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Holomorphic Families of WDOs

e U C R” open set.

e  C C open set

v

S*(UxR" =[] SUUXR"), w(U):=[] W)
qeC qgeC




Holomorphic Families of WDOs

Definition
A family p(z)(x,§), z € Q, in S*(U x R") is called holomorphic if:
(i) The order w(z) of p(z)(x,&) is a holomorphic function on .

(ii) For every (x,&) € U x R", the function z — p(z)(x, &) is
holomorphic on .

(iii) We have an asymptotic expansion,

p(Z X 5 Zp Z)w(z)— ) p(z)w(z)fj €S w(z) _](U X Rn)

whose bounds are uniform on compact sets of €.




Holomorphic Families of WDOs

Remark
The condition (iii) means that for all compacts L € Q and K C U,

we have

D§D5< =) p(2)w( z)—1> x f)' < Cirnaplg[™@)~

J<N

forallze L, x € K and £ € R, [¢| > 1.




Holomorphic Families of WDOs

Remark
A family R(z), z € Q, in W=°°(U) is holomorphic if it is of the
form,

R(z)u(x) = / ke(2)(x, y)u(y)dy,

where kr(z)(x,y), z € , is a holomorphic family in C*>(U x U).

Definition
A family P(z), z € Q, in W*(U) is holomorphic if it can be put in
the form,

P(z) = p(2)(x, D) + R(z),
where p(z)(x, &) and R(z) are holomorphic families in S*(U x R")
and W=°(U), respectively.




Holomorphic Families of WDOs

Definition
A family P(z), z € Q, in W*(U) is called properly supported if, for
all compacts L € Q and K C U, there are compact sets K1 C U
and K> C U such that
suppu C K = suppP(z)u C K1 Vz e L.
KoNsuppu=10 = KnNsuppP(z)u=0 Vzel.




Holomorphic Families of WDOs

Assume that
° Pi(z), z € Q, is a holom. family in W*(U) of order w;(z).
® Py(z), z€Q, is a holom. family in W*(U) of order wx(z).
@ One those families is properly supported.

Then P1(z)P2(z), z € Q, is a holomorphic family in W*(U) of

order wi(z) + wa(z).

Proposition

Suppose that ¢ : U — V C R" is a diffeomorphism. If P(z),
z € Q, is a holomorphic family in W*(U) of order w(z), then
¢+«P(z), z € Q, a holomorphic family in W*(V') of order w(z).

| A\




Holomorphic Families of WDOs

@ M" = smooth manifold. \

Definition
A family P(z), z € Q, in W*(M) is holomorphic if
@ The order w(z) of P(z) is a holomorphic function on .

@ For every chart k : U — V/, the family m*(P(z)‘U), ze, isa
holomorphic family in W*(V) of order w(z).




Holomorphic Families of WDOs

Proposition

Assume that
® Pi(z), z € Q, is a holom. family in W*(M) of order wi(z).
® P(z), z €, is a holom. family in W*(M) of order ws(z).
@ One of those families is properly supported.

Then P1(z)P2(z), z € Q, is a holomorphic family in W*(M) of

order wi(z) + wa(z).




Holomorphic Families of WDOs

In particular, if M is compact, then we get:

Proposition

Assume that M is compact, and
e Pi(z), z € Q, is a holom. family in W*(M,) of order w;(z).
o Py(z), z €, is a holom. family in W*(M) of order w»(z).
Then P1(z)P2(z), z € Q, is a holomorphic family in W*(M) of
order wi(z) + wa(z).




Holomorphic Families of WDOs

Definition (Guillemin)

A holomorphic gauging for P € W(M) is any holomorphic family
P(z), z € C, in W*(M) such that

P(0) = P, ord P(z) =z + m.

Proposition

Every P € W™(M) admits a holomorphic gauging.
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Holomorphic Families of WDOs

We first show the result for P = 1 on an open set V C R".

