
CHAPTER 5

Connes’ Quantized Calculus

The quantized calculus of Connes [Co] aims to translate the main tools of the
infinitesimal calculus into the operator theoretic language of quantum mechanics.
It allows us to write down a dictionary between classical notions in the infinitesimal
calculus and their quantum analogues.

5.1. Noncommutative Infinitesimal Calculus

In the sequel we let H be a separable Hilbert space. In practice H comes from
a spectral triple (A, cH,D) and we shall set

F := Sign(D) = D|D|−1.

The first few lines of this dictionary between classical notions in the infinitesimal
calculus and their quantum analogues are the following:

Classical Quantum

Complex variable Operator on H

Real variable Selfadjoint operator on H

Infinitesimal variable Compact operator on H

Infinitesimal of order Compact operator T such that
α > 0 µn(T ) = O(n−α)

Differential df =
∑

∂
∂xj dx

j da := [F, a].

Integral Dixmier Trace −
∫

The first two lines comes directly from quantum mechanics. In that formalism
the observables are selfadjoint operators and the values that can be observed from
an observable are given by its spectrum. In addition, as we saw in Chapter 1, we
have a holomorphic functional calculus for any bounded operator on H, but there
is a continuous functional calculus only for normal operators, including selfadjoint
operators.

Intuitively, an infinitesimal can be thought as an object which is smaller than
ε for any ε > 0. For an operator T the condition ‖T‖ < ε for all ε > 0 holds only
when T = 0, but it can be relaxed into the following:

For any ε > 0 there is a finite-dimensional subspace E such that ‖T |E⊥‖ < ε.
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As shown by Proposition 4.1.6 this latter condition is equivalent to T being compact.
By Proposition 4.1.6 we also know that an operator T is compact if and only if

its singular values µn(T ) converge to 0 as n→∞. Thus the compactness of T can
be measured by the decay of its singular values. Thus, an infinitesimal operator of
order α, α > 0, is just a compact operator T such that

µn(T ) = O(n−α).

If α > 1 and we set p := α−1, then we see that the set of infinitesimal operators
of order α agrees with the operator ideal L(p,∞) introduced in the previous chapter.

For α = 1 every infinitesimal of order 1 is contained in the ideal L(1,∞), but
there are operators in L(1,∞) that are not infinitesimal operators of order 1.

The following show that intuitive rules of the infinitesimal calculus are satisfied.

Lemma 5.1.1. For j = 1, 2 let Tj be an infinitesimal operator of order αj.

(1) T1 + T2 is an infinitesimal operator of order min(α1, α2).
(2) T1T2 is an infinitesimal operator of order α1α2.

Proof. Thanks to (4.7) we have

(5.1) µm+n(T1 + T2) ≤ µm(T1) + µn(T2) ∀m,n ∈ N0.

Let n ∈ N0. Since n ≥ 2[n2 ], by (4.3) we have µn(T1 +T2) = µ[n2 ]+[n2 ](T1 +T2), and

hence using (5.1) we get

(5.2) µn(T1 + T2) ≤ µ[n2 ](T1) + µ[n2 ](T2).

Set α = min(α1, α2). Then, as [n2 ] ≥ n−1
2 , we have

(5.3) µ[n2 ](Tj) = O

([n
2

]−αj)
= O(n−αj ) = O(n−α).

Combining this with (5.2) then shows that T1 + T2 is an infinitesimal operator of
order α.

Next, by (4.9) we have

µn+m(T1T2) ≤ µm(T1)µn(T2) ∀m,n ∈ N0.

Therefore, for any n ∈ N0,

µn(T1T2) ≤ µ[n2 ]+[n2 ](T1T2) ≤ µ[n2 ](T1)µ[n2 ](T2).

Combining this with (5.3) shows that µn(T1T2) = O(n−α1) O(n−α2) = O(n−(α1+α2)),
that is, T1T2 is an infinitesimal operator of order α1α2. The lemma is proved. �

The differential da := [F, a] is a derivation, and hence it satisfies Leibniz’s Rule,

d(ab) = (da)b+ adb, a, b ∈ A.

In practice, the spectral triple (A,H, D) is p-summable for some p ≥ 1, that is,

µn(D−1) = O(n−
1
p ).

This means that D−1 is an infinitesimal operator of order 1
p .

Lemma 5.1.2 (cf. Chapter 11). If (A,H, D) is p-summable, then

µn([F, a]) = O(n−
1
p ) ∀a ∈ A.
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In other words, if the spectral triple (A,H, D) is p-summable, then all the
differentials da = [F, a], a ∈ A, are infinitesimal operators of order 1

p .

If x1, · · · , xp form a system of local coordinates on a manifold M of dimension
p, then dx1 ∧ · · · ∧ dxp can be thought as an “infinitesimal” of order 1 and the
differentials dx1, . . . , dxp as “infinitesimals” of order 1

p . We see that, similarly, if

a0, ..., ap are in A, then da1, ..., dap are infinitesimal operators of order 1
p and

a0da1 · · · dap is an infinitesimal operator of order 1.
Next, the classical integral is a linear functional which the following properties:

(i) It is defined on infinitesimals of order 1.
(ii) It vanishes on infinitesimals of order > 1, i.e., we can integrate by ne-

glecting higher-order infinitesimals (e.g., by approximating an integral by
Riemann sums).

(iii) It is positive, i.e., the integral of a non-negative function is a non-negative
number.

(iv) It vanishes on total differentials.

In the setting of quantized calculus we thus seek for a linear functional satisfying
noncommutative analogues of the above conditions. The first three conditions can
be easily translated into:

(i’) Its domain contains the infinitesimal operators of order 1.
(ii’) It vanishes on infinitesimal operators of order > 1.

(iii’) It is positive, i.e., it takes on non-negative real values on the operators in
its domain that are positive.

At least in the p-summable case, the condition (iv) corresponds to the vanishing
of the quantum integral on operators of the form

d(a0da1 · · · dap) = [F, a0da1 · · · dap] aj ∈ A.

In general, we require the noncommutative integral to vanish on commutators,

[A, T ],

where A ranges over L(H) and T ranges over the domain of the quantum integral.
Thus we require

(iv’) The quantum integral is a trace.

One candidate that comes to mind is the operator trace T → Trace(T ). This
is a positive trace, but it satisfies none of the conditions (i’)–(ii’). More precisely:

- The domain of the operator trace is the ideal L1 of trace-class operators,
but an infinitesimal operator of order 1 need not be trace-class, e.g., if
µn(T ) = (n+ 1)−1, then

∑
µn(T ) =∞, and hence T is not trace-class.

- The operator trace does not vanish on all infinitesimal operators of order > 1,
e.g., it does not vanish on (non-zero) finite-rank projections.

The solution for finding a positive linear trace satisfying (i’)–(ii’) is actually
provided by the Dixmier trace. This trace was constructed by Dixmier [Di] as an
example of a non-normal trace on L(H).

The rest of the chapter is devoted to presenting the construction of the Dixmier
trace. The exposition follows closely [CM, Appendix A] (see also [GVF, Sec-
tion 7.5]).
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5.2. The Dixmier Ideal L(1,∞)

As we shall see in the next section, the domain of the Dixmier trace is the
Dixmier ideal L(1,∞) introduced in the previous chapter. It is defined as follows.

For T ∈ K set

‖T‖(1,∞) := sup
N≥2

σN (T )

logN
.

We then define

L(1,∞) =

{
T ∈ K; ‖T‖(1,∞) <∞

}
.

Equivalently,

L(1,∞) =

{
T ∈ K; σN (T ) = O(logN)

}
.

Proposition 5.2.1 (See Chapter 4). The following hold.

(1) L(1,∞) is a two-sided ideal and ‖.‖(1,∞) is a norm on L(1,∞) for which

L(1,∞) is a Banach ideal. In particular,

(5.4) ‖ATB‖(1,∞) ≤ ‖A‖‖T‖(1,∞)‖B‖ ∀T ∈ L(1,∞) ∀A,B ∈ L(H).

