
CHAPTER 4

Singular Values and Schatten Classes

In this chapter we present basic results on characterstic values and ideals of
compact operators. Part of the material of this chapter is succinctly presented
in [Co, pp. 439–443] and [GVF, 310–317]. A thorough account on ideals of compact
operators is given in the book of Gohberg-Krein [GK] (see also [Si]).

Throughout this chapter we let H be a separable Hilbert space.

4.1. Singular Values

Definition 4.1.1 (Singular Values). Let T ∈ L(H). For every n ∈ N0 the
(n+ 1)-th singular value of T is

µn(T ) := inf{‖T|E⊥‖; dimE = n}.

It immediately follows from this definition that, for any T ∈ L(H),

(4.1) µn(λT ) = |λ|µn(T ) ∀λ ∈ C ∀n ∈ N0.

In the sequel we denote by Rn the space of operators T ∈ L(H) of rank ≤ n.

Proposition 4.1.2. Let T ∈ L(H). Then

µn(T ) = dist(T,Rn) ∀n ∈ N0,(4.2)

µm(T ) ≤ µn(T ) ∀m,n ∈ N0, m ≥ n.(4.3)

Proof. Let n ∈ N0. By definition dist(T,Rn) = inf{‖T − R‖; R ∈ Rn}. Let
E be an n-dimensional subspace of H and denote by ΠE the orthogonal projection
onto E. Then rkTΠE ≤ rk ΠE = n, i.e., TΠE is contained in Rn. Thus,

dist(T,Rn) ≤ ‖T − TΠE‖ = ‖T (1−ΠE)‖ = ‖T|E⊥‖,

from which we deduce that dist(T,Rn) ≤ µn(T ).
Conversely, let R ∈ Rn. As rkR∗ = rkR ≤ n there exists an n-dimensional

subspace E of H containing imR∗, so that E⊥ is contained in (imR∗)⊥ = kerR.
Thus,

‖T −R‖ ≥ sup
ξ∈kerR
‖ξ‖=1

‖(T −R)ξ‖ = sup
ξ∈kerR
‖ξ‖=1

‖Tξ‖ ≥ sup
ξ∈E⊥
‖ξ‖=1

‖Tξ‖ = ‖T|E⊥‖ ≥ µn(T ).

This implies that dist(T,Rn) ≥ µn(T ), and hence µn(T ) = dist(T,Rn).
Next, let m ∈ N0, m ≥ n. Then Rm ⊃ Rn, and so dist(T,Rm) ≤ dist(T,Rn).

Since µm(T ) = dist(T,Rm) and µn(T ) = dist(T,Rn), the inequality (4.3) follows.
The proof is complete. �
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Proposition 4.1.3. Let T ∈ L(H) and let n ∈ N0. Then

µn(T ) = µn(T ∗) = µn(|T |),(4.4)

µn(ATB) ≤ ‖A‖µn(T )‖B‖ ∀A,B ∈ L(H),(4.5)

µn(U∗TU) = µn(T ) ∀U ∈ L(H), U unitary.(4.6)

Proof. Let A and B be in L(H), and let R ∈ Rn. Then ARB is contained in
Rn too, and hence

µn(ATB) = dist(ATB,Rn) ≤ ‖ATB−ARB‖ = ‖A(T −R)B‖ ≤ ‖A‖‖T −R‖‖B‖.

Thus µn(ATB) ≤ ‖A‖ dist(T,Rn)‖B‖ = ‖A‖µn(T )‖B‖, proving (4.5).
If U is unitary and we take A = U∗ and B = U in (4.5), then we get

µn(U∗TU) ≤ ‖U∗‖µn(T )‖U‖ = µn(T ).

The above inequalities for U∗TU and U∗ yield µn(T ) ≤ µn(U∗TU). Thus µn(U∗TU)
agrees with µn(T ), proving (4.6).

It remains to prove (4.4). Let T = U |T | be the polar decomposition of T . As
‖U‖ = 1 from (4.5) we get µn(T ) = µn(U |T |) ≤ ‖U‖µn(|T |) = µn(|T |). Since
|T | = U∗T we similarly have µn(|T |) ≤ µn(T ), and hence µn(T ) = µn(|T |).

Finally, as |T ∗| = U∗|T |U and |T | = U |T ∗|U∗, arguing as above shows that
µn(|T |) = µn(|T ∗|). Since µn(|T ∗|) = µn(T ∗) this implies that µn(|T |) = µn(T ∗),
completing the proof. �

Remark 4.1.4. Let H′ be a separable Hilbert space, let A ∈ L(H′,H) and let
B ∈ L(H,H′). Then by arguing as above we can show that, for any T ∈ L(H),

µn(ATB) ≤ ‖A‖L(H′,H)µn(T )‖B‖L(H,H′) ∀n ∈ N0.

In particular, if U ∈ L(H,H′) is unitary, then we can show that, for any T ∈ L(H),

µn(U∗TU) = µn(T ) ∀n ∈ N0.

Thus the singular values of T are invariant under the action of unitary isomor-
phisms.

Proposition 4.1.5. Let S, T ∈ L(H) and let m,n ∈ N0. Then

µm+n(S + T ) ≤ µm(S) + µn(T ),(4.7)

|µm(S)− µn(T )| ≤ ‖S − T‖,(4.8)

µm+n(ST ) ≤ µm(S)µn(T ).(4.9)

Proof. Let R ∈ Rm and let R′ ∈ Rn. Then R + R′ is contained in Rm+m,
and hence

µm+n(S + T ) = dist(S + T,Rm+n) ≤ ‖S + T − (R+R′)‖ ≤ ‖S −R‖+ ‖T −R‖.

Thus µm+n(S + T ) ≤ dist(S,Rm) + dist(T,Rn) = µm(S) + µn(T ), proving (4.7).
If in (4.7) we substitute S − T for S and we take m = 0, then we obtain

µn(S) ≤ µ0(S − T ) + µn(T ) = ‖S − T‖+ µn(T ),

that is, µn(S)− µn(T ) ≤ ‖S − T‖. Interchanging S and T yields

µn(T )− µn(S) ≤ ‖S − T‖,

so we see that |µm(S)− µn(T )| ≤ ‖S − T‖, i.e., (4.8) holds true.
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It remains to prove (4.9). To this end let R ∈ Rm and let R′ ∈ Rn. Then

(S −R)(T −R′) = ST −R′′, R′′ := SR′ +R(T −R′).
Observe that SR′ is contained in Rn and R(T − R′) is contained in Rm, so R′′ is
contained in Rm+n. Thus,

µn+m(ST ) ≤ ‖ST −R′′‖ = ‖(S −R)(T −R′)‖ ≤ ‖S −R‖‖T −R′‖.
From this we deduce that µm+n(ST ) ≤ dist(S,Rm) dist(T,Rn) = µm(S)µn(T ),
completing the proof. �

Proposition 4.1.6. Let T ∈ L(H). Then the following are equivalent:

(i) T is a compact operator.
(ii) T is the norm-limit of finite-rank operators.
(iii) µn(T )→ 0 as n→ 0.
(iv) For any ε > 0 there exists a finite-dimensional subspace E of H such that

‖T|E⊥‖ < ε.

Proof. The implication (i) ⇒ (iv) follows from Proposition 3.4.2 (iv)–(v).
Therefore, to show that the conditions (i)–(iv) are equivalent it is enough to prove
the implications (ii)⇒ (i), (iii)⇒ (ii), (iv)⇒ (iii).

• (ii)⇒ (i): As any finite rank operator is compact and K is closed, any norm-limit

of finite rank operators remains in K. Thus (ii) implies (i).

• (iii)⇒ (ii): Suppose that limn→∞ µn(T ) = 0. Let k ∈ N. Then there exists

nk ∈ N0 such that dist(T,Rnk) = µnk(T ) < k−1. Thus there exists Rk ∈ Rnk such
that ‖T − Rk‖ ≤ 2k−1. Then the sequence (Rk)k≥1 converges to T in norm, so T
is a norm-limit of finite rank operators. This proves that (iii) implies (ii).

• (iv)⇒ (iii): Assume that (iv) holds. Let ε > 0. Then there exists a finite-

dimensional subspace E ⊂ H such that ‖T|E⊥‖ < ε. Set n0 = dimE. Then we
have µn0

(T ) ≤ ‖T|E⊥‖ < ε. Since by (4.3) the sequence (µn(T ))n≥0 is decreasing,
we see that µn(T ) < ε for all n ≥ n0. This proves that µn(T )→ 0 as n→ 0. Thus
(iv) implies (iii). The proof is complete. �

Theorem 4.1.7 (Min-Max Principle). Let T ∈ K. Then, for all n ∈ N0,

(4.10) µn(T ) = (n+ 1)-th eigenvalue of |T | counted with multiplicity.

Proof. Since µn(T ) = µn(|T |) it enough to prove the result for |T |, which
allows us to assume T positive. For any k ∈ N0 let λk be the (k + 1)-th eigenvalue
of T counted with multiplicity and let (ξk)k≥0 be an orthonormal basis of H such
that Tξk = λkξk for all k ∈ N0.

For k ∈ N denote by Ek be the k-dimensional subspace of H spanned by the
vectors ξ0, . . . , ξk−1. Then by (3.18) we have

‖T|E⊥n ‖ = sup
k≥n

λk = λn.

Thus, by the very definition of µn(T ) we have

(4.11) µn(T ) ≤ ‖T|E⊥n ‖ = λn.

Conversely, let E be an n-dimensional subspace of H and denote by Π the
orthogonal projection onto E. Since Π|En+1

maps the (n + 1)-dimensional space
En+1 to the n-dimensional subspace E, it cannot be one-to-one. Therefore, there
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exists a unit vector ξ which is contained in En+1 and in ker Π = E⊥. In particular
ξ =

∑
k≤n αkξk with

∑
k≤n |αk|2 = 1. Thus,

‖T|E⊥‖2 ≥ ‖Tξ‖2 =

∥∥∥∥∑
k≤n

αkTξk

∥∥∥∥2

=

∥∥∥∥∑
k≤n

αkλkξk

∥∥∥∥2

=
∑
k≤n

|αk|2λ2
k.

Since λn ≤ λk for all k ≤ n, we deduce that

‖T|E⊥‖2 ≥ λn
∑
k≤n

|αk|2 = λn.