@ Define
a(z)(x,€) = (L —x())IEI* +x(§), z€C, (x,€) € VxR

@ a(z)(x,&) is a holomorphic family in S*(V x R") of order z
with a(2)(x,€) ~ [£]7

@ For z = 0 we have

a(0)(x,&) = (1 = x(&)) + x(§) = 1.

@ Thus, a(z)(x, D), z € C, is a holomorphic family in W*(V) of
order z with a(0)(x, D), i.e., this is a holom. gauging for 1.

Ol




Holomorphic Families of WDOs

@ Let k: U — V bea chart. Then A(z) := k*(a(z)(x, D)) is a
holomorphic gauging for 1 on U.

o Let (¢;) be a partition of unity subordinate to a covering (U;)
by domains of charts.

@ For each i let Aj(z), z € C, be a holomorphic gauging for 1
on U;. Define

A(z) =D @iA(z)¢r, z€C,

where ¢; € C*°(U;) is such that ¢; = 1 near supp ¢;.
@ Then A(z) is a holomorphic gauging for 1 on M.
@ By construction the family A(z), z € C, is properly supported.

Ol




Holomorphic Families of WDOs

o Let P € W™(M), and set
P(z) = A(z)P, zeC.

@ We regard P as a constant holomorphic family of WDOs of
order m.

@ The product of a holomorphic family of WDOs with a properly
supported family of WDOs is a holomorphic family of WDOs.

@ Therefore, P(z), z € C, is a holomorphic family of WDOs of
order z + m.

@ As P(0) = A(0)P =1-P = P, we get a holomorphic gauging
for P. 0




Complex Powers of Elliptic WDOs

@ M is compact with smooth measure p.
e PecWm™(M), m>0, is elliptic, selfadjoint and > 0.

v
Reminder

e PZ e WM (M) for all z € C.

@ P?|,—o =1—Ty(P), where lMy(P) is the orthogonal
projection onto ker P.

o PPz = pata 7 cC.

@ [y(P) is a smoothing operator.

A\




Complex Powers of Elliptic WDOs

Theorem (Seeely, Shubin)
P#, z € C, is a holomorphic family in W*(M) of order mz.

If Q e WT(M), Rm > 0, is elliptic, then |Q
holomorphic family in W*(M) of order zZRm.

2,zeC,isa

Let Q € VI(M), g € C, and set

Qz)=Q(P7 +Mo(P)), zeC.

Then Q(z) is a holomorphic gauging for Q.

16
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Complex Powers of Elliptic WDOs

o We have Q(z) = QA(z), with A(z) = P?/™ 4+ My(P).

@ Here P?/™ z € C, is a holomorphic family in W*(M) of order
m(z/m) = z.

@ ly(P) is a smoothing operator, and so it can be regarded as a
constant (holomorphic) family in W=>°(M) C W*(M).

@ Thus, A(z) = P?/™ 4+ To(P), z € C, is a holomorphic family
in W*(M) of order z.

@ We have
A(0) = PE/™|__ 4+ Mo(P) = (1 —To(P)) + Mo(P) = 1.

@ Thus, A(z), z € C, is a holomorphic gauging for 1.
o It then follows that Q(z) = QA(z) is a holomorphic gauging
for Q. O




Analytic Extension of the Trace

S9(R™), g € C, consists of symbols p(¢) € C>°(R") such that
P&) ~ D _Pa—j(€).  P(AE) = AT p(e).

RENEIS

| A

© In other words S9(IR") consists of classical symbols of order ¢
that do not depend on x.

@ If p(x,&) € SI(U x R"), then p(x,-) € SI(R") for all x € R".

o




Analytic Extension of the Trace

For any subset A C C we set
SARM) = | SURM,  wAM) = | vi(m).
geA q€eA
Remark
For A= {Rz < a} we use instead the notation S<?(R") and
V<a(M).

We use similar notations for symbols on U x R”".




Analytic Extension of the Trace

Definition

Assume A C C is open and X is a topological vector space. We
say that a linear map ® : SA(R") — X is holomorphic, if ®(p(z)),
z € €, is a holomorphic family in X for every holomorphic family
p(z), z € Q, in SAR").