(2) The Banach ideal L(1,∞) is not separable.

(3) Let L(1,∞)
0 be the closure of finite-rank operators in L(1,∞). Then

(5.5) L(1,∞)
0 =

{
T ∈ K; σN (T ) = o(logN)

}
.

(4) There are continuous inclusions,

L1 ⊂ L(1,∞)
0 and L(1,∞) ⊂ K.

(5) There is a strict inclusion,

(5.6) L(1,∞) )
{
T ∈ K; µn(T ) = O(

1

n
)

}
.

Remark 5.2.2. It can be shown that a Banach ideal is separable if and only
if the finite-rank operators are dense in it (see Chapter 4). Therefore (5.5) implies

that L(1,∞) is not separable. Notice that L(1,∞)
0 is a Banach ideal with respect

to the norm ‖.‖(1,∞), since this is the closure in L(1,∞) of the ideal of finite-rank
operators.

Remark 5.2.3. The continuous inclusions (5.6) hold for any non-trivial Banach

ideal (see Chapter 4). In the case of L(1,∞), the inclusion of L1 in L(1,∞)
0 follows

from the fact that if T ∈ L1, then σN (T ) = O(1) = o(logN). The continuity of the
inclusions (5.6) can also be deduced from the fact that, for any T ∈ K, we have

‖T‖ = µ0(T ) ≤ σN (T ) ≤
∑
n≥0

µn(T ) = ‖T‖1 ∀N ∈ N,

which implies that

(log 2)−1‖T‖ ≤ ‖T‖(1,∞) ≤ (log 2)−1‖T‖1 ∀T ∈ K.
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The Banach ideal L(1,∞) is in duality with the Macaev ideal L(∞,1). The latter
can be defined as follows.

For T ∈ K we set

‖T‖(∞,1) :=
∑
n≥0

(n+ 1)−1µn(T ).

We then define

L(∞,1) =

{
T ∈ K; ‖T‖(∞,1) <∞

}
.

Proposition 5.2.4 (See Chapter 4). The following hold.

(1) L(∞,1) is a two-sided ideal and ‖.‖(∞,1) is a norm on L(∞,1) for which

L(∞,1) is a Banach ideal.
(2) The Banach ideal L(∞,1) is separable and the finite-rank operators are

dense in it.
(3) There are continuous inclusions,

L1 ⊂ L(∞,1) ⊂ K.
(4) There are isomorphisms,

(5.7) L(1,∞) ' (L(∞,1))′ and L(∞,1) ' (L(1,∞)
0 )′.

Remark 5.2.5. As explained in Chapter 4, the duality isomorphisms (5.7) are
inherited from the isometric isomorphism,

L(H) 3 S −→ (S, .) ∈ (L1)′, (S, T ) = Trace(ST ) ∀T ∈ L1.

More precisely, if S ∈ L(∞,1) and T ∈ L(1,∞), then ST is trace-class and (S, .)

uniquely extends to a continuous linear form on L(1,∞)
0 . This yields the isomorphism

from L(∞,1) onto (L(1,∞)
0 )′. Similarly, if S ∈ L(1,∞), then (S, .) uniquely extends

to a continuous linear form on L(∞,1), which allows us to get an isomorphism from
L(1,∞) onto (L(∞,1))′. Notice also that these isomorphisms become isometries if we
replace the norm ‖.‖(1,∞) by the equivalent norm,

‖T‖′(1,∞) := sup
N≥1

σN (T )∑
n<N (n+ 1)−1

.

In the sequel we let H′ be a (separable) Hilbert space.

Lemma 5.2.6. Let Φ be a continuous ∗-homomorphism from L(H) to L(H′)
such that

(5.8) µn(Φ(T )) = µn(T ) ∀T ∈ L(H) ∀n ∈ N0.

Then Φ induces an isometric linear map from L(1,∞)(H) to L(1,∞)(H′).

Proof. Using Proposition 4.1.6-(iii) and (5.8) we see that Φ maps K(H) to
K(H′). Moreover, if T ∈ K, then (5.8) implies that σN (Φ(T )) = σN (T ) for all
N ∈ N, and hence ‖Φ(T )‖(1,∞) = ‖T‖(1,∞). Thus Φ gives rise to an isometric

linear map from L(1,∞)(H) to L(1,∞)(H′). The lemma is proved. �

Let S : H′ → H be a continuous linear isomorphism from H′ onto H. We
denote by γS the conjugation by S, i.e., the map

L(H) 3 T −→ S−1TS ∈ L(H′).
This a continuous isomorphism from L(H) onto L(H′).
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Proposition 5.2.7. The conjugation by S gives rise to a continuous isomor-
phism from L(1,∞)(H) onto L(1,∞)(H′), and hence

L(1,∞)(H′) = S−1L(1,∞)(H)S.

Furthermore, if S is unitary, then this isomorphism is isometric.

Proof. Let S ∈ L(H) be invertible. Since L(1,∞)(H) is a two-sided ideal of
L(H) both γS and its inverse γ−1

S = γS−1 maps L(1,∞)(H) to itself, and hence

γS induces a linear map from L(1,∞)(H) to itself. Furthermore, this linear map is
continuous, for by (5.4) we have

‖S−1TS‖(1,∞) ≤ ‖S‖‖S−1‖‖T‖(1,∞) ∀T ∈ L(1,∞)(H).

Let U ∈ L(H′,H) be unitary. Then by Remark 4.1.4 we have

µn(U∗TU) = µn(T ) ∀T ∈ L(H),

that is, γU satisfies (5.8). Thus, it follows from Lemma 5.2.6 that γU induces a
linear isometry from L(1,∞)(H) to L(1,∞)(H′). Similarly, its inverse γ−1

U = γU∗

induces a linear isometry from L(1,∞)(H′) to L(1,∞)(H), so γU induces an isometric
linear isomorphism from L(1,∞)(H) onto L(1,∞)(H′).

Now, let S ∈ L(H′,H) be a general isomorphism. Set |S| = (S∗S)
1
2 and

U = S|S|−1. Then |S| is an invertible element of L(H′) and U is an unitary
element of L(H′,H), for it is invertible and, as |S|−1S∗S|S|−1 = |S|−1|S|2|S|−1,
for any ξ ∈ H′, we have

‖Uξ‖2H = 〈S|S|−1ξ, S|S|−1ξ〉H = 〈ξ, |S|−1S∗S|S|−1ξ〉H′ = 〈ξ, ξ〉H = ‖ξ‖2H′ .
Thus, by the first two parts of the proof γ|S| induces a continuous linear isomorphism

from L(1,∞)(H′) onto itself and γU induces an isometric linear isomorphism from
L(1,∞)(H) onto L(1,∞)(H′). Since S = U |S|, and hence γS = γ|S| ◦ γU , it follows

that γS a continuous linear isomorphism from L(1,∞)(H) onto L(1,∞)(H′), proving
the proposition. �

In particular, if we let H′ be the Hilbert space with same underlying vector
space as H and equipped with an equivalent inner product and we let S be the
identity map, then we obtain:

Corollary 5.2.8. Neither L(1,∞)(H) nor its topology depend on the choice of
the inner product of H.

5.3. The Dixmier Trace

In this section, we shall construct the Dixmier trace as a trace on the Banach
ideal L(1,∞). It will occur from the analysis of the logarithmic divergency of the
partial traces,

σN (T ) =
∑
n<N

µn(T ), T ∈ K, N ∈ N.

The first step is to extend the definition of σN (T ) to non-integer values of N .
To this end recall that by Proposition 4.9.2 we have

(5.9) σN (S + T ) ≤ σN (S) + σN (T ) ∀S, T ∈ K.

Lemma 5.3.1. Let N ∈ N. Then, for all T ∈ K,

(5.10) σN (T ) = inf{‖x‖1 +N‖y‖; (x, y) ∈ L1 ×K and x+ y = T}.
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Proof. Let T ∈ K. Let (x, y) ∈ L1 × K be such that x + y = T . Using (5.9)
we get

σN (T ) = σN (x+ y) ≤ σN (x) + σN (y).

