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Pseudodifferential Operators

Additional References

Taylor, M.E.: Pseudodifferential operators. Princeton
University Press, Princeton, NJ, 1981.

Slides of my 2022 online course.

Notation

If α ∈ Nn
0, then |α| = α1 + · · ·+ αn.

Dxj = 1
i ∂xj , j = 1, . . . , n.

If α ∈ Nn
0, then Dα

x = Dα1
x1 · · ·D

αn
xn .
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Differential Operators

Setup

U ⊂ Rn is an open set.

Definition

A differential operator P : C∞(U)→ C∞(U) of order m is of the
form,

P =
∑
|α|≤m

aα(x)Dα
x , aα(x) ∈ C∞(U).

Example

Laplace operator ∆ := −(∂2x1 + · · ·+ ∂2xn) = D2
x1 + · · ·+ D2

xn .
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Differential Operators on U

Definition

Let P =
∑
|α|≤m aα(x)Dα

x be a differential operator.

Its symbol is

σ(x , ξ) :=
∑
|α|≤m

aαξ
α, (x , ξ) ∈ U × Rn.

The principal part is the m-th degree part,

σ(x , ξ) :=
∑
|α|=m

aαξ
α, (x , ξ) ∈ U × Rn.

Example

For the Laplace operator ∆ = D2
x1 + · · ·+ D2

xn , we have

σ(x , ξ) = σ2(x , ξ) = ξ21 + · · ·+ ξ2n = |ξ|2.
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Differential Operators on U

Notation

If u ∈ L1(Rn), then its Fourier transform is

û(ξ) =

∫
e−ix ·ξu(x)dx , x ∈ Rn.

Its inverse Fourier transform is

ǔ(ξ) =

∫
e ix ·ξu(ξ)d̄ξ, d̄ξ := (2π)−ndξ.

Remark

If u is in the Schwartz’s class S(Rn), then

(Dα
x u)α = ξαû.
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Differential Operators on U

Fact

Let P =
∑
|α|≤m aα(x)Dα

x be a differential operator on U. If
σ(x , ξ) is the symbol of P, then

Pu(x) =

∫
e ix ·ξσ(x , ξ)û(ξ)d̄ξ ∀u ∈ C∞c (U).

Proof.

As (Dα
x u)∧ = ξαû, we have

Dα
x u =

(
(Dα

x u)∧
)∨

= (ξαû)∨ =

∫
e ix ·ξξαû(ξ)d̄ξ.

Thus,

Pu =
∑

aα(x)Dα
x u =

∑
aα(x)

∫
e ix ·ξξαû(ξ)d̄ξ

=

∫
e ix ·ξ

(∑
aα(x)ξα

)
û(ξ)d̄ξ

=

∫
e ix ·ξσ(x , ξ)û(ξ)d̄ξ.
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Symbols on U × Rn

Definition (Classical Symbols)

Sm(U × Rn), m ∈ R, consists σ(x , ξ) ∈ C∞(U × Rn) that admit
an expansion,

σ(x , ξ) ∼
∑
j≥0

σm−j(x , ξ), σm−j ∈ C∞(U × (Rn \ 0))

σm−j(x , λξ) = λm−jσm−j(x , ξ) ∀λ > 0.

Here ∼ means that, for all N ≥ 0, compact K ⊂ U, and
α, β ∈ Nn

0, there is CNKαβ > 0 such that∣∣∂αx ∂βξ (σ(x , ξ)−
∑
j<N

σm−j(x , ξ)
)∣∣ ≤ CNKαβ|ξ|m−N−|β|,

for all x ∈ K and all ξ ∈ Rn, |ξ| ≥ 1.
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Symbols

Remark

For N = 0, we get the estimates,∣∣∂αx ∂βξ σ(x , ξ)
∣∣ ≤ CKαβ(1 + |ξ|)m−|β| ∀(x , ξ) ∈ K × Rn.

Remark

The homogeneous symbol σm(x , ξ) is called the principal
symbol of σ(x , ξ).

