CHAPTER 5

Connes’ Quantized Calculus

The quantized calculus of Connes [Co] aims to translate the main tools of the
infinitesimal calculus into the operator theoretic language of quantum mechanics.
It allows us to write down a dictionary between classical notions in the infinitesimal
calculus and their quantum analogues.

5.1. Noncommutative Infinitesimal Calculus

In the sequel we let H be a separable Hilbert space. In practice H comes from
a spectral triple (A, cH, D) and we shall set

F :=Sign(D) = D|D|™*.

The first few lines of this dictionary between classical notions in the infinitesimal
calculus and their quantum analogues are the following;:

Classical Quantum
Complex variable Operator on H
Real variable Selfadjoint operator on H
Infinitesimal variable Compact operator on ‘H
Infinitesimal of order Compact operator T such that
a>0 wn(T) = O(n™%)
Differential df = Y- 52;dz’ da = [F,al.
Integral Dixmier Trace f

The first two lines comes directly from quantum mechanics. In that formalism
the observables are selfadjoint operators and the values that can be observed from
an observable are given by its spectrum. In addition, as we saw in Chapter 1, we
have a holomorphic functional calculus for any bounded operator on H, but there
is a continuous functional calculus only for normal operators, including selfadjoint
operators.

Intuitively, an infinitesimal can be thought as an object which is smaller than
e for any € > 0. For an operator T the condition ||| < € for all e > 0 holds only
when T = 0, but it can be relaxed into the following:

For any ¢ > 0 there is a finite-dimensional subspace E such that | T|E*|| < .
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As shown by Proposition 4.1.6 this latter condition is equivalent to T" being compact.

By Proposition 4.1.6 we also know that an operator T is compact if and only if
its singular values p,, (1) converge to 0 as n — oco. Thus the compactness of T' can
be measured by the decay of its singular values. Thus, an infinitesimal operator of
order o, @ > 0, is just a compact operator T such that

1 (T) = O(n ™),

If & > 1 and we set p := o~ !, then we see that the set of infinitesimal operators
of order «v agrees with the operator ideal £(>°) introduced in the previous chapter.

For @ = 1 every infinitesimal of order 1 is contained in the ideal £(1:°°), but
there are operators in £(1°) that are not infinitesimal operators of order 1.

The following show that intuitive rules of the infinitesimal calculus are satisfied.

LEMMA 5.1.1. For j = 1,2 let T; be an infinitesimal operator of order o;.

(1) Ty + T is an infinitesimal operator of order min(ay, as).
(2) TAT5 is an infinitesimal operator of order ajas.

ProOF. Thanks to (4.7) we have
(5.1) it (Ty + T2) < pm (T1) + pn(T2) vm,n € No.

Let n € No. Since n > 2[3], by (4.3) we have pn(T1 +T>) = pnyy (21 (11 +T2), and
hence using (5.1) we get

(5.2) (1 + To) < ppap(Th) + pyzy(T2).
1

Set a = min(ay, az). Then, as [§] > 5=, we have

(5.3) nis)(T;) = O ([Z] _aj> —O(n~) = O(n~).

Combining this with (5.2) then shows that T} 4+ T5 is an infinitesimal operator of
order a.
Next, by (4.9) we have

Pt (T1T2) < pon (T1) por (T2) Ym,n € No.
Therefore, for any n € Ny,

pn(ThT2) < pzy iz (ThT2) < pgy(Th)ppz)(T2)-

Combining this with (5.3) shows that s, (T1T2) = O(n=21) O(n=22) = O(n~(@1+e2)),
that is, T T is an infinitesimal operator of order a;yas. The lemma is proved. [

The differential da := [F, a] is a derivation, and hence it satisfies Leibniz’s Rule,
d(ab) = (da)b + adb, a,be A
In practice, the spectral triple (A, H, D) is p-summable for some p > 1, that is,
pn(D7Y) = O(n 7).
This means that D~! is an infinitesimal operator of order %.
LEMMA 5.1.2 (cf. Chapter 11). If (A, H, D) is p-summable, then
in([F,a)) =0(n"»)  Vae A
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In other words, if the spectral triple (A, H, D) is p-summable, then all the
differentials da = [F), a], a € A, are infinitesimal operators of order %.

If £, -+ , 2P form a system of local coordinates on a manifold M of dimension
p, then dxz' A --- A dzP can be thought as an “infinitesimal” of order 1 and the

differentials dx!, ..., daP as “infinitesimals” of order %. We see that, similarly, if

a®, ..., aP are in A, then da', ..., daP are infinitesimal operators of order % and

ada’ - - - da? is an infinitesimal operator of order 1.
Next, the classical integral is a linear functional which the following properties:

(i) It is defined on infinitesimals of order 1.

(ii) It vanishes on infinitesimals of order > 1, i.e., we can integrate by ne-
glecting higher-order infinitesimals (e.g., by approximating an integral by
Riemann sums).

(iii) It is positive, i.e., the integral of a non-negative function is a non-negative
number.

(iv) It vanishes on total differentials.

In the setting of quantized calculus we thus seek for a linear functional satisfying
noncommutative analogues of the above conditions. The first three conditions can
be easily translated into:

(i) Its domain contains the infinitesimal operators of order 1.
(ii’) It vanishes on infinitesimal operators of order > 1.
(iii”) It is positive, i.e., it takes on non-negative real values on the operators in
its domain that are positive.

At least in the p-summable case, the condition (iv) corresponds to the vanishing
of the quantum integral on operators of the form

d(a®da’ - - - da?) = [F,a’da’ - - - da?] al € A.
In general, we require the noncommutative integral to vanish on commutators,
[A, T,

where A ranges over £(#H) and T ranges over the domain of the quantum integral.
Thus we require

(iv’) The quantum integral is a trace.

One candidate that comes to mind is the operator trace T'— Trace(T'). This
is a positive trace, but it satisfies none of the conditions (i’)—(ii’). More precisely:

- The domain of the operator trace is the ideal L' of trace-class operators,
but an infinitesimal operator of order 1 need not be trace-class, e.g., if
pn(T) = (n+ 1)1 then > p,(T) = oo, and hence T is not trace-class.

- The operator trace does not vanish on all infinitesimal operators of order >
e.g., it does not vanish on (non-zero) finite-rank projections.

The solution for finding a positive linear trace satisfying (i’)—(ii’) is actually
provided by the Dixmier trace. This trace was constructed by Dixmier [Di] as an
example of a non-normal trace on L(H).

