGURE 4

FIGURE 5

0 x

y

2

2
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Here we have

lim
x→∞

f (x) = −1 and lim
x→−∞

f (x) = 2.
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Limit Laws

The laws for limits of function in Section 1.6 continue to holds for
limits at infinity.

Theorem (Limit Laws)

1 If limx→∞ f (x) and limx→∞ g(x) both exist, then

lim
x→∞

[f (x)± g(x)] =
[

lim
x→∞

f (x)
]
±
[

lim
x→∞

g(x)
]
,

lim
x→∞

[cf (x)] = c lim
x→∞

f (x) (c any constant),

lim
x→∞

[f (x)g(x)] = lim
x→∞

f (x) · lim
x→∞

g(x),

lim
x→∞

f (x)

g(x)
=

limx→∞ f (x)

limx→∞ g(x)
if lim

x→∞
g(x) 6= 0.

2 The same rules hold if limx→−∞ f (x) and limx→−∞ g(x) exist.
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Power Functions

Remark

If q is a positive integer, then by definition x1/q is the unique
solution of the equation yq = x .

If q is even, then x1/q is defined only for x ≥ 0.

If q is odd, then x1/q is defined for all real values of x .

If p is another positive integer, then xp/q is defined by

x
p
q = (xp)

1
q .

If p is even or q is odd, then xp/q is defined for all real values
of x .

If p is odd and q is even, then xp/q is defined only for x ≥ 0.

We further define

x−
p
q =

1

x
p
q

=

[(
1

x

)p] 1
q

.

provided x 6= 0 and xp/q is well defined.
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Power Functions

Remark

The power function x r can also be defined if r is irrational.

If r > 0, its domain is [0,∞).

If r < 0, its domain is (0,∞).

We always have

x r1+r2 = x r1x r2 , x−r =
1

x r
,

whenever x r1+r2 , x r1 , x r2 and x±r are well defined.

Summary

1 If x > 0, then x r is always well defined for any value of r .

2 If x = 0, then 0r = 0 if r ≥ 0.

3 If x < 0, then x r make sense if r is rational, r = ±p/q with p
even or q odd.
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Power Functions

Theorem (Power Law)

Let r be any real number.

1 Suppose that limx→∞ f (x) exists. We have

lim
x→∞

f (x)r =
[

lim
x→∞

f (x)
]r
,

provided f (x)r and [limx→∞ f (x)]r are well defined.

2 The same rule applies to limx→−∞ f (x) if it exists.
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Power Functions

Theorem

Suppose that r > 0.

1 We have

lim
x→∞

1

x r
= 0.

2 If r is a rational number, r = p/q with p even or q odd, then

lim
x→−∞

1

x r
= 0.

3 In any case y = 0 is a horizontal asymptote of the curve
y = 1/x r .
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Power Functions

Example

Find

lim
x→∞

3x2 − x − 2

5x2 + 4x + 1
.

Example

Find
lim
x→∞

(√
x2 + 1− x

)
.
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Infinite Limits at Infinity

Definition (Infinite Limits at ∞)

Let f be a function defined on some interval [a,∞).

1 We say that f (x) has limit ∞ at ∞, and we write

lim
x→∞

f (x) =∞,

if f (x) can be made arbitrarily large by requiring x to be
sufficiently large.

2 We say that f (x) has limit −∞ at ∞, and we write

lim
x→∞

f (x) = −∞,

if f (x) can be made arbitrarily large negative by requiring x to
be sufficiently large.
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Infinite Limits at Infinity

Definition (Infinite Limits at −∞)

Let f be a function defined on some interval (−∞, a].

1 We say that f (x) has limit ∞ at −∞, and we write

lim
x→−∞

f (x) =∞,

if f (x) can be made arbitrarily large by requiring x to be
sufficiently large negative.

2 We say that f (x) has limit −∞ at −∞, and we write

lim
x→−∞

f (x) = −∞,

if f (x) can be made arbitrarily large negative by requiring x to
be sufficiently large negative.
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Infinite Limits at Infinity

Example

We have
lim
x→∞

x3 =∞, lim
x→−∞

x3 = −∞.

