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Holomorphic Families of ΨDOs

Setup

U ⊂ Rn open set.

Ω ⊂ C open set

Notation

S•(U × Rn) :=
⋃
q∈C

Sq(U × Rn), Ψ•(U) :=
⋃
q∈C

Ψq(U).
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Holomorphic Families of ΨDOs

Definition

A family p(z)(x , ξ), z ∈ Ω, in S•(U ×Rn) is called holomorphic if:

(i) The order w(z) of p(z)(x , ξ) is a holomorphic function on Ω.

(ii) For every (x , ξ) ∈ U × Rn, the function z → p(z)(x , ξ) is
holomorphic on Ω.

(iii) We have an asymptotic expansion,

p(z)(x , ξ) ∼
∑

p(z)w(z)−j(x , ξ), p(z)w(z)−j ∈ Sw(z)−j(U × Rn),

whose bounds are uniform on compact sets of Ω.
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Holomorphic Families of ΨDOs

Remark

The condition (iii) means that for all compacts L ⊂ Ω and K ⊂ U,
we have∣∣∣∣Dα

x D
β
ξ

(
p(z)−

∑
j<N

p(z)w(z)−j

)
(x , ξ)

∣∣∣∣ ≤ CLKNαβ|ξ|<w(z)−j

for all z ∈ L, x ∈ K and ξ ∈ Rn, |ξ| ≥ 1.

4 / 1



Holomorphic Families of ΨDOs

Remark

A family R(z), z ∈ Ω, in Ψ−∞(U) is holomorphic if it is of the
form,

R(z)u(x) =

∫
kR(z)(x , y)u(y)dy ,

where kR(z)(x , y), z ∈ Ω, is a holomorphic family in C∞(U × U).

Definition

A family P(z), z ∈ Ω, in Ψ•(U) is holomorphic if it can be put in
the form,

P(z) = p(z)(x ,D) + R(z),

where p(z)(x , ξ) and R(z) are holomorphic families in S•(U × Rn)
and Ψ−∞(U), respectively.
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Holomorphic Families of ΨDOs

Definition

A family P(z), z ∈ Ω, in Ψ•(U) is called properly supported if, for
all compacts L ⊂ Ω and K ⊂ U, there are compact sets K1 ⊂ U
and K2 ⊂ U such that

supp u ⊂ K =⇒ suppP(z)u ⊂ K1 ∀z ∈ L.

K2 ∩ supp u = ∅ =⇒ K ∩ suppP(z)u = ∅ ∀z ∈ L.
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Holomorphic Families of ΨDOs

Proposition

Assume that

P1(z), z ∈ Ω, is a holom. family in Ψ•(U) of order w1(z).

P2(z), z ∈ Ω, is a holom. family in Ψ•(U) of order w2(z).

One those families is properly supported.

Then P1(z)P2(z), z ∈ Ω, is a holomorphic family in Ψ•(U) of
order w1(z) + w2(z).

Proposition

Suppose that φ : U → V ⊂ Rn is a diffeomorphism. If P(z),
z ∈ Ω, is a holomorphic family in Ψ•(U) of order w(z), then
φ∗P(z), z ∈ Ω, a holomorphic family in Ψ•(V ) of order w(z).
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Holomorphic Families of ΨDOs

Setup

Mn = smooth manifold.

Definition

A family P(z), z ∈ Ω, in Ψ•(M) is holomorphic if

The order w(z) of P(z) is a holomorphic function on Ω.

For every chart κ : U → V , the family κ∗(P(z)|U), z ∈ Ω, is a
holomorphic family in Ψ•(V ) of order w(z).
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Holomorphic Families of ΨDOs

Proposition

Assume that

P1(z), z ∈ Ω, is a holom. family in Ψ•(M) of order w1(z).

P2(z), z ∈ Ω, is a holom. family in Ψ•(M) of order w2(z).

One of those families is properly supported.

Then P1(z)P2(z), z ∈ Ω, is a holomorphic family in Ψ•(M) of
order w1(z) + w2(z).
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Holomorphic Families of ΨDOs

In particular, if M is compact, then we get:

Proposition

Assume that M is compact, and

P1(z), z ∈ Ω, is a holom. family in Ψ•(M, ) of order w1(z).

P2(z), z ∈ Ω, is a holom. family in Ψ•(M) of order w2(z).

Then P1(z)P2(z), z ∈ Ω, is a holomorphic family in Ψ•(M) of
order w1(z) + w2(z).
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Holomorphic Families of ΨDOs

Definition (Guillemin)

A holomorphic gauging for P ∈ Ψm(M) is any holomorphic family
P(z), z ∈ C, in Ψ•(M) such that

P(0) = P, ordP(z) = z + m.

Proposition

Every P ∈ Ψm(M) admits a holomorphic gauging.
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Holomorphic Families of ΨDOs

Proof.