The rest of the chapter is devoted to presenting the construction of the Dixmier
trace. The exposition follows closely [CM, Appendix A] (see also [GVF, Sec-
tion 7.5]).
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5.2. The Dixmier Ideal £(1:>)

As we shall see in the next section, the domain of the Dixmier trace is the
Dixmier ideal £(1°) introduced in the previous chapter. It is defined as follows.
For T € K set
on(T)
log N °

HT||(1,oo) = sup
N>2

We then define
r100) {T €K [IT(1,00) < OO}'

Equivalently,

PROPOSITION 5.2.1 (See Chapter 4). The following hold.
(1) £8°°) is a two-sided ideal and ||.|(1,00) is @ norm on L) for which
L£1°°) 4s o Banach ideal. In particular,

(5-4) IATBl|1,00) < AN T 1,00 1Bl VT € L) VA, B € L(H).

(2) The Banach ideal L1 is not separable.
(3) Let Eél’oo) be the closure of finite-rank operators in £1°°). Then

(5.5) £l = {T € K; on(T) = o(log N)}.

(4) There are continuous inclusions,
ctcc™ and L) c K.
(5) There is a strict inclusion,
1
(5:6) £ 2 {1 e ks () = o |

REMARK 5.2.2. It can be shown that a Banach ideal is separable if and only
if the finite-rank operators are dense in it (see Chapter 4). Therefore (5.5) implies
that £(1:°°) is not separable. Notice that £ is a Banach ideal with respect
to the norm ||.[[(1,0), since this is the closure in L£1:2°) of the ideal of finite-rank
operators.

REMARK 5.2.3. The continuous inclusions (5.6) hold for any non-trivial Banach

ideal (see Chapter 4). In the case of £(1>) the inclusion of £ in ﬁél’oo) follows
from the fact that if T € £1, then ox(T) = O(1) = o(log N). The continuity of the
inclusions (5.6) can also be deduced from the fact that, for any T € K, we have

IT) = po(T) < on(T) <Y pn(T) =Tk~ YN €N,
n>0
which implies that
(log2) Y| T]| < [ T)l100) < (log2)~'|T]s VT € K.
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The Banach ideal £(1:>) is in duality with the Macaev ideal £, The latter
can be defined as follows.
For T € K we set

1Tl (s01) == D _(n+ 1) i (T).
n>0
We then define
£ — {T €l [T (s0,1) < oo}.

PROPOSITION 5.2.4 (See Chapter 4). The following hold.
(1) £V s a two-sided ideal and |.||(s01) is a norm on LY for which
£V s a Banach ideal.
(2) The Banach ideal £V is separable and the finite-rank operators are
dense in it.
(3) There are continuous inclusions,

£t c b k.
(4) There are isomorphisms,

(5.7) L) ~ (glooD)y and LD ~ (£8)y

REMARK 5.2.5. As explained in Chapter 4, the duality isomorphisms (5.7) are
inherited from the isometric isomorphism,

L(H)>S — (S,.) e (LYY, (S,T) = Trace(ST) VT € L .

More precisely, if S € £ and T € £ then ST is trace-class and (S,.)
uniquely extends to a continuous linear form on [,(()l’oo). This yields the isomorphism
from £>1 onto ([Zél’oo))’. Similarly, if S € £(1:°) then (S,.) uniquely extends
to a continuous linear form on £(°1) which allows us to get an isomorphism from

L1 onto (L£(>>1). Notice also that these isomorphisms become isometries if we
replace the norm ||.||(1,«) by the equivalent norm,

ON (T)
T\ = SUp =
|| H(l,oo) szl n<N(n+ 1),1
In the sequel we let H' be a (separable) Hilbert space.

LEMMA 5.2.6. Let ® be a continuous *-homomorphism from L(H) to L(H')
such that

(5.8) pn(D(T)) = pn(T) VT € L(H) Vn € No.
Then ® induces an isometric linear map from L) (H) to L8 (H').

ProOF. Using Proposition 4.1.6-(iii) and (5.8) we see that ® maps K(H) to
K(H"). Moreover, if T € K, then (5.8) implies that on(P(T)) = on(T) for all
N € N, and hence [|®(T)[|(1,00) = IT]/(1,00)- Thus ® gives rise to an isometric
linear map from £1:°°)(#H) to £1:°)(#’). The lemma is proved. O

Let S : H' — H be a continuous linear isomorphism from H’' onto H. We
denote by s the conjugation by S, i.e., the map

LH)>T — S7'TS € L(H).
This a continuous isomorphism from £(#) onto L(H').
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PROPOSITION 5.2.7. The conjugation by S gives rise to a continuous isomor-
phism from L3°)(H) onto L) (H'), and hence

L)) = ST (H)S.
Furthermore, if S is unitary, then this isomorphism is isometric.

PROOF. Let S € L£(H) be invertible. Since £(1:°°)(H) is a two-sided ideal of
L(H) both vs and its inverse vg' = vg-1 maps L£1:°)(H) to itself, and hence
s induces a linear map from £(1:°) () to itself. Furthermore, this linear map is
continuous, for by (5.4) we have

ISTI TSN 1,000 S ISHIST T 1,00) VT € L) (H).
Let U € L(H',H) be unitary. Then by Remark 4.1.4 we have
pn(UTU) = pn(T) VT € L(H),

that is, vy satisfies (5.8). Thus, it follows from Lemma 5.2.6 that vy induces a
linear isometry from L£1:°°)(H) to £(:°)(H'). Similarly, its inverse ;' = yp-
induces a linear isometry from £(1°°) (') to £(1:°)(#), so vy induces an isometric
linear isomorphism from £1:>°)(H) onto £ (H).

Now, let S € L£(H',H) be a general isomorphism. Set |S| = ($*S)2 and
U = S|S|7'. Then |S| is an invertible element of £(H') and U is an unitary
element of L£(H',H), for it is invertible and, as |S|~15*S|S|= = |S|7YS|?|S|~L,
for any & € H’', we have

V€[, = (18116, SIS1 " €)n = (€.151715" SIS € = (6 = e
Thus, by the first two parts of the proof 5| induces a continuous linear isomorphism
from £(1°°)(H’) onto itself and vy induces an isometric linear isomorphism from
L1:2°)(H) onto L1°)(H'). Since S = U|S|, and hence vs = 75/ © v, it follows
that s a continuous linear isomorphism from £1:°°)(H) onto £(1:>°)(H’), proving
the proposition. |

In particular, if we let H' be the Hilbert space with same underlying vector
space as H and equipped with an equivalent inner product and we let S be the
identity map, then we obtain:

COROLLARY 5.2.8. Neither L) (H) nor its topology depend on the choice of
the inner product of H.