 SECTION 3.4  Limits at Inffnity; Horizontal Asymptotes  237

EXAMPLE 6 Evaluate lim
x l `

 sin 
1
x

.

SOLUTION If we let t − 1yx, then t l 01 as x l `. Therefore

lim 
x l `

 sin 
1
x

− lim
t l 01

 sin t − 0

(See Exercise 73.) Q

EXAMPLE 7 Evaluate lim
x l `

 sin x.

SOLUTION As x increases, the values of sin x oscillate between 1 and 21 infinitely often 
and so they don’t approach any definite number. Thus lim x l` sin x does not exist. Q

Infinite Limits at Infinity
The notation

lim
x l

 

`
 f sxd − `

is used to indicate that the values of f sxd become large as x becomes large. Similar mean-
ings are attached to the following symbols:

lim
x l

 

2`
 f sxd − `      lim

x l
 

`
 f sxd − 2`      lim

x l
 

2`
 f sxd − 2`

EXAMPLE 8 Find lim
x l `

 x 3 and lim
x l2`

 x 3.

SOLUTION When x becomes large, x 3 also becomes large. For instance,

103 − 1000      1003 − 1,000,000      10003 − 1,000,000,000

In fact, we can make x 3 as big as we like by requiring x to be large enough. Therefore 
we can write

lim
x l `

 x 3 − `

Similarly, when x is large negative, so is x 3. Thus

lim
x l2`

 x 3 − 2`

These limit statements can also be seen from the graph of y − x 3 in Figure 10. Q

EXAMPLE 9 Find lim
x l

 

`
 sx 2 2 xd.

SOLUTION It would be wrong to write

 lim
x l

 

`
 sx 2 2 xd − lim

x l
 

`
 x 2 2 lim

x l
 

`
 x − ` 2 `

The Limit Laws can’t be applied to infinite limits because ` is not a number  
(` 2 ` can’t be defined). However, we can write

lim
x l

 

`
 sx 2 2 xd − lim

x l
 

`
 xsx 2 1d − `

because both x and x 2 1 become arbitrarily large and so their product does too.� Q

PS  The problem-solving strategy for 
Example 6 is introducing something ex-
tra (see pagefi98). Here, the something 
extra, the auxiliary aid, is the new 
variable t.

FIGURE 10  
lim
x l `

 x 3 − `, lim
x l2`

 x 3 − 2`

x

y

0

y=˛
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Infinite Limits at Infinity

Theorem

Let r > 0.

1 We have
lim
x→∞

x r =∞.

2 Assume that r is a rational, r = p/q, with p even or q odd.
Then, we have

lim
x→−∞

x r =

{
∞ if p is even,
−∞ if p and q are odd.
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Infinite Limits at Infinity

Remark

Several (but not all) laws for finite limits continue to hold for
infinite limits by using the following rules:

∞+∞ =∞− (−∞) =∞,
−∞−∞ = −∞+ (−∞) = −∞,

c(±∞) = ±∞ (c > 0), c(±∞) = ±∞ (c < 0),

∞ · (±∞) = ±∞, −∞ · (±∞) = ∓∞,
c

±∞
= 0 (c any constant),

1

0±
= ±∞,

(∞)r =∞, (−∞)r = ±∞ (depending on r).

Here 0+ (resp., 0−) means that lim f (x) = 0 with f (x) > 0 (resp.,
f (x) < 0).
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Infinite Limits at Infinity

Remark (continued)

For instance:

If limx→∞ f (x) =∞ and limx→∞ g(x) =∞, then

lim
x→∞

[f (x) + g(x)] =
[

lim
x→∞

f (x)
]

+
[

lim
x→∞

g(x)
]

=∞+∞ =∞,

lim
x→∞

f (x)g(x) = lim
x→∞

f (x) · lim
x→∞

g(x) =∞ ·∞ =∞,

lim
x→∞

1

f (x)
=

1

∞
= 0, lim

x→∞
f (x)r = (∞)r =∞ (r > 0).

If limx→−∞ f (x) is finite and limx→−∞ g(x) = ±∞, then

lim
x→−∞

[f (x) + g(x)] = ±∞.