We first show the result for P = 1 on an open set V ⊂ Rn.

Define

a(z)(x , ξ) = (1− χ(ξ))|ξ|z + χ(ξ), z ∈ C, (x , ξ) ∈ V × Rn.

a(z)(x , ξ) is a holomorphic family in S•(V × Rn) of order z
with a(z)(x , ξ) ∼ |ξ|z .

For z = 0 we have

a(0)(x , ξ) = (1− χ(ξ)) + χ(ξ) = 1.

Thus, a(z)(x ,D), z ∈ C, is a holomorphic family in Ψ•(V ) of
order z with a(0)(x ,D), i.e., this is a holom. gauging for 1.
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Holomorphic Families of ΨDOs

Proof.

Let κ : U → V be a chart. Then A(z) := κ∗(a(z)(x ,D)) is a
holomorphic gauging for 1 on U.

Let (ϕi ) be a partition of unity subordinate to a covering (Ui )
by domains of charts.

For each i let Ai (z), z ∈ C, be a holomorphic gauging for 1
on Ui . Define

A(z) =
∑

ϕiA(z)ψi , z ∈ C ,

where ψi ∈ C∞(Ui ) is such that ψi = 1 near suppϕi .

Then A(z) is a holomorphic gauging for 1 on M.

By construction the family A(z), z ∈ C, is properly supported.
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Holomorphic Families of ΨDOs

Proof.

Let P ∈ Ψm(M), and set

P(z) = A(z)P, z ∈ C.

We regard P as a constant holomorphic family of ΨDOs of
order m.

The product of a holomorphic family of ΨDOs with a properly
supported family of ΨDOs is a holomorphic family of ΨDOs.

Therefore, P(z), z ∈ C, is a holomorphic family of ΨDOs of
order z + m.

As P(0) = A(0)P = 1 · P = P, we get a holomorphic gauging
for P.
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Complex Powers of Elliptic ΨDOs

Assumptions

M is compact with smooth measure µ.

P ∈ Ψm(M), m > 0, is elliptic, selfadjoint and ≥ 0.

Reminder

Pz ∈ Ψmz(M) for all z ∈ C.

Pz |z=0 = 1− Π0(P), where Π0(P) is the orthogonal
projection onto kerP.

Pz1Pz2 = Pz1+z2 , zi ∈ C.

Π0(P) is a smoothing operator.
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Complex Powers of Elliptic ΨDOs

Theorem (Seeely, Shubin)

Pz , z ∈ C, is a holomorphic family in Ψ•(M) of order mz.

Corollary

If Q ∈ Ψm(M), <m > 0, is elliptic, then |Q|z , z ∈ C, is a
holomorphic family in Ψ•(M) of order z<m.

Corollary

Let Q ∈ Ψq(M), q ∈ C, and set

Q(z) = Q
(
P

z
m + Π0(P)

)
, z ∈ C.

Then Q(z) is a holomorphic gauging for Q.
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Complex Powers of Elliptic ΨDOs

Proof.

We have Q(z) = QA(z), with A(z) = Pz/m + Π0(P).

Here Pz/m, z ∈ C, is a holomorphic family in Ψ•(M) of order
m(z/m) = z .

Π0(P) is a smoothing operator, and so it can be regarded as a
constant (holomorphic) family in Ψ−∞(M) ⊂ Ψ•(M).

Thus, A(z) = Pz/m + Π0(P), z ∈ C, is a holomorphic family
in Ψ•(M) of order z .

We have

A(0) = Pz/m
∣∣
z=0

+ Π0(P) =
(
1− Π0(P)

)
+ Π0(P) = 1.

Thus, A(z), z ∈ C, is a holomorphic gauging for 1.

It then follows that Q(z) = QA(z) is a holomorphic gauging
for Q.
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Analytic Extension of the Trace

Definition

Sq(Rn), q ∈ C, consists of symbols p(ξ) ∈ C∞(Rn) such that

p(ξ) ∼
∑

pq−j(ξ), p(λξ) = λq−jp(ξ).

Remarks

1 In other words Sq(Rn) consists of classical symbols of order q
that do not depend on x .

2 If p(x , ξ) ∈ Sq(U × Rn), then p(x , ·) ∈ Sq(Rn) for all x ∈ Rn.
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Analytic Extension of the Trace

Notation

For any subset A ⊂ C we set

SA(Rn) =
⋃
q∈A

Sq(Rn), ΨA(M) =
⋃
q∈A

Ψq(M).

Remark

For A = {<z < a} we use instead the notation S<a(Rn) and
Ψ<a(M).

Remark

We use similar notations for symbols on U × Rn.
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Analytic Extension of the Trace

Definition

Assume A ⊂ C is open and X is a topological vector space. We
say that a linear map Φ : SA(Rn)→ X is holomorphic, if Φ(p(z)),
z ∈ Ω, is a holomorphic family in X for every holomorphic family
p(z), z ∈ Ω, in SA(Rn).

