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Chapter 10:

K-Theory and Atiyah-Singer Index Theorem
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Atiyah-Singer Index Theorem

@ (M" g) is a compact spin oriented Riemannian manifold (n
even).

e E is a Hermitian vector bundle over M with connection VE.

Definition (Twisted Dirac Operator)
The operator P =Dp ge : C*(M, 8 ® E) — C*(M,®E) is

DE:lp®1E+CovE7

where c o VE is given by the composition,

Co(M,$© E) &Y co(M,$0 T*M e E) &' c°(M,$ ® E)

%
oR®E®s — (c(§)o) ®s.
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Atiyah-Singer Index Theorem

The Fredholm index of D is

indD g := dim ker [( E)\$+®E} — dim ker [( E)\$_®E} .

Theorem (Atiyah-Singer)

indDEz(zm)Z/MZ\(RM)ACh(FE),

where:

- A(RM) := det? [mr:?(MR/sz)] is called the A-class of the

curvature RM of M.
- Ch(FE) :=Tr [e‘FE} is called the Chern form of the

curvature FE of VE.

A\




Atiyah-Singer Index Theorem

The index formula can be proved by heat kernel arguments.

e By the McKean-Singer formula,
2
indPg = Tr [ye™PE| vt >0

= /M Tr [fye*tw%(x,x)} volg(x) Vt>0.

where v := 1$+®E — 1$_®E is the grading operator.
@ The proof is then completed by using:

Theorem (Local Index Theorem; Atiyah-Bott-Patodi, Gilkey)

Tr [fye_ﬂpi'(x,x)] volg(x) —— [Z\(RM) A Ch(FE)] .
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K-Theory

@ M is a compact manifold.

Definition
Two vector bundles E; and E, over M are stably equivalent if
there exists a vector bundle F such that

El@F’XEz@F.

Remark

There is an addition on stable equivalence classes of vector bundles
given by
[El] 4F [Eg] = [El D E2].

This turns the set of stable equivalence classes into a monoid.




K-Theory

Definition

KO°(M) is the Abelian group of formal differences
[E1] = [E2]

of stable equivalence classes of vector bundles over M.

RENEILS

Let G be an Abelian group and ¢ : Vect(M) — G a map such that
(p(El &) E2) = (p(El) == QO(EQ) VEJ' € Vect(/\/l).

Then ¢ gives rise to a unique additive map,
0: K'(M) — G,
o([E]) ;== (E)  VE € Vect(M).

6/21



Index Map of a Dirac Operator

@ M" is a compact spin oriented Riemannian manifold (n even).
o p:C*(M,5)— C>*(M,P) is the Dirac operator of M.

4

Lemma
If E1 and E> are vector bundles over M, then

indDg o, = indDg +indDg,.
The Dirac operator gives rise to a unique additive index map,
indp : KO%(M) — Z,
indp[E] := indD.




de Rham Currents

M is a compact manifold.

Definition
D) (M) is the space of de Rham currents of dimension k, i.e.,
continuous linear forms on C°°(M, A& T*M).

Example

Let N be an oriented submanifold of dimension k. Then N defines
a k-dimensional current Cy on M by

(Cn,ym) :/ Fn o Vpe CO(M,AET*M),
N

where ¢ : N — M is the inclusion of N into M.




Poincaré Duality

Assume M oriented and set n = dim M. The Poincaré dual of an
n — k- form w on M is the k-dimensional current w” defined by

(W™, n) ::/ wAD v € C°(M,NET*M).
M

Example

The Poincaré dual of A(RM) is
(ARMY n) = [ ARM) A,
M

This is an even (resp., odd) current if dim M is even (resp., odd).
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de Rham Homology

Definition (de Rham Boundary)
The de Rham boundary d* : D) (M) — D)_,(M) is defined by

(d'C,n) = (C,dn)  Vne& C®(M,ANTIT*M).

Definition

The de Rham homology of M is the homology of the chain
complex (D, (M), d"). It is denoted He(M).

If M is oriented, then Poincaré duality yields an isomorphism,
H™ K (M) ~ H(M).
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Pairing with K-Theory

Definition
Let C = Cy+ G, + --- be an even current, and let E be a vector
bundle over M. The pairing of C and E is

(C,E) := <C,Ch(FE)>,

where FE is the curvature of any connection on E.