As the inequality ‖T|E⊥‖ ≥ λn is valid for any n-dimensional subspace of H, it
follows that µn(T ) ≥ λn. Together with (4.11) this shows that λn = µn(T ). The
proposition is thus proved. �

Let us now look at some interesting consequences of the min-max principle.
First, in the light of (4.10) the inequality (4.8 ) shows the continuity of the eigen-
values of positive compact operators.

Another interesting consequence is the following.

Proposition 4.1.8. Let T ∈ K have polar decomposition T = U |T | and let
(ξn)n≥0 be an orthonormal family such that |T |ξn = µn(T )ξn for all n ∈ N0.

(1) We have

T =
∑
n≥0

µn(T )(Uξn)⊗ ξ∗n,

where the series converges in norm.
(2) Let f be a non-negative non-decreasing function on [0,∞) which is con-

tinuous and vanishes at 0. Then

µn(f(|T |) = f(µn(T )) ∀n ∈ N0,(4.12)

f(|T |) =
∑
n≥0

f(µn(T ))ξn ⊗ ξ∗n,(4.13)

where the series converges in norm.

Proof. Let E be the closed subspace spanned by all the vectors ξn. Observe
that E contains all the eigenvectors of |T | associated to a non-zero eigenvalue.
Therefore, E contains (ker |T |)⊥, and hence E⊥ is contained in ker |T |. Thus if
we let (ηk)k∈I be an orthonormal basis of E⊥, then {ηk}k∈I ∪ {ξn}n∈N0

is an
orthonormal basis of H which respect to which |T | is diagonal, namely,

(4.14) |T |ηk = 0 ∀k ∈ I and |T |ξn = µn(T )ξn ∀n ∈ N0.

Then by 3.19 we have

(4.15) |T | =
∑
k∈I

0.ηk ⊗ η∗k +
∑
n≥0

µn(T )ξn ⊗ ξ∗n =
∑
n≥0

µn(T )ξn ⊗ ξ∗n,

where the series converge in norm. Since T = U |T | this gives

T = U
∑
n≥0

µn(T )ξn ⊗ ξ∗n =
∑
n≥0

µn(T )U

(
ξn ⊗ ξ∗n

)
=
∑
n≥0

µn(T )(Uξn)⊗ ξ∗n,

where the series converge in norm.
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Let f be a non-negative non-decreasing function on [0,∞) which is continuous
and vanishes at 0. Then using (4.14) and Proposition 3.4.8 we see that f(|T |) is
compact and we have

f(|T |) =
∑
k∈I

f(0)ηk ⊗ η∗k +
∑
n≥0

f(µn(T ))ξn ⊗ ξ∗n =
∑
n≥0

f(µn(T ))ξn ⊗ ξ∗n,

where the series converges in norm. Since f is nondecreasing it follows from this
that the (n+ 1)-th eigenvalue of f(|T |) is f(µn(T )). Therefore, using the min-max
principle we deduce that

µn(f(|T |) = f(µn(T )) ∀n ∈ N0,

which completes the proof. �

Example 4.1.9. Let p > 0 and let T ∈ K. Applying the above lemma to
f(t) = tp (with the convention that 0p = 0) shows that

µn(|T |p) = µn(T )p ∀n ∈ N0.

4.2. Trace-class operators

For all T ∈ L(H) we set

‖T‖1 :=
∑
n≥0

µn(T ).

We then define

(4.16) L1 := {T ∈ L(H); ‖T‖1 <∞}.

The elements of L1 are called trace-class operators.
Observe that if

∑
µn(T ) < ∞, then µn(T ) → 0 as n → ∞, and so using

Proposition 4.1.6 we see that T is a compact operator. Thus any trace-class operator
is compact. Moreover,

(4.17) ‖T‖ = µ0(T ) ≤ ‖T‖1 ∀T ∈ L(H).

Notice also that it follows from (4.1), (4.4) and (4.5) that

‖T‖1 = ‖T ∗‖1 = ‖|T |‖1 ∀T ∈ L(H),(4.18)

‖λT‖1 = |λ|‖T‖1 ∀T ∈ L(H) ∀λ ∈ C,(4.19)

‖ATB‖1 ≤ ‖A‖‖T‖1‖B‖ ∀A, T,B ∈ L(H).(4.20)

As an immediate consequence of (4.18) we see that, for all T ∈ L(H),

T ∈ L1 =⇒ T ∗ ∈ L1 =⇒ |T | ∈ L1.

In the sequel we denote by L(H)+ the cone of operators in L(H) that are
positive.

Lemma 4.2.1. Let T ∈ L(H)+ . Then, for any orthonormal basis (ξn)n≥0, we
have

(4.21) ‖T‖1 =
∑
n≥0

〈ξn, T ξn〉.
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Proof. Let us first assume that T is compact. By Theorem 3.4.7 and Theo-
rem 4.1.7 there exists an orthonormal basis (ηn)n≥0 such that Tηn = µn(T )ηn for
all n ∈ N0. Then

‖T‖1 =
∑
n≥0

µn(T ) =
∑
n≥0

〈ηn, Tηn〉 =
∑
n≥0

〈T 1
2 ηn, T

1
2 ηn〉 =

∑
n≥0

‖T 1
2 ηn‖2.

Since (ξn)≥0 is an orthonormal basis, we also have∑
n≥0

‖T 1
2 ηn‖2 =

∑
n≥0

(∑
k≥0

|〈ξk, T
1
2 ηn〉|2

)
=
∑
k≥0

(∑
n≥0

|〈T 1
2 ξk, ηn〉|2

)
=
∑
k≥0

‖T 1
2 ξn‖2 =

∑
k≥0

〈ξk, T ξk〉,

proving the lemma when T is compact.
Suppose now that T is not compact. Then T is not trace-class, and hence

‖T‖1 =∞. For N ∈ N denote by EN the span of ξ0, . . . , ξN−1. Moreover, since T is

positive we have T = (T
1
2 )(T

1
2 ), and so as K is a two-sided ideal T

1
2 cannot be com-

pact. It then follows from Proposition 3.4.2-(v) that the sequence (‖(T 1
2 )|E⊥N ‖)N≥1

does not converge to 0. Since it is a non-increasing sequence of non-negative num-
bers this means there is c > 0 such that ‖(T 1

2 )|E⊥N ‖ > c for all N ∈ N.

Let N ∈ N and let ξ ∈ E⊥N be such that ‖ξ‖ = 1 and ‖T 1
2 ξ‖ > c. Notice that

‖T 1
2 ξ‖ =

∥∥∥∥∑
n≥N

〈ξn, ξ〉T
1
2 ξn

∥∥∥∥ ≤ ∑
n≥N

|〈ξn, ξ〉|‖T
1
2 ξn‖ ≤

(∑
n≥N

|〈ξn, ξ〉|2
) 1

2
(∑
n≥N

‖T 1
2 ξn‖2

) 1
2

.

Since
∑
n≥N |〈ξn, ξ〉|2 = ‖ξ‖2 = 1 and ‖T 1

2 ξn‖2 = 〈T 1
2 ξn, T

1
2 ξn〉 = 〈ξn, T ξn〉, it

follows that

c2 < ‖Tξ‖2 ≤
∑
n≥N

〈ξn, T ξn〉 ∀N ∈ N.

Therefore, the series
∑
n≥0〈ξn, T ξn〉 diverges, i.e.,

∑
n≥0〈ξn, T ξn〉 = ∞ = ‖T‖1.

The proof is complete. �

Definition 4.2.2. Let T ∈ L(H)+. Then the trace of T is defined to be

(4.22) TraceT :=
∑
n≥0

〈ξn, T ξn〉,

where (ξn)n≥0 is any orthonormal basis.

Using (4.4) we see that, for all T ∈ L(H),

‖T‖1 = ‖|T |‖1 = Trace |T |.

In particular,

T ∈ L1 ⇐⇒ Trace |T | <∞.
We shall now extend the definition of TraceT to all operators T ∈ L1.

Lemma 4.2.3. Let T ∈ L(H). Then, for any orthonormal basis (ξn)n≥0,∑
n≥0

|〈ξn, T ξn〉| ≤ ‖T‖1.
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Proof. Let T = U |T | be the polar decomposition of T . Then

|〈ξn, T ξn〉| = |〈ξn, U |T |ξn〉| = |〈|T |
1
2U∗ξn, |T |

1
2 ξn〉 ≤ ‖|T |

1
2U∗ξn‖‖|T |

1
2 ξn‖.

Thus,

(4.23)
∑
n≥0

|〈ξn, T ξn〉| ≤
∑
n≥0

‖|T | 12U∗ξn‖‖|T |
1
2 ξn‖

≤
(∑
n≥0

‖|T | 12U∗ξn‖2
) 1

2
(∑
n≥0

‖|T | 12 ξn‖2
) 1

2

.

Using Lemma 4.2.1 and (4.2) we get∑
n≥0

‖|T | 12 ξn‖2 =
∑
n≥0

〈|T | 12 ξn, |T |
1
2 ξn〉 =

∑
n≥0

〈ξn, |T |ξn〉 = Trace |T | = ‖T‖1.

Similarly, we have∑
n≥0

‖|T | 12U∗ξn‖2 =
∑
n≥0

〈|T | 12U∗ξn, |T |
1
2U∗ξn〉 =

∑
n≥0

〈ξn, U |T |U∗ξn〉.

Proposition 3.1.8) tells us that U∗|T |U = |T ∗|, and so using Lemma 4.2.1 and (4.2)
we get

(4.24)
∑
n≥0

‖|T | 12U∗ξn‖2 =
∑
n≥0

〈ξn, |T ∗|ξn〉 = Trace |T ∗| = ‖T ∗‖1 = ‖T‖1.

Combining (4.23) with (4.2) and (4.24) gives∑
n≥0

|〈ξn, T ξn〉| ≤ ‖T‖
1
2
1 ‖T‖

1
2
1 = ‖T‖1,

proving the lemma. �

Lemma 4.2.4. We have

(4.25) ‖S + T‖1 ≤ ‖S‖1 + ‖T‖1 ∀S, T ∈ L(H).

Proof. Let S, T ∈ L(H) and let S+T = U |S+T | be the polar decompositions
of S + T . Let (ξn)n≥0 be an orthonormal basis of H. Upon writing

|S + T | = U∗(S + T ) = U∗S + U∗T

and using Lemma 4.2.1 and Lemma 4.2.3 we get

‖S + T‖1 =
∑
n≥0

〈ξn, |S + T |ξn〉 ≤
∑
n≥0

|〈ξn, U∗Sξn〉|+
∑
n≥0

|〈ξn, U∗Tξn〉|

≤ ‖U∗S‖1 + ‖U∗T‖1.