Remark

We similarly define holomorphic linear maps from ΨA(M) or
SA(U × Rn) to X .
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Analytic Extension of the Trace

Reminder

1 If P ∈ Ψ<−n(M), then kP(x , x) is a C∞ density on M.

2 If M is compact, then P is trace-class and

Tr[P] =

∫
M
kP(x , x).

3 If p(x , ξ) ∈ S<−n(U × Rn) and P = p(x ,D), then

kP(x , x) = p̌ξ→y (x , 0) =

∫
p(x , ξ)d̄ξ.

Main Goal

1 Get an analytic extension to ΨC\Z(M) of the map P → Tr[P].

2 The noncommutative residue will then appear as the
“residual” functional on ΨZ(M) induced by this extension.

21 / 1



The Functional L

Definition

The functional L : S<−n(Rn)→ C is defined by

L(p) =

∫
Rn

p(ξ)d̄ξ, p(ξ) ∈ S<−n(Rn).

Remark

If p(x , ξ) ∈ S<−n(U × Rn) and P = p(x ,D), then

kP(x , x) = L (p(x , ·)) .
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The Functional L

Lemma

The linear functional L : S<−n(Rn)→ C is holomorphic.

Proof.

If p(z)(ξ), z ∈ Ω, is a holomorphic family in S<−n(Rn), then this
is a holomorphic family in L1(Rn).

Lemma

The linear functional L : S<−n(Rn)→ C has a unique holomorphic
extension L̃ : SC\Z(Rn)→ C.
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The Functional L

Proof of Uniqueness.

Let L̃j : SC\Z(Rn)→ C, j = 1, 2, be holom. extensions of L.

Let p(ξ) ∈ Sq(Rn), q ∈ C\Z, and p(z)(ξ), z ∈ C, a
holomorphic gauging for p(ξ).

As p(z)(ξ) has order q + z , for <(z + q) < −n we have

L̃1 (p(z)) = L (p(z)) = L̃2 (p(z)) .

Here L̃j(p(z)), z + q 6∈ Z, are holomorphic functions.

By the analytic continuation principle we then have

L̃1 (p(z)) = L̃2 (p(z)) ∀z ∈ C, z + q 6∈ Z.

In particular, for z = 0 we get

L̃1 (p) = L̃1 (p(0)) = L̃2 (p(0)) = L̃2 (p) .

This shows that L̃1 and L̃2 agree.
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The Functional L

Proof of Existence.

Let N ≥ 1. For p(ξ) ∈ S<−n+N(Rn), p(ξ) ∼
∑

pq−j(ξ), set

L′N(p) =

∫
|ξ|≥1

(
p(ξ)−

∑
j<N

pq−j(ξ)
)
d̄ξ.

This is well defined, since with ε := N − (<q + n) > 0, we
have

p(ξ)−
∑
j<N

pq−j(ξ) = O
(
|ξ|<q−N

)
= O

(
|ξ|−n−ε

)
.

Fact

The linear functional L′N : S<−n+N(Rn)→ C is holomorphic.
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The Functional L

Proof of Existence.

For p(ξ) ∈ S•(Rn), p(ξ) ∼
∑

pq−j(ξ), we also set

L′′(p) =

∫
|ξ|≤1

p(ξ)d̄ξ, γj(p) =

∫
|ξ|=1

pq−j(ξ)d̄ξ, j ≥ 0.

Fact

The functionals L′′ : S•(Rn)→ C and γj : S•(Rn)→ C, j ≥ 0, are
holomorphic.
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The Functional L

Proof of Existence.

For N ≥ 1, set

AN = {<z < −n + N} ∩ (C\Z).

For p(ξ) ∈ SAN (Rn), p(ξ) ∼
∑

pq−j(ξ), define

L̃N(p) = L′N(p) + L′′(p)−
∑
j<N

1

q + N − j
γj(p). (1)

This is well defined, since q + N − j 6= 0 if q ∈ AN and j < N.

Fact

The functional L̃N : SAN (Rn)→ C is holomorphic.
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The Functional L

Proof of Existence.

Let p(ξ) ∈ S<−n(Rn). We have

L(p) =

∫
Rn

p(ξ)d̄ξ =

∫
|ξ|≥1

(
p(ξ)−

∑
j<N

pq−j(ξ)
)
d̄ξ

+

∫
|ξ|≤1

p(ξ)d̄ξ +
∑
j<N

∫
|ξ|≥1

pq−j(ξ)d̄ξ.

As pq−j(tξ) = tq−jp(ξ), by using polar coordinates we get∫
|ξ|≥1

pq−j(ξ)d̄ξ =

∫ ∞
1

∫
Sn−1

tq−jpq−j(ξ)tn−1dtd̄ξ

=
−1

n + q − j

∫
Sn−1

pq−j(ξ)d̄ξ

=
−1

n + q − j
γj(p).
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The Functional L

Proof of Existence.