Notice that by (4.93) we have σN (y) ≤ N‖y‖. Moreover,

σN (x) =
∑
n<N

µn(x) ≤
∑
n≥0

µn(x) = ‖x‖1.

Therefore, we have

σN (T ) ≤ ‖x‖1 +N‖y‖.
It then follows that

(5.11) σN (T ) ≤ inf{‖x‖1 +N‖y‖; (x, y) ∈ L1 ×K and x+ y = T}.

Let T = U |T | be the polar decomposition of T , and let (ξn)n≥0 be an orthonor-
mal family such that |T |ξn = µn(T )ξn for all n ∈ N0. Denote by ΠN the orthogonal
projection onto the span of ξ0, . . . , ξN−1. Define

(5.12) xN := (|T | − µN (T ))ΠN and yN := µN (T )ΠN + |T |(1−ΠN ).

Notice that xN + yN = |T |. Thus,

(5.13) T = U |T | = UxN + UyN .

Notice also that, as UxN has finite-rank, this is a trace-class operator. In addition,
as ΠN =

∑
n<N ξn ⊗ ξ∗n and, by (4.15), |T | =

∑
n≥0 µn(T )ξn ⊗ ξ∗n, we have

xN =
∑
n<N

(µn(T )− µN (T ))ξn ⊗ ξ∗n,(5.14)

yN =
∑
n<N

µN (T )ξn ⊗ ξ∗n +
∑
n≥N

µn(T )ξn ⊗ ξ∗n.(5.15)

It follows from (5.14) and the min-max principle that µn(xN ) is equal to µn(T )−
µN (T ) for n < N and is zero for n ≥ N . Thus,

‖xN‖1 =
∑
n≥0

µn(xN ) =
∑
n<N

(µn(T )− µN (T )) = σN (T )−NµN (T ).

Since by Proposition 3.1.8 ‖U‖ ≤ 1, combining this with (4.20) gives

(5.16) ‖UxN‖1 ≤ ‖U‖‖xN‖1 ≤ σN (T )−NµN (T ).

As for yN , it follows from (5.15) that yN is a positive operator whose greatest
eigenvalue is µN (T ), and so using the min-max principle we get

‖yN‖ = µ0(yN ) = µN (T ),

and hence

(5.17) ‖UyN‖ ≤ ‖U‖‖yN‖ ≤ µN (T ).

Combining this with (5.16) gives

‖UxN‖1 +N‖UyN‖ ≤ σN (T )−NµN (T ) +NµN (T ) = σN (T ).

In view of (5.13) it follows that

σN (T ) ≥ inf{‖x‖1 +N‖y‖; (x, y) ∈ L1 ×K and x+ y = T}.

Combining this with (5.11) then proves the lemma. �
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The previous lemma allow us to extend the definition of σN to non-integer
values of N .

Definition 5.3.2. Let T ∈ K. Then, for any λ ≥ 0, we define

σλ(T ) = inf{‖x‖1 +N‖y‖; (x, y) ∈ L1 ×K and x+ y = T}.

Lemma 5.3.1 shows that, when λ is an integer, the above definition of σλ(T )
agrees with that given in (4.90).

Lemma 5.3.3. Let T ∈ K. Then

(i) The function λ→ σλ(T ) is concave.
(ii) For any λ ≥ 0, we have

σλ(T ) = σN (T ) + αµN (T ),(5.18)

= (1− α)σN (T ) + ασN+1(T ),(5.19)

where we have set N = [λ] and α = λ− [λ].

Proof. Let λ, µ ∈ [0,∞) and let α ∈ [0, 1]. For any (x, y) ∈ L1 × K be such
that x+ y = T we have

‖x‖1 + (αλ+ (1− α)µ)‖y‖ = α(‖x‖1 + λ‖y‖) + (1− α)(‖x‖1 + µ‖y‖)
≥ ασλ(T ) + (1− α)σµ(T ).

Thus,
σαλ+(1−α)µ(T ) ≥ ασλ(T ) + (1− α)σµ(T ),

which shows that the function λ→ σλ(T ) is concave.
Let λ ∈ [0,∞) and set N = [λ] and α = λ−N . As σN+1(T ) = σN (T )+µN (T ),

we have

(5.20) (1− α)σN (T ) + ασN+1(T ) = (1− α)σN (T ) + α(σN (T ) + µN (T ))

= σN (T ) + αµN (T ).

Notice also that λ = (1− α)N + α(N + 1). As the function λ→ σλ(T ) is concave,
it follows that

(5.21) σλ(T ) ≥ (1− α)σN (T ) + ασN+1(T ).

Let T = U |T | be the polar decomposition of T and let xN and yN be as
in (5.12), so that T = UxN + UyN and, as in (5.16) and (5.17), we have

‖UxN‖1 ≤ σN (T )−NµN (T ) and ‖UyN‖ ≤ µN (T ).

Then
σλ(T ) ≤ ‖UxN‖1 + λ‖yN‖ ≤ σN (T ) + (λ−N)µN (T ).

Combining this with (5.20) and (5.21) proves (5.18) and (5.19). The proof is com-
plete. �

Remark 5.3.4. The equality (5.18) can be rewritten as

σλ(T ) =

∫ λ

0

µ[u](T )du.

Thus, when T is positive, σλ(T ) can be seen as the cut-off by λ of the trace,

TraceT =

∫ ∞
0

µ[u](T )du.
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Remark 5.3.5. It follows from (5.19) that the function λ → σλ(T ) is affine
between σN (T ) and σN+1(T ), so this function agrees with the affine interpolation
of the σN (T )’s.

Remark 5.3.6. Since the σN ’s are norms on K, it follows from (5.19) that the
σλ’s too are norms. Thus, for any λ ≥ 0, we have

σλ(cT ) = |c|σλ(T ) ∀T ∈ K ∀c ∈ C,(5.22)

σλ(S + T ) ≤ σλ(S) + σλ(T ) ∀S, T ∈ K.(5.23)

Lemma 5.3.7. Let T1 and T2 be positive compact operators. Then

(5.24) σλ1+λ2
(T1 + T2) ≥ σλ1

(T1) + σλ2
(T2) ∀λj ≥ 0.

Proof. For j = 1, 2 let Nj ∈ N and let us show that

(5.25) σN1+N2(T1 + T2) ≥ σN1(T1) + σN2(T2).

For j = 1, 2 let Ej be a subspace of H of dimension Nj , and let E be a subspace of
dimension N1 +N1 containing E1 and E2. Let (ξn)n≥0 be an orthonormal basis of
H such that ξ0, . . . , ξN1−1 span E1 and ξ0, . . . , ξN−1 span E. Then

Trace(T1ΠE1
) =

∑
n≥0

〈ξn, T1ΠE1
ξn〉 =

∑
n<N1

〈ξn, T1ξn〉.

Similarly, we have

Trace(T1ΠE) =
∑
n<N

〈ξn, T1ξn〉.

As T1 is positive 〈ξn, T1ξn〉 ≥ 0 for all n ∈ N0, and hence

Trace(T1ΠE1
) ≤ Trace(T1ΠE).

Similarly Trace(T2ΠE2
) ≤ Trace(T2ΠE), and hence using (4.95) we get

Trace(T1ΠE1) + Trace(T2ΠE2) ≤ Trace ((T1 + T2)ΠE)) ≤ σN1+N2(T1 + T2).

Thanks to (4.95) taking the supremum of Trace(T1ΠE1
) + Trace(T2ΠE2

) over all
subspaces E1 of dimension N1 and all subspaces E2 of dimension N2 gives (5.25).

Now, for j = 1, 2 let λj be a non-negative real number and set Nj = [λj ] and
αj = λj − Nj . In addition, define λ = λ1 + λ2 and set N = [λ] and α = λ − N .
Notice that either N = N1 +N2 or N = N1 +N2 + 1.