Combining this with (4.20) gives

‖S + T‖1 ≤ ‖U∗‖‖S‖1 + ‖U∗‖‖T‖1 ≤ ‖S‖1 + ‖T‖1,

proving the lemma. �

Proposition 4.2.5. The following hold.

(1) L1 is a two-sided ideal of L(H).
(2) ‖.‖1 is a norm on L1 with respect to which L1 is a Banach space.
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Proof. It follows from (4.17), (4.19), (4.20) and (4.25) that L1 is a two-sided
ideal and ‖.‖1 is a seminorm on L1.

It remains to show that L1 is complete with respect to the norm ‖.‖1. Thus,
let (Tn)n≥0 be a sequence with values in L1 which is Cauchy with respect to ‖.‖1.
Since by (4.17) ‖Tn − Tp‖ ≤ ‖Tp − Tn‖1 we see that (Tn)n≥0 is a Cauchy sequence
in L(H), and hence converges to some operator T in L(H).

Let ε > 0. Then there exists N ∈ N such that ‖Tn − Tp‖ < ε for all n, p ≥ N .
By (4.8), for all k ∈ N,

|µk(Tn − T )− µk(Tn − Tp)| ≤ ‖Tp − T‖.
Since ‖Tp − T‖ → 0 as p → ∞, we see that µk(Tn − T ) = limp→∞ µk(Tn − Tp).
Therefore,

M∑
k=0

µk(Tn − T ) = lim
p→∞

M∑
k=0

µk(Tn − T ) ∀M ∈ N.

Since for n, p ≥ N we have

M∑
k=0

µk(Tn − T ) ≤
∞∑
k=0

µk(Tn − T ) = ‖Tn − Tp‖1 < ε,

we deduce that, if n ≥ N , then
∑M
k=0 µk(Tn − T ) ≤ ε for all M ∈ N. Thus, for all

n ≥ N , we have

(4.26) ‖Tn − T‖1 =

∞∑
k=0

µk(Tn − T ) ≤ ε.

Therefore Tn − T is in L1 and, as L1 is a subspace containing Tn, we see that T
is trace-class. Then (4.26) shows that Tn converges to T with respect to the norm
‖.‖1. Thus L1 is complete with respect to the norm ‖.‖1, completing the proof. �

Remark 4.2.6. It follows from (4.17) that the inclusions of L1 into K and L(H)
are continuous.

Lemma 4.2.7. Any T ∈ L1 can be written in the form

T = T1 − T2 + iT3 − iT4, Tj ∈ L1 ∩ L(H)+.

Proof. Let T ∈ L1. Then T = S+ + iS− with S± = 1
2 (T ±T ∗). The operators

S± are selfadjoint and are contained in L1 by (4.2). Therefore, the proof reduces
to proving that any selfadjoint trace-class operator can be written as the difference
of two positive trace-class operators.

Let T ∈ L1 be selfadjoint. Then T = T+ − T− with T± = 1
2 (|T | ± T ). Observe

that by (4.2) the operators T± are trace-class. In addition, observe that T± = f±(T )
where f±(t) = 1

2 (|t| ± t). As the functions f± are nonnegative on SpT ⊂ R, the
operators T± are positive by Corollary 3.1.4. We deduce from this that T can be
written as the difference of two positive trace-class operators. This completes the
proof. �

We are now ready to prove the following.

Proposition 4.2.8. Let T ∈ L1. For any orthonormal basis (ξn)n≥0 the series∑
n≥0

〈ξn, T ξn〉
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is absolutely convergent and the value of its sum does not depend on the choice of
the orthonormal basis (ξn)n≥0.

Proof. Let (ξn)n≥0 be an orthonormal basis ofH. It follows from Lemma 4.2.3
that the series

∑
n≥0〈ξn, T ξn〉 is absolutely convergent. Moreover, Lemma 4.2.7

allows us to write T = T1 − T2 + iT3 − iT4 with Tj ∈ L1 ∩ L(H)+. Then using
Lemma 4.2.1 we get∑

n≥0

〈ξn, T ξn〉 =
∑
n≥0

〈ξn, T1ξn〉 −
∑
n≥0

〈ξn, T2ξn〉+ i
∑
n≥0

〈ξn, T3ξn〉 − i
∑
n≥0

〈ξn, T4ξn〉

= TraceT1 − TraceT2 + iTraceT3 − iTraceT4.

Therefore the value of the sum
∑
n≥0〈ξn, T ξn〉 does not depend on the orthonormal

basis (ξn)n≥0, proving the proposition. �

Definition 4.2.9. The trace of an operator T ∈ L1 is defined to be

Trace(T ) :=
∑
n≥0

〈ξn, T ξn〉,

where (ξn)n≥0 is any orthonormal basis of H.

Lemma 4.2.10. Any A ∈ L(H) is linear combination of 4 unitaries.

Proof. Upon writing A = ‖A‖(T+ +iT−) with T± = 1
2‖A‖ (T±T

∗) we see that

the proof reduces to showing that any selfadjoint operator A ∈ L(H) with ‖A‖ ≤ 1
is a linear combination of two unitaries.

Let A ∈ L(H) be selfadjoint and such that ‖A‖ ≤ 1. Then the spectrum of A
is contained in [−1, 1], and so we can write

A =
1

2
(U + U∗), U := A+ i

√
1−A2.

Observe that U = f(A) with f(t) = 1+i
√

1− t2 and f(t)f(t) = 1, so by continuous
functional calculus U∗U = UU∗ = f(A)f̄(A) = 1, i.e., U is unitary. Thus A is the
linear combination of two unitaries. This completes the proof. �

Proposition 4.2.11. The map T → Trace(T ) is a linear form on L1 such that,
for any T ∈ L1, we have

|Trace(T )| ≤ ‖T‖1,(4.27)

Trace(T ∗) = Trace(T ),(4.28)

Trace(AT ) = Trace(TA) ∀A ∈ L(H).(4.29)

Proof. It is immediate from its definition that the map T → Trace(T ) is
linear. Moreover, if T ∈ L1, then by Lemma 4.2.3, for any orthonormal basis
(ξn)n≥0,

|Trace(T )| = |
∑
n≥0

〈ξn, T ξn〉| ≤
∑
n≥0

|〈ξn, T ξn〉| ≤ ‖T‖1.

Moreover, by (4.2) the adjoint T ∗ is trace-class. Then, for any orthonormal basis
(ξn)n≥0, we have

Trace(T ∗) =
∑
n≥0

〈ξn, T ∗ξn〉 =
∑
n≥0

〈ξn, T ξn〉 = Trace(T ).
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Let U ∈ L(H) be unitary. Then

Trace(U∗TU) =
∑
n≥0

〈ξn, U∗TUξn〉 =
∑
n≥0

〈Uξn, TUξn〉.

Since U is unitary (Uξn)n≥0 is an orthonormal basis of H. Therefore, in view
of the definition of Trace(T ) we see that

∑
n≥0〈Uξn, TUξn〉 = Trace(T ). Thus

Trace(U∗TU) = Trace(T ). Upon replacing T by UT we deduce that

Trace(TU) = Trace(UT ) ∀U ∈ L(H) unitary.

As by Lemma 4.2.10 any A ∈ L(H) is the linear combination of 4 unitaries, it
follows that

Trace(AT ) = Trace(TA) ∀A ∈ L(H).

This shows that T → Trace(T ) is a trace on L1. The proof is complete. �

Example 4.2.12. Let ξ and η be nonzero vectors in H. Let (ξn)n≥0 be an
orthonormal basis of H such that ξ0 = ‖ξ‖−1ξ. Then, for any n ∈ N0,

〈ξn, (ξ ⊗ η∗)ξn〉 = 〈ξn, ξ〉〈η, ξn〉 = δn,0‖ξ‖−1〈η, ξ0〉 = δn,0〈η, ξ〉.

Therefore, we get

(4.30) Trace(ξ ⊗ η∗) =
∑
n≥0

〈ξn, (ξ ⊗ η∗)ξn〉 = 〈η, ξ〉.

Example 4.2.13. Let T ∈ L1 be normal. Let (ξn)n≥0 be an orthonormal basis
of H in which T diagonalizes, i.e., Tλn = λnξn forall n ∈ N0. Then

(4.31) TraceT =
∑
n≥0

〈ξn, T ξn〉 =
∑
n≥0

〈ξn, λnξn〉 =
∑
n≥0

λn,

that is, TraceT is the sum of the eigenvalues of T counted with multiplicity.

4.3. Duality between L1 and L(H)

The Banach space L1 is in duality with the Banach spaces L(H) and K. This
can be seen as follows.

If S and T are in L(H) and one of these operators is trace-class, we set

(S, T ) := Trace(ST ).

Thanks to (4.20) and (4.27) we see that, if S ∈ L1 and T ∈ L(H), then

(4.32) |(T, S)| = |(S, T )| = |Trace(ST )| ≤ ‖ST‖1 ≤ ‖S‖1‖T‖.

From this we deduce the following:

- For any S ∈ L(H) the map (S, .) : L1 3 T → Trace(ST ) is a continuous
linear form on L1.

- For any S ∈ L1 the map (S, .) : L(H) ∈ T → Trace(ST ) gives rise to a
continuous linear form on L(H).

Lemma 4.3.1. For any ξ and η in H, we have

‖ξ ⊗ η∗‖ = ‖ξ ⊗ η∗‖1 = ‖ξ‖‖η‖.
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Proof. First, in view of the definition (3.12) of ξ ⊗ η∗ we have

‖ξ ⊗ η∗‖ = sup
‖ζ‖=1

‖(ξ ⊗ η∗)ζ‖ = sup
‖ζ‖=1

‖〈η, ζ〉ξ‖ = ( sup
‖ζ‖=1

|〈η, ζ〉|)‖ξ‖ = ‖η‖‖ξ‖.