We have

σm(x , ξ) = lim
λ→∞

λ−mσ(x , λξ) ∀ξ 6= 0.
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Symbols on U × Rn

Example

Let P =
∑
|α|≤m aα(x)Dα

x be a differential operator of order m.

Its symbol is

σ(x , ξ) =
∑
|α|≤m

aα(x)ξα.

We have

σ(x , ξ) =
∑

0≤j≤m
σm−j(x , ξ), σm−j(x , ξ) :=

∑
|α|=m−j

aα(x)ξα.

Here σm−j(x , λξ) = λm−jσm−j(x , ξ)

It then follows that σ(x , ξ) ∈ Sm(U × Rn).
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Symbols on U × Rn

Example

Set 〈ξ〉 := (1 + |ξ|2)
1
2 , ξ ∈ Rn (Russian bracket).

For any s ∈ R, the binomial formula implies that

〈ξ〉s = |ξ|s(|ξ|−2 + 1)
s
2 ∼

∑
j≥0

( s
2

j

)
|ξ|s−2j .

It follows that 〈ξ〉s is a symbol of order s whose principal
symbol is |ξ|s .
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Pseudodifferential Operators on U

Definition

If σ ∈ Sm(U × Rn), m ∈ R, then σ(x ,D) : C∞c (U)→ C∞(U) is
the linear operator defined by

σ(x ,D)u(x) =

∫
e ix ·ξσ(x , ξ)û(ξ)d̄ξ, u ∈ C∞c (U).

Example (Differential Operators)

If σ(x , ξ) =
∑
|α|≤m aα(x)ξα, then

σ(x ,D) =
∑
|α|≤m

aα(x)Dα
x .
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Pseudodifferential Operators on U

Example

Assume U = Rn, and let ∆ = D2
x1 + · · ·+ D2

xn be its Laplacian.

We have ∆ = σ(x ,D), with σ(x , ξ) = |ξ|2.

That is,

(∆u)(x) =

∫
e ix ·ξ|ξ|2û(ξ)d̄ξ =

(
|ξ|2û

)∨
(x).

Define V : L2(Rn)→ L2(Rn) by Vu = (2π)−nû.

This is a unitary operator, with V−1u = V ∗u = (2π)nǔ.

We then have
∆ = V ∗M|ξ|2V ,

where M|ξ|2 is the operator of multiplication by |ξ|2.

This is precisely the spectral theorem for ∆.
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Pseudodifferential Operators on U

Example (Continued)

Let s ∈ R.

The Borel functional calculus for ∆ gives:

(1 + ∆)
s
2 = V ∗M

(1+|ξ|2)
s
2
V .

For s > 0 this is a selfadjoint unbounded operator whose
domain is the Sobolev space,

W 2,s(Rn) :=
{
u ∈ L2(Rn); (1 + |ξ|2)

s
2 û ∈ L2(Rn)

}
.

In terms of the Fourier transform, we have

(1 + ∆)
s
2 u(x) =

∫
e ix ·ξ(1 + |ξ|2)

s
2 û(ξ)d̄ξ.

We saw that (1 + |ξ|2)s/2 ∈ S s(Rn × Rn). Thus,

(1 + ∆)
s
2 = σ(s)(x ,D), with σ(s)(x , ξ) = (1 + |ξ|2)

s
2 .
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Smoothing Operators

Definition (Smoothing Operators)

An operator R : C∞c (U)→ C∞(U) is called smoothing if it is
given by a kernel kR(x , y) ∈ C∞(U × U), i.e.,

Ru(x) =

∫
U
kR(x , y)u(y)dy , u ∈ C∞c (U).

The space of smoothing operators is denoted Ψ−∞(U).

Proposition

Let R : C∞c (U)→ C∞(U) be a continuous linear operator. TFAE:

(i) R is smoothing.

(ii) It uniquely extends to a continuous operator E ′(U)→ C∞(U).
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Pseudodifferential Operators on U

Definition

S−∞(U × Rn) :=
⋂

m∈R Sm(U × Rn).