We similarly define holomorphic linear maps from WA(M) or
SA(U x R™) to X.




Analytic Extension of the Trace

Q If P € U<~"(M), then kp(x,x) is a C> density on M.

Q@ If M is compact, then P is trace-class and
Tr[P] = / ol )
M
Q If p(x,£) € S<7"(U x R") and P = p(x, D), then
ko(x,) = Py (x,0) = [ p(x.€)d.

@ Get an analytic extension to WC%(M) of the map P — Tr[P].

@ The noncommutative residue will then appear as the
“residual” functional on W%(M) induced by this extension.




The Functional L

The functional L : S<~"(R") — C is defined by

L) = [ PO ple) € SR,

If p(x,&) € S<7"(U x R™) and P = p(x, D), then
kp(x,x) = L(p(x,"))-




The Functional L

The linear functional L : S<~"(R") — C is holomorphic.

If p(2)(§), z € Q, is a holomorphic family in S<~"(R"), then this
is a holomorphic family in L(IR™). O

Lemma

The linear functional L : S<~"(R™) — C has a unique holomorphic
extension L : SC\X(R") — C.

| \
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The Functional L

Proof of Uniqueness.

o Let [; : SB\A(R") — C, j = 1,2, be holom. extensions of L.

Let p(§) € SI(R"), g € C\Z, and p(z)(§), z€ C, a
holomorphic gauging for p(§).
As p(z)(€) has order g + z, for R(z + q) < —n we have

L1 (p(2)) = L(p(2)) = L2 (p(2)).

Here L;(p(z)), z + q ¢ Z, are holomorphic functions.

By the analytic continuation principle we then have

Li(p(2)) = L2 (p(z)) VzeC, z+q¢Z

In particular, for z = 0 we get
L1 (p) = L1 (p(0)) = L2 (p(0)) = L2 (p).-

This shows that Zl and Zz agree.




The Functional L
Proof of Existence.

o Let N > 1. For p(¢) € S<="TN(RM), p(&) ~ >~ pg—j(€), set

L(p) = /I£ (PO =X pa(6)a

J<N

@ This is well defined, since with € := N — (Rq + n) > 0, we
have

ZPq—J |£|§Rq N) (|£‘_n_e) :

J<N

The linear functional L), : S<~"*N(R™) — C is holomorphic.

=y




The Functional L

Proof of Existence.

@ For p(¢) € S*(R"), p(&) ~ >_ pg—j(&), we also set
1"(p) = A _POFE )= /5 PO 20

The functionals L” : S*(R") — C and ~; : S*(R") — C, j > 0, are
holomorphic.

[1J




The Functional L
Proof of Existence.

@ For N > 1, set
Ay ={Rz < —n+ N} N (C\Z).

o For p(&) € SAV(R"), p(&) ~ > pg—j(£), define

L
g+ N—j

In(p) = Ly(p) + L"(p) =
J<N
@ This is well defined, since g+ N —j #0if g € Ay and j < .

The functional Ly : S*¥(R") — C is holomorphic.

(p)- (1)

ny




The Functional L

Proof of Existence.

o Let p(§) € S<"(R"). We have

e = [ P [ (el =T parsfe)

J<N

—i—/ p(&)d¢ + / Pg—j
le|<1 Z \>1qJ

J<N

® As pg_(t§) = t9=Ip(¢), by using polar coordinates we get

j = - q—J . n—1
/I)ﬂzlpq_J(E)J§ /1 /Snlt pq—j()t" " dtd¢

g M 0L

n—+q—J Jsn—1

-1
_n+q J’YJ( )




The Functional L

Proof of Existence.

@ Thus,

L(p) :/£|>1 ZPq i

J<N
1
+f p(f)a*g—KZNHq_jw(p)
1
=Ln(p) + L"(p) — Z m%‘(l’)

j<N
=Ln(p).

o It follows that Ly : SA¥(R") — C is the unique holomorphic
extension of L to SAV(R™).