Moreover, for any ζ1 and ζ2 in H we have

〈ζ1, (ξ ⊗ η∗)ζ2〉 = 〈η, ζ2〉〈ζ1, ξ〉 = 〈〈ξ, ζ1〉η, ζ2〉 = 〈(η ⊗ ξ∗)ζ1, ζ2〉,
which shows that

(4.33) (ξ ⊗ η∗)∗ = η ⊗ ξ∗.
We then have

(ξ ⊗ η∗)∗(ξ ⊗ η∗) = (η ⊗ ξ∗)(ξ ⊗ η∗) = ‖ξ‖2(η ⊗ η∗).
Notice that ‖η‖−2(η ⊗ η∗) is the orthogonal projection onto Cη, and hence, as any
orthogonal projection, ‖η‖−2(η ⊗ η∗) is a positive operator which agrees with its

square root, i.e., η ⊗ η∗ is positive and (η ⊗ η∗) 1
2 = ‖η‖−1(η ⊗ η∗). Thus,

|ξ ⊗ η∗| = ((ξ ⊗ η∗)∗(ξ ⊗ η∗))
1
2 = (‖ξ‖2(η ⊗ η∗)) 1

2 = ‖ξ‖‖η‖−1(η ⊗ η∗).
Combining this with (4.30) we obtain

‖ξ ⊗ η∗‖1 = Trace |ξ ⊗ η∗| = Trace
(
‖ξ‖‖η‖−1(η ⊗ η)∗

)
= ‖ξ‖‖η‖,

completing the proof. �

Lemma 4.3.2. The following hold.

(i) For all S ∈ L1,

(4.34) ‖S‖1 = sup
‖T‖=1

|Trace(ST )|.

(ii) For all S ∈ L(H),

(4.35) ‖S‖ = sup
‖T‖1=1

|Trace(ST )|.

Proof. Let S ∈ L1. Then by (4.32), for any T ∈ L(H) of norm 1, we have

(4.36) |Trace(ST )| ≤ ‖S‖1‖T‖ = ‖S‖1.
Let S = U |S| be the polar decomposition of S. Then by Proposition 3.1.7 ‖U∗‖ =
‖U‖ = 1 and U∗S = |S|, and hence

Trace(SU∗) = Trace(U∗S) = Trace |S| = ‖S‖1.
Together with (4.36) this gives (4.34).

Now, let S ∈ L(H). We may assume S 6= 0, since otherwise the equality (4.35)
is trivially satisfied. By (4.32), for any T in the unit sphere of L1,

(4.37) |Trace(ST )| ≤ ‖S‖‖T‖1 = ‖S‖.
Moreover, as

sup
‖ξ‖=1

〈ξ, |S|ξ〉 = sup
‖ξ‖=1

‖|S| 12 ξ‖2 = ‖|S| 12 ‖2 = ‖(S| 12 )∗S| 12 ‖ = ‖|S|‖ = ‖S‖,

we see that, for any ε ∈ (0, ‖S‖), there exists a unit vector ξ ∈ H such that

(4.38) 〈ξ, |S|ξ〉 ≥ ‖S‖ − ε.
Let S = U |S| be the polar decomposition of S. Since ‖U‖ = 1, we have ‖Uξ‖ ≤

‖ξ‖ = 1. Moreover, by Lemma 3.1.6 and Proposition 3.1.7 kerU = kerS = ker |S|,
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and so (4.38) implies that Uξ is not in kerU . Therefore, using Lemma 4.3.1 we see
that

‖ξ ⊗ (Uξ)∗‖1 = ‖ξ‖‖Uξ‖ = ‖Uξ‖ ∈ (0, 1].

In addition, using (4.30) and the fact that |S| = U∗S we get

Trace [S(ξ ⊗ (Uξ)∗)] = Trace ((Sξ)⊗ (Uξ)∗) = 〈Uξ, Sξ〉 = 〈ξ, U∗Sξ〉 = 〈ξ, |S|ξ|〉.
Combining this with (4.38) then gives

(4.39) Trace [S(ξ ⊗ (Uξ)∗)] ≥ ‖S‖ − ε.
Set T = c−1(ξ⊗(Uξ)∗), with c = ‖ξ⊗(Uξ)∗‖1. Then ‖T‖1 = 1 and, as c−1 ≥ 1,

using (4.39) we see that, for any ε ∈ (0, ‖S‖), we have

TraceST = c−1 Trace [S(ξ ⊗ (Uξ)∗)] ≥ c−1(‖S‖ − ε) ≥ ‖S‖ − ε.
Combining this with (4.37) yields (4.35). The proposition is thus proved. �

In the sequel we denote by R∞ the subspace of L(H) consisting of finite rank
operators. This is the subspace of H spanned by the rank 1, i.e., by all operators
of the form (3.12).

We know that the closure of R∞ in L(H) is K (cf. Proposition 4.1.6). In
addition, the following holds.

Lemma 4.3.3. The finite-rank operators are dense in L1.

Proof. Let T ∈ L1 have polar decomposition T = U |T |, and let (ξn)n≥0 be
an orthonormal family of H such that Tξn = µn(T )ξn for all n ∈ N0. Then by
Proposition 4.1.8 we have

T =
∑
n≥0

µn(T )(Uξn)⊗ ξ∗n,

where the series converges in norm. By Lemma 4.3.1 we have

‖(Uξn)⊗ ξ∗n‖1 = ‖Uξn‖‖ξn‖ ≤ ‖U‖‖ξn‖2 = 1,

and so we see that∑
n≥0

‖µn(T )(Uξn)⊗ ξ∗n‖1 ≤
∑
n≥0

µn(T ) = ‖T‖1 <∞.

Thus the series
∑
n≥0 µn(T )(Uξn) ⊗ ξ∗n converges in L1. Since it converges to

T in L(H) and the inclusion of L1 into L(H) is continuous (cf. Remark 4.2.6),
T is its sum in L1 too, that is, T is the limit in L1 of the finite-rank operators∑
n<N µn(T )(Uξn) ⊗ ξ∗n. This shows that finite-rank operators are dense in L1,

proving the lemma. �

Proposition 4.3.4. The map L(H) 3 S → (S, .) ∈ (L1)′ is an isometric
isomorphism.

Proof. It follows from (4.35) that the map L(H) 3 S → (S, .) ∈ (L1)′ is
isometric. Therefore, in view of Lemma 1.1.8, in order to prove this map is an
isometric isomorphism we only have to check it is onto.

Let ϕ ∈ (L1)′. Let S be the endomorphism of H defined by

〈η, Sξ〉 = 〈ϕ, ξ ⊗ η∗〉 ∀ξ, η ∈ H.
Thanks to Lemma 4.3.1 we have

|〈η, Sξ〉| = |〈ϕ, ξ ⊗ η∗〉| ≤ ‖ϕ‖(L1)′‖〈ϕ, ξ ⊗ η∗〉‖1 ≤ ‖ϕ‖(L1)′‖‖ξ‖‖η‖.
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Thus,
sup
‖ξ‖=1

‖Sξ‖ = sup
‖η‖=1

sup
‖ξ‖=1

|〈η, Sξ〉| ≤ ‖ϕ‖(L1)′ ,

showing that S is a continuous endomorphism, i.e., S is contained in L(H).
Now, thanks to 4.30, for any ξ and η in H, we have

(4.40) (S, ξ ⊗ η∗) = Trace(S(ξ ⊗ η∗)) = Trace((Sξ)⊗ η∗) = 〈η, Sξ〉 = 〈ϕ, ξ ⊗ η∗〉,
that is, (S, .) and ϕ agree on operators of rank 1, and by linearity they agree on
their span, namely, R∞. Both (S, .) and ϕ are continuous linear forms and by
Lemma 4.3.3 the subspace R∞ is dense in L1, so (S, .) and ϕ agree on all L1. This
proves that the map L(H) 3 S → (S, .) ∈ (L1)′ is onto, completing the proof. �

It follows from the above the proposition that L(H) can be canonically identified
with the dual of L1. For this reason L1 can be referred to as the predual of L(H).

The converse is not true. Namely, L1 is not the dual of L(H), but instead is
that of the space K of compact operators. This is the content of the following.

Proposition 4.3.5. The map L1 3 S → (S, .) ∈ K′ is an isometric isomor-
phism.

Proof. As in the proof of Proposition 4.3.4 we only have to prove that the
map L1 3 S → (S, .) ∈ K′ is onto. To this end let ϕ ∈ K′. Since the inclusion of L1

into K is contionuous (cf. Remark 4.2.6), we see that ϕ induces a continuous linear
form on L1, and hence by Proposition 4.3.4 there exists S ∈ L(H) such that

(4.41) 〈ϕ, T 〉 = Trace(ST ) ∀T ∈ L1.

In particular, by (4.40) we have

(4.42) 〈η, Sξ〉 = 〈ϕ, ξ ⊗ η∗〉 ∀ξ, η ∈ H.
Let S = U |S| be the polar decomposition of S and let (ξn)n≥0 be an orthonor-

mal basis of H. As by Proposition 3.1.7 |S| = U∗S, using (4.42) we see that, for
any n ∈ N0, we have

(4.43) 〈ξn, |S|ξn〉 = 〈ξn, U∗Sξn〉 = 〈Uξn, Sξn〉 = 〈ϕ, ξn ⊗ (Uξn)∗〉.
Notice that thanks to (4.33) we have

ξn ⊗ (Uξn)∗ = ((Uξn)⊗ ξ∗n)
∗

= (U(ξn ⊗ ξ∗n))
∗

= (ξn ⊗ ξ∗n)U∗,

and hence 〈ξn, |S|ξn〉 = 〈ϕ, (ξn ⊗ ξ∗n)U∗〉. Therefore, for all N ∈ N,∑
n<N

〈ξn, |S|ξn〉 =

∣∣∣∣〈ϕ, (∑
n<N

ξn ⊗ ξ∗n)U∗〉
∣∣∣∣ ≤ ‖ϕ‖K′∥∥∥∥(

∑
n<N

ξn ⊗ ξ∗n)U∗
∥∥∥∥

≤ ‖ϕ‖K′
∥∥∥∥∑
n<N

ξ∗n ⊗ ξn
∥∥∥∥‖U∗‖.

By Proposition 3.1.7 ‖U∗‖ = ‖U‖ = 1 and, as
∑
n<N ξn ⊗ ξ∗n is the orthogonal

projection onto the span of ξ0, . . . , ξN , this operator has norm 1 too. Thus,∑
n<N

〈ξn, |S|ξn〉 ≤ ‖ϕ‖K′ ∀N ∈ N.