If limx→∞ f (x) is finite and > 0 and limx→∞ g(x) = ±∞,
then

lim
x→∞

f (x)g(x) = ±∞.
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Infinite Limits at Infinity

Remark (Indeterminate Forms)

The following situations are indeterminate:

∞−∞, −∞+∞, ±∞
±∞

, 0 · (±∞).

In those situations any outcome is possible: finite limit, infinite
limit, no limit.
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Infinite Limits at Infinity

Example (Indeterminate Form ∞−∞)

Let r1 and r2 be positive numbers.

lim
x→∞

(x r1 − x r2) =


∞ if r1 > r2,
0 if r1 = r2,
−∞ if r1 < r2.

Example (Indeterminate Form ∞
∞)

Let r1 and r2 be positive numbers.

lim
x→∞

x r1

x r2
=


∞ if r1 > r2,
1 if r1 = r2,
0 if r1 < r2.
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Infinite Limits at Infinity

Example

Find
lim
x→∞

(
x2 − x

)
.

Example

Find

lim
x→∞

x2 + x

3− x
.

26 / 31



Precise Definitions

Definition (Informal Definition)

We say that f (x) has limit L at ∞, and write limx→∞ f (x) = L, if
f (x) can be made arbitrarily close to L by requiring x to be
sufficiently large.

Definition (Precise Definition)

We say that f (x) has limit L at ∞, and write limx→∞ f (x) = L, if
for every ε > 0 there is a number N such that

|f (x)− L| < ε for all x > N. SECTION 3.4  Limits at Inffnity; Horizontal Asymptotes 239

0

y

xN

L

when x is in here

ƒ is
in here

 is

y=L-∑

y=L+∑
∑
∑

y=ƒ

Figure 13 shows that if a smaller value of « is chosen, then a larger value of N may  
be required.

0 xN

L

y=ƒ

y=L-∑

y=L+∑

Similarly, a precise version of Definition 2 is given by Definition 6, which is illus-
trated in Figure 14.

6   Definition Let f  be a function defined on some interval s2`, ad. Then

lim
x l 2`

 f sxd − L

  means that for every « . 0 there is a corresponding number N such that

if    x , N    then    | f sxd 2 L | , «

xN

y

L
y=L-∑

y=L+∑
y=ƒ

0

In Example 3 we calculated that 

lim
x l `

 
3x 2 2 x 2 2

5x 2 1 4x 1 1
−

3
5

In the next example we use a graphing device to relate this statement to Definition 5 with 
L − 3

5 − 0.6 and « − 0.1.

FIGURE 12  
lim
x l `

 f sxd − L

FIGURE 13  
lim
x l `

 f sxd − L

FIGURE 14  
lim

x l2`
 f sxd − L

40621_ch03_ptg1_hr_232-241.indd   239 4/13/15   11:44 AM

Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.

27 / 31



Precise Definitions

Definition (Informal Definition)

We say that f (x) has limit L at −∞, and write limx→−∞ f (x) = L,
if f (x) can be made arbitrarily close to L by requiring x to be
sufficiently large negative.

Definition (Precise Definition)

We say that f (x) has limit L at −∞, and write limx→−∞ f (x) = L,
if for every ε > 0 there is a number N such that

|f (x)− L| < ε for all x < N.

 SECTION 3.4  Limits at Inffnity; Horizontal Asymptotes 239

0

y

xN

L

when x is in here

ƒ is
in here

 is

y=L-∑

y=L+∑
∑
∑

y=ƒ

Figure 13 shows that if a smaller value of « is chosen, then a larger value of N may  
be required.

0 xN

L

y=ƒ

y=L-∑

y=L+∑

Similarly, a precise version of Definition 2 is given by Definition 6, which is illus-
trated in Figure 14.

6   Definition Let f  be a function defined on some interval s2`, ad. Then

lim
x l 2`

 f sxd − L

  means that for every « . 0 there is a corresponding number N such that

if    x , N    then    | f sxd 2 L | , «

xN

y

L
y=L-∑

y=L+∑
y=ƒ

0

In Example 3 we calculated that 

lim
x l `

 
3x 2 2 x 2 2

5x 2 1 4x 1 1
−

3
5

In the next example we use a graphing device to relate this statement to Definition 5 with 
L − 3

5 − 0.6 and « − 0.1.