Ol
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The Functional L

Proof of Existence.

@ The uniqueness implies that

ZN+1 = ZN on SAN(RH).
@ Thus, we define a functional [ : SO%(R") — C by letting
[(p) = In(p), peSIUR"), geC\Z, R(q)+ N < —n,

where the value of N is irrelevant.

@ Then [ = L on S<~"(R") and is holomorphic, and so this is
the unique holomorphic extension of L to SC%(R").

The proof is complete. O




The Functional L

Lemma

Let p(§) € S™(R"), me€ Z, m> —n, p(§) ~ >_ pm—j(§)- Given
any holomorphic gauging p(z)(§), z € C, the function L(p(z)) has
near z = 0 at worst a simple pole such that

Reso0 L(p(2)) = ~vmen(p) = = [ p-nl€)dE.

Sn—1




The Functional L

® As p(z)(&) has order z + m, for 8z < 1 we may take
N = m+ n+ 1 in the definition of L(p(z)).

o We get
L(p(2)) = Lt ni1 (p(2))
= Lpyipi1 (p@)HL" (p(2) - >

j<m+n+1

=T m)1+ pak (p(2))

et B (@)~ Y T men—t (p(2))

0<l<m-+n

o This shows that L(p(z)) is meromorphic near z = 0 with a
simple pole such that
Res.—o L (p(2)) = Resz—02 msn (p(2))
= —Ym+n (P(0))
= —Vm+n (P) -




Analytic Extension of kp(x, x)

U C R" is an open set.

@ If P € W<—7(U), then kp(x,x) € C®(U).
Q If P = p(x, D) with p(x,§) € S<="(U x R"), then
kp(x, x) = b§HY(X> 0) = L(p(x,"))-

’

The map V=""(U) 2 P — kp(x,x) € C>°(U) has a unique
holomorphic extension WC%(U) 5 P — tp(x) € C®(U).




Analytic Extension of kp(x, x)

o Let P € V9(U), g € C\Z, and put
P = p(x,D) + R,
with p(x,&) € S9(U x R") and R € W=>°(U).
o If Rg < —n, then
kp(x,x) = Pesy(x,0) + kr(x,x) = L(p(x,-)) + kr(x, x).

@ In general, we set

tP(X) - [(p(X, )) + kR(X,X).

@ It can be shown that the r.h.s. does not depend on the choice
of the pair (p, R).

@ It can be also shown that tp(x) € C*(U).

o This extends the map P — kp(x, x) to WO (V).




Analytic Extension of kp(x, x)

o Let P(z), z € Q, be a holomorphic family in WE%(U).
o We may write
P(2) = p(2)(x, D) + R(2),
where p(z)(x,£) and R(z) are holomorphic families in
S®2(U x R™) and W=(U).
We then have

to(e)(x) = L(p(2)(x,")) + Kga) (3, %)

Here kg(,)(x, x) is a holomorphic family in C*°(U).

@ It can be checked that L(p(z)(x,)) is a holomorphic family in
C>®(U) as well.

Thus, tp(;)(x), z € Q, is a a holomorphic family in C*°(U).

It follows that the linear map P — tp(x) is holomorphic.

This is the unique holomorphic extension of P — kp(x, x).



Analytic Extension of kp(x, x)

If P e W™(U), meZ, m> —n, has symbol
P(X,€) ~ 3 Pmj(x,€), then we set

o) = [ pal )

v
Remarks

@ cp(x) is a smooth function on U.

@ We make the convention that cp(x) =0 for m € Z, m < —n.

v,
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Analytic Extension of kp(x, x)

Proposition

Let P € W™(U), m € Z. Given any holomorphic gauging P(z) for
P, near z =0 the map z — tp(,)(x) has at worst a simple pole
singularity such that

Res,—o tp(z)(X) = —CP(X).

o Put

P(z) = p(2)(x, D) + R(2),

where p(z)(x, &) and R(z) are holomorphic families in
S*(U x R") and W=°(U).

@ We have

tp(z)(x) = L(P(2)(x, ")) + kr(z) (X, X).