Using (4.18) and Lemma 4.2.1 we then get

‖S‖1 = ‖|S|‖1 =
∑
n≥0

〈ξn, |S|ξn〉 ≤ ‖ϕ‖K′ <∞,
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and hence S is trace-class.
Since S is in L1, the map (S, .) : K 3 T → Trace(ST ) is a continuous linear map

on K. Moreover, it follows from (4.41) that it agrees with ϕ on L1, and hence on
R∞. As by Proposition 4.1.6 R∞ is dense in K, we see that (S, .) and ϕ agree on all
K, showing that the map L1 3 S → (S, .) ∈ K′ is onto. The proof is complete. �

4.4. Hilbert-Schmidt Operators

For any T ∈ L(H) we define

‖T‖2 =

(∑
n≥0

µn(T )2

) 1
2

.

We then define

L2 := {T ∈ L(H); ‖T‖2 <∞}.
The elements of L2 are called Hilbert-Schmidt operators.

As in (4.18)–(4.20) we have

‖T‖2 = ‖T ∗‖2 = ‖|T |‖2 ∀T ∈ L(H),(4.44)

‖λT‖2 = |λ|‖T‖2 ∀T ∈ L(H) ∀λ ∈ C,(4.45)

‖ATB‖2 ≤ ‖A‖‖T‖2‖B‖ ∀A, T,B ∈ L(H).(4.46)

As an immediate consequence of (4.44) we see that, for any T ∈ L(H),

T ∈ L2 ⇐⇒ T ∗ ∈ L2 ⇐⇒ |T | ∈ L2.

Lemma 4.4.1. The following hold.

(i) For any T ∈ L(H),

(4.47) ‖T‖ ≤ ‖T‖2 ≤ ‖T‖
1
2 ‖T‖

1
2
1 .

(ii) We have the inclusions,

(4.48) L1 ⊂ L2 ⊂ K.

Proof. Let T ∈ L(H). Since ‖T‖ = µ0(T ) we have ‖T‖ ≤ ‖T‖2. Moreover,
using (4.3) we see that, for any n ∈ N0,

µn(T )2 = µn(T ).µn(T ) ≤ µ0(T )µn(T ) = ‖T‖µn(T ).

Thus, ∑
n≥0

µn(T )2 ≤ ‖T‖
∑
n≥0

µn(T ) = ‖T‖‖T‖1,

from which we get ‖T‖2 ≤ ‖T‖
1
2 ‖T‖

1
2
1 . In particular, if T ∈ L1, then ‖T‖2 < ∞,

and hence T is in L2. Thus L1 is contained in L2.
Let T ∈ L2. Then

∑
n≥0 µn(T )2 < ∞, and hence limn→∞ µn(T ) = 0. There-

fore T is compact by Proposition 4.1.6. This proves that L2 is contained in K. �

Example 4.4.2. Let ξ and η be vectors in H. By Lemma 4.3.1 both ‖ξ ⊗ η∗‖
and ‖ξ ⊗ η∗‖1 are equal to ‖ξ‖‖η‖, and so using (4.47) we get

‖ξ ⊗ η∗‖2 = ‖ξ‖‖η‖.
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Lemma 4.4.3. Let T ∈ L(H). Then, for any orthonormal basis (ξn)n≥0, we
have

(4.49) ‖T‖22 = Trace |T |2 =
∑
n≥0

‖Tξn‖2,

and hence

(4.50) T ∈ L2 ⇐⇒ Trace |T |2 <∞⇐⇒ |T |2 ∈ L1.

Proof. Assume first that T is compact. Then thanks to (4.12) µn(|T |2) =
µn(T )2 for all n ∈ N0, and so we have

‖T‖2 =

(∑
n≥0

µn(|T |2
) 1

2

= (Trace |T |2)
1
2 .

Suppose now that T is not compact. Then by (4.48) T is not in L2, and
hence ‖T‖2 = ∞. By Proposition 3.4.4 the fact that T is not compact, implies

that |T | is not compact either. Observe further that, as limt→0+ t
1
2 = 0, it follows

from Proposition 3.4.8 that, for any positive compact operator S, the operator S
1
2

is compact too. Therefore, if |T |2 were compact, then |T | = (|T |2)
1
2 would be

compact too. Since |T is not compact, we deduce that |T |2 cannot be compact.
Incidentally, |T |2 is not trace-class, and hence

Trace |T |2 = ‖|T |2‖1 =∞ = ‖T‖2.
In general, for any T ∈ L(H), using Lemma 4.2.3 we get

(4.51) ‖T‖22 = Trace |T |2 =
∑
n≥0

〈ξn, |T |2ξn〉.

Since |T |2 = T ∗T , for any n ∈ N0, we have

〈ξn, |T |ξn〉 = 〈ξn, T ∗Tξn〉 = 〈Tξn, T ξn〉 = ‖Tξn‖2.
Thus,

‖T‖22 =
∑
n≥0

‖Tξn‖2.

Finally, the equivalences (4.50) immediately follow from (4.49). The lemma is
thus proved. �

Lemma 4.4.4. We have

(4.52) ‖S + T‖2 ≤ ‖S‖2 + ‖T‖2 ∀S, T ∈ L(H).

Proof. Let S, T ∈ L(H) and let (ξn)n≥0 be an orthonormal basis. Using (4.49)
and the Minkowski’s inequality for series we get

‖S + T‖2 =

(∑
n≥0

‖(S + T )ξn‖2
) 1

2

≤
(∑
n≥0

(‖Sξn‖+ ‖Tξn‖)2

) 1
2

≤
(∑
n≥0

‖Sξn‖2
) 1

2

+

(∑
n≥0

‖Tξn‖2
) 1

2

= ‖S‖2 + ‖T‖2,

proving the lemma. �

Proposition 4.4.5. The following hold.
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(1) L1 is a two-sided ideal of L(H).
(2) ‖.‖1 is a norm on L1 with respect to which L1 is a Banach space.

Proof. It follows from (4.45)–(4.46), (4.47) and (4.52) that L2 is a two-sided
ideal of L(H) and ‖.‖2 is a norm on L2. Moreover, by arguing as in the proof
Proposition 4.2.5 we can show that L2 is complete with respect to the norm ‖.‖2,
i.e., L2 is a Banach space for this norm. �

Remark 4.4.6. Combining (4.17) and (4.47) shows that, for any T ∈ L(H),

‖T‖ ≤ ‖T‖2 ≤ ‖T‖1.
Therefore, the inclusions L1 ⊂ L2 and L2 ⊂ K are continuous.

In addition, arguing as in the proof of Lemma 4.4.7 yields the following.

Lemma 4.4.7. The finite-rank operators are dense in L2.

Proposition 4.4.8. Let S and T be Hilbert-Schmidt operators. Then ST and
TS are trace-class operators and we have

|Trace(ST )| ≤ ‖ST‖1 ≤ ‖S‖2‖T‖2,
Trace(ST ) = Trace(TS).

Proof. Let ST = U |ST | be the polar decomposition of ST and let (ξn)n≥0 be
an orthonormal basis of H. By Proposition 3.1.8 |ST | = U∗ST , and so using (4.21)
we get

‖ST‖1 =
∑
n≥0

〈ξn, U∗STξn〉 =
∑
n≥0

〈SUξn, T ξn〉 ≤
∑
n≥0

‖SUξn‖‖Tξn‖.

Using Cauchy-Schwartz Inequality for sequences together with (4.49) we then get

‖ST‖1 ≤
(∑
n≥0

‖SUξn‖2
) 1

2
(∑
n≥0

‖Tξn‖2
) 1

2

= ‖SU‖2‖T‖2 ≤ ‖S‖2‖U‖‖T‖2 ≤ ‖S‖2‖T‖2,

Notice that by Proposition 3.1.8 and (4.46) we have ‖SU‖2 ≤ ‖S‖2‖U‖ ≤ ‖S‖2.
Thus,

(4.53) ‖ST‖1 ≤ ‖S‖2‖T‖2.
This proves that ST is trace-class. Moreover, combining (4.53) with (4.27) yields

|Trace(ST )| ≤ ‖ST‖1 ≤ ‖S‖2‖T‖2,
proving (4.4.8).

It follows from all this that, if we fix S ∈ L2, then both T → Trace(ST )
and T → Trace(TS) are continuous linear forms on L2. Moreover, as finite-rank
operators are trace-class, it follows from (4.29) that these linear forms agree on
finite-rank operators. Since the latter are dense in L2 by Lemma 4.4.7, it follows
that Trace(ST ) = Trace(TS) for all T ∈ L2, completing the proof. �

For S, T ∈ L2 we define

(S, T ) := Trace(ST ).

This defines a bilinear form on L2. If S ∈ L2, then by (4.4) its adjoint S∗ is in L2

too. Therefore, for S, T ∈ L2 we may also define

(4.54) 〈S, T 〉L2 := Trace(S∗T ).
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This defines a Hermitian form on L2. Moreover, as T ∗T = |T |2, using (4.49) we get

〈T, T 〉L2 = TraceT ∗T = Trace |T |2 = ‖T‖22.
Since ‖.‖2 is a norm on L2 this proves that 〈., .〉L2 is actually a positive-definite inner
product on L2 whose associated norm is just the Hilbert-Schmidt norm. Combining
this with Proposition 4.4.5 we obtain:

Proposition 4.4.9. L2 is a Hilbert space with respect to the inner product (4.54).

For S ∈ L2 denote by 〈S, .〉L2 the linear form T → 〈S, T 〉L2 . Similarly, let
us denote by (S, .) the linear form T → (S, T ). By definition of 〈., .〉L2 we have
(S, .) = 〈S∗, .〉. Since 〈., .〉 is a Hilbert-space inner product on L2. The map
S → 〈S, .〉L2 is an isometric antilinear isomorphism from L2 onto (L2)′. Since (4.44)
implies that S → S∗ is an isometric antilinear isomorphism of L2 we obtain:

Proposition 4.4.10. The map L2 3 S → (S, .) ∈ (L2)′ is an isometric linear
isomorphism from L2 onto (L2)′.

4.5. Integral Operators

Let (X,µ) be a σ-finite measured space such that L2
µ(X) is separable. Let

K(x, y) ∈ L2
µ⊗µ(X ×X). For f ∈ L2

µ(X) define

TKf(x) =

∫
X

K(x, y)f(y)dµ(y).