Thus,

L(p) =

∫
|ξ|≥1

(
p(ξ)−

∑
j<N

pq−j(ξ)
)
d̄ξ

+

∫
|ξ|≤1

p(ξ)d̄ξ −
∑
j<N

1

n + q − j
γj(p)

=L′N(p) + L′′(p)−
∑
j<N

1

n + q − j
γj(p)

=L̃N(p).

It follows that L̃N : SAN (Rn)→ C is the unique holomorphic
extension of L to SAN (Rn).
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The Functional L

Proof of Existence.

The uniqueness implies that

L̃N+1 = L̃N on SAN (Rn).

Thus, we define a functional L̃ : SC\Z(Rn)→ C by letting

L̃(p) = L̃N(p), p ∈ Sq(Rn), q ∈ C\Z, <(q) + N < −n,

where the value of N is irrelevant.

Then L̃ = L on S<−n(Rn) and is holomorphic, and so this is
the unique holomorphic extension of L to SC\Z(Rn).

The proof is complete.
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The Functional L

Lemma

Let p(ξ) ∈ Sm(Rn), m ∈ Z, m ≥ −n, p(ξ) ∼
∑

pm−j(ξ). Given
any holomorphic gauging p(z)(ξ), z ∈ C, the function L̃(p(z)) has
near z = 0 at worst a simple pole such that

Resz=0 L̃(p(z)) = −γm+n(p) = −
∫
Sn−1

p−n(ξ)d̄ξ.
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The Functional L

Proof.

As p(z)(ξ) has order z + m, for <z < 1 we may take
N = m + n + 1 in the definition of L̃(p(z)).

We get

L̃ (p(z)) = L̃m+n+1 (p(z))

= L′m+n+1 (p(z))+L′′ (p(z))−
∑

j<m+n+1

1

(z + m) + n − j
γj (p(z))

= L′m+n+1 (p(z))+L′′ (p(z))−
∑

0≤`≤m+n

1

z − `
γm+n−` (p(z)) .

This shows that L̃(p(z)) is meromorphic near z = 0 with a
simple pole such that

Resz=0 L̃ (p(z)) = Resz=0 z
−1γm+n (p(z))

= −γm+n (p(0))

= −γm+n (p) .
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Analytic Extension of kP(x , x)

Setup

U ⊂ Rn is an open set.

Reminder

1 If P ∈ Ψ<−n(U), then kP(x , x) ∈ C∞(U).

2 If P = p(x ,D) with p(x , ξ) ∈ S<−n(U × Rn), then

kP(x , x) = p̌ξ→y (x , 0) = L (p(x , ·)) .

Proposition

The map Ψ<−n(U) 3 P → kP(x , x) ∈ C∞(U) has a unique
holomorphic extension ΨC\Z(U) 3 P → tP(x) ∈ C∞(U).
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Analytic Extension of kP(x , x)

Proof.

Let P ∈ Ψq(U), q ∈ C\Z, and put

P = p(x ,D) + R,

with p(x , ξ) ∈ Sq(U × Rn) and R ∈ Ψ−∞(U).

If <q < −n, then

kP(x , x) = p̌ξ→y (x , 0) + kR(x , x) = L (p(x , ·)) + kR(x , x).

In general, we set

tP(x) = L̃ (p(x , ·)) + kR(x , x).

It can be shown that the r.h.s. does not depend on the choice
of the pair (p,R).

It can be also shown that tP(x) ∈ C∞(U).

This extends the map P → kP(x , x) to ΨC\Z(U).
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Analytic Extension of kP(x , x)

Proof.

Let P(z), z ∈ Ω, be a holomorphic family in ΨC\Z(U).

We may write

P(z) = p(z)(x ,D) + R(z),

where p(z)(x , ξ) and R(z) are holomorphic families in
SC\Z(U × Rn) and Ψ−∞(U).

We then have

tP(z)(x) = L̃ (p(z)(x , ·)) + kR(z)(x , x).

Here kR(z)(x , x) is a holomorphic family in C∞(U).

It can be checked that L̃(p(z)(x , ·)) is a holomorphic family in
C∞(U) as well.

Thus, tP(z)(x), z ∈ Ω, is a a holomorphic family in C∞(U).

It follows that the linear map P → tP(x) is holomorphic.

This is the unique holomorphic extension of P → kP(x , x).
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Analytic Extension of kP(x , x)

Definition

If P ∈ Ψm(U), m ∈ Z, m ≥ −n, has symbol
p(x , ξ) ∼

∑
pm−j(x , ξ), then we set

cP(x) =

∫
Sn−1

p−n(x , ξ)d̄ξ.

Remarks

1 cP(x) is a smooth function on U.