5.3. The Dixmier Trace

In this section, we shall construct the Dixmier trace as a trace on the Banach
ideal £(1°°) Tt will occur from the analysis of the logarithmic divergency of the
partial traces,

on(T)= > un(T), TeK, NeN
n<N

The first step is to extend the definition of on(T") to non-integer values of N.
To this end recall that by Proposition 4.9.2 we have

(5.9) on(S+T) <on(S)+on(T) vS, T € K.
LEMMA 5.3.1. Let N € N. Then, for allT € IC,
(5.10) on(T) = nf{|lz[l, + Nlly[l; (z,y) € L' x K and « +y =T}
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PRrROOF. Let T € K. Let (x,y) € £! x K be such that z +y = T. Using (5.9)
we get

on(T) =on(z+y) <on(z) +on(y).
Notice that by (4.93) we have oy (y) < N||y||. Moreover,
on(z) = Z pn(z) < Zﬂn(x) = [z

n<N n>0
Therefore, we have

on(T) < |[zlx + Nyll-
It then follows that
(5.11) on(T) <inf{|z||; + N|yl; (z,y) € L' x K and = +y = T}.

Let T' = U|T| be the polar decomposition of T, and let (&, ),>0 be an orthonor-
mal family such that |T'|&, = pn(T)E, for all n € Ny. Denote by IIy the orthogonal
projection onto the span of &y, ...,&x_1. Define

(512) IN ‘= (|T| - ,U,N(T))HN and YN ‘= ,LLN(T)HN + |T‘(1 - HN).
Notice that x + yn = |T|. Thus,
(5.13) T=U|T|=Uxn+Uyn.

Notice also that, as Uxy has finite-rank, this is a trace-class operator. In addition,
as Iy =32,y & ® & and, by (4.15), [T] =3, 5 in(T)én @ &, we have

(5.14) oy =Y (1n(T) = pn(T)én ® &,
n<N
(5.15) yn = D N (D @&+ Y pn(T)n @&
n<N n>N

It follows from (5.14) and the min-max principle that u, (xn) is equal to p,, (T')—
un(T) for n < N and is zero for n > N. Thus,

lznll =Y pn(an) = Y (ua(T) = pn(T)) = on(T) = Nun(T).

n>0 n<N
Since by Proposition 3.1.8 ||U]| < 1, combining this with (4.20) gives
(5.16) Uzl < Ullllznlly < on(T) = Nun(T).

As for yy, it follows from (5.15) that yy is a positive operator whose greatest
eigenvalue is pn(T'), and so using the min-max principle we get

lynll = po(yn) = pn (T),

and hence
(5.17) 10yn || < U Hlyn [ < pn (T)-
Combining this with (5.16) gives

Uzl + N{|Uyn || < on(T) = Nun(T) + Nun (T) = on(T).
In view of (5.13) it follows that

on(T) > inf{||z|; + N|y|; (z,y) € L' x K and z +y =T}.
Combining this with (5.11) then proves the lemma. O
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The previous lemma allow us to extend the definition of on to non-integer
values of N.

DEFINITION 5.3.2. Let T € KC. Then, for any A > 0, we define
ox(T) = inf{||z|y + N|yl; (z,y) € L' xK and x +y =T}.

Lemma 5.3.1 shows that, when A is an integer, the above definition of o (T')
agrees with that given in (4.90).

LEMMA 5.3.3. Let T € K. Then
(i) The function A — ox(T) is concave.
(ii) For any A > 0, we have
(5.18) ox(T) = on(T) + aun(T),
(5.19) =(1-a)on(T)+ aocn+1(T),
where we have set N = [A] and o = A — [A].

PROOF. Let A\, p € [0,00) and let a € [0,1]. For any (x,y) € £L! x K be such
that x +y =T we have

]Iy + (A + (1 = e)p)|lyll = a(lz]ly + Allyl]) + (1 = a)([lz/ly + pllyl)
> aor\(T)+ (1 — a)o,(T).
Thus,
Tort(1—a)u(T) > aox(T) + (1 = a)o,(T),
which shows that the function A — o, (7T') is concave.
Let A € [0,00) and set N = [A\|Jand a = A= N. Ason41(T) = on(T) + pun(T),
we have

(520) (1—a)on(T)+aon1(T) = (1 = a)on(T) + alon(T) + un(T))
=on(T)+ aun(T).

Notice also that A = (1 — )N + a(N + 1). As the function A — o (T') is concave,
it follows that

(5.21) ox(T) > (1—a)on(T) + aon+1(T).
Let T = U|T| be the polar decomposition of T and let zx and yy be as
in (5.12), so that T'= Uzn + Uyy and, as in (5.16) and (5.17), we have
[Vl < ow(T) = Nuw(T) and  [Ugy]| < (D).
Then
ox(T) < lUzn |y + Mllyn || < on(T) + (A = N)un (T).

Combining this with (5.20) and (5.21) proves (5.18) and (5.19). The proof is com-
plete. ([l

REMARK 5.3.4. The equality (5.18) can be rewritten as

A
pr) (T)du.

~—

ox(T) =

S—

Thus, when T is positive, o)(T) can be seen as the cut-off by A of the trace,
(oo}

Trace T = pop) (T) d.

s~
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REMARK 5.3.5. It follows from (5.19) that the function A — o (T) is affine
between on(T) and on11(T), so this function agrees with the affine interpolation
of the on(T)’s.

REMARK 5.3.6. Since the oy’s are norms on K, it follows from (5.19) that the
o)’s too are norms. Thus, for any A > 0, we have

(5.22) ox(cT) = |cloa(T) VI'e KVeeC,

(5.23) ox(S+T) < ox(S)+ox(T) VS, T € K.
LEMMA 5.3.7. Let Ty and Ty be positive compact operators. Then

(5.24) Oxntx. (Th +T2) > 00, (Th) + 0, (T3) VA; > 0.
Proor. For j =1,2let N; € N and let us show that

(5.25) oN 4N, (Th +T2) > on, (Th) + on, (T2).

For j = 1,2 let E; be a subspace of H of dimension N;, and let E be a subspace of
dimension Ny + N7 containing Ey and Es. Let (§,)n>0 be an orthonormal basis of
‘H such that &, ...,&n,—1 span E; and &, ...,{n—1 span E. Then

Trace(T111g,) = Z<£naT1HE1£n> = Z (&n, T1&n).
n>0 n<N;

Similarly, we have

Trace(T g) = Z (€n, T1&n)-

n<N
As Ty is positive (£, T1&,) > 0 for all n € Ng, and hence
Trace(T 11g, ) < Trace(Th 1 g).
Similarly Trace(T5I1g,) < Trace(T>I1g), and hence using (4.95) we get
Trace(T111g, ) + Trace(ToIlg,) < Trace (11 4+ T2)1g)) < ony 8, (Th + T).