Analytic Extension of kp(x, x)

@ We have

tp(z)(x) = L(p(2)(x, ) + kr(z)(x, X)-
@ Here kg(,)(x,x) is a holomorphic family in C>°(U).
o [(p(z)(x,-)) has a simple pole at z = 0.
@ Thus tp(;)(x) has a simple pole at z = 0 such that

Resc—o tp((x) = Reseco L(p(2)(x ) = = [ p-a(0)(x, ).

@ Here p_,(0)(x,&) is the symbol of degree —n of P(0) = P,
and so

/S P a(0)(x,E)dE = cplx).

@ This gives the result.




Analytic Extension of kp(x, x). Manifolds

Let ¢ : U — V be a diffeomorphism, where V. C R" is open.
Q If P c WO¥(V), then

tyep(x) = [¢'(X)|tp(d(x))  Vx e V.

Q If P € VZ(V), then
cprp(x) =10/ (x)|cp(6(x))  Vx e V.
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Analytic Extension of kp(x, x). Manifolds

o Let P WI(V), g € C, and P(z), z € C, a holomorphic
gauging for P.

@ Here P(z) has order z + q.

e For R(z + q) < —n, we have

tyep(z) = Ko p(2) (%, X)
= |¢'(x)kp(z) (6(x), B(x))
= |¢'(x)Itp(z) (6(x))-

@ Here ¢*P(z) is a holomorphic gauging for ¢*P(0) = ¢*P.

@ Thus, by the analytic continuation principle,

toup(e)() = |6/ (3)[tp) () Vz€C, z+qE€C\Z

Ol
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Analytic Extension of kp(x, x). Manifolds

@ We have

toup()(X) = [9(tpn(9(x)  VZE€C, z+q€C\Z.

e If g € C\Z, then for z = 0 this gives
tsxp(x) = |8/ (x)[tp(2)(H(x))-

e If g € Z, then

C¢*P(X) = — Res,—¢ t¢*p(z)(x)
= — Res =g |¢'(X)|tp(z)(d(x))
= —|¢'(x)]cp(6(x))-
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Analytic Extension of kp(x, x). Manifolds

M" = smooth manifold.

Reminder

If P € W<~"(M), then kp(x,x) is a C*°-density, i.e.,
kp(x, %) € C(M, |A|(M)).

_

| \

Proposition
If P € VI(M), g € C\Z.

@ There is a unique C>®-density tp(x) € C>(M,|A|(M)) s.t.

kx(tp(X)|u) = ti,(py)(x) for every chart k: U — V.

@ IfRq < —n, then tp(x) = kp(x,x).

\
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Analytic Extension of kp(x, x). Manifolds

Proposition

If P € W%(M), then there is a unique C*°-density
cp(x) € C=(M, |A|(M)) s.t.

kx(cp(X)|u) = Cru(py)(x) forevery chart k: U — V.

Remark
If P € W~"(M) and g is a Riemannian metric on M, then

p(x) = ( / :Ma_n(P)(x,s)a*s)u(g)(x)

Here o_,(P)(x,&) is the principal symbol of P and v(g) is the
Riemannian density.
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Analytic Extension of kp(x, x). Manifolds

E" = smooth vector bundle over M of rank r.

Reminder

If PeWs—"(M,E), then kp(x,x) is a smooth End(E)-valued
density, i.e., a section

kp(x,x) € C* (M, End(E) @ |A|(M)).

44/1



Analytic Extension of kp(x, x). Manifolds

Q If P c WO (M,E), then there is a unique End(E)-valued
density tp(x) in C*°(M,End(€) & |A|(M)) s.t.

T(tp(X)ju) = tr(py)(x) for every triv. 7: &y — U x C".

Q If P € VZ(M, &), then there is a unique End(E)-valued
density cp(x) in C*°(M,End(&) ® |A[(M)) s.t.

Ti(cp(X)u) = cr(py)(x) for every triv. 7: &y — U x C".