2 We make the convention that cP(x) = 0 for m ∈ Z, m < −n.
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Analytic Extension of kP(x , x)

Proposition

Let P ∈ Ψm(U), m ∈ Z. Given any holomorphic gauging P(z) for
P, near z = 0 the map z → tP(z)(x) has at worst a simple pole
singularity such that

Resz=0 tP(z)(x) = −cP(x).

Proof.

Put
P(z) = p(z)(x ,D) + R(z),

where p(z)(x , ξ) and R(z) are holomorphic families in
S•(U × Rn) and Ψ−∞(U).

We have

tP(z)(x) = L̃ (p(z)(x , ·)) + kR(z)(x , x).
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Analytic Extension of kP(x , x)

Proof.

We have

tP(z)(x) = L̃ (p(z)(x , ·)) + kR(z)(x , x).

Here kR(z)(x , x) is a holomorphic family in C∞(U).

L̃(p(z)(x , ·)) has a simple pole at z = 0.

Thus tP(z)(x) has a simple pole at z = 0 such that

Resz=0 tP(z)(x) = Resz=0 L̃ (p(z)(x , ·)) = −
∫
Sn−1

p−n(0)(x , ξ)d̄ξ.

Here p−n(0)(x , ξ) is the symbol of degree −n of P(0) = P,
and so ∫

Sn−1

p−n(0)(x , ξ)d̄ξ = cP(x).

This gives the result.
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Analytic Extension of kP(x , x). Manifolds

Proposition

Let φ : U → V be a diffeomorphism, where V ⊂ Rn is open.

1 If P ∈ ΨC\Z(V ), then

tφ∗P(x) = |φ′(x)|tP(φ(x)) ∀x ∈ V .

2 If P ∈ ΨZ(V ), then

cφ∗P(x) = |φ′(x)|cP(φ(x)) ∀x ∈ V .
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Analytic Extension of kP(x , x). Manifolds

Proof.

Let P ∈ Ψq(V ), q ∈ C, and P(z), z ∈ C, a holomorphic
gauging for P.

Here P(z) has order z + q.

For <(z + q) < −n, we have

tφ∗P(z) = kφ∗P(z)(x , x)

= |φ′(x)|kP(z)(φ(x), φ(x))

= |φ′(x)|tP(z)(φ(x)).

Here φ∗P(z) is a holomorphic gauging for φ∗P(0) = φ∗P.

Thus, by the analytic continuation principle,

tφ∗P(z)(x) = |φ′(x)|tP(z)(φ(x)) ∀z ∈ C, z + q ∈ C\Z.
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Analytic Extension of kP(x , x). Manifolds

Proof.

We have

tφ∗P(z)(x) = |φ′(x)|tP(z)(φ(x)) ∀z ∈ C, z + q ∈ C\Z.

If q ∈ C\Z, then for z = 0 this gives

tφ∗P(x) = |φ′(x)|tP(z)(φ(x)).

If q ∈ Z, then

cφ∗P(x) = −Resz=0 tφ∗P(z)(x)

= −Resz=0 |φ′(x)|tP(z)(φ(x))

= −|φ′(x)|cP(φ(x)).
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Analytic Extension of kP(x , x). Manifolds

Setup

Mn = smooth manifold.

Reminder

If P ∈ Ψ<−n(M), then kP(x , x) is a C∞-density, i.e.,
kP(x , x) ∈ C∞(M, |Λ|(M)).

Proposition

If P ∈ Ψq(M), q ∈ C\Z.

1 There is a unique C∞-density tP(x) ∈ C∞(M, |Λ|(M)) s.t.

κ∗(tP(x)|U) = tκ∗(P|U)(x) for every chart κ : U → V .

2 If <q < −n, then tP(x) = kP(x , x).
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Analytic Extension of kP(x , x). Manifolds

Proposition

If P ∈ ΨZ(M), then there is a unique C∞-density
cP(x) ∈ C∞(M, |Λ|(M)) s.t.

κ∗(cP(x)|U) = cκ∗(P|U)(x) for every chart κ : U → V .

Remark

If P ∈ Ψ−n(M) and g is a Riemannian metric on M, then

cP(x) =

(∫
S∗x M

σ−n(P)(x , ξ)d̄ξ

)
ν(g)(x)

Here σ−n(P)(x , ξ) is the principal symbol of P and ν(g) is the
Riemannian density.
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Analytic Extension of kP(x , x). Manifolds

Setup

E r = smooth vector bundle over M of rank r .

Reminder

If P ∈ Ψ<−n(M, E), then kP(x , x) is a smooth End(E)-valued
density, i.e., a section

kP(x , x) ∈ C∞ (M,End(E)⊗ |Λ|(M)) .
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Analytic Extension of kP(x , x). Manifolds

Proposition

1 If P ∈ ΨC\Z(M, E), then there is a unique End(E)-valued
density tP(x) in C∞(M,End(E)⊗ |Λ|(M)) s.t.

τ∗(tP(x)|U) = tτ∗(P|U)(x) for every triv. τ : E|U → U × Cr .