Thanks to (4.95) taking the supremum of Trace(T1I1g, ) + Trace(T5I1g,) over all
subspaces F; of dimension N7 and all subspaces Es of dimension Ny gives (5.25).
Now, for j = 1,2 let A; be a non-negative real number and set N; = [\;] and
a; = Aj — N;. In addition, define A = A; + Ay and set N = [A\] and a = A — N.
Notice that either N = Ny + Ny or N = N7 + Ny + 1.
Assume that N = N; + No. Then a = a1 + a9, and hence by (5.19) we have

(526) O')\(Tl + TQ) = (1 — Qa1 — OéQ)O'N(Tl + T2) + (Ozl + OZQ)O'N+1(T1 + Tg)
=1 —ar —az)on, N, (T1 + T2) + (a1 + @2)on, 1Ny +1(T1 + T).

By (5.25) we have

(5.27) on 4N (Th +T2) > on, (Th) + on, (T2),
(528) UN1+N2+1(T1 + TQ) > UN1+1(T1) + ONy (T2)7
(5.29) N +No+1(T1 + T2) > on, (Th) + ony+1(T2).
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Combining this with (5.19) and (5.26) we get
oxT1+T3) = (1 — o1 — az)(on, (Th) + o, (T2))
+ oa(on+1(Th) + on, (T2)) + az2(on, (T1) + ony+1(T2)),
> (1 —a)on, (Th) + acron,+1(Th) + (1 — az)on, (T2) + a20n,4+1(T2)

(5.30) > o0, (T1) + 0, (Th).

Suppose now that N = Nj + Ny + 1. Then oo = a3 + a3 — 1, and hence (5.19)
gives

o +T2) =2— 01 —a)ony1(Th + To) + (1 + a2 — 1)onqo(T1 + 1)

=[(1-a1)+ (1 —az)lon,+ N1 (T1 +T2) + (1 + a2 = D)on, 4148, 11 (11 + T2).
By (5.25) we have

Ny 14N +1(T1 +12) = oy, +1(T1) + ony+1(T2),
Combining this with (5.19) and (5.27)—(5.29) we get
ox(Th +T2) 2(1 — a1)(on, (T1) + on41(T2)) + (1 — a2) (0N, +1(T1) + on, (12))
+ (a1 + a2 = 1)(on,41(Th) + on,+1(12)),
>(1—aq)on, (Th) + aron, 41(Th) + (1 — az)on, (T2) + oo N, +1(T3),
>0, (Th) + oy (T2).

The proof is complete. O

In the sequel we denote by £(+1’°°) the cone of positive operators of £(1:°°),
Let T € ES_I’OO). For A > e we define

1 A ou(T) du
5.31 T):= —.
( ) ™(T) log)\/e logu u
In other words, the function A\ — 7,(T) is the Cesaro mean of algg\) with respect

d . . .
to the Haar measure <* of the multiplicative group R*.
LEMMA 5.3.8. We have

(5.32) oA(T) < 2T (1oe)log A VA >2.
(5.33) 0< (1) <2T][(1,00) VAZe

PROOF. Let A € [2,00) and set N = [A]. Then
ox(T) < ON+1 log(N +1) on4+1(T)

. <2||T
logA “logN = logN ‘log(N+1) — 170 (1,00)
where we have used the fact that SUDPy,>2 10%%1) = % < 2. Tt follows from this,

that for all A > e, we have

1 (o T)d 1
™(T) = / ou(T) du <
logA J., logu u log A

A
du
[ 2Tl 2 < 20T o

The lemma is proved. [
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In particular, this lemma shows that the function A — 7, (7') is contained in
Chle, 00), the C*-algebra of bounded continuous functions on the interval [e, 00).

The interest of considering the above Cesaro mean stems from the fact that,
while Ulgg/;) is not additive with respect to T, its Cesaro mean is asymptotically
additive as A\ — oco. Namely, we have:

LEMMA 5.3.9. Let T1 and T be in £(+1’°°). Then, for all X > e,

log(log \) + 2
(T3 + ) = (T3) = (T3)| € 201 + Tl oy BB D),
PROOF. First, it follows from (5.23) that
(534) T)\(Tl +T2) < T,\(Tl)-l-T)\(Tg) VA > e.

It remains to find an upper bound for 75(T1) + 7 (T2) — 7A(T1 + T3). By
Lemma 5.3.7 we have

Uu(Tl) =+ O'u<T2) < O'Qu(Tl + TQ) Yu > e.

Thus,
1 o+ T)du 1 ou(Ty + Tp) du
T T: .
T + 7 2)_lg)\/ log u U log)\/ log(y) w
Since 7\ (Th + T») = log)\ f)\ ou lngﬂ dTU we deduce that

(5.35)  (log M{7a(T1) + 7a(T2) — 7a(Th + T2)}

S/QA O'u(Tl‘ZTQ)du_/)\ Uu(Tl +T2)d£:6+5,,
e log(%4) i . log u U

2\
1 1 du
6= T +T) [ —— — .
/ze u(Ti + 1) (log(“) logU> u

o -/2’\ ou(Ty + Tp) du _/ ou(Th + 1) du
2e e

where we have let

logu U log u u
1 .
Notice that log( 5 @ = ﬁ. Since o, (T1 +T2) < 2||T1 4T3 (1,00) log u,

we then see that

2\
1 du
(5.36) 0 < 2| Ty + Ta)|(1.00) 1og2/ 4

= 2||T} + T3 ||(1,00) (log 2) log(log X).
2e IOg

In addition, we have

5_/WMﬂ+MML/”%@+BWL/WMEMMM
2e e A

logu U logu U logu U
</”%m+nmu
N log u u

Since o (T1 + T2) < 2||T1 + T2 ||(1,00) log u, it follows that

2\ 2
du du
8" <2||Ty + Tal| 1,00) / " =71 + T2l (1,00) / = 171 + T2 (1,00) log 2.
A 1

Combining this with (5.34), (5.35) and (5.36) proves the lemma. O
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Next, recall that Cyle,00) is a closed two-sided ideal of Cyle, 00). Therefore,
the quotient
Q = Cyle, ) /Chle, 00).

is a (commutative) C*-algebra with respect to the quotient norm,

I[flleg=_inf |If+glec  Vf € Cile,0),
g€Cple,00)

where [f] denotes the class of f in Q. Notice also that
(5.37) I lle < A V€ Chle, 00).

Notice also that Q is a commutative C*-algebra.
We define a map 7 : £$’°°) — Q by

7(T)=classof A\ = 7(T)in Q@ VT € [’E:,oo).
LEMMA 5.3.10. The following hold.

(5.38) () =er(T) VT € £8°) ve > 0.

