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Pumping Air into a Balloon

Example

Air is being pumped into a spherical balloon so that its volume
increases at a rate of 100 cm3 /s. How fast is the radius of the
balloon increasing when the diameter is 50 cm?

Solution

Denote by V the volume and by r the radius.

What are we looking for?

dr

dt
.

What do we know?

dV

dt
= 100 cm3 /s.

We use the relation between V and r . That is,

V =
4

3
πr3.
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Pumping Air into a Balloon

Solution (continued)

We differentiate both sides of the equation, and use the Chain
Rule to get

dV

dt
=

d

dt

(
4

3
πr3
)

=
4

3
π
d

dt

(
r3
)

=
4

3
π

(
3r2

dr

dt

)
= 4πr2

dr

dt
.

This gives dr

dt
=

1

4π
r−2 dV

dt
.

We know that

dV

dt
= 100 = 4× 25 cm3/s.

If the diameter is 50 cm, then r = 25. Thus,

dV

dt
=

1

4π

(
25−2

)
(4× 25) =

1

25π
' 0.0127 cm/s.
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Sliding Ladder

Example

A ladder 5 m long rests against a vertical wall. If the bottom of the
ladder slides away from the wall at a rate of 1 m/ s, how fast is the
top of the ladder sliding down the wall when the bottom of the
ladder is 3 m from the wall?

182 CHAPTER 2  Derivatives

is drydt. We can therefore restate the given and the unknown as follows:

 Given: 
dV
dt

− 100 cm3ys

 Unknown: 
dr
dt

when r − 25 cm

In order to connect dVydt and drydt, we flrst relate V  and r by the formula for the 
volume of a sphere:

V − 4
3 !r 3

In order to use the given information, we differentiate each side of this equation with 
respect to t. To differentiate the right side, we need to use the Chain Rule:

dV
dt

−
dV
dr

 
dr
dt

− 4!r 2 
dr
dt

Now we solve for the unknown quantity:

dr
dt

−
1

4!r 2  
dV
dt

If we put r − 25 and dVydt − 100 in this equation, we obtain

dr
dt

−
1

4!s25d2 100 −
1

25!

The radius of the balloon is increasing at the rate of 1ys25!d < 0.0127 cmys. Q

EXAMPLE 2 A ladder 10 ft long rests against a vertical wall. If the bottom of the lad- 
der slides away from the wall at a rate of 1 ftys, how fast is the top of the ladder sliding 
down the wall when the bottom of the ladder is 6 ft from the wall? 

SOLUTION We flrst draw a diagram and label it as in Figure 1. Let x feet be the dis-
tance from the bottom of the ladder to the wall and y feet the distance from the top of 
the ladder to the ground. Note that x and y are both functions of t (time, measured in 
seconds).

We are given that dxydt − 1 ftys and we are asked to flnd dyydt when x − 6 ft (see 
Figure 2). In this problem, the relationship between x and y is given by the Pythagorean 
Theorem:

x 2 1 y 2 − 100

Differentiating each side with respect to t using the Chain Rule, we have

2x 
dx
dt

1 2y 
dy
dt

− 0

and solving this equation for the desired rate, we obtain

dy
dt

− 2
x
y

 
dx
dt

PS  The second stage of problem solv-
ing is to think of a plan for connecting 
the given and the unknown.

Notice that, although dVydt is constant,  
drydt is not constant.

ground

wall

10
y

x

y

x

dy
dt =?

dx
dt =1

FIGURE 1

FIGURE 2
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Sliding Ladder

Solution

What are we looking for?

dy

dt
.

What do we know?
dx

dt
= 1 m/ s .

By the Pythagorean Theorem we have

x2 + y2 = 52 = 25.

Differentiating this equation gives

0 =
d

dt
(25) =

d

dt

(
x2 + y2

)
= 2x

dx

dt
+ 2y

dy

dt
.

That is,

x
dx

dt
+ y

dy

dt
= 0⇐⇒ y

dy

dt
= −x dx

dt
⇐⇒ dy

dt
= −x

y

dx

dt
.

5 / 10



Sliding Ladder

Solution (continued)

Note that if y ≥ 0, then

x2 + y2 = 25⇐⇒ y2 = 25− x2 ⇐⇒ y =
√

25− x2.