2 If P ∈ ΨZ(M, E), then there is a unique End(E)-valued
density cP(x) in C∞(M,End(E)⊗ |Λ|(M)) s.t.

τ∗(cP(x)|U) = cτ∗(P|U)(x) for every triv. τ : E|U → U × Cr .

Remarks

1 τ∗(P|U) is an operator in Ψ•(M,Cr ), and so tτ∗(P|U)(x) and

cτ∗(P|U)(x) make sense as elements of

Mr (C∞(M, |Λ|(M)) = C∞(M,End(Cr )⊗ |Λ|(M))

2 If P ∈ Ψ<−n(M, E), then tP(x) = kP(x , x).
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Analytic Extension of kP(x , x). Manifolds

Theorem (Guillemin, Wodzicki, Kontsevich-Vishik)

1 The map
ΨC\Z(M, E) 3 P → tP(x) ∈ C∞(M,End(E)⊗ |Λ|(M)) is the
unique holomorphic extension to ΨC\Z(M, E) of the map
Ψ<−n(M, E) 3 P → kP(x , x) ∈ C∞(M,End(E)⊗ |Λ|(M)).

2 Let P ∈ ΨZ(M). Given any holomorphic gauging P(z) for P,
the map z → tP(z)(x) has near z = 0 at worst a simple pole
singularity such that

Resz=0 tP(z)(x) = −cP(x).
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Noncommutative Residue and Canonical Trace

Assumption

Mn is a closed manifold

Reminder

1 If ρ(x) ∈ C∞(M,End(E)⊗ |Λ|(M)), then
trE [ρ(x)] ∈ C∞(M, |Λ|(M)).

2 If P ∈ Ψ<−n(M, E), then P is trace-class, and

Tr[P] =

∫
M

trE [kP(x , x)] .

3 In particular, if P ∈ Ψ<−n(M,M), then

Tr[P] =

∫
M
kP(x , x).
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Noncommutative Residue and Canonical Trace

Definition (Kontsevich-Vishik)

The canonical trace TR : ΨC\Z(M, E)→ C is defined by

TR(P) =

∫
M

trE [tP(x)] , P ∈ ΨC\Z(M, E).

Remarks

If P ∈ ΨC\Z(M), then

TR(P) =

∫
M
tP(x).

If P ∈ Ψ<−n(M, E), then tP(x) = kP(x , x), and so we have

TR(P) =

∫
M

trE [kP(x , x)] = Tr(P).
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Noncommutative Residue and Canonical Trace

Definition (Guillemin, Wodzicki)

The noncommutative residue Res : ΨZ(M, E)→ C is given by

Res(P) =

∫
M

trE [cP(x)], P ∈ ΨZ(M, E).

Remarks

1 If P ∈ ΨZ(M), then

Res(P) =

∫
M
cP(x).

2 If P ∈ Ψ−n(M, E), then

Res(P) =

∫
S∗M

trEx [σ−n(P)(x , ξ)] dxd̄ξ.
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Noncommutative Residue and Canonical Trace

Remark

The noncommutative residue is annihilated by the following classes
of operators:

ΨDOs of order < −n, including smoothing operators.

Differential operators (since such operators don’t have
homogeneous symbols of negative degree).
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Noncommutative Residue and Canonical Trace

Theorem (Guillemin, Wodzicki, Kontsevich-Vishik)

1 The canonical trace TR : ΨC\Z(M, E)→ C is the unique
holomorphic extension to ΨC\Z(M, E) of the ordinary trace
Tr : Ψ<−n(M, E)→ C.

2 Let P ∈ ΨZ(M, E). Given any holomorphic gauging P(z),
z ∈ C, for P, near z = 0 the function z → TR[P(z)] has a
simple pole such that

Resz=0 TR [P(z)] = −Res(P).
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Noncommutative Residue and Canonical Trace

Proposition

Let P1 ∈ Ψq1(M, E) and P2 ∈ Ψq2(M, E).

1 If q1 + q2 ∈ C\Z, then

TR [P1P2] = TR [P2P1] .

2 If q1 + q2 ∈ Z, then

Res [P1P2] = Res [P2P1] .

Corollary

The noncommutative residue is a trace on the algebra ΨZ(M, E).
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Noncommutative Residue and Canonical Trace

Proof of the Proposition.

We may assume <q1 ≥ <q1.

For j = 1, 2 let Pj(z) be a holomorphic gauging for Pj .

For <(z + q1) ≤ 0 the operator P1(z) is bounded

For <(z + q2) < −n, the operator P2(z) is trace-class.

Thus, for <z < min(−<q1,−(n + <q2)), we have

TR [P1(z)P2(z)] = Tr [P1(z)P2(z)]

= Tr [P2(z)P1(z)] = TR [P2(z)P1(z)] .