(5.39) (T +Ty) = (Ty) +7(Ty)  vT; € £

(5.40) Ir(M)] < 2Ty VT € L8,

(5.41) F(UTU) =7(T) VT € L1 VU € L(H), U unitary.

ProOF. Let T7 and 15 be in ﬁg_l’oo). It follows from Lemma 5.3.9 that
T)\(Tl + Tg) = T)\(Tl) + T,\(TQ) mod Co[e, OO),

and hence 7(Th1 4+ To) = 7(T1) + 7(T3).
Let T € ﬁﬂ}’“). Then by (5.33) and (5.37) we have

I7(M)lle < i‘ipT)\(T) < 2T 1,00)-

In addition, for any ¢ € [0, 00), it follows from (5.22) and (5.31) that that 7, (cT) =
erA(T) for all A > e, and hence 7(cT) = c7(T).

Let U € L£(H) be unitary. Then U*TU € £1°) and by (4.6) p, (U*TU) =
pn(T) for all n € Ny, and hence oy (U*TU) = on(T) for all N € N. Combining this
with (5.19) and (5.31) then shows that ox(U*TU) = ox(T) and 7\ (U*TU) = 7z (T)
for all A > e, and hence 7(U*TU) = 7(T'). The proof is complete. O

In the sequel we say that x € Q is positive if x = y*y for some y € Q. Thus
the condition (i) just says that a state on Q must take non-negative real values on
positive elements of Q.

It is not difficult to check that x € Q if = = [f] for some non-negative function
f € Cy[0,00). In particular, for any T € /.Zsrl’oo) the class 7(7') is a positive element
of Q.

We shall also write z1 < x5 to mean that xo — 7 is positive. Notice that if
x € Q is selfadjoint, then —||z]g.1 < z < ||z| g.1, for the functions ||z|g + ¢ are
non-negative on Spz C [0, ||z] o]-

DEFINITION 5.3.11. A state on Q is a linear map w : @ — C such that
(i) w is positive, i.e., w(x) > 0 if x is positive;
(ii) w is normalized, i.e., w(1) = 1.

12



We denote by Q(Q) the set of states on Q

EXAMPLE 5.3.12. Any character x : @ — C is a state on Q. Thus, there are
plenty of states on Q.

LEMMA 5.3.13. Let w be a state on Q. Then
(i) w(z*) =w(x) for ol z € Q.
(il) w is a continuous linear form on Q. In fact,

(5.42) lw(@)] < ||1z]lo Vo € Q.

PROOF. Let x € Q be selfadjoint. As above-mentioned ||z| .1+ are positive,
and hence using the positivity of w and the fact that w(1) = 1 we get

0 <w(llzlle £2) = llz]low(1) £ w(z) = ||z]lo £ w(z).
Thus,
(5.43) lw(z)] < ||z]lo Vx € Q, z selfadjoint.
Assume now that x is any element of Q and let us write z = x1 + ixy with

- «
T, = % and zo = ““;f . Then

w(x) = w(zy) + iw(ze).

As x1 and x5 are selfadjoint, both w(z1) and w(z2) are real numbers, and hence

w(z®) =w(zy —ixs) = w(r1) — iw(r2) = w(xy) +iw(xs) = w(x).

In particular,

(5.44) Ro(o)) =wlo) = (55 ).

It remains to show that |w(z)| < [[z]|g. Since this inequality is obvious when

w(z) = 0, we may assume w(x) # 0. Set o = |Z8§\ Then w(az) = aw(x) = |w(x)|,

and hence using (5.44) we get

az) + (ax)*
lw(z)| = R(w(azx)) =w <H2(>> .
Since % ((ax) + (az)*) is selfadjoint, using (5.43) we obtain
az) + (ax)* 1 .
D+ OD < Lozl + aell0) = lIzlo.

s <
0

jw(z)

completing the proof.
|

The states on Q should be thought of as generalizations of the limit at co of a
function on [e, 00), very much in the same way Banach limits are generalizations of
the limit of sequence. More precisely, we have

PROPOSITION 5.3.14.

(1) Q(Q) separates the points of Q.
(2) Let f € Cyple,0). Then

>\11—>Holof()\) =L=w(f])=L YweQQ).
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PROOF. Let x € @\ 0. Denote by Sp@ the spectrum of Q, i.e., the set of
characters on Q endowed with the weak topology of Q*. Since Q is a commutative
C*-algebra, the injectivity of the Gel'fand transform Gg : Q@ — C(Sp Q), implies
that there exists x € Sp @ such that x(z) # 0. Since x is a state, this shows that
Q(Q) separates the points of Q.

Let f € Cyle,00). Then

Ale f(A) =L <<= f=Lmod Cyle,) < [f]=L in Q.

Since Q(Q) separates the point of Q and w(L) = Lw(1) = L, it follows that
Jim f(3) = L = w((f)) = w(L) Y € Q) = w([f]) = L Yo € 2(Q),

completing the proof. ([l

Let w be a state on Q. We define a functional Tr,, : LS_LOO) — [0, 00) by letting

Tr, T :=w(r(T)) VT e L™

Notice that as w is linear and 7
We shall now extend Tr,, into a linear form on £ To this end we recall
the following result, a proof of which can be found in Chapter 4.

LEMMA 5.3.15. Let Z be a two-sided ideal of L(H). Then
(i) For any T € L(H), we have

(5.45) Tel=|T|eIT—T"ecT.

(1,00)

(ii) Any T € T can be written in the form,
(5.46) T=(T1—Tp) +i(T3 — Tu) with T; € TN L(H)+.
PRrROPOSITION 5.3.16. The functional Tr,, uniquely extends to a linear form
Tr, : L) — C.
ProOF. Thanks to (5.39) and the linearity of w we have
(5.47) Try(Ty+To) = Tr, Ty + Tr, Ty VT € £,
Let T € £1:°), Thanks to (5.46) we can write T = T} — Ty + i(T3 — T}) with
T; € LS}"’“). Let T = T] — Ty + i«(T§ — Ty) be another such decomposition with
T € £(+1’°°). Observe that
%(T+T*) T —Ty=T|—T} and %(T+T*) Ty Ty =T} T,
and hence Th + Ty = T{ + T and T35 + T, = T4 + Ty. Therefore, using (5.47) we get
Try,(T1) + Tro(T3) = Tro,(T7) + Tro(T3),
Tro,(T3) + Tro (Ty) = Try, (T3) + Tro, (T}).
Thus,
Try, (Th) — Try,(Te) + 4(Tr, (13) — Try(Ty))
= Tr,(T7) — Tro,(T3) + i(Try, (T5) — Try,(T})).