For x = 3 we get

y =
√

25− 32 =
√

25− 9 =
√

16 = 4 m .

As dx
dt = 1 m/ s, we get

dy

dt
= −x

y

dx

dt
= −3

4
(1) = −3

4
= −0.75 m/ s .
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Water Tank

Example

A water tank has the shape of an inverted circular cone with base
radius 2 m and height 4 m. If water is being pumped into the tank
at a rate of 2 m3/min, find the rate at which the water level is
rising when the water is 3 m deep.

 SECTION 2.8  Related Rates 183

When x − 6, the Pythagorean Theorem gives y − 8 and so, substituting these values  
and dxydt − 1, we have

dy
dt

− 2
6
8

s1d − 2
3
4

 ftys

The fact that dyydt is negative means that the distance from the top of the ladder to  
the ground is decreasing at a rate of 34 ftys. In other words, the top of the ladder is sliding 
down the wall at a rate of 3

4 ftys. Q

EXAMPLE 3 A water tank has the shape of an inverted circular cone with base radius 
2 m and height 4 m. If water is being pumped into the tank at a rate of 2 m3ymin, flnd 
the rate at which the water level is rising when the water is 3 m deep.

SOLUTION We flrst sketch the cone and label it as in Figure 3. Let V , r, and h be the 
volume of the water, the radius of the surface, and the height of the water at time t, 
where t is measured in minutes.

We are given that dVydt − 2 m3ymin and we are asked to flnd dhydt when h is 3 m. 
The quantities V  and h are related by the equation

V − 1
3 !r 2h

but it is very useful to express V  as a function of h alone. In order to eliminate r, we use 
the similar triangles in Figure 3 to write

r
h

−
2
4

      r −
h
2

and the expression for V  becomes

V −
1
3

!S h
2D2

h −
!

12
h 3

Now we can differentiate each side with respect to t:

 
dV
dt

−
!

4
 h 2 

dh
dt

so  
dh
dt

−
4

!h 2  
dV
dt

Substituting h − 3 m and dVydt − 2 m3ymin, we have

dh
dt

−
4

!s3d2 ? 2 −
8

9!

The water level is rising at a rate of 8ys9!d < 0.28 mymin. Q

Problem Solving Strategy It is useful to recall some of the problem-solving prin-
ciples from page 98 and adapt them to related rates in light of our experience in  
Examples 1–3:

1. Read the problem carefully.
2. Draw a diagram if possible.
3. Introduce notation. Assign symbols to all quantities that are functions of time.
4. Express the given information and the required rate in terms of derivatives.

2

r

h
4

FIGURE 3

PS  Look back: What have we learned 
from Examples 1–3 that will help us 
solve future problems?

40621_ch02_ptg1_hr_176-185.indd   183 4/13/15   11:28 AM

Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.

7 / 10



Water Tank

Solution

Denote by V the volume of water.

What are we looking for?

dh

dt
.

What do we know?

dV

dt
= 2 m3/min .

We have
V =

1

3
πr2h.

If θ is the angle of the cone, then

tan θ =
r

h
=

2

4
=

1

2
.

It follows that r = 1
2h.

8 / 10



Water Tank

Solution (continued)

This allows to express V as a sole function of h:

V =
1

3
π

(
1

2
h

)2

h =
1

3
π

(
1

4
h2
)
h =

1

12
πh3.

Differentiating gives

dV

dt
=

d

dt

(
1

12
πh3
)

=
π

12

(
3h2

dh

dt

)
=
π

4
h2

dh

dt
.

We then get
dh

dt
=

4

π
h−2 dV

dt
.

As dV
dt = 2 m3/min, for h = 3 m we get

dh

dt
=

4

π

(
3−2
)

2 =
4

π

(
1

9

)
2 =

8

9π
' 0.28 m3/min .
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Problem Solving Strategy

Strategy

1 Read the problem carefully. Draw a diagram if possible.

2 Introduce notation. Assign symbols to all quantities that are
functions of time.

3 Express the given information and the required rate in terms
of derivatives.

4 Write an equation that relates the various quantities of the
problem. If necessary, use the geometry of the situation to
eliminate one of the variables by substitution (as in the 3rd
example).

5 Use the Chain Rule to differentiate both sides of the equation
with respect to t.

6 Substitute the given information into the resulting equation
and solve for the unknown rate.
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