Remarks
@ 7.(Py) is an operator in V*(M,C"), and so tT*(p‘U)(x) and
CT*(plu)(X) make sense as elements of

M (C*=(M, |A[(M)) = C*(M, End(C") ® |A[(M))

@ If P c U<—"(M,E), then tp(x) = kp(x, x).




Analytic Extension of kp(x, x). Manifolds

Theorem (Guillemin, Wodzicki, Kontsevich-Vishik)
Q@ The map
VOE(M,E) 5 P — tp(x) € C®°(M,End(€) ® |A|(M)) is the
unique holomorphic extension to W*(M, £) of the map
U< (M, E) 5 P — kp(x,x) € C=(M,End(€) @ |A|(M)).

Q Let P € WZ(M). Given any holomorphic gauging P(z) for P,

the map z — tp(;)(x) has near z = 0 at worst a simple pole
singularity such that

Res,—¢ tp(z)(X) = —CP(X).

46
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Noncommutative Residue and Canonical Trace
M" is a closed manifold l

Q If p(x) € C®°(M,End(E) @ |A|(M)), then
tre[p(x)] € C=(M, [A[(M)).
Q If P W<""(M,E), then P is trace-class, and

THlP] = [ e lkn(x, ).
M
© In particular, if P € W<="(M, M), then

Tr[P]:/Mkp(x,x).
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Noncommutative Residue and Canonical Trace

Definition (Kontsevich-Vishik)

The canonical trace TR : WC%(M, £) — C is defined by

TR(P):/Mtrg [tp(x)], P e WM, ¢E).

o If P c WO(M), then
TR(P) = / el
M
o If PeW=""(M,E), then tp(x) = kp(x,x), and so we have

TR(P) = /M tre[kp(x, x)] = Tr(P).
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Noncommutative Residue and Canonical Trace

Definition (Guillemin, Wodzicki)

The noncommutative residue Res : W%(M, ) — C is given by
Res(P) — / tre[cp(x)], P € WE(M,E).
M
@ If P € VZ(M), then
Res(P) = / cp(x).
M
@ If Pc V™ "(M,E), then

Res(P) = /S | tre [P, )] ded




Noncommutative Residue and Canonical Trace

The noncommutative residue is annihilated by the following classes
of operators:

@ WDOs of order < —n, including smoothing operators.

e Differential operators (since such operators don't have
homogeneous symbols of negative degree).




Noncommutative Residue and Canonical Trace

Theorem (Guillemin, Wodzicki, Kontsevich-Vishik)
@ The canonical trace TR : WO (M, E) — C is the unique
holomorphic extension to WC%(M, ) of the ordinary trace
Tr: V<""(M, &) — C.
Q Let P € VZ(M,E). Given any holomorphic gauging P(z),
z € C, for P, near z = 0 the function z — TR[P(z)] has a
simple pole such that

Res,—o TR[P(z)] = — Res(P).




Noncommutative Residue and Canonical Trace

Let P, € W9 (M, &) and Py € W2 (M, ).
Q Ifg1+ g2 € C\Z, then
TR[P1P;] = TR[P2P4].

Q Ifq1+ q» € 7Z, then
Res [P1 P2] = Res [P2P1] o

The noncommutative residue is a trace on the algebra W*(M, £).




Noncommutative Residue and Canonical Trace

Proof of the Proposition.

We may assume Rq; > Raq;.

(]

For j = 1,2 let Pj(z) be a holomorphic gauging for P;.
For R(z 4 g1) < 0 the operator P;(z) is bounded
For R(z + g2) < —n, the operator P»(z) is trace-class.
Thus, for Rz < min(—Rq1, —(n+ RNgz)), we have

TR[P1(2)P2(2)] = Tr[P1(z)P2(2)]
= Tr[P2(z)P1(z)] = TR[P2(2)P1(2)].