14



This shows that the value of the right-hand side above is the same for any decom-
position T' =Ty — Ty + (T3 — Ty) with T} € £(+1’°°)7 and hence depends only on T'.
We then define

(5.48) T (T) i= Tro (T3) — Tru(To) + i(Try (T5) — T (T2),

where the T}’s are any operators in LS}"‘)) such that T =T, — To + (T3 — Ty).

Let 5 € £0:°) and let us write S = 8 — S 4 i(S3 — S4) with §; € £
Then S + T = (Sl + Tl) — (SQ + Tg) + ’L((Sg + T3) — (54 + T4)) Observe that
each operator S; 4+ 7} is in L) and is positive by Corollary 3.1.3. Therefore,
using (5.48) and (5.47) we get
(5.49)

TI‘W(S + T) == TI‘W(Sl + Tl) - Trw(Sg + TQ) + i(Trw(Sg + Tg) - TI‘W(S4 + T4))
= Tr, (S1)—Try, (S2)+i(Try, (S3)—Trw (S4))+Tr (T1) —Try (T2)+i(Try, (T3) —Try, (Ty))
=Tr, S+ Tr, T,
showing that Tr,, is additive on £(1:%),
Next, combining (5.38) with the linearity of w we get

(5.50) Tro(\T) = ATr, T VT € £ vA > 0.

Let T € £:°) and let us write T = Ty — Ty + i(T5 — Ty) with T; € £, Let A
be a non-negative real number. Then \T' = AT} — AT + i(AT3 — ATy). Since each
operator T is positive, using (5.48) and (5.50) we get
(5.51) Tr,(AT) = Tr,,(A\T1) — Tro, (A1) + i(Try, (A\T5) — Tr, (ATy))
= A(Try,(Th) — Try,(To) + i(Try, (T5) — Try,(Ty))) = AN Tr, (T).
Notice also that —T = (To — Ty) + i(Ty — T3) and T = (Ty — T3) + i(Ty — T3), and
hence from (5.48) we get
Tr,(=T) = Try,(T2) — Tr,,(T1) + i(Try, (Ty) — Tr,(T5)) = — Tr, (1),
Tr, (iT) = Try,(Ty) — Try(T3) 4 i(Tr, (Th) — Trw(Te)) = i Try, (7).
Let A € C and let us write A = Ay — Ay + (A3 — A\y) with A\; > 0. Then combining
the additivity of Tr,, with (5.51)—(5.3) gives
Trw()\T) = TI‘U_) ()\1T + (7)\2T) + (l)\gT) + (*ZA4T))
= Tr,(MT) + Try,(—AT) + Tr,, (iAsT) + Tr, (=M T)
= (A — Ao +iAg — iAg) Try T = A Tr,, 7.
Together with (5.49) this shows that Tr,, is a linear map.

Finally, since (5.46) shows that £(+1’°°) spans E(l"’o), any linear map that agrees
with Tr, on ES_I’OO) must agree with Tr, on all £(1:°), Thus Try, as defined
in (5.48), is the unique linear extension to £1:>°) of Trwlﬁ(l,oc) = w o 7. The proof

+

is complete. ([l

PRrROPOSITION 5.3.17. The following hold.

(i) Tr, is a continuous linear form on L), In fact,
| Tre T < 2||T||1.00) VT € LI
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(ii) Tr, is positive, i.e., Tr, T >0 for all T € ES_I’OC).
(iii) Tr, T* = Tr, T for all T € L),
(iii) Tr,, is a trace, that is,
Tr,(TA) = Tr,(AT) VT € L) VA € L(H).
Proor. Let T € L(j*o"). Then 7(T) is a positive element of Q. As w is a state,

and hence is a positive linear form, it follows that Tr,(T) = w(7(T)) > 0. Thus
Tr,, is positive. In addition, combining (5.40) and (5.42) gives

(5.52) | Tro, (T)| = w(T(T)) < I7(T)lle < 2T (1,00)-
Let T € £(1°) be selfadjoint. Using (5.45) we see that |T'| + T is an element
of EE&’OO). Thus,
0 < Tr,(|T| £ T) = Tr,, |T] £ T, T.
Therefore, using (5.52) we get
| Try, T| < Tro, [T] < 2[|[T[| (1,00) = 2[1 Tl (1,00) -

Granted this, we then can argue as in the proof of Lemma 5.3.13 to show that, for
all T e £(1:°) we have

Tr, T =Tr, T and | Tro, T'| < ||T']](1,00)-
Next, let U € L£(H) be unitary. Using (5.41) we see that, for any T" € £(+1’°°),
Tr,(U*TU) = w(r(U*TU)) = w(7(T)) = Tr,(T).
Thus T — Tr,(U*T) is a linear form on £1:°°) that agrees with Tr, on EE:’DO),
and so by Proposition 5.3.16 it agrees with Tr,, on all £(1:>). Thus,
Tr (U*TU) = Tr,(T) VT € L),
Upon changing T" by UT this shows that
Tr,(TU) = Tr (UT) VT € L),
Since by Lemma 4.2.10 the unitary operators span £(#), it follows that
Tr,(TA) = Tr,(AT) VT € L5 VA € L(H),
that is, Tr,, is a trace. The proof is complete. ([l

DEFINITION 5.3.18. The functional Tr,, from Proposition 5.3.16 is called the
Dizmier trace associated to w.

In the sequel we let H' be a separable Hilbert space.

LEMMA 5.3.19. Let ® be a continuous x-homomorphism from L(H) to L(H')
satisfying (5.8). Then

Try 30 (®(T)) = Tronu(T) VT € LE)(H),

ProOF. We know by Lemma 5.2.6 that ¢ induces an isometric linear map from
L1120 (1) to £L3:°)(H'). Moreover, as by assumption ® is a homomorphism of C*-
algebras, it maps £(H)4 to £(H'),. Thus ® maps L) (H), to LX) (H) .

Let T € £L:°)(H"),. As shown in proof of Lemma 5.2.6, the property (5.8)
implies that o, (®(T)) = 0, (T) for all u > e. Incidentally, 75 (®(T")) = 72 (T) for all
A > e, and hence 7(®(T")) = 7(T), which immediately implies that Tr,, 3 (®(T)) =
TI‘w_’H (T)
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It follows from all this that Tr,, 7 o® is a well-defined linear map on L£1:20)
which agrees with Tr,, 3 on £:°)(H),, and so it follows from Proposition 5.3.16
that Tr,, 2 o® and Tr, 3 agree on all £1:>) (%), proving the lemma. O

PROPOSITION 5.3.20. Let S : H' — H be a continuous linear isomorphism from
H' onto H. Then

Trow (STITS) = Tryn T VT € LE)(H).