Assume that N = N1 +N2. Then α = α1 + α2, and hence by (5.19) we have

(5.26) σλ(T1 + T2) = (1− α1 − α2)σN (T1 + T2) + (α1 + α2)σN+1(T1 + T2)

= (1− α1 − α2)σN1+N2
(T1 + T2) + (α1 + α2)σN1+N2+1(T1 + T2).

By (5.25) we have

σN1+N2
(T1 + T2) ≥ σN1

(T1) + σN2
(T2),(5.27)

σN1+N2+1(T1 + T2) ≥ σN1+1(T1) + σN2(T2),(5.28)

σN1+N2+1(T1 + T2) ≥ σN1
(T1) + σN2+1(T2).(5.29)
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Combining this with (5.19) and (5.26) we get

σλ(T1 + T2) ≥ (1− α1 − α2)(σN1(T1) + σN2(T2))

+ α1(σN1+1(T1) + σN2
(T2)) + α2(σN1

(T1) + σN2+1(T2)),

≥ (1− α1)σN1
(T1) + α1σN1+1(T1) + (1− α2)σN2

(T2) + α2σN2+1(T2)

≥ σλ1(T1) + σλ2(T2).(5.30)

Suppose now that N = N1 +N2 + 1. Then α = α1 + α2 − 1, and hence (5.19)
gives

σλ(T1 + T2) = (2− α1 − α2)σN+1(T1 + T2) + (α1 + α2 − 1)σN+2(T1 + T2)

= [(1− α1) + (1− α2)]σN1+N2+1(T1 + T2) + (α1 + α2 − 1)σN1+1+N2+1(T1 + T2).

By (5.25) we have

σN1+1+N2+1(T1 + T2) ≥ σN1+1(T1) + σN2+1(T2),

Combining this with (5.19) and (5.27)–(5.29) we get

σλ(T1 + T2) ≥(1− α1)(σN1
(T1) + σN2+1(T2)) + (1− α2)(σN1+1(T1) + σN2

(T2))

+ (α1 + α2 − 1)(σN1+1(T1) + σN2+1(T2)),

≥(1− α1)σN1
(T1) + α1σN1+1(T1) + (1− α2)σN2

(T2) + α2σN2+1(T2),

≥σλ1
(T1) + σλ2

(T2).

The proof is complete. �

In the sequel we denote by L(1,∞)
+ the cone of positive operators of L(1,∞).

Let T ∈ L(1,∞)
+ . For λ ≥ e we define

(5.31) τλ(T ) :=
1

log λ

∫ λ

e

σu(T )

log u

du

u
.

In other words, the function λ → τλ(T ) is the Cesāro mean of σλ(T )
log λ with respect

to the Haar measure du
u of the multiplicative group R∗+.

Lemma 5.3.8. We have

σλ(T ) ≤ 2‖T‖(1,∞) log λ ∀λ ≥ 2.(5.32)

0 ≤ τλ(T ) ≤ 2‖T‖(1,∞) ∀λ ≥ e.(5.33)

Proof. Let λ ∈ [2,∞) and set N = [λ]. Then

σλ(T )

log λ
≤ σN+1

logN
≤ log(N + 1)

logN
.
σN+1(T )

log(N + 1)
≤ 2‖T‖(1,∞)

where we have used the fact that supu≥2
log(u+1)

log u = log 2
log 3 ≤ 2. It follows from this,

that for all λ ≥ e, we have

τλ(T ) =
1

log λ

∫ λ

e

σu(T )

log u

du

u
≤ 1

log λ

∫ λ

e

2‖T‖(1,∞)
du

u
≤ 2‖T‖(1,∞).

The lemma is proved. �
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In particular, this lemma shows that the function λ → τλ(T ) is contained in
Cb[e,∞), the C∗-algebra of bounded continuous functions on the interval [e,∞).

The interest of considering the above Cesāro mean stems from the fact that,

while σλ(T )
log λ is not additive with respect to T , its Cesāro mean is asymptotically

additive as λ→∞. Namely, we have:

Lemma 5.3.9. Let T1 and T2 be in L(1,∞)
+ . Then, for all λ ≥ e,

|τλ(T1 + T2)− τλ(T1)− τλ(T2)| ≤ 2‖T1 + T2‖(1,∞)
(log(log λ) + 2)

log λ
.

Proof. First, it follows from (5.23) that

(5.34) τλ(T1 + T2) ≤ τλ(T1) + τλ(T2) ∀λ ≥ e.
It remains to find an upper bound for τλ(T1) + τλ(T2) − τλ(T1 + T2). By

Lemma 5.3.7 we have

σu(T1) + σu(T2) ≤ σ2u(T1 + T2) ∀u ≥ e.
Thus,

τλ(T1) + τλ(T2) ≤ 1

log λ

∫ λ

e

σ2u(T1 + T2)

log u

du

u
=

1

log λ

∫ 2λ

2e

σu(T1 + T2)

log(u2 )

du

u
.

Since τλ(T1 + T2) = 1
log λ

∫ λ
e
σu(T1+T2)

log u
du
u we deduce that

(5.35) (log λ){τλ(T1) + τλ(T2)− τλ(T1 + T2)}

≤
∫ 2λ

2e

σu(T1 + T2)

log(u2 )

du

u
−
∫ λ

e

σu(T1 + T2)

log u

du

u
= δ + δ′,

where we have let

δ =

∫ 2λ

2e

σu(T1 + T2)

(
1

log(u2 )
− 1

log u

)
du

u
,

δ′ =

∫ 2λ

2e

σu(T1 + T2)

log u

du

u
−
∫ λ

e

σu(T1 + T2)

log u

du

u
.

Notice that 1
log(u2 )−

1
log u = log 2

log u log u
2

. Since σu(T1+T2) ≤ 2‖T1+T2‖(1,∞) log u,

we then see that

(5.36) δ ≤ 2‖T1 + T2‖(1,∞) log 2

∫ 2λ

2e

1

log u
2

du

u
= 2‖T1 + T2‖(1,∞)(log 2) log(log λ).

In addition, we have

δ′ =

∫ e

2e

σu(T1 + T2)

log u

du

u
+

∫ 2λ

e

σu(T1 + T2)

log u

du

u
+

∫ e

λ

σu(T1 + T2)

log u

du

u

≤
∫ 2λ

λ

σu(T1 + T2)

log u

du

u
.

Since σu(T1 + T2) ≤ 2‖T1 + T2‖(1,∞) log u, it follows that

δ′ ≤ 2‖T1 + T2‖(1,∞)

∫ 2λ

λ

du

u
= ‖T1 + T2‖(1,∞)

∫ 2

1

du

u
= ‖T1 + T2‖(1,∞) log 2.

Combining this with (5.34), (5.35) and (5.36) proves the lemma. �
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Next, recall that C0[e,∞) is a closed two-sided ideal of Cb[e,∞). Therefore,
the quotient

Q = Cb[e,∞)/C0[e,∞).

is a (commutative) C∗-algebra with respect to the quotient norm,

‖[f ]‖Q = inf
g∈C0[e,∞)

‖f + g‖∞ ∀f ∈ Cb[e,∞),

where [f ] denotes the class of f in Q. Notice also that

(5.37) ‖[f ]‖Q ≤ ‖f‖ ∀f ∈ Cb[e,∞).

Notice also that Q is a commutative C∗-algebra.

We define a map τ : L(1,∞)
+ → Q by

τ(T ) = class of λ→ τλ(T ) in Q ∀T ∈ L(1,∞)
+ .

Lemma 5.3.10. The following hold.

τ(cT ) = cτ(T ) ∀T ∈ L(1,∞)
+ ∀c ≥ 0.(5.38)

τ(T1 + T2) = τ(T1) + τ(T2) ∀Tj ∈ L(1,∞)
+ .(5.39)

‖τ(T )‖ ≤ 2‖T‖(1,∞) ∀T ∈ L(1,∞)
+ ,(5.40)

τ(U∗TU) = τ(T ) ∀T ∈ L(1,∞)
+ ∀U ∈ L(H), U unitary.(5.41)

Proof. Let T1 and T2 be in L(1,∞)
+ . It follows from Lemma 5.3.9 that

τλ(T1 + T2) = τλ(T1) + τλ(T2) mod C0[e,∞),

and hence τ(T1 + T2) = τ(T1) + τ(T2).

