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The Derivative of y = sin x at x = 0

Facts

If g(x) = sin x , then g ′(0) is the slope of the tangent line of
y = g(x) at (0, g(0)) = (0, 0).

 SECTION 2.4  Derivatives of Trigonometric Functions 145

If we sketch the graph of the function f sxd − sin x and use the interpretation of f 9sxd  
as the slope of the tangent to the sine curve in order to sketch the graph of f 9 (see Exer-
cise 2.2.16), then it looks as if the graph of f 9 may be the same as the cosine curve (see 
Figure 1).
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Let’s try to confirm our guess that if f sxd − sin x, then f 9sxd − cos x. From the defi-
nition of a derivative, we have

  f 9sxd − lim
h l 0

 
 f sx 1 hd 2 f sxd

h
− lim

h l 0
 
sinsx 1 hd 2 sin x

h

 − lim
h l 0

 
sin x cos h 1 cos x sin h 2 sin x

h

 − lim
h l 0

 F sin x cos h 2 sin x
h

1
cos x sin h

h G
 − lim

h l 0
 Fsin x S cos h 2 1

h D 1 cos x S sin h
h DG

1    − lim
h l 0

 sin x ? lim
h l 0

 
cos h 2 1

h
1 lim

h l 0
 cos x ? lim

h l 0
 
sin h

h

Two of these four limits are easy to evaluate. Since we regard x as a constant when com-
puting a limit as h l 0, we have

lim
h l 0

 sin x − sin x    and    lim
h l 0

 cos x − cos x

The limit of ssin hdyh is not so obvious. In Example 1.5.3 we made the guess, on the basis 
of numerical and graphical evidence, that

2   lim
! l 0

 
sin !

!
− 1

TEC Visual 2.4 shows an animation 
of Figure 1.

FIGURE 1

We have used the addition formula for 
sine. See Appendix D.
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The tangent line has equation y = x .

Its slope is equal to 1, and so g ′(0) = 1.

Thus,

1 = g ′(0) = lim
h→0

g(0 + h)− g(0)

h
= lim

h→0

sin(h)

h
.
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The Derivative of y = sin x at x = 0

We have thus got the following limit.

Theorem

lim
θ→0

sin θ

θ
= 1.

Using this limit we also get the following limits.

Theorem

lim
θ→0

1− cos θ

θ2
=

1

2
and lim

θ→0

1− cos θ

θ
= 0.
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The Derivative of y = sin x

Reminder (see Appendix D)

We have

sin(x + y) = sin x cos y + cos x sin y ,

sin(x − y) = sin x cos y − cos x sin y .

d

dx
(sin x) = cos x .

Example

Differentiate y = x2 sin x .
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The Derivative of y = cos x

Reminder (see Appendix D)

We have

cos(x + y) = cos x cos y − sin x sin y ,

cos(x − y) = cos x cos y + sin x sin y .

d

dx
(cos x) = − sin x .
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The Derivative of y = sec x

d

dx
(sec x) = sec x tan x .
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The Derivative of y = sec x

Proof.

By the Inverse Rule, we have

d

dx
(sec x) =

d

dx

(
1

cos x

)
= − 1

cos2 x

d

dx
(cos x).

We know that
d

dx
(cos x) = − sin x .

Thus,

d

dx
(sec x) = − 1

cos2 x
(− sin x) =

1

cos x

sin x

cos x
= sec x tan x .
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The Derivative of y = tan x

d

dx
(tan x) = sec2 x .
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The Derivative of y = tan x

Proof.

By the Quotient Rule, we have

d

dx
(tan x) =

d

dx

(
sin x

cos x

)
=

1

cos2 x

(
cos x

d

dx
(sin x)−sin x

d

dx
(cos x)

)
.

We know that

d

dx
(sin x) = cos x and

d

dx
(cos x) = − sin x .

Thus,

d

dx
(tan x) =

1

cos2 x

(
cos x(cos x)− sin x(− sin x)

)
=

cos2 x + sin2 x

cos2 x

=
1

cos2 x
= sec2 x .
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The Derivative of y = tan x

Remark

As 1 = cos2 x + sin2 x , we get

sec2 x =
1

cos2 x
=

cos2 x + sin2 x

cos2 x
= 1 +

sin2 x

cos2 x
= 1 + tan2 x .

Therefore, we also have

d

dx
(tan x) = 1 + tan2 x .

Example

Differentiate y = sec x
1+tan x .
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Derivatives of Trigonometric Functions

d

dx
(sin x) = cos x ,

d

dx
(cos x) = − sin x ,

d

dx
(sec x) = sec x tan x ,

d

dx
(csc x) = − csc x cot x ,

d

dx
(tan x) = sec2 x ,

d

dx
(cot x) = − csc2 x .
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Higher Order Derivatives

We have

d2

dx2
(sin x) =

d

dx

(
d

dx
sin x

)
=

d

dx
(cos x) = − sin x ,

d3

dx3
(sin x) =

d

dx

(
d2

dx2
sin x

)
=

d

dx
(− sin x) = − cos x ,

d4

dx4
(sin x) =

d

dx

(
d3

dx3
sin x

)
=

d

dx
(− cos x) = −(− sin x) = sin x .
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Higher Order Derivatives

Theorem

For every non-negative integer k, we have

d2k

dx2k
(sin x) = (−1)k sin x ,

d2k+1

dx2k+1
(sin x) = (−1)k cos x .
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Higher Order Derivatives

Theorem

For every non-negative integer k, we have

d2k

dx2k
(cos x) = (−1)k cos x ,

d2k+1

dx2k+1
(cos x) = (−1)k+1 sin x .

Proof.

We have

d2k

dx2k
(cos x) =

d2k

dx2k

(
d

dx
sin x

)
=

d2k+1

dx2k+1
(sin x) = (−1)k cos x .

d2k+1

dx2k+1
(cos x) =

d2k+1

dx2k+1

(
d

dx
sin x

)
=

d2(k+1)

dx2(k+1)
(sin x) = (−1)k+1 sin x .
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Higher Order Derivatives

Example

Find d27

dx27
(sin x) and d28

dx28
(cos x).

Example

Find limx→0
sin 7x
4x .

Example

Find limx→0 x cot x .
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