By analytic continuation we get

TR [P1(z)P2(z)] = TR [P2(z)P1(z)] , z + q1 + q2 ∈ C\Z.

If q1 + q2 ∈ C\Z, then for z = 0 we get

TR [P1P2] = TR [P1(0)P2(0)] = TR [P2(0)P1(0)] = TR [P2P1] .
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Noncommutative Residue and Canonical Trace

Proof of the Proposition.

Assume q1 + q2 ∈ Z.

Here P1(z/2)P2(z/2) is a holomorphic gauging for P1P2,
since it has order (z/2 + q1) + (z/2 + q2) = z + q1 + q2 and
P1(0)P2(0) = P1P2.

Likewise, P2(z/2)P1(z/2) is a holomorphic gauging for P2P1.

Thus,

Res [P1P2] = −Resz=0 TR [P1(z/2)P2(z/2)]

= −Resz=0 TR [P2(z/2)P1(z/2)]

= Res [P2P1] .
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Noncommutative Residue and Canonical Trace

Theorem (Wodzicki)

If M is connected and n ≥ 2, then the noncommutative residue is
the unique trace on ΨZ(M, E) up to constant multiple.

Remark

Alternative proofs by Guillemin, Lesch, Lescure-Paycha, RP.
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Zeta Functions of Elliptic Operators

Setup

M is equipped with a smooth positive density and E is
endowed with a (smooth) Hermitian metric.

P ∈ Ψm(M, E), m > 0, is elliptic with σm(P)(x , ξ) > 0 and is
selfadjoint and ≥ 0.

Reminder

Under the above assumptions, the spectrum of P can be arranged
as a non-decreasing sequence,

0 ≤ λ0(P) ≤ λ1(P) ≤ · · · .

where each eigenvalue is repeated according to multiplicity.
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Zeta Functions of Elliptic Operators

Reminder

Pz , z ∈ C, is a holomorphic family of ΨDOs of order mz .

We have

Pz1+z2 = Pz1Pz2 , Pz |z=0 = 1− Π0(P),

where Π0(P) is the orthogonal projection onto kerP.

σmz(Pz)(x , ξ) = σm(P)(x , ξ)z .

Π0(P) is a smoothing operator.

Consequence

Pz0+z/m, z ∈ C, is a holomorphic gauging for Pz0 for every z0 ∈ C.
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Zeta Functions of Elliptic Operators

Remark

P−z has order −mz , and hence is trace-class for <z > nm−1.

For <z > mn−1 we have

Tr
[
P−z

]
=

∑
λj (P)>0

λj(P)−z ,

Definition

The zeta function of P is

ζP(z) :=
∑

λj (P)>0

λj(P)−z , <z > nm−1.

Remark

ζP(z) = Tr[P−z ] = TR[P−z ] for <z > nm−1.

As P−z , <z > nm−1, is a holomorphic family in Ψ<−n(M),
we see that ζP(z) is holomorphic for <z > nm−1.
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Zeta Functions of Elliptic Operators

Notation

Σ :=

{
n − j

m
; j ≥ 0, j 6= n

}
⊆ R \ 0.

Theorem

1 The zeta function ζP(z) has a meromorphic continuation to C
with at worst simple poles on Σ.

2 If σ ∈ Σ, then

mResz=σ ζP(z) = Res
[
P−σ

]
.

3 The function ζP(z) is always regular at z = 0.
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Zeta Functions of Elliptic Operators

Proof.

For <z > nm−1 we have

ζP(z) = Tr
[
P−z

]
= TR

[
P−z

]
.

P−z , z ∈ C, is a holomorphic family of order −mz .

Set Σ0 = Σ ∪ {0} = {(n − j)m−1; j ≥ 0}. We have

−mσ ∈ −n + N0 ⇐⇒ −mσ = −n + j for some j ≥ 0

⇐⇒ σ = (n − j)m−1 for some j ≥ 0

⇐⇒ σ ∈ Σ0.

Thus, P−z , z ∈ C \ Σ0, is a holomorphic family in
ΨC\Z(M, E) ∪Ψ<−n(M, E).

This ensures TR[P−z ] is holomorphic on C \ Σ0.

Therefore, this an analytic extension of ζP(z) to C \ Σ0.
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Zeta Functions of Elliptic Operators

Proof.

Let σ ∈ Σ0. In that case P−σ has order −mσ ∈ −n + N0.

Here P−σ+z/m, z ∈ C, is a holomorphic gauging for P−σ.

Thus, the function F (z) := TR[P−σ+z/m] has a simple pole
near z = 0 s.t.

Resz=0 F (z) = −Res
[
P−σ

]
.

Here F (z) = TR[P−σ+z/m] = ζP(σ − z/m), i.e.,
ζP(z) = F (m(σ − z)).