The function TKf(x) is measurable and by Cauchy-Schwartz’s Inequality,

|TK(x)|2 ≤
∫
X

|K(x, y)|2dµ(y)

∫
X

|f(x)|2dµ(x) = ‖f‖2L2

∫
X

|K(x, y)|2dµ(y),

and hence∫
X

|TK(x)|2dµ(x) ≤ ‖f‖2L2

∫
X

(∫
X

|K(x, y)|2dµ(y)

)
dµ(x) = ‖f‖2L2‖K‖2L2

Therefore the map TK : f → TKf is a continuous endomorphism of L2
µ(X). Such

an operator is called a integral operator.

Example 4.5.1. Let ϕ and ψ be in L2
µ(X). Then, for any f ∈ L2

µ(X),

(ϕ⊗ ψ∗)f(x) = 〈ψ, f〉ϕ(x) = ϕ(x)

∫
X

ψ(y)f(y)dµ(y) = Tϕ⊗ψf(x),

where ϕ⊗ ψ is the element of L2
µ⊗µ(X ×X) defined by

(ϕ⊗ ψ)(x, y) = ϕ(x)ψ(y).

This shows that any rank 1 operator is an integral operator, and hence by linearity
any finite rank operator is an integral operator.

Proposition 4.5.2. Let K and K ′ be in L2
µ⊗µ(X ×X). Then

T ∗K = TK∗ and TKTK′ = TK∗K′ ,

where K∗ and K ∗K ′ are the functions in L2
µ⊗µ(X ×X) defined by

K∗(x, y) = K(y, x),(4.55)

K ∗K ′(x, y) =

∫
X

K(x, z)K ′(z, y)dµ(z).(4.56)
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Proof. It is immediate from its definition that K∗(x, y) is in L2
µ⊗µ(X ×X).

Moreover, for any f and g in L2
µ(X), we have

〈f, TKg〉 =

∫
X

f(x)TKg(x)dµ(x) =

∫
X

f(x)

(∫
X

K(x, y)g(y)dµ(y)

)
dµ(x)

=

∫
X

(∫
X

K∗(y, x)f(x)dµ(x)

)
g(y)dµ(y) =

∫
X

TK∗f(y)g(y)dµ(y)

= 〈TK∗f, g〉,
that is, TK∗ is the adjoint of TK .

Next, as K(x, y) and K ′(x, y) both are in L2
µ⊗µ(X×X) the function K∗K ′(x, y)

defined by (4.56) is a well defined measurable function. This is in fact an element
of L2

µ⊗µ(X ×X), for we have

|K∗K ′(x, y)|2 ≤
∫
X

|K(x, z)||K ′(z, x)|dµ(z) ≤
∫
X

|K(x, z)|2dµ(z)

∫
X

|K ′(z, y)|2dµ(z),

and hence∫
X×X

|K ∗K ′(x, y)|2dµ(x)dµ(y) ≤∫
X

∫
X

|K(x, z)|2dµ(z)dµ(x)

∫
X

∫
X

|K ′(z, y)|2dµ(z)dµ(y) <∞.

Moreover, for any f ∈ L2
µ(x), we have

TKTK′f(x) =

∫
X

K(x, z)(TK′f)(z)dµ(z) =

∫
X

K(x, z)

(∫
X

K ′(z, y)f(y)dµ(y)

)
dµ(z)

=

∫
X

(∫
X

K(x, z)K ′(z, y)dµ(z)

)
f(y)dµ(y) =

∫
X

K ∗K ′(x, y)f(y)dµ(y)

= TK∗K′f(x),

which shows that TKTK′ = TK∗K′ . The proof is complete. �

Proposition 4.5.3. The following hold.

(1) For any K ∈ L2
µ⊗µ(X×X) the operator TK is a Hilbert-Schmidt operator.

(2) The map K → TK is an isometric isomorphism from L2
µ⊗µ(X ×X) onto

L2(L2
µ(X)).

Proof. Let K ∈ L2
µ⊗µ(X × X) and let (ϕn)n≥0 be an orthonormal basis of

L2
µ(X). By Lemma 4.4.3 we have

‖TK‖22 =
∑
n≥0

‖TKϕn‖2 =
∑
n,m

|〈ϕm, TKϕn〉|2.

Notice that

〈ϕm, TKϕn〉 =

∫
X×X

ϕm(x)ϕn(x)K(x, y)dµ(x)dµ(y) = 〈ϕm ⊗ ϕn,K〉L2
µ⊗µ(X×X).

Since (ϕm ⊗ ϕn)m,n≥0 is an orthonormal basis of L2
µ(X ×X), it follows that

‖TK‖22 =
∑
n,m

|〈ϕm ⊗ ϕn,K〉L2
µ⊗µ(X×X)|2 = ‖K‖2L2(X×X).

Thus TK is a Hilbert-Schmidt operator and ‖TK‖ = ‖K‖L2(X×X).
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This shows that K → TK is an isometric linear map from L2
µ⊗µ(X × X) to

L2(L2
µ(X)). Lemma 1.1.8 then insures us that this map is an isometric isomorphism

from L2
µ⊗µ(X×X) onto its range which is a closed subspace of L2(L2

µ(X)). It follows

from Example 4.5.1 that any finite-rank operator on L2
µ(X) is an integral operator.

As by Lemma 4.4.7 the finite-rank operators are dense in L2, we then deduce
that the map K → TK is onto. Therefore, it realizes an isometric isomorphism
L2
µ⊗µ(X ×X) onto L2(L2

µ(X)). The proof is complete. �

4.6. Trace Theorems for Integral Operators

In this section we prove a trace theorem for integral operators. Here we assume
that X is a separable metrizable locally compact Hausdorff space (e.g., X is a
manifold) and we also assume that µ is a Radon measure on X.

The assumption on the topology of X implies that X is σ-compact, and hence
(X,µ) is a σ-finite measured space. This assumption also insures us that, for any
compact K ⊂ X, the space CK(X) is separable. Together with the σ-compacity of
X and the density of Cc(X) in L2

µ(X) this implies that L2
µ(X) is separable.

Let us denote by suppµ the support of µ. Recall that X \ (suppµ) is the union
set of all open sets O ⊂ X such that µ(O) = 0, and hence suppµ is a closed subset
of X.

Lemma 4.6.1. The following hold.

(i) The open set X \ (suppµ) has measure 0.
(ii) The support of µ| suppµ is equal to suppµ.
(iii) The support µ⊗ µ is equal to (suppµ)× (suppµ).

Proof. Set V = X\(suppµ). Since µ is a Radon measure and X is σ-compact,
µ is a regular measure, and hence

(4.57) µ(V ) = sup

{
µ(K); K ⊂ V, K compact

}
.

Let K be a compact set contained in V , i.e., K is covered by the family of
open subsets of measure 0. Since K is compact, there exist finitely many such open
sets O1, . . . , Ok that cover K, and hence K has measure zero. Thus any compact
contained in V has measure zero. Combining this with (4.57) shows that µ(V ) = 0.

Set E = suppµ and let O be an open subset of E such that µ(O) = 0. Then
there exists an open O′ ⊂ X such that O = O′ ∩E. Then O′ ⊂ O ∪ V . As both O
and V have measure zero, it follows that so does O′. Therefore O′ is contained in
V , and hence O must be the empty set. This shows that the only open subset of E
that has measure zero is the empty set. Therefore the support of µ|E is equal to E.

Set W = X×X \ supp(µ⊗µ). As O×X and X×O are open subsets of X×X
on which µ ⊗ µ vanishes, we see that they both are contained in W . Conversely,
if (x, y) ∈ W , then there exist an open neighborood O1 of x in X and an open
neighborhood O2 of y in X such that O1 ×O2 ⊂W . Then, using (i), we see that

µ(O1)µ(O2) = (µ⊗ µ)(O1 ×O2) ≤ µ(W ) = 0,

Thus µ(O1) or µ(O1) must be zero, that is, O1 or O2 must be contained in V ,
and hence (x, y) is contained in (V × X) ∪ (X × V ). It follows from all this that
W = (V ×X) ∪ (X × V ), so taking complements shows that supp(µ⊗ µ) is equal
to (suppµ)× (suppµ) agree. The proof is complete. �
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Theorem 4.6.2 (Duflo [Du]). Let K(x, y) ∈ L2
µ⊗µ(X × X) ∩ C(X × X) and

assume that the operator TK is trace-class. Then the function K(x, x) is in L1
µ(X)

and we have

TraceTK =

∫
X

K(x, x)dµ(x).

Proof. Let TK = U |TK | be the polar decomposition of TK and let (ξn)n≥0

be an orthonormal family in L2
µ(X) such that |TK |ξn = µn(T )ξn for all n ∈ N. For

n ∈ N set ηn = Uξn. As TK is trace-class and the L2-norms of the functions ξn are
equal to 1, we have∑

n≥0

∫
X

µn(TK)|ξn(x)|2dµ(x) =
∑
n≥0

µn(TK) <∞,

that is, the series
∑
n≥0 µn(T )|ξn(x)|2 converges normally in L1

µ(X). Therefore, its

sum is finite almost everywhere, i.e, the series
∑
n≥0 µn(T )|ξn(x)|2 converges almost

evrywhere. Likewise, the series
∑
n≥0 µn(T )|ηn(x)|2 converges almost everywhere.

Claim. Let L be a compact subset of X. For any ε > 0 there exists a compact
L′ ⊂ L such that

(i) µ(L \ L′) < ε.
(ii) For all n ∈ N0 the functions ξn and ηn are continuous on L′.

(iii) The series
∑
n≥0 µn(T )|ξn(x)|2 and

∑
n≥0 µn(T )|ηn(x)|2 converge uni-

formly on L′.

Proof of the claim. By Lusin’s theorem (see, e.g., [Fo]), for any n ∈ N0,
there exists a Borel set En ⊂ L such that µ(L \ En) ≤ 2−(n+1)ε and the functions
ξn(x) and ηn(x) are continuous on En. Set E =

⋂
n≥0En. Then E is a Borel set

of L such that µ(L \ E) ≤ ε and all the functions ξn(x) and ηn(x) are continuous
on E.

As the series
∑
n≥0 µn(T )|ξn(x)|2 converges almost everywhere on E, Egoroff’s

theorem (see, e.g., [Fo]) implies that there exists a Borel set F ⊂ E such that
µ(E ⊂ F ) < ε and the series

∑
n≥0 µn(T )|ξn(x)|2 and

∑
n≥0 µn(T )|ηn(x)|2 converge

uniformly on F .
Since µ is a regular measure, there exists a compact subset L′ of L such that

µ(F \ L′) ≤ ε. As L \ L′ = (L \ E) ∪ (E \ F ) ∪ (F \ L̃), we then get

µ(L \ L′) ≤ µ(L \ E) + µ(E \ F ) + µ(F \ L′) ≤ 3ε.