Let T ∈ L(1,∞)
+ . Then by (5.33) and (5.37) we have

‖τ(T )‖Q ≤ sup
λ≥e

τλ(T ) ≤ 2‖T‖(1,∞).

In addition, for any c ∈ [0,∞), it follows from (5.22) and (5.31) that that τλ(cT ) =
cτλ(T ) for all λ ≥ e, and hence τ(cT ) = cτ(T ).

Let U ∈ L(H) be unitary. Then U∗TU ∈ L(1,∞)
+ and by (4.6) µn(U∗TU) =

µn(T ) for all n ∈ N0, and hence σN (U∗TU) = σN (T ) for all N ∈ N. Combining this
with (5.19) and (5.31) then shows that σλ(U∗TU) = σλ(T ) and τλ(U∗TU) = τλ(T )
for all λ ≥ e, and hence τ(U∗TU) = τ(T ). The proof is complete. �

In the sequel we say that x ∈ Q is positive if x = y∗y for some y ∈ Q. Thus
the condition (i) just says that a state on Q must take non-negative real values on
positive elements of Q.

It is not difficult to check that x ∈ Q if x = [f ] for some non-negative function

f ∈ Cb[0,∞). In particular, for any T ∈ L(1,∞)
+ the class τ(T ) is a positive element

of Q.
We shall also write x1 ≤ x2 to mean that x2 − x1 is positive. Notice that if

x ∈ Q is selfadjoint, then −‖x‖Q.1 ≤ x ≤ ‖x‖Q.1, for the functions ‖x‖Q ± t are
non-negative on Spx ⊂ [0, ‖x‖Q].

Definition 5.3.11. A state on Q is a linear map ω : Q → C such that

(i) ω is positive, i.e., ω(x) ≥ 0 if x is positive;
(ii) ω is normalized, i.e., ω(1) = 1.
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We denote by Ω(Q) the set of states on Q

Example 5.3.12. Any character χ : Q → C is a state on Q. Thus, there are
plenty of states on Q.

Lemma 5.3.13. Let ω be a state on Q. Then

(i) ω(x∗) = ω(x) for all x ∈ Q.
(ii) ω is a continuous linear form on Q. In fact,

(5.42) |ω(x)| ≤ ‖x‖Q ∀x ∈ Q.

Proof. Let x ∈ Q be selfadjoint. As above-mentioned ‖x‖Q.1±x are positive,
and hence using the positivity of ω and the fact that ω(1) = 1 we get

0 ≤ ω(‖x‖Q ± x) = ‖x‖Qω(1)± ω(x) = ‖x‖Q ± ω(x).

Thus,

(5.43) |ω(x)| ≤ ‖x‖Q ∀x ∈ Q, x selfadjoint.

Assume now that x is any element of Q and let us write x = x1 + ix2 with
x1 = x+x∗

2 and x2 = x−x∗
2i . Then

ω(x) = ω(x1) + iω(x2).

As x1 and x2 are selfadjoint, both ω(x1) and ω(x2) are real numbers, and hence

ω(x∗) = ω(x1 − ix2) = ω(x1)− iω(x2) = ω(x1) + iω(x2) = ω(x).

In particular,

(5.44) <(ω(x)) = ω(x1) = ω

(
x+ x∗

2

)
.

It remains to show that |ω(x)| ≤ ‖x‖Q. Since this inequality is obvious when

ω(x) = 0, we may assume ω(x) 6= 0. Set α = ω(x)
|ω(x)| . Then ω(αx) = αω(x) = |ω(x)|,

and hence using (5.44) we get

|ω(x)| = <(ω(αx)) = ω

(
(αx) + (αx)∗

2

)
.

Since 1
2 ((αx) + (αx)∗) is selfadjoint, using (5.43) we obtain

|ω(x)| ≤
∥∥∥∥ (αx) + (αx)∗

2

∥∥∥∥
Q
≤ 1

2
(‖αx‖Q + ‖αx∗‖Q) = ‖x‖Q,

completing the proof.
�

The states on Q should be thought of as generalizations of the limit at ∞ of a
function on [e,∞), very much in the same way Banach limits are generalizations of
the limit of sequence. More precisely, we have

Proposition 5.3.14.

(1) Ω(Q) separates the points of Q.
(2) Let f ∈ Cb[e,∞). Then

lim
λ→∞

f(λ) = L⇐⇒ ω([f ]) = L ∀ω ∈ Ω(Q).
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Proof. Let x ∈ Q \ 0. Denote by SpQ the spectrum of Q, i.e., the set of
characters on Q endowed with the weak topology of Q∗. Since Q is a commutative
C∗-algebra, the injectivity of the Gel’fand transform GQ : Q → C(SpQ), implies
that there exists χ ∈ SpQ such that χ(x) 6= 0. Since χ is a state, this shows that
Ω(Q) separates the points of Q.

Let f ∈ Cb[e,∞). Then

lim
λ→∞

f(λ) = L⇐⇒ f = L mod C0[e,∞)⇐⇒ [f ] = L in Q.

Since Ω(Q) separates the point of Q and ω(L) = Lω(1) = L, it follows that

lim
λ→∞

f(λ) = L⇐⇒ ω([f ]) = ω(L) ∀ω ∈ Ω(Q)⇐⇒ ω([f ]) = L ∀ω ∈ Ω(Q),

completing the proof. �

Let ω be a state on Q. We define a functional Trω : L(1,∞)
+ → [0,∞) by letting

Trω T := ω(τ(T )) ∀T ∈ L(1,∞)
+ .

Notice that as ω is linear and τ
We shall now extend Trω into a linear form on L(1,∞). To this end we recall

the following result, a proof of which can be found in Chapter 4.

Lemma 5.3.15. Let I be a two-sided ideal of L(H). Then

(i) For any T ∈ L(H), we have

(5.45) T ∈ I =⇒ |T | ∈ I −→ T ∗ ∈ I.

(ii) Any T ∈ I can be written in the form,

(5.46) T = (T1 − T2) + i(T3 − T4) with Tj ∈ I ∩ L(H)+.

Proposition 5.3.16. The functional Trω uniquely extends to a linear form

Trω : L(1,∞) −→ C.

Proof. Thanks to (5.39) and the linearity of ω we have

(5.47) Trω(T1 + T2) = Trω T1 + Trω T2 ∀Tj ∈ L(1,∞)
+ .

Let T ∈ L(1,∞). Thanks to (5.46) we can write T = T1 − T2 + i(T3 − T4) with

Tj ∈ L(1,∞)
+ . Let T = T ′1 − T ′2 + i(T ′3 − T ′4) be another such decomposition with

T ′j ∈ L
(1,∞)
+ . Observe that

1

2
(T + T ∗) = T1 − T2 = T ′1 − T ′2 and

1

2i
(T + T ∗) = T3 − T4 = T ′3 − T ′4,

and hence T1 +T ′2 = T ′1 +T2 and T3 +T ′4 = T ′3 +T4. Therefore, using (5.47) we get

Trω(T1) + Trω(T ′2) = Trω(T ′1) + Trω(T ′2),

Trω(T3) + Trω(T ′4) = Trω(T ′3) + Trω(T ′4).

Thus,

Trω(T1)− Trω(T2) + i(Trω(T3)− Trω(T4))

= Trω(T ′1)− Trω(T ′2) + i(Trω(T ′3)− Trω(T ′4)).
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This shows that the value of the right-hand side above is the same for any decom-

position T = T1 − T2 + i(T3 − T4) with Tj ∈ L(1,∞)
+ , and hence depends only on T .

We then define

(5.48) Trω(T ) := Trω(T1)− Trω(T2) + i(Trω(T3)− Trω(T4)),

where the Tj ’s are any operators in L(1,∞)
+ such that T = T1 − T2 + i(T3 − T4).