By analytic continuation we get

TR[P1(2)P2(2)] = TR[P2(2)Pi(2)], z+ g1+ g2 € C\Z.

o If g1 + g2 € C\Z, then for z =0 we get
TR[P1P2] = TR[P1(0)P2(0)] = TR[P2(0)P1(0)] = TR ['5’2:’313j




Noncommutative Residue and Canonical Trace

Proof of the Proposition.

Assume g1 + g2 € Z.

@ Here P1(z/2)P»(z/2) is a holomorphic gauging for PP,
since it has order (z/2 + q1) + (z/2+ q2) = z + q1 + g2 and
P1(0)P,(0) = P1P>.

o Likewise, P2(z/2)P1(z/2) is a holomorphic gauging for Py P;.
@ Thus,
Res [P1P;] = — Res,—o TR[P1(z/2)P2(z/2)]
= — Res;—o TR[P2(z/2) P1(z/2)]
= Res [P, P4].




Noncommutative Residue and Canonical Trace

Theorem (Wodzicki)

If M is connected and n > 2, then the noncommutative residue is
the unique trace on WZ(M,E) up to constant multiple.

Alternative proofs by Guillemin, Lesch, Lescure-Paycha, RP. \
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Zeta Functions of Elliptic Operators

@ M is equipped with a smooth positive density and & is
endowed with a (smooth) Hermitian metric.

e Pe V™M, E), m>0, is elliptic with o,(P)(x,&) > 0 and is
selfadjoint and > 0.

| A

Reminder
Under the above assumptions, the spectrum of P can be arranged
as a non-decreasing sequence,

0< Xo(P)< Mi(P) < -+

where each eigenvalue is repeated according to multiplicity.
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Zeta Functions of Elliptic Operators

e P?, z e C, is a holomorphic family of WDOs of order mz.

@ We have
le+22 = PZIPZ27 PZ|Z:O = 1 o I_IO(P)7

where lg(P) is the orthogonal projection onto ker P.

o Jmz(PZ)(X7£) = Um(P)(X7€)Z'
@ [y(P) is a smoothing operator.

4

Consequence
pztz/m 7 C, is a holomorphic gauging for P? for every z € C.




Zeta Functions of Elliptic Operators

@ P~Z has order —mz, and hence is trace-class for Rz > nm~1.

@ For Rz > mn—! we have

[Pl = > NP

/\j(P)>0

The zeta function of P is

Cp(z) = Z Ni(P)7%, Rz > nm~L.
Ai(P)>0

o (p(z) = Tr[P~%] = TR[P~?] for Rz > nm~*.
@ As P=%, Rz > nm~1, is a holomorphic family in W<="(M),

we see that (p(z) is holomorphic for Rz > nm~!.




Zeta Functions of Elliptic Operators

z::{ =4 iso, Hén}gR\o.

v

@ The zeta function (p(z) has a meromorphic continuation to C
with at worst simple poles on ¥_.

Q@ Ifo €y, then

mRes,—, (p(z) = Res [P‘”} .

© The function (p(z) is always regular at z = 0.




Zeta Functions of Elliptic Operators

@ For Rz > nm~! we have
Cp(z) =Tr [P’Z] =TR [P’Z] .

P~%, z € C, is a holomorphic family of order —mz.
Set Yo =X U{0} = {(n—j)mt;j > 0}. We have

—mo € —n+ Ng <= —mo = —n+ j for some j > 0

0 =(n—j)m! for some j >0
<— 0 € Xy.

(]

Thus, P~%, z € C\ Xy, is a holomorphic family in
VO(M, E)uw<—"(M, E).

This ensures TR[P~?] is holomorphic on C\ Xo.

Therefore, this an analytic extension of (p(z) to C\ Xo.
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Zeta Functions of Elliptic Operators

@ Let 0 € Y. In that case P~ ¢ has order —mo € —n + Np.

@ Here P~7t2/m 7 ¢ C, is a holomorphic gauging for P,
@ Thus, the function F(z) := TR[P~7+%/™] has a simple pole
near z = 0 s.t.

Res,—o F(z) = —Res [P77] .

o Here F(z) = TR[P~7t2/™] = (p(0 — z/m), i.e.,
Cp(2) = F(m(o — 2)).
@ Thus, (p(z) has a simple pole near z = o s.t.