Remark

If σ(x , ξ) ∈ C∞(U ×Rn), then σ(x , ξ) ∈ S−∞(U ×Rn) if and only
if, for every N ≥ 0, we have the estimates,∣∣∂αx ∂βξ σ(x , ξ)

∣∣ ≤ CNKαβ(1 + |ξ|)−N ∀(x , ξ) ∈ K × Rn.

Example

If σ(x , ξ) ∈ Sm(U × Rn), then

σ(x ,D) ∈ Ψ−∞(U)⇐⇒ σ(x , ξ) ∈ S−∞(U × Rn).
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Pseudodifferential Operators on U

Definition (Pseudodifferential Operators (ΨDOs))

Ψm(U), m ∈ R, consists of linear operators P : C∞c (U)→ C∞(U)
of the form,

P = σ(x ,D) + R,

with σ(x , ξ) ∈ Sm(U × Rn), σ(x , ξ) ∼
∑
σm−j(x , ξ), and

R ∈ Ψ−∞(U).

Remark

The symbol σm(x , ξ) is called the principal symbol of P.

The homogeneous symbols σm−j(x , ξ) depends only on P.
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Pseudodifferential Operators on U

Example

Let P =
∑
|α|≤m aα(x)Dα

x be a differential operator.

If σ(x , ξ) =
∑

aα(x)ξα, then σ(x , ξ) ∈ Sm(U × Rn).

We then have
P = σ(x ,D) ∈ Ψm(U).

Example

Assume U = R, and let s ∈ R.

We saw that σ(s) := (1 + |ξ|2)
s
2 ∈ S s(Rn × Rn).

We also saw that

(1 + ∆)
s
2 = σ(s)(x ,D).

Thus,
(1 + ∆)

s
2 ∈ Ψs(Rn) ∀s ∈ R.
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Schwartz Kernels of ΨDOs

Remark

Let σ(x , ξ) ∈ Sm(U × Rn) with m < −n.

For any compact K ⊂ U,

|σ(x , ξ)| ≤ CK (1 + |ξ|)m, (x , ξ) ∈ K × Rn.

As m < −n, the function (1 + |ξ|)m is in L1(Rn), and so we
may define

σ̌ξ→y (x , y) :=

∫
e ix ·yσ(x , ξ)d̄ξ ∈ C (K × Rn).

Therefore, we obtain:

Lemma

If σ(x , ξ) ∈ Sm(U × Rn), m < −n, then

σ̌ξ→y (x , y) :=

∫
e ix ·yσ(x , ξ)d̄ξ ∈ C (U × Rn).
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Schwartz Kernels of ΨDOs

Lemma

Let σ(x , ξ) ∈ Sm(U × Rn) with m < −n, and set P = σ(x ,D).
We have

Pu(x) =

∫
U
kP(x , y)u(y)dy , with kP(x , y) := p̌ξ→y (x , x − y).

Proof.

If u ∈ C∞c (U), then

Pu(x) =

∫
e ix ·yσ(x , ξ)û(ξ)d̄ξ

=

∫
e ix ·yσ(x , ξ)

(∫
e−iy ·ξu(y)dy

)
d̄ξ

=

∫ (∫
e i(x−y)·ξσ(x , ξ)d̄ξ

)
u(y)dy

=

∫
p̌ξ→y (x , x − y)u(y)dy .

This gives the result. 19 / 27



Schwartz Kernels of ΨDOs

Remark

In general, if σ(x , ξ) ∈ Sm(U × Rn), m ≥ −n, then
σ̌ξ→y (x , y) makes sense as a distribution.

Namely, if v ∈ C∞c (Rn), then

〈σ̌ξ→y (x , y), v(y)〉 := 〈σ(x , ξ), v̌(ξ)〉 =

∫
σ(x , ξ)v̌(ξ).

Lemma

Let σ(x , ξ) ∈ Sm(U × Rn) , m ∈ R, and set P = σ(x ,D). Then

Pu(x) = 〈kP(x , y), u(y)〉 , kP(x , y) := σ̌ξ→y (x , x − y).