Lemma

The value of (C, E) depends only the homology class of C and the
K-theory class of E.

Proposition
The above pairing descends to a bilinear pairing,

<'7 > : Heven(M) X KO(M) — C.

11/21



Atiyah-Singer Index Theorem (K-Theoretic Version)

@ M" is a compact spin oriented Riemannian manifold (n even).
e ):C>®(M,$) — C>®(M,$) is the Dirac operator of M.
@ E is a vector bundle over M.
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Atiyah-Singer Index Theorem (K-Theoretic Version)

e For the Poincaré dual C = A(RM)" we get
<A(RM)A, E> - <A(RM)A,Ch(FE)> - /MA(R’V’) A Ch(FE).
@ By Atiyah-Singer Index Theorem,
indp[E] = ind P = (2/7r)5/ A(RM) A Ch(FE).
@ Therefore, Atiyah-Singer Index Theol\r/;m can be restated as

Theorem (Atiyah-Singer)

Ch(D) := (2im) "% [A(RM)A] € Heven(M) is called the Chern
character of ).
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Noncommutative Vector Bundles

Definition

A finitely generated projective module over an algebra A is a
(right-)module of the form,

E=eAN,  ec My(A), & =e.

Theorem (Serre-Swan)

For A = C>*(M) (with M compact manifold), there is a
one-to-one correspondence:

{Vector Bundles over M} <+— {f.g. proj. modules over C>*(M)}
E — C*>®(M,E).

14 /21



Grassmannian Connection

Suppose that £ = ran(e) with e = e* = €2 € C> (M, My(C)).
Then

C*(M,E) = {£ = (§) € C(M,C); &€ =&} = eCF(M)9.

Thus,
CO(M, 3 E)=C*(M,$) @ coo (M) C¥(M,E) = eC>(M,$)9.

Definition

The Grassmanian connection V§ of E is defined by
Vo€ = e(dg) V€= (&) € CP(M,E).
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Twisted Dirac Operators

Under the identification C*°(M,$ @ E) = eC*>(M, $)9, the
twisted Dirac operator [P p =D E.vE agrees with

e@®1):eC>®(M,$)9 — eC>®(M, $)9,
@@ 1)]s = e@s) Vs=(s)€eC(M,5).
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Index Map of a Spectral Triple

o (A, H,D) is a spectral triple with A unital.
o £=-eA9 e®=ec My(A), is a f.g. projective module.

eH9 is a Hilbert space with grading eH9 = e (H")? @ e (H)“.

Definition

Dg is the (unbounded) operator of eH9 with domain e (dom D)?
and defined by

Deo = e(Dy;) Vo = (o)) € e(dom D)7
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Index Map of a Spectral Triple

The operator D¢ is Fredholm.

Definition
The index of Dg is
ind Dg := dim ker(Dg¢) (3¢ +)s — dim ker(Dg)|e(2-)s-

Example
For a Dirac spectral triple (C>°(M), L>(M, $),D), as we saw

before
De=Dg with E :=ran(e).

Thus,
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K-Theory of A

Definition

Two f.g. projective modules & and &, over A are stably equivalent
if there exists a f.g. projective module such that

ELDF~&E F.

Definition

Ko(.A) is the Abelian group of formal differences
[€1] - [&]

of stable equivalence classes of f.g. projective modules over A.

Remark
For A = C*°(M), the Serre-Swan theorem implies that

Ko (C°(M)) ~ K°(M).
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The Index Map of a Spectral Triple

If &1 and & are f.g. projective modules over A, then

ind Dgl@g2 = ind Dg1 + ind D52

The spectral triple (A, H, D) defines a unique additive index map,
indp : Ko(A) — Z,

such that, for any f.g. projective module £ over A,
indp[€] = ind Ds.
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The Index Map of a Spectral Triple

Example

For a Dirac spectral triple (C>(M), L>(M, $),[0), under the
Serre-Swan isomorphism

Ko (C*(M)) = K°(M),
the index map indp : Ko (C*°(M)) — Z agrees with the
Atiyah-Singer index map,
indp : KO%(M) — Z.
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