Let S ∈ L(1,∞) and let us write S = S1 − S2 + i(S3 − S4) with Sj ∈ L(1,∞)
+ .

Then S + T = (S1 + T1) − (S2 + T2) + i ((S3 + T3)− (S4 + T4)). Observe that
each operator Sj + Tj is in L(1,∞) and is positive by Corollary 3.1.3. Therefore,
using (5.48) and (5.47) we get

(5.49)

Trω(S + T ) = Trω(S1 + T1)− Trω(S2 + T2) + i(Trω(S3 + T3)− Trω(S4 + T4))

= Trω(S1)−Trω(S2)+i(Trω(S3)−Trω(S4))+Trω(T1)−Trω(T2)+i(Trω(T3)−Trω(T4))

= Trω S + Trω T,

showing that Trω is additive on L(1,∞).
Next, combining (5.38) with the linearity of ω we get

(5.50) Trω(λT ) = λTrω T ∀T ∈ L(1,∞)
+ ∀λ ≥ 0.

Let T ∈ L(1,∞) and let us write T = T1 − T2 + i(T3 − T4) with Tj ∈ L(1,∞)
+ . Let λ

be a non-negative real number. Then λT = λT1 − λT2 + i(λT3 − λT4). Since each
operator λTj is positive, using (5.48) and (5.50) we get

(5.51) Trω(λT ) = Trω(λT1)− Trω(λT2) + i(Trω(λT3)− Trω(λT4))

= λ (Trω(T1)− Trω(T2) + i(Trω(T3)− Trω(T4))) = λTrω(T ).

Notice also that −T = (T2 − T1) + i(T4 − T3) and iT = (T4 − T3) + i(T1 − T2), and
hence from (5.48) we get

Trω(−T ) = Trω(T2)− Trω(T1) + i(Trω(T4)− Trω(T3)) = −Trω(T ),

Trω(iT ) = Trω(T4)− Trω(T3) + i(Trω(T1)− Trω(T2)) = iTrω(T ).

Let λ ∈ C and let us write λ = λ1 − λ2 + i(λ3 − λ4) with λj ≥ 0. Then combining
the additivity of Trω with (5.51)–(5.3) gives

Trω(λT ) = Trω (λ1T + (−λ2T ) + (iλ3T ) + (−iλ4T ))

= Trω(λ1T ) + Trω(−λ2T ) + Trω(iλ3T ) + Trω(−λ4T )

= (λ1 − λ2 + iλ3 − iλ4) Trω T = λTrω T.

Together with (5.49) this shows that Trω is a linear map.

Finally, since (5.46) shows that L(1,∞)
+ spans L(1,∞), any linear map that agrees

with Trω on L(1,∞)
+ must agree with Trω on all L(1,∞). Thus Trω, as defined

in (5.48), is the unique linear extension to L(1,∞) of Tr
ω|L(1,∞)

+
= ω ◦ τ . The proof

is complete. �

Proposition 5.3.17. The following hold.

(i) Trω is a continuous linear form on L(1,∞). In fact,

|Trω T | ≤ 2‖T‖(1,∞) ∀T ∈ L(1,∞).
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(ii) Trω is positive, i.e., Trω T ≥ 0 for all T ∈ L(1,∞)
+ .

(iii) Trω T
∗ = Trω T for all T ∈ L(1,∞).

(iii) Trω is a trace, that is,

Trω(TA) = Trω(AT ) ∀T ∈ L(1,∞) ∀A ∈ L(H).

Proof. Let T ∈ L(1,∞)
+ . Then τ(T ) is a positive element of Q. As ω is a state,

and hence is a positive linear form, it follows that Trω(T ) = ω(τ(T )) ≥ 0. Thus
Trω is positive. In addition, combining (5.40) and (5.42) gives

(5.52) |Trω(T )| = ω(τ(T )) ≤ ‖τ(T )‖Q ≤ 2‖T‖(1,∞).

Let T ∈ L(1,∞) be selfadjoint. Using (5.45) we see that |T | ± T is an element

of L(1,∞)
+ . Thus,

0 ≤ Trω(|T | ± T ) = Trω |T | ± Trω T.

Therefore, using (5.52) we get

|Trω T | ≤ Trω |T | ≤ 2‖|T |‖(1,∞) = 2‖T‖(1,∞).

Granted this, we then can argue as in the proof of Lemma 5.3.13 to show that, for
all T ∈ L(1,∞), we have

Trω T
∗ = Trω T and |Trω T | ≤ ‖T‖(1,∞).

Next, let U ∈ L(H) be unitary. Using (5.41) we see that, for any T ∈ L(1,∞)
+ ,

Trω(U∗TU) = ω(τ(U∗TU)) = ω(τ(T )) = Trω(T ).

Thus T → Trω(U∗T ) is a linear form on L(1,∞) that agrees with Trω on L(1,∞)
+ ,

and so by Proposition 5.3.16 it agrees with Trω on all L(1,∞). Thus,

Trω(U∗TU) = Trω(T ) ∀T ∈ L(1,∞).

Upon changing T by UT this shows that

Trω(TU) = Trω(UT ) ∀T ∈ L(1,∞).

Since by Lemma 4.2.10 the unitary operators span L(H), it follows that

Trω(TA) = Trω(AT ) ∀T ∈ L(1,∞) ∀A ∈ L(H),

that is, Trω is a trace. The proof is complete. �

Definition 5.3.18. The functional Trω from Proposition 5.3.16 is called the
Dixmier trace associated to ω.

In the sequel we let H′ be a separable Hilbert space.

Lemma 5.3.19. Let Φ be a continuous ∗-homomorphism from L(H) to L(H′)
satisfying (5.8). Then

Trω,H′(Φ(T )) = Trω,H(T ) ∀T ∈ L(1,∞)(H).

Proof. We know by Lemma 5.2.6 that φ induces an isometric linear map from
L(1,∞)(H) to L(1,∞)(H′). Moreover, as by assumption Φ is a homomorphism of C∗-
algebras, it maps L(H)+ to L(H′)+. Thus Φ maps L(1,∞)(H)+ to L(1,∞)(H′)+.

Let T ∈ L(1,∞)(H′)+. As shown in proof of Lemma 5.2.6, the property (5.8)
implies that σu(Φ(T )) = σu(T ) for all u ≥ e. Incidentally, τλ(Φ(T )) = τλ(T ) for all
λ ≥ e, and hence τ(Φ(T )) = τ(T ), which immediately implies that Trω,H′(Φ(T )) =
Trω,H(T ).
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It follows from all this that Trω,H′ ◦Φ is a well-defined linear map on L(1,∞)

which agrees with Trω,H on L(1,∞)(H)+, and so it follows from Proposition 5.3.16

that Trω,H′ ◦Φ and Trω,H agree on all L(1,∞)(H), proving the lemma. �

Proposition 5.3.20. Let S : H′ → H be a continuous linear isomorphism from
H′ onto H. Then

Trω,H′(S
−1TS) = Trω,H T ∀T ∈ L(1,∞)(H).

Proof. Recall that by Proposition 5.2.7 the conjugation by S gives rise to a
continuous isomorphism from L(1,∞)(H) onto L(1,∞)(H′). In addition, set |S| =

(S∗S)
1
2 and U = S|S|−1. As shown in the proof of Proposition 5.2.7 |S| is an

invertible element of L(H′) and U is a unitary element of L(H′,H).
Notice that, as Trω,H′ is a trace on L(1,∞)(H′), for any T ∈ L(1,∞)(H′), we

have

(5.53) Trω(|S|−1T |S|) = Trω(T |S|S−1) = Trω(T ).

Furthermore, as U is unitary, Remark 4.1.4 tells us that the conjugation by U
satisfies (5.8), and hence by Lemma 5.3.19 we have

(5.54) Trω,H′(U
∗TU) = Trω,H(T ) ∀T ∈ L(1,∞)(H).