Thus, ζP(z) has a simple pole near z = σ s.t.

Resz=σ ζP(z) = −m−1 Resz=0 F (z) = m−1 Res
[
P−σ

]
.
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Zeta Functions of Elliptic Operators

Proof.

For σ = 0 we get

mResz=0 ζP(z) = Res
[
P−0

]
= Res [1− Π0(P)] .

As 1 is a differential operator and Π0(P) is a smoothing
operator, we have

Res[1] = Res [Π0(P)] = 0.

Thus,
mResz=0 ζP(z) = Res [1− Π0(P)] = 0.

This shows that ζP(z) does not have a pole at z = 0, and
hence it is regular there.
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Zeta Functions of Elliptic Operators

Setup

A ∈ Ψa(M, E), a ∈ R, and

Σa :=

{
n + a− j

m
; j ≥ 0

}

Facts

AP−z is a holomorphic family of ΨDOs of order a−mz .

In particular, AP−z is trace-class for <z > n + a.

We also have

a−mσ ∈ −n + N0 ⇐⇒ σ ∈ Σa.

It follows that AP−z , z ∈ C \ Σa is a holomorphic family in
Ψ<−n(M, E) ∪ΨC\Z(M, E).

63 / 1



Zeta Functions of Elliptic Operators

Definition

ζP(A; z) := Tr
[
AP−z

]
, z ∈ C \ Σa.

Proposition

1 The zeta function ζP(A; z) has a meromorphic continuation to
C with at worst simple poles on Σa.

2 If σ ∈ Σa, then

mResz=σ ζP(A; z) = Res
[
AP−σ

]
.
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Weyl’s Law for Elliptic Operators

Theorem (Ikehara’s Tauberian Theorem; see Shubin)

Assume N(t), t ≥ 0, is a non-decreasing function s.t.

(i) N(t) = 0 near t = 0.

(ii) The integral ζ(z) :=
∫
t−zdN(t) converges for <z > q > 0.

(iii) ζ(z) admits a meromorphic extension to a half-plane
<z > q − ε, ε > 0 with only a simple pole at z = q s.t.

Resz=q ζ(z) = A > 0.

Then, we have

N(t) ∼ 1

q
Atq as t →∞.
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Weyl’s Law for Elliptic Operators

Definition

The counting function of P is

NP(t) := # {j ; 0 < λj(P) ≤ t} , t > 0.

Remark

We have
dNP(t) =

∑
λj (P)>0

δλj (P)(t),

where δλj (P)(t) is the Dirac measure at λj(P).

Thus, for <z > nm−1 we have

ζP(z) =
∑

λj (P)>0

λj(P)−z =

∫
t−zdNP(t).
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Weyl’s Law for Elliptic Operators

Theorem (Weyl’s Law; 1st Version)

As t →∞, we have

NP(t) ∼ 1

n

(∫
S∗M

TrE
[
σm(P)(x , ξ)−

n
m
]
dxd̄ξ

)
t

n
m .

Proof.

For <z > nm−1, we have
∫
t−zdNP(t) = ζP(z).

The function ζP(z) is holomorphic for <z > nm−1.

It has a meromorphic continuation to the half-plane
<z > (n − 1)m−1 with only a simple pole at z = nm−1 s.t.

Resz=nm−1 ζP(z) =
1

m
Res

[
P−

n
m

]
.
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Weyl’s Law for Elliptic Operators

Proof.

Here P−n/m has order −n, and its principal symbol is

σ−n
(
P−

n
m
)
(x , ξ) = σm(P)(x , ξ)−

n
m > 0.

Thus,

Res
[
P−

n
m

]
=

∫
S∗M

TrEx

{
σ−n

(
P−

n
m

)
(x , ξ)

}
dxd̄ξ

=

∫
S∗M

TrEx
[
σm(P)(x , ξ)−

n
m
]
dxd̄ξ > 0.

Therefore, we may apply Ikehara’s Tauberian theorem to get

NP(t) =
m

n
· 1

m
Res

[
P−

n
m

]
t

n
m + o

(
t

n
m
)

=
1

n

(∫
S∗M

TrE
[
σm(P)(x , ξ)−

n
m
]
dxd̄ξ

)
t

n
m + o

(
t

n
m
)
.

This gives the result.
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Weyl’s Law for Elliptic Operators

Lemma

We always have

lim sup
j→∞

jλj(P)−
m
n = lim sup

t→∞
t−

n
mNP(t),

lim inf
j→∞

jλj(P)−
m
n = lim inf

t→∞
t−

n
mNP(t).

Therefore, we obtain:

Theorem (Weyl’s Law; 2nd Version)

As j →∞ we have

λj(P) ∼ j
m
n

(
1

n

∫
S∗M

TrE
[
σm(P)(x , ξ)−

n
m
]
dxd̄ξ

)−m
n

.
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