PROOF. Recall that by Proposition 5.2.7 the conjugation by S gives rise to a
continuous isomorphism from £1:>°)(#H) onto £1°°)(H). In addition, set |S| =
(5*$)2z and U = S|S|~!. As shown in the proof of Proposition 5.2.7 |S| is an
invertible element of £(H') and U is a unitary element of L(H', H).

Notice that, as Tr, % is a trace on L) (H'), for any T € L12°)(H'), we
have

(5.53) Tr, (|S|1T]S]) = Tr, (T)S|S™Y) = Tr, (7).

Furthermore, as U is unitary, Remark 4.1.4 tells us that the conjugation by U
satisfies (5.8), and hence by Lemma 5.3.19 we have

(5.54) Try 30 (U*TU) = Tr, 5(T) VT € L) (H).

Since S = U|S|, combining (5.53) and (5.54) we see that, for all T € £1:>°)(H),
Tro g0 (STUTS) = Tro e (S| (U TU)|S]) = Try 0 UT|U) = Ty (1),

proving the proposition. O

In particular, if we let H’ be the hilbert space with same underlying vector
space as ‘H and equipped with an equivalent inner product, and we let S be the
identity map, then we obtain

COROLLARY 5.3.21. The Dizmier trace Tr,, does not depend on the choice of
the inner product of H.

DEFINITION 5.3.22. An operator T € L) s said to be measurable if the
value of Tr,, T is independent of the choice of the state w.

We denote by M the subspace of £(1:>) consisting of all measurable operators.

DEFINITION 5.3.23. The Dizmier trace of T € M, denoted T, is defined by
][T =Tr, T, w any state on Q.

We shall refer to the functional f T — f T as the Dizmier trace on M.

PROPOSITION 5.3.24. The following hold.

(1) M is a closed subspace of L) on which the Dizmier trace f is a con-
tinuous linear form.

(2) Let H' be a (separable) Hilbert space and let ® be a continuous *-homomorphism

from L(H) to L(H') satisfying (5.8). Then ®(M(H)) C M(H') and

][/<I>(T) :]iT VT € L1 (H).

17



(3) Let S : H — H' be a continuous linear isomorphism from H onto a Hilbert
space H'. Then M(H') = STIM(H)S and

S1Ts :f T VT e L0 3),
H H

(4) M and § don’t depend on the choice of the inner product on H.

PrOOF. By definition
M= (] {TeLh); Try(T) =Tr, T}
w,w’€N(Q)
Since each Dixmier trace Tr,, is a continuous linear form on £1:°) it follows that
M is a closed subspace of M. In addition, since { agrees on M with any Dixmier
trace, it follows from Proposition 5.3.17 that { is a continuous linear form on M.
This proves the first part of the proposition. The other parts immediately follow
from Lemma 5.3.19 and Proposition 5.3.20. (]
PROPOSITION 5.3.25. The following hold.
(1) For any T € Eg_l’oo),
(TEM and][T:L> < lim 7,(T) = L.

A—00

(2) For any T € K positive,
. 1
J\}gnoologNTKZNMn<T) =L = (TeM and][T_L) :

PROOF. Let T € Eg_l’oo). Then it follows from Proposition 5.3.14 that

lim 7,(T) = L < (W(T(T)) =LVwe Q(Q)> & (T eM and]lT = L> .

A—00

Next, let T be a positive compact operator such that

Then on(T) = O(log N), i.e., T is contained in £,
Let X € [e,00) and set N = [A]. Then we have
ox(T) < on1(T) _log(N+1) onia(T)
logh = logN log N "log(N +1)’
O’)\(T) > O'N(T) IOgN UN(T)

logA ~ log(N+1) log(N+1) logN

Since loigf\;l) d loéc()]g\/'l«\if»l) both converge to 1 as N — oo, it follows that
T
M — L as A — o0.
A—oo logu

If L # 0, then as A — oo we have ‘Tlgg\)% ~ %, and hence

.
/ / —NLlog)\
e logu U



If L =0, then a*(T)i = 0(}), and hence

log A
A A
/ ow(ﬂw:(,(/ du)ZO(logA),
. logu wu e U

In both cases, we deduce that

1 A o, (T) d
™ (T) /U( )—u—>L as A — 00.

- log A logu u
It then follows from the first part of the proposition that 7T is measurable and
§T = L. The proof is complete. O

PROPOSITION 5.3.26. The following types of operators are measurable and have
a vanishing Dixmier trace:
(i) Any operator in [,61’00).
(ii) Any trace-class operator.
(iii) Any infinitesimal operator of order > 1.

PRrROOF. Since Eél’oo) contains £ and the infinitesimal operators of order > 1,
(i) and (iii) follows from (i). Therefore, we only have to prove that if T € E(()l’oo)
then T is measurable and its Dixmier trace is zero.

Since Lél’oo) is a two-sided ideal (cf. Remark 5.2.2), Lemma 5.3.15 allows
us to write T as T = Th — Ty + (T3 — Ty) with T} € E((Jl’oo) N L(H)y. Since
on(Tj) = o(log N), it follows from Proposition 5.3.25 that 7; is measurable and
have a vanishing Dixmier trace. By linearity the same is true for 7. The proof is
complete. (Il

Next, we shall make use of the following Tauberian theorem to obtain a mea-
surability criterion.

LEMMA 5.3.27 (See [GVF, Lemmas 7.19-7.20]). Let (A,)n>0 be a nonincreas-
ing sequence of positive real numbers such that
(i) Doy < oo forall s > 1.
(i) limgpe (s —1) Y, 50 A5 = 1.
Then

. 1
1\}51100 log N TKZN)\TL =1

PRrROPOSITION 5.3.28. Let T' € K be positive and assume there exists p > 0 such
that the following holds

(i) T* is trace-class for all s > p.
(ii) limg_,p+(s —p) TraceT® = L # 0.
Then TP is measurable and
][TT’ _L
p

ProOF. For n € Ny set \,, = pL ™ p,,(T?). If s > 0, then by Proposition 4.1.8
we have p, (T?) = pu, (TP%) for all n € Ny, and hence

Z Ay = Z(pL_l)SMn(Tp)S = (pL™h)* Z pin (TP*) = (pL™1)* Trace TP*.

n>0 n>0 n>0

Therefore, we see that
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- The series ), -, A is convergent for all s > 1.
- As s — 11 we have

STX = (pL7Y) Trace T = (pL™")(sp — p) L+ o(1) = (s — 1) + o(1).
n>0

We then can apply Lemma 5.3.27 to deduce that limpy_s logN >
Since p, (T?) = Lp~ !\, this gives

n<N

@50 e

> pir =L

n<N
It then follows from Proposition 5.3.25 that T? is measurable and f 77 = %, proving
the proposition. O

EXAMPLE 5.3.29. Let A = —(92 + ...+ 92 ) be the (positive) Laplacian on
the n-dimensional torus T = R™/(27Z)". For k € Z" set e}, = (21)~ 2 e’***. Then
(ex)rezn is an orthonormal basis of L?(T"). Furthermore,

Aey, = |k’|2ek. Yk eZ".