Since S = U |S|, combining (5.53) and (5.54) we see that, for all T ∈ L(1,∞)(H),

Trω,H′(S
−1TS) = Trω,H′

(
|S|−1(U∗TU)|S|

)
= Trω,H′ U

∗T |U) = Trω,H(T ),

proving the proposition. �

In particular, if we let H′ be the hilbert space with same underlying vector
space as H and equipped with an equivalent inner product, and we let S be the
identity map, then we obtain

Corollary 5.3.21. The Dixmier trace Trω does not depend on the choice of
the inner product of H.

Definition 5.3.22. An operator T ∈ L(1,∞) is said to be measurable if the
value of Trω T is independent of the choice of the state ω.

We denote byM the subspace of L(1,∞) consisting of all measurable operators.

Definition 5.3.23. The Dixmier trace of T ∈M, denoted −
∫
T , is defined by

−
∫
T := Trω T, ω any state on Q.

We shall refer to the functional −
∫

: T → −
∫
T as the Dixmier trace on M.

Proposition 5.3.24. The following hold.

(1) M is a closed subspace of L(1,∞) on which the Dixmier trace −
∫

is a con-
tinuous linear form.

(2) Let H′ be a (separable) Hilbert space and let Φ be a continuous ∗-homomorphism
from L(H) to L(H′) satisfying (5.8). Then Φ(M(H)) ⊂M(H′) and

−
∫
H′

Φ(T ) = −
∫
H
T ∀T ∈ L(1,∞)(H).
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(3) Let S : H → H′ be a continuous linear isomorphism from H onto a Hilbert
space H′. Then M(H′) = S−1M(H)S and

−
∫
H′
S−1TS = −

∫
H
T ∀T ∈ L(1,∞)(H).

(4) M and −
∫

don’t depend on the choice of the inner product on H.

Proof. By definition

M =
⋂

ω,ω′∈Ω(Q)

{T ∈ L(1,∞); Trω(T ) = Trω′ T}.

Since each Dixmier trace Trω is a continuous linear form on L(1,∞) it follows that
M is a closed subspace of M. In addition, since −

∫
agrees on M with any Dixmier

trace, it follows from Proposition 5.3.17 that −
∫

is a continuous linear form on M.
This proves the first part of the proposition. The other parts immediately follow
from Lemma 5.3.19 and Proposition 5.3.20. �

Proposition 5.3.25. The following hold.

(1) For any T ∈ L(1,∞)
+ ,(

T ∈M and −
∫
T = L

)
⇐⇒ lim

λ→∞
τλ(T ) = L.

(2) For any T ∈ K positive,

lim
N→∞

1

logN

∑
n<N

µn(T ) = L =⇒
(
T ∈M and −

∫
T = L

)
.

Proof. Let T ∈ L(1,∞)
+ . Then it follows from Proposition 5.3.14 that

lim
λ→∞

τλ(T ) = L⇔
(
ω(τ(T )) = L ∀ω ∈ Ω(Q)

)
⇔
(
T ∈M and −

∫
T = L

)
.

Next, let T be a positive compact operator such that

lim
N→∞

1

logN
σN (T ) = L.

Then σN (T ) = O(logN), i.e., T is contained in L(1,∞).
Let λ ∈ [e,∞) and set N = [λ]. Then we have

σλ(T )

log λ
≤ σN+1(T )

logN
=

log(N + 1)

logN
.
σN+1(T )

log(N + 1)
,

σλ(T )

log λ
≥ σN (T )

log(N + 1)
=

logN

log(N + 1)
.
σN (T )

logN
.

Since log(N+1)
logN and logN

log(N+1) both converge to 1 as N →∞, it follows that

lim
λ→∞

σu(T )

log u
−→ L as λ→∞.

If L 6= 0, then as λ→∞ we have σλ(T )
log λ

1
λ ∼

L
λ , and hence∫ λ

e

σu(T )

log u

du

u
∼ L

∫ λ

e

du

u
∼ L log λ.

18



If L = 0, then σλ(T )
log λ

1
λ = o( 1

λ ), and hence∫ λ

e

σu(T )

log u

du

u
= o

(∫ λ

e

du

u

)
= o(log λ).

In both cases, we deduce that

τλ(T ) =
1

log λ

∫ λ

e

σu(T )

log u

du

u
−→ L as λ→∞.

It then follows from the first part of the proposition that T is measurable and
−
∫
T = L. The proof is complete. �

Proposition 5.3.26. The following types of operators are measurable and have
a vanishing Dixmier trace:

(i) Any operator in L(1,∞)
0 .

(ii) Any trace-class operator.
(iii) Any infinitesimal operator of order > 1.

Proof. Since L(1,∞)
0 contains L1 and the infinitesimal operators of order > 1,

(ii) and (iii) follows from (i). Therefore, we only have to prove that if T ∈ L(1,∞)
0

then T is measurable and its Dixmier trace is zero.
Since L(1,∞)

0 is a two-sided ideal (cf. Remark 5.2.2), Lemma 5.3.15 allows

us to write T as T = T1 − T2 + i(T3 − T4) with Tj ∈ L(1,∞)
0 ∩ L(H)+. Since

σN (Tj) = o(logN), it follows from Proposition 5.3.25 that Tj is measurable and
have a vanishing Dixmier trace. By linearity the same is true for T . The proof is
complete. �

Next, we shall make use of the following Tauberian theorem to obtain a mea-
surability criterion.

Lemma 5.3.27 (See [GVF, Lemmas 7.19–7.20]). Let (λn)n≥0 be a nonincreas-
ing sequence of positive real numbers such that

(i)
∑
n≥0 λ

s
n <∞ for all s > 1.

(ii) lims→1+(s− 1)
∑
n≥0 λ

s
n = 1.

Then

lim
N→∞

1

logN

∑
n<N

λn = 1.

Proposition 5.3.28. Let T ∈ K be positive and assume there exists p > 0 such
that the following holds

(i) T s is trace-class for all s > p.
(ii) lims→p+(s− p) TraceT s = L 6= 0.

Then T p is measurable and

−
∫
T p =

L

p
.

Proof. For n ∈ N0 set λn = pL−1µn(T p). If s > 0, then by Proposition 4.1.8
we have µn(T p) = µn(T ps) for all n ∈ N0, and hence∑

n≥0

λsn =
∑
n≥0

(pL−1)sµn(T p)s = (pL−1)s
∑
n≥0

µn(T ps) = (pL−1)s TraceT ps.

Therefore, we see that
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- The series
∑
n≥0 λ

s
n is convergent for all s > 1.

- As s→ 1+ we have∑
n≥0

λsn = (pL−1)s TraceT ps = (pL−1)(sp− p)−1L+ o(1) = (s− 1) + o(1).

We then can apply Lemma 5.3.27 to deduce that limN→∞
1

logN

∑
n<N λn = 1.

Since µn(T p) = Lp−1λn this gives

(5.55) lim
N→∞

1

logN

∑
n<N

µn(T p) =
L

p
.

It then follows from Proposition 5.3.25 that T p is measurable and −
∫
T p = L

p , proving

the proposition. �

Example 5.3.29. Let ∆ = −(∂2
x1

+ . . . + ∂2
xn) be the (positive) Laplacian on

the n-dimensional torus Tn = Rn/(2πZ)n. For k ∈ Zn set ek = (2π)−
n
2 eik.x. Then

(ek)k∈Zn is an orthonormal basis of L2(Tn). Furthermore,

∆ek = |k|2ek ∀k ∈ Zn.

Thus (|k|2)k∈Zn is the family of eigenvalues of ∆ counted with multiplicity. We
order it in a non-decreasing sequence (λj)j≥0, i.e., λj is the (j+ 1)’th eigenvalue of
∆ counted with multiplicity. (In fact, as 0 is an eigenvalue with multiplicity 1, if
j ≥ 1 then λj is the j’th nonzero eigenvalue counted with multiplicity.)

Lemma 5.3.30 (Weyl Asymptotic). As j →∞ we have

(5.56) λj '
(
j

c

) 2
n

, c :=
π
n
2

Γ(n2 + 1)
.