More precisely, for all u ∈ C∞c (U),

Pu(x) = 〈kP(x , y), u(y)〉 = 〈σ̌ξ→y (x , y), u(x − y)〉 .

Definition

kP(x , y) is called the Schwartz kernel of P.
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Schwartz Kernels of ΨDOs

Lemma

Let σ(x , ξ) ∈ Sm(U × Rn), m ∈ R. Then σ̌ξ→y (x , y) is C∞ on
U × (Rn\0).

Notation

Γ = {(x , x); x ∈ U} (diagonal of U × U).

Proposition

Let P ∈ Ψm(U), m ∈ R, have Schwartz kernel kP(x , y).

1 kP(x , y) is C∞ on (U × U)\Γ.

2 If <m < −n, then kP(x , y) ∈ C (U × U).
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Compactly Supported ΨDOs

Setup

K ⊆ U is compact.

Definition

Ψm
K (U), m ∈ R, consists of all P ∈ Ψm(U) whose Schwartz kernels

kP(x , y) (seen as distributions on U ×U) are supported on K ×K .

Remark

This means that the following two properties are satisfied:

1 suppPu ⊆ K for all u ∈ C∞c (U).

2 If supp u ∩ K = ∅, then Pu = 0.

Example

If P ∈ Ψm(U) and ϕ,ψ ∈ C∞K (U), then ϕPψ ∈ Ψm
K (U).
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Compactly Supported ΨDOs

Remarks

1 If P ∈ ΨK (U), then it induces a linear operator,

P : C∞K (U) −→ C∞K (U)

2 If V ⊆ Rn is any other open set containing K , then

Ψm
K (U) = Ψm

K (V ) = Ψm
K (Rn).

3 If P ∈ ΨK (U), then P = σ(x ,D), with

σ(x , ξ) = e−ix ·ξP(eξ), eξ(x) := e ix ·ξ.
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Compactly Supported ΨDOs

Proposition

For j = 1, 2 let Pj ∈ Ψ
mj

K (U) have principal symbol σm1(x , ξ).

1 P1P2 ∈ Ψm1+m2
K (U).

2 Its principal symbol is σm1(x , ξ)σm2(x , ξ).

Proposition (Calderon-Vaillancourt)

If P ∈ Ψm
K (U), m ≤ 0, then P uniquely extends to a continuous

linear operator,
P : L2(U) −→ L2(U).
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Weak Schatten Class Properties

Fact

As explained during lecture and in the handwritten notes, the
singular values properties of ΨDOs on Tn extends to compactly
supported ΨDOs on U.

In particular, we have:

Proposition

Every P ∈ Ψ−mK (U), m > 0, is in the weak Schatten class L
n
m
,∞.
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Trace Formula

Reminder

Let P = σ(x ,D) with σ ∈ Sm(U × Rn), m < −n. Then:

P has a Schwartz kernel kP(x , y) ∈ C (U × U), i.e.,

Pu(x) =

∫
U
kP(x , y)u(y)dy , u ∈ C∞c (U).

Namely,

kP(x , y) = σξ→y (x , x − y) =

∫
Rn

e iξ·(x−y)σ(x , ξ)d̄ξ.

In particular,
kP(x , x) =

∫
Rn

σ(x , ξ)d̄ξ.

If in addition P ∈ Ψm
K (U), then

kP(x , y) ∈ CK×K (U × U)
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Trace Formula

Proposition (Trace Formula)

Let P ∈ Ψm
K (U), m < −n. Then:

1 P is trace-class.

2 If kP(x , y) is the Schwartz kernel of P, then

Tr[P] =

∫
U
kP(x , x)dx .

Remark

If P = σ(x ,D), then

kP(x , x) =

∫
Rn

σ(x , ξ)d̄ξ.

Thus,

Tr[P] =

∫∫
U×Rn

σ(x , ξ)dxd̄ξ.
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