In addition, as L′ is contained in E and in F , all the functions ξn(x) and ηn(x)
are continuous on L′ and the series

∑
n≥0 µn(T )|ξn(x)|2 and

∑
n≥0 µn(T )|ηn(x)|2

converge uniformly on L′. The claim is thus proved. �

Since X is σ-compact, there exists an increasing sequence (Lj)j≥0 of compact
sets such that X =

⋃
j≥0 Ln. For every j ∈ N0 the above claim insures us the

existence of a compact L′j ⊂ Lj satisfies the conditions (i), (ii) and (iii) above with

L = Lj , L
′ = L′j and ε = 1

j+1 .

Let j ∈ N0. Set Ỹj =
⋃
k≤j L

′
k and Yj = suppµ|Yj . It follows from Lemma 4.6.1

that µ(Ỹj \ Yj) = 0 and suppµ|Yj = Yj . Moreover, as

Lj \ Yj = (Lj \ Ỹj) ∪ (Ỹj \ Yj) ⊂ (Lj \ L′j) ∪ (Ỹj \ Yj),
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we see that

(4.58) µ(Lj \ Yj) ≤ µ(Lj \ L′j) + µ(Ỹj \ Yj) ≤
1

j + 1
.

In addition, as Yj is contained in
⋃
k≤j L

′
k the following hold:

(a) All the functions ξn(x) and ηn(x) are continuous on Yj .
(b) The series

∑
n≥0 µn(T )|ξn(x)|2 and

∑
n≥0 µn(T )|ηn(x)|2 converge uni-

formly on Yj .

Set Y =
⋃
j≥0 Yj . As X \ Y =

⋃
j≥0(Xj \ Y ) and the sequence (Xj \ Y )j≥0 is

increasing, we have µ(X \ Y ) = limj→0 µ(Xj \ Y ). As Y contains Yj , using (4.58)
we see that µ(Xj \ Y ) ≤ µ(Xj \ Yj) ≤ 1

j+1 . It then follows that µ(X \ Y ) = 0.

Claim. For all (x, y) ∈ Y × Y , we have

(4.59) K(x, y) =
∑
n≥0

µn(T )ηn(x)ξn(y).

Proof. Let j ∈ N0. For all p, q ∈ N0 we have∑
p≤n≤q

µn(T )|ηn(x)ξn(y)| ≤
( ∑
p≤n≤q

µn(T )|ξn(x)|2
) 1

2
( ∑
p≤n≤q

µn(T )|ηn(x)|2
) 1

2

.

Therefore, using the property (b) above we see that the series
∑
n≥0 µn(T )ηn(x)ξn(y)

converges uniformaly on Yj × Yj .
For all (x, y) ∈ Yj × Yj set

K ′(x, y) =
∑
n≥0

µn(T )ηn(x)ξn(y).

Since by the property (a) all the functions ηn(x)ξn(y) are continuous on Yj×Yj and
the above series converges uniformly on Yj × Yj , this defines a continuous function
on Yj × Yj . Moreover, as Yj × Yj is compact, and hence has finite measure, since
µ ⊗ µ is a Radon measure, the uniform convergence implies the convergence in
L2-norm.

On the other hand, as TK is trace-class, the proof of Lemma 4.3.3 shows that

(4.60) T =
∑
n≥0

(Uξn)⊗ ξ∗n =
∑
n≥0

ηn ⊗ ξ∗n,

Since by Remark 4.4.6 the inclusion of L2 into L1 is continuous, it follows that the
above series converges in L2-norm too. Combining this with Proposition 4.5.3 we
deduce that the series of the corresponding kernel functions converge to K(x, y) in
L2-norm. As shown in Example 4.5.1, for every n ∈ N0, the kernel function of ηn⊗ξ∗n
is equal to ηn(x)ξn(y). Therefore, the series

∑
n≥0 µn(T )ηn(x)ξn(y) converges to

K(x, y) in L2-norm. Since we already know that it converges to K ′(x, y) in L2-norm
on Yj × Yj , it follows that

K(x, y) = K ′(x, y) almost everywhere on Yj × Yj .

Observe that both K(x, y) and K ′(x, y) are continuous functions on Yj × Yj .
Therefore W := {(x, y) ∈ Yj × Yj ;K(x, y) 6= K ′(x, y)} is an open subset Yj × Yj of
measure zero, and hence it is contained V = X\(suppµ⊗µ|Yj×Yj ). By construction
suppµ|Yj = Yj , so using Lemma 4.6.1 we see that the support of (µ ⊗ µ)Yj×Yj =
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(µ|Yj )⊗ (µ|Yj ) is equal to Yj × Yj . Therefore, V must be the empty set, and hence
K(x, y) = K ′(x, y) for all (x, y) ∈ Yj × Yj . Thus,

K(x, y) =
∑
n≥0

µn(T )ηn(x)ξn(y) ∀(x, y) ∈ Yj × Yj ,

where the series converges uniformly on Yj × Yj .
All this shows that the equality (4.59) holds on all the products Yj × Yj . Since

Y × Y =
⋃
j≥0 Yj × Yj the claim follows. �

Since µ(X \ Y ) = 0, it follows from (4.59) that, almost everywhere on X,

(4.61) K(x, x) =
∑
n≥0

µn(T )ηn(x)ξn(x).

Moreover, as∫
X

|ηn(x)ξn(x)|dµ(x) ≤
(∫

X

|ηn(x)|2dµ(x)

) 1
2
(∫

X

|ξn(x)|2dµ(x)

) 1
2

≤ 1,

we see that ∑
n≥0

∫
X

µn(T )|ηn(x)ξn(x)|dµ(x) ≤
∑
n≥0

µn(T ) <∞.

Therefore, the series in (4.61) converges in L1-norm. This implies that K(x, x) is
contained in L1

µ(X) and we have

(4.62)

∫
X

K(x, x)dµ(x) =
∑
n≥0

µn(T )

∫
X

ηn(x)ξn(x)dµ(x) =
∑
n≥0

µn(T )〈ξn, ηn〉.

On the other hand, as explained in Example 4.62, for every n, the trace of
the projection ηn ⊗ ξ∗n is equal to 〈ξn, ηn〉. Since in (4.60) the series converges in
L1-norm and the functional T → Trace(T ) is continuous with respect to that norm,
we deduce that

TraceTK =
∑
n≥0

µn(T ) Trace(ηn ⊗ ξ∗n) =
∑
n≥0

µn(T )〈ξn, ηn〉.

Combining this with (4.62) proves that

TraceTK =

∫
X

K(x, x)dµ(x).

The proof is complete. �

Remark 4.6.3. If X is compact then the sole continuity of K(x, y) insures
us that K(x, y) is square-integrable on X × X and K(x, x) is integrable on X.
However, in general this is not enough to insure us that TK is trace-class (see,
e.g., [GK, §10.3]). Thus in Theorem 4.6.2 we cannot remove the assumption on
TK being trace-class (unless TK is positive; see below).

When TK we don’t need to assume TK to be trace-class, because we can make
use of Mercer’s theorem to prove:

Theorem 4.6.4 ([Du]). Let K(x, y) ∈ L2
µ⊗µ(X ×X)∩C(X ×X) be such that

TK is positive. Then

(1) K(x, x) ≥ 0 for all x ∈ X.
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(2) We have

TraceTK =

∫
X

K(x, x)dµ(x).

Thus,

TK ∈ L1 ⇐⇒ K(x, x) ∈ L1
µ(X).

Remark 4.6.5. We refer to [Br] for generalizations of Duflo’s theorems where
the assumptions on the continuity of K(x, y) are relaxed.

4.7. Banach Ideals

In the remainder of the chapter we shall present a detailed account on the
theory of Calkin and Gohberg-Krein of operator ideals and operator ideals associ-
ated to symmetric norms. As we shall see these ideals play an important role in
noncommutative geometry.

Most of the material that follows is taken from [GK] and [Si] (see also [Co,
Chap. 4, Appendix C], [GVF, Section 7.C]).

This section is devoted to presenting the primary definitions and properties of
Banach ideals. We start with basic facts about two-sided ideals in L(H).

Proposition 4.7.1. Let I be a two-sided ideal of L(H).

(1) For any T ∈ L(H),

T ∈ I ⇐⇒ |T | ∈ I ⇐⇒ T ∗ ∈ I.
(2) Any T ∈ I can be written as

T = T1 − T2 + i(T3 − T4) with Tj ∈ I ∩ L(H)+.

Proof. Once (1) is proved the proof of (2) follows along the same lines as that
of the proof of Lemma 4.3.3. Thus, we only have to prove (1).

Let T ∈ L(H) have polar decomposition T = U |T |. If |T | is in I then, as I is
an ideal, T = U |T | is in I too. Since by Proposition 3.1.8 |T | = U∗T we also see
that if |T | is in I, then so is T .

It also follows from Proposition 3.1.8 that T ∗ = U∗TU , and T = (U∗TU∗)∗ =
UT ∗U . Therefore T is in I if and only if is T ∗ in I. The proof is complete. �

Proposition 4.7.2. Let I be a two-sided ideal of L(H).

(1) If I ) {0}, then every finite-rank operator is contained in I.
(2) If I ( L(H), then every operator in I is compact.

Proof. Assume I ) {0}. Since the finite-rank operators are linear combina-
tions of rank 1 operators ξ⊗ η∗, ξ, η 6= 0, in order to prove (1) it is enough to show
that any such projection is contained in I.

Let ξ, η ∈ H\{0} and let T ∈ I \{0}. Since T 6= 0 there exists ξ′ ∈ H\{0} such

that η′ := Tξ′ 6= 0. Set A = ξ ⊗ ξ′∗ and B = η′ ⊗ η∗. Then the operator ATB is
contained in I and is equal to (ξ⊗η′∗)T (ξ⊗η∗) = 〈η′, T ξ′〉(ξ⊗η∗) = ‖η′‖2(ξ⊗η∗).
Since η′ 6= 0 it follows that ξ ⊗ η∗ is contained in I, proving (1).