Proof. For λ > 0 define

N1(λ) = #{j ∈ N0; λj < λ} and N2(λ) = #{j ∈ N0; λj < λ}.

Observe that

N1(λ) = #{k ∈ Zn; |k|2 < λ} = 2n#{k ∈ Nn0 ; |k| <
√
λ},(5.57)

N2(λ) = #{k ∈ Zn; |k|2 ≤ λ} = 2n#{k ∈ Nn0 ; |k| ≤
√
λ}.(5.58)

In addition, for any j ∈ N, we have

(5.59) N1(λj) ≤ j ≤ N2(λj).

For r > 0 we denote by B(0, r) the (open) ball of radius r about the origin
in Rn and we set B+(0, r) = B(0, r)

⋂
[0,∞)n. For k = (k1, . . . , kn) in Nn0 we set

Ik := [k1, k1 + 1) × . . . × [kn, kn + 1). In addition, for any Borel set A we shall
denote by |A| its Lebesgue measure. For instance |Ik| = 1 and |B(0, r)| = 2−ncrn,

with c = |B(0, 1)| = π
n
2

Γ(n2 +1) .

If x ∈ Ik, then |k| ≤ |x| < |k|+
√
n. Therefore, for any λ > 0, we have

B+(0,
√
λ) ⊂

⋃
|k|<
√
λ

Ik and
⋃
|k|≤
√
λ

Ik ⊂ B+(0,
√
λ+
√
n).
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Thus,

|B+(0,
√
λ)| ≤

∣∣∣∣ ⋃
|k|<
√
λ

Ik

∣∣∣∣ = #{k ∈ Nn0 ; |k| <
√
λ},

|B+(0,
√
λ+
√
n)| ≥

∣∣∣∣ ⋃
|k|≤
√
λ

Ik

∣∣∣∣ = #{k ∈ Nn0 ; |k| ≤
√
λ}.

Since |B+(0, r)| = 2−n|B(0, r)| = 2−ncrn, using (5.57)–(5.58) we deduce that

cλ
n
2 ≤ N1(λ) and N2(λ) ≤ cλn2

(
1 +

√
n√
λ

)n
.

Combining this with (5.59) shows that, for any j ∈ N, we have

cλ
n
2
j ≤ N1(λj) ≤ j ≤ N2(λj) ≤ cλ

n
2
j

(
1 +

√
n√
λj

)n
.

Thus,

(5.60)

(
1 +

√
n√
λj

)− 1
2

≤ λj(cj−1)
2
n ≤ 1.

As the sequence (λ)j≥0 is non-decreasing and unbounded it converges to ∞ and

(1 +
√
n√
λj

)−
1
2 converges to 1 as j →∞. Combining this with (5.60) shows that

λj(cj
−1)

2
n −→ 1 as j →∞,

proving the claim. �

Next, the operator ∆−
n
2 as the bounded operator on L2(Tn) such that

∆−se0 = 0 and ∆−sek = |k|−nek ∀k ∈ Zn \ 0.

Therefore, using Proposition 3.4.2 (iv) we see that ∆−
n
2 is a positive compact

operator. Moreover, as the definition of ∆−
n
2 implies that ((λj)

−n2 )j≥1 is the
non-increasing sequence of its eigenvalues with multiplicity, the min-max principle
insures us that, for all j ∈ N0,

µj(∆
−n2 ) = (j + 1)’th eigenvalue of ∆−

n
2 counted with multiplicity = (λj+1)−

n
2 .

Combining this with (5.56) shows that µj(∆
−n2 ) ' c

j as j →∞. Thus,

lim
N→∞

1

logN

∑
j<N

µj(∆
−n2 ) = c.

We then may use Proposition 5.3.25 to deduce that ∆−
n
2 is measurable and

−
∫

∆−
n
2 = c =

π
n
2

Γ(n2 + 1)
.

Example 5.3.31. Let us present an example of an operator in L(1,∞) which is
not measurable. To this end, let σ be the function on (1,∞) defined by

σ(t) = log t {4 + cos (log(log t))− sin (log(log t))} .
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Notice that σ is a smooth function and

σ′(t) =
2

t
{2− sin (log(log t))}

σ′′(t) =
−2

t2
{

2− sin (log(log t))− (log t)−1 cos (log(log t))
}
.

Using (5.3.31) we see that σ(t) is increasing on (1,∞) and

(5.61) |σ′(t)| ≤ 6

t
∀t ≥ 1.

Thus,

(5.62) |σ(n+ 1)− σ(n)| ≤ 6

n
∀n ∈ N.

In addition, using (5.3.31) we can check that σ(t) is concave on (e,∞) and hence,
for any integer n ≥ 3, we have

1

2
(σ(n+ 2) + σ(n)) ≤ σ(n+ 1)

that is,

(5.63) σ(n+ 2)− σ(n+ 1) ≤ σ(n+ 1)− σ(n).

Let (ξn)n≥0 be an orthonormal basis of H and let T ∈ L(H) be defined by

(5.64) Tξn =

{
(σ(4)− σ(3))ξn for n = 0, 1, 2,
(σ(n+ 1)− σ(n))ξn for n ≥ 3.

The operator T is positive and using Proposition 3.4.2-(iv) and (5.62) we see that
T is a compact operator. Furthermore, by (5.63) the sequence (σ(n+1)−σ(n))n≥3

is decreasing, and so using (5.64) and the min-max principle we deduce that
(5.65)
µ0(T ) = µ1(T ) = µ2(T ) = σ(4)− σ(3) and µn(T ) = σ(n+ 1)− σ(n) for n ≥ 3.

Combining this with (5.62) we see that that µn(T ) = O( 1
n ), and hence T is an

element of L(1,∞).
Let N be an integer ≥ 4. Then (5.65) immediately implies that

σN (T ) =
∑
n<N

µn(T ) = σ(N) + a, a := 3σ(4)− 4σ(3).

Let u ∈ [4,∞) and set N = [u] and α = u−N . Then combining (5.19) and (5.3.31)
we get

σu(T ) = ασN+1(T ) + (1− α)σN (T ) = ασ(N + 1) + (1− α)σ(N) + a,

and hence

|σu(T )− σ(u)− a| ≤ α|σ(N + 1)− σ(u)|+ (1− α)|σ(N)− σ(u)|.
Thanks to (5.61) we have

|σ(N + 1)− σ(u)| ≤ 6

u
,

|σ(N)− σ(u)| ≤ 6

N
≤ N + 1

N

6

N + 1
≤ 5

4

6

u
=

15

2u
,

where we have used the fact that t+1
t ≤

5
4 for all t ≥ 4. Thus,

|σu(T )− σ(u)− a| ≤ 15

2u
∀u ≥ 4,
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and hence
σu(T ) = σ(u) + O(1) as u→∞.

It follows from this that, as λ→∞, we have

τλ(T ) =
1

log λ

∫ λ

e

σu(T )

log u

du

u
=

1

log λ

∫ λ

e

σ(u)

log u

du

u
+ O

(
1

log λ

∫ λ

e

du

u log u

)
.

Since
∫ λ
e

du
u log u =

∫ log λ

1
dv
v = log log λ = o(log λ), we see that

(5.66) τλ(T ) =
1

log λ

∫ λ

e

σ(u)

log u

du

u
+ o(1).

Next, we have∫ λ

e

σ(u)

log u

du

u
=

∫ log λ

1

σ(eu)

u
du =

∫ log λ

1

(4 + cos(log u)− sin(log u)) du.

Observing that d
du [u (4 + cos(log u))] = (4 + cos(log u)− sin(log u)), we get∫ λ

e

σ(u)

log u

du

u
= log λ {4 + cos (log(log λ))} − 4.

Combining this with (5.66) we then obtain

τλ(T ) = 4 + cos (log(log λ)) + o(1) as λ→∞.
Therefore τλ(T ) does not have a limit as λ → ∞. It then follows from Proposi-
tion 5.3.25 that T is an element of L(1,∞) which is not measurable.
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