Res,—, (p(z) = —m ™' Res,—o F(z) = m~* Res [P~7].

Ol

v
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Zeta Functions of Elliptic Operators

@ For 0 =0 we get

mRes,—o(p(z) = Res [P_O] = Res[1 — IMp(P)] .

@ As 1 is a differential operator and [My(P) is a smoothing
operator, we have

Res[1] = Res [[Mp(P)] = 0.

@ Thus,
mRes,—o (p(z) = Res[1 — Mp(P)] = 0.

@ This shows that (p(z) does not have a pole at z =0, and
hence it is regular there.
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Zeta Functions of Elliptic Operators

A€W (M,E), acR, and

@ AP~“ is a holomorphic family of WDOs of order a — mz.

@ In particular, AP~ is trace-class for Rz > n -+ a.
@ We also have
a—mo € —-n+Nyg<—o€l,

o It follows that AP~%, z € C\ ¥, is a holomorphic family in
V<M, E) UVEE(M,E).
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Zeta Functions of Elliptic Operators

Cp(A;z) == Tr [AP77], zeC\ x,.

@ The zeta function (p(A; z) has a meromorphic continuation to
C with at worst simple poles on ¥ ,.

Q IfoeX,, then
mRes,—, (p(A; z) = Res [AP~7] .
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Weyl's Law for Elliptic Operators

Theorem (lkehara's Tauberian Theorem; see Shubin)

Assume N(t), t > 0, is a non-decreasing function s.t.
(i) N(t) =0 neart=0.
(i) The integral ((z) := [ t=#dN(t) converges for Rz > q > 0.
(iii) ¢(z) admits a meromorphic extension to a half-plane
Rz > q — ¢, € > 0 with only a simple pole at z = q s.t.

Res,—q((z) = A> 0.
Then, we have

1
N(t) ~ —At? ast — oo.
q
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Weyl's Law for Elliptic Operators

Definition

The counting function of P is

Np(t) :=#{j; 0 < X(P)<t}, t>0.

o We have
dNp(t) = D dap
Aj(P)>0

where 0 (p)(t) is the Dirac measure at \;(P).
@ Thus, for Rz > nm~! we have

Z A /t_Zde(t).

Aj(P)>0
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Weyl's Law for Elliptic Operators

Theorem (Weyl's Law; 1st Version)

As t — 0o, we have

Np(t) ~ 1(/*M Tre [om(P)(x, &) m] dxd‘§> tm.

n

o For Rz > nm~1, we have [ t=2dNp(t) = (p(2).

@ The function (p(z) is holomorphic for Rz > nm~1.

@ It has a meromorphic continuation to the half-plane
Rz > (n— 1)m~! with only a simple pole at z = nm™1 s.t.

Res,_,m-1Cp(z) = % Res [P*ﬂ .
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Weyl's Law for Elliptic Operators

@ Here P~"/™ has order —n, and its principal symbol is
o_n(P™m)(x,€) = am(P)(x,€)"m > 0.

@ Thus,
Res [P*ﬁ] = /S*MTrgX {a_,, (P*%) (x,g)}dxdz

= / Tre, [om(P)(x, €)™ m]dxd€ > 0.
S*M

@ Therefore, we may apply lkehara’s Tauberian theorem to get

Np(t) = % : % Res [P—ﬂ tm +o (tm)

_ 1(/S*Mng [am(P)(x,g)rZ]dxcrg> tm +o(tm).

n

This gives the result. O




Weyl's Law for Elliptic Operators

We always have

lim supj)\j(P)*% = limsup t~m Np(t),
j~>oo t—00
I|Jn_1>(|>r<1)fj)\j(P) n = I|tnl£ft m Np(t).

Therefore, we obtain:

Theorem (Weyl's Law; 2nd Version)

As j — 0o we have

Aj(P) ~ (1

n /S*MTrf [Um(P)(x,f)n"v]dxcrg)
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