Thus (|k|?)rezn is the family of eigenvalues of A counted with multiplicity. We
order it in a non-decreasing sequence (\;);>o, i.e., A; is the (j+1)th eigenvalue of
A counted with multiplicity. (In fact, as 0 is an eigenvalue with multiplicity 1, if
j > 1 then )\, is the j’th nonzero eigenvalue counted with multiplicity.)

LEMMA 5.3.30 (Weyl Asymptotic). As j — oo we have

(1" T
(5.56) /\]_<C> , I NEFS

PrROOF. For A > 0 define
Ni(A) =#{j € No; A; <A} and Na(X) =#{j € No; A\; <A}
Observe that
(5.57) N (\) = #{k € Z"; [k[> < A} = 2"#{k € Ng; k] <V},
(5.58)  Na(A) = #{k € 2% k2 < X} = 24k € Nj; [k < VA).
In addition, for any j € N, we have
(5.59) Ni(A)) < j < Na(A)).

For » > 0 we denote by B(0,r) the (open) ball of radius r about the origin
in R™ and we set BT (0,7) = B(0,7)([0,00)". For k = (k1,...,k,) in NI we set
I = [k1, k1 + 1) X ... X [kn, kn + 1). In addition, for any Borel set A we shall
denote by |A] its Lebesgue measure. For instance |I;| =1 and |B(0,7)| = 27 "er™,

with ¢ = |B(0,1)| = +1)
If x € I, then |l<:| S |z| < |k| + v/n. Therefore, for any A > 0, we have

B0,V c |J I and U I c BT 0.VA+/n).
kl<vX [k|<VX
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Thus,

|BT(0,V\)] < #{k e NI; |k| < VA},

U &=

[k|<vX
BEONVA+vI) = | | I| = #k € Ng: [k < V)
|k|<v/X

Since |BT(0,7)| = 27"|B(0,7)| = 27 "cr™, using (5.57)—(5.58) we deduce that
n . n n
eh2 < Ni(A) and No(\) < elz (1 + \\/f;> _

Combining this with (5.59) shows that, for any j € N, we have

A S Ni(N) <G < Na(Ny) < en? (1+ \/\/Aiy

Thus,

(NI

(5.60) (1 + \\/F%)_ <\ ™hHR <1

As the sequence (A);>o is non-decreasing and unbounded it converges to co and
(1+ ﬂ)’% converges to 1 as j — co. Combining this with (5.60) shows that

N
)\j(cjfl)% —1 as j — 0o,
proving the claim. O
Next, the operator A~3 as the bounded operator on L?(T") such that
A7%ey =0 and A%, = k| e, Vk e Z™\0.

Therefore, using Proposition 3.4.2 (iv) we see that A~ is a positive compact
operator. Moreover, as the definition of A~% implies that ((\;)7%);>1 is the
non-increasing sequence of its eigenvalues with multiplicity, the min-max principle
insures us that, for all j € Ny,

11j(A72) = (j 4 1)’th eigenvalue of A™% counted with multiplicity = (A\j41) 2.
Combining this with (5.56) shows that p;(A™%) ~ § as j — co. Thus,

Z:LL] )=

J<N

i
N log N

We then may use Proposition 5.3.25 to deduce that A% is measurable and

T2
Aif = = ——
J[ BERYCERY

EXAMPLE 5.3.31. Let us present an example of an operator in £1:°°) which is
not measurable. To this end, let o be the function on (1, 00) defined by

o(t) =logt {4 + cos (log(logt)) — sin (log(logt))} .
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Notice that o is a smooth function and

o' (t) = % {2 — sin (log(log t))}

a'(t) = ;—22 {2 — sin (log(log t)) — (logt) " cos (log(log t)) } .

Using (5.3.31) we see that o(t) is increasing on (1, 00) and

(5.61) PB<0 iz
Thus,
(5.62) |dn+U—amH§g Wn € N.

In addition, using (5.3.31) we can check that o(t) is concave on (e, c0) and hence,
for any integer n > 3, we have

Lot +2) +o(n) < o(n+1)

2
that is,
(5.63) on+2)—ocn+1)<o(n+1)—on).
Let (&,)n>0 be an orthonormal basis of H and let T € L(H) be defined by
| (e(4) —a(3))én forn =0,1,2,
(5.64) Ten = { (c(n+1) —o(n))&, forn > 3.

The operator T is positive and using Proposition 3.4.2-(iv) and (5.62) we see that
T is a compact operator. Furthermore, by (5.63) the sequence (o(n+1) —o(n))n>3
is decreasing, and so using (5.64) and the min-max principle we deduce that
(5.65)
po(T) = pi(T) = p2(T) = 0(4) —0(3) and pn(T) =0(n+1) —o(n) for n > 3.
Combining this with (5.62) we see that that p,(T) = O(%), and hence T is an
element of £(1:°°),

Let N be an integer > 4. Then (5.65) immediately implies that

on(T) = > pn(T) =0(N)+a,  a:=30(4)—40(3).

Let u € [4,00) and set N = [u] and @ = u— N. Then combining (5.19) and (5.3.31)
we get

ou(T)=aon1(T)+ (1 —@)on(T) =ac(N+1)+ (1 — a)o(N) + a,
and hence
ou(T) = o(u) —a| < alo(N +1) = o(u)| + (1 — a)|o(N) — o(u)].
Thanks to (5.61) we have

lo(N) —o(u)] <

where we have used the fact that -1 < g for all £ > 4. Thus,



and hence
ou(T) = o(u) + O(1) as u — 0o.
It follows from this that, as A\ — oo, we have

(T log)\/ 1ogu u log)\/ logu u (log/\ ulogu>'

Since f ulogu = fllog)‘ 2v = loglog A = o(log A), we see that
1 A o(u) du

5.66 T)= — 1).

( ) ™) 1og)\/e logu u +o(1)

Next, we have

A log A u log A
/ o(u) du _ / o(e )du _ / (4 + cos(log u) — sin(log u)) du.
€ 1 1

logu wu U

Observing that - [u (4 + cos(log u))] = (4 + cos(log u) — sin(log u)), we get

/)‘ o(u) du = log A {4 + cos (log(log \))} —

logu u
Combining this with (5.66) we then obtain
A(T) = 4 + cos (log(log \)) + o(1) as A — 0o.

Therefore 7)(T) does not have a limit as A\ — oo. It then follows from Proposi-
tion 5.3.25 that T is an element of £(1:*) which is not measurable.
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