FIGURE 12  
lim
x l `

 f sxd − L

FIGURE 13  
lim
x l `

 f sxd − L

FIGURE 14  
lim

x l2`
 f sxd − L
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Precise Definitions

Definition (Informal Definition)

We say that f (x) has limit ∞ at ∞, and write limx→∞ f (x) =∞,
if f (x) can be made arbitrarily large by requiring x to be
sufficiently large.

Definition (Precise Definition)

We say that f (x) has limit ∞ at ∞, and write limx→∞ f (x) =∞,
if for every M > 0 there is a number N such that

f (x) > M for all x > N. SECTION 3.4  Limits at Inffnity; Horizontal Asymptotes 241

Finally we note that an infinite limit at infinity can be defined as follows. The geomet-
ric illustration is given in Figure 17.

7   Definition of an Infinite Limit at Infinity Let f  be a function defined on 
some interval sa, `d. Then

lim
x l `

 f sxd − `

means that for every positive number M there is a corresponding positive number  
N such that

if  x . N    then    f sxd . M

Similar definitions apply when the symbol ` is replaced by 2`. (See Exercise 74.)

0 x

y

N

M
y=M

FIGURE 17  
lim
x l `

 f sxd − `

 1.  Explain in your own words the meaning of each of the  
following.

 (a) lim
x l `

 f sxd − 5 (b) lim
x l 2`

 f sxd − 3

 2. (a)  Can the graph of y − f sxd intersect a vertical asymptote? 
Can it intersect a horizontal asymptote? Illustrate by 
sketching graphs.

 (b)  How many horizontal asymptotes can the graph of 
y − f sxd have? Sketch graphs to illustrate the possibilities.

 3. For the function f  whose graph is given, state the following.
 (a) lim

x l
 

`
 f sxd (b) lim

x l
 

2`
 f sxd

 (c) lim
x l

 

1
 f sxd (d) lim

x l
 

3
 f sxd

 (e) The equations of the asymptotes

1 x

y

1

 4. For the function t whose graph is given, state the following.
 (a) lim

x l
 

`
 tsxd (b) lim

x l
 

2`
 tsxd

 (c) lim
x l

 

0
 tsxd (d) lim

x l
 

22
 tsxd

 (e) lim
x l

 

21
 tsxd (f ) The equations of the asymptotes

1 x

y

1

 5. Guess the value of the limit

lim
x l

 

`
 
x 2

2x

   by evaluating the function f sxd − x 2y2x for x − 0, 1, 2, 3,  
4, 5, 6, 7, 8, 9, 10, 20, 50, and 100. Then use a graph of f  to 
support your guess.

 6.  (a) Use a graph of

f sxd − S1 2
2
xDx

to estimate the value of lim x l ` f sxd correct to two 
decimal places.

 (b)  Use a table of values of f sxd to estimate the limit to 
four decimal places.

7–8 Evaluate the limit and justify each step by indicating the 
appropriate properties of limits.

 7. lim
x l `

 
2x2 2 7

5x2 1 x 2 3
 8. lim

x l `
Î 9x 3 1 8x 2 4

3 2 5x 1 x 3

;

;
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Precise Definitions

Definition (Informal Definition)

We say that f (x) has limit −∞ at ∞, and write
limx→∞ f (x) = −∞, if f (x) can be made arbitrarily large negative
by requiring x to be sufficiently large.

Definition (Precise Definition)

We say that f (x) has limit −∞ at ∞, and write
limx→∞ f (x) = −∞, if for every M < 0 there is a number N such
that

f (x) < M for all x > N.
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Precise Definitions

We also have precise definitions of infinite limits at −∞.

Definition (Precise Definition)

We say that f (x) has limit ∞ at −∞, and write
limx→−∞ f (x) =∞, if for every M > 0 there is a number N such
that

f (x) > M for all x < N.

Definition (Precise Definition)

We say that f (x) has limit −∞ at −∞, and write
limx→−∞ f (x) = −∞, if for every M < 0 there is a number N
such that

f (x) < M for all x < N.
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