Suppose now that I contains a non-compact operator T . By Proposition 3.4.4
and Proposition 4.7.1 the operator |T | too is non-compact and contained in I.
Therefore, possibly by replacing T by |T |, we may assume T positive. For λ > 0
set Πλ = 1[λ,∞)(T ). If g(t) := t−11[λ,∞), then g(T ) is a bounded operator. As
Πλ = Tg(T ) it follows that Πλ is contained in I.
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As ‖T − TΠλ(T )‖ = ‖1[0,λ)(T )‖ ≤ λ, we see that TΠλ(T ) converges to T in

norm as λ → 0+. Since T is non-compact, it follows there is at least one λ > 0
such that TΠλ does not have finite rank. Then Πλ does not have finite rank.

Let (ξn)n≥0 be an orthonormal basis of H, let (ηn)n≥0 be an orthonormal basis
of im Πλ, and let V ∈ L(H) be such that V ξn = ηn. As V ∗ηn = ξn for all n ∈ N,
we see that V ∗ΠλV = 1. Thus 1 ∈ I, which implies that I = L(H). Therefore, if
I ( L(H), then I cannot contain any non-compact operator, i.e., T is contained in
K. The proof is complete. �

The previous proposition shows that, among non-trivial ideals of L(H), the
ideal of finite-rank operators is minimal and the ideal of compact operators is
maximal. Since the former is the closure of the latter in L(H) we obtain:

Corollary 4.7.3. The only closed non-trivial two-sided ideal of L(H) is K.

Definition 4.7.4. A Banach ideal is a two-ideal I of L(H) which is equipped
with a norm ‖.‖I such that

(i) I is a Banach space for I.
(ii) We have

(4.63) ‖ATB‖I ≤ ‖A‖‖T‖I‖B‖ ∀T ∈ I ∀A,B ∈ L(H).

Example 4.7.5. L(H) and K are Banach ideals for the operator norm ‖.‖.
Example 4.7.6. It follows from (4.20) and Proposition 4.2.5 that L1 is a Ba-

nach ideal for the norm ‖.‖1. Likewise, using (4.46) and Proposition 4.4.5, we see
that L2 is a Banach ideal for the Hilbert-Schmidt norm ‖.‖2.

In the sequel we let I be a Banach ideal with norm ‖.‖I . We assume I non-
trivial, so by Proposition 4.7.2 all the finite-rank operators are contained in I and
all the elements of I are compact operators.

Lemma 4.7.7. Let T ∈ I and let S ∈ K.

(i) If µn(S) ≤ µn(T ) ∀n ∈ N0, then S ∈ I and ‖S‖I ≤ ‖T‖I .
(ii) If µn(S) = µn(T ) ∀n ∈ N0, then S ∈ I and ‖S‖I = ‖T‖I .

Proof. We only have to prove (i), since it implies (ii). Thus, let us assume that
µn(S) ≤ µn(T ) ∀n ∈ N0, and let T = U |T | and S = V |S| be the respective polar
decompositions of T and S. Let (ξn)n≥0 and (ηn)n≥0 be orthonormal families in
H such that |T |ξn = µn(T )ξn and |S|ηn = µn(S)ηn for all n ∈ N0. Let C ∈ L(H)

be such that C = 0 on ker |S| and Cηn = (
√
µn(S)/

√
µn(T ))ξn for all n ∈ N0

such that µn(T ) > 0 (i.e., ξn is in im |S| = (ker |S|)⊥. This defines bounded
operator of norm ≤ 1,since by assumption µn(S) ≤ µn(T ) for all n ∈ N0. As

C∗ξn = (
√
µn(S)/

√
µn(T ))ηn for all n ∈ N0, we see that C∗|T |C = |S|.

By Proposition 3.1.8 we know that |T | = U∗T , so we have

V C∗U∗TC = V C∗|T |C = V |S| = S.

Therefore S is contained in I and, by (4.63), we have ‖S‖I ≤ ‖V ‖‖C∗‖‖U‖‖T‖I‖C‖.
Since the operator norms of U , V and C are ≤ 1, it follows that ‖S‖I ≤ ‖T‖I , as
claimed. �

Combining this lemma with (4.4) and (4.6) we see that, for any T ∈ I,

‖T‖I = ‖|T |‖I = ‖T ∗‖I ,
‖U∗TU‖I = ‖T‖I ∀U ∈ L(H), U unitary.
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Proposition 4.7.8. There exists a constant c > 0 such that

(4.64) ‖T‖I = c‖T‖ ∀T ∈ R1.

Furthermore, we have

(4.65) c‖T‖ ≤ ‖T‖I ∀T ∈ I.

Proof. Let R ∈ R1 be such that ‖R‖ = 1 and set c = ‖R‖I . It follows
from (4.2) that µ0(R) = ‖R‖ = 1 and µn(R) = 0 for n ≥ 1. Likewise, if S ∈ R1,
then µ0(S) = ‖S‖ and µn(S) = 0 for n ≥ 1, so the operators S and ‖S‖R have the
same singular values. Lemma 4.7.7 then implies that ‖S‖I = ‖S‖‖R‖I = c‖S‖.

Let T ∈ I. Then µ0(T ) = ‖T‖ = µ0(‖T‖R) and µn(T ) ≥ 0 = µn(‖T‖R) for
n ≥ 1, so by Lemma 4.7.7 we have ‖T‖I ≥ ‖(‖T‖R)‖I = c‖T‖, as claimed. �

Because the norm ‖.‖I on rank-one operators is constant, we sometimes require
the normalization,

(4.66) ‖T‖I = ‖T‖ for any operator T of rank 1.

In this case, the inequality (4.65) holds with c = 1.

Proposition 4.7.9. Any other Banach norm on I satisfying (4.63) is equiva-
lent to ‖.‖I .

Proof. Let ‖.‖′I be another Banach norm on I satisfying (4.63) and let |.|I
be the norm on I defined by

|T |I := sup{‖T‖I , ‖T‖′I} ∀T ∈ I.
Let (Tn)n≥0 be a Cauchy sequence in (I, |.|I), i.e., it is a Cauchy sequence both in
(I, ‖.‖I) and (I, ‖.‖′I). It thus converges in (I, ‖.‖I) and in (I, ‖.‖′I). The limits
may be different. However, using (4.65) we see that (Tn)n≥0 is a Cauchy sequence
in (L(H), ‖.‖) and its limit in (L(H), ‖.‖) agrees with the limits in (I, ‖.‖I) and
(I, ‖.‖′I). Thus, the last two limits are equal and (Tn)n≥0 converges in (I, |.|I).
This shows that (I, |.|I) is a Banach space.

Notice that the identity map is continuous from (I, |.|I) to (I, ‖.‖I). Since this
is a bijection and both (I, |.|I) to (I, ‖.‖I) are Banach spaces, the open mapping
theorem insures us that its inverse is continuous. Therefore |.|I and ‖.‖I are equiv-
alent norms. Likewise, the norms |.|I and ‖.‖′I are equivalent, so ‖.‖I and ‖.‖′I are
equivalent norms, proving the proposition. �

As we shall now see the separability of the topology of I defined by the norm
‖.‖I is intimately related to the density of finite-rank operators.

Definition 4.7.10. I0 is the closure in I of the the ideal R∞ of finite-rank
operators.

Since R∞ is a two-sided ideal, I0 can easily be seen to be a Banach ideal for
the norm of I.

Let T ∈ K have polar decomposition T = U |T | and let (ξn)n≥0 be an orthonor-
mal family such that |T |ξn = µn(T )ξn for all n ∈ N0. Then, by Proposition 4.1.8,

(4.67) T =
∑
n≥0

µn(T )(Uξn)⊗ ξ∗n,

where the series converges in K. Any series of the form (4.67) is called a Schmidt
series for T .
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Lemma 4.7.11. Let T ∈ K. Then the following are equivalent:

(i) T is contained in I0.
(ii) Any Schmidt series for T converges in I to T .
(iii) There is a Schmidt series for T which converges in I.

Proof. It is clear that (ii) implies (iii). Moreover, if there is a Schmidt series
for T converging in I then, as it converges to T in K, using (4.65) we see that its
sum is equal to T . Thus T is contained in I and is the sum of a series of finite-rank
operators, hence T is an element of I0.

Suppose now that T is in I. For any N ∈ N set

TN := T −
∑
n<N

µn(T )(Uξn)⊗ ξ∗n =
∑
n≥N

µn(T )(Uξn)⊗ ξ∗n.

As
∑
n<N µn(T )(Uξn)⊗ ξ∗n has rank ≥ N , it is immediate that

(4.68) ‖TN‖I ≥ inf

{
‖T −R‖I ; R ∈ RN

}
.

It follows from Proposition 3.1.8 the operator U∗U is the orthogonal projection
onto (kerT )⊥ = (ker |T |)⊥ = im |T |, so U∗Uξn = ξn if µn(T ) 6= 0. Thus,

(TN )∗TN =
∑
n≥N

µn(T )2ξn ⊗ ξ∗n and |TN | =
∑
n≥N

µn(T )ξn ⊗ ξ∗n.

Using the min-max principle we then see that

(4.69) µn(TN ) = µn+N (T ) ∀n ∈ N.
Let R ∈ RN . Then (4.2) implies that µN (R) = 0, so using (4.7) we get

µn(TN ) = µn+N (T ) ≤ µn(T −R) + µN (R) = µn(T −R).

Therefore, applying Lemma 4.7.7 we see that ‖TN‖I ≤ ‖T − R‖I for all R ∈ RN .
Combining this with (4.68) then shows that∥∥∥∥∑

n≥N

µn(T )(Uξn)⊗ ξ∗n
∥∥∥∥
I
= inf

{
‖T −R‖I ;R ∈ RN

}
.

This implies that T is a limit of finite-rank operators in I (i.e., T is in I0) if and
only if the Schmidt series

∑
n≥0 µn(T )(Uξn) ⊗ ξ∗n converges to T in I. The proof

is complete. �

Lemma 4.7.12. The Banach ideal I0 is separable.

Proof. Without any loss of generality we may assume that in (4.64)–(4.65)
the constant c is equal to 1. Let (ζk)k≥0 be a countable dense subset of H. Let
ξ, η ∈ H. For any ε > 0 there exist k, l ∈ N0 such that ‖ξ−ζk‖ ≤ ε and ‖η−ζl‖ ≤ ε.
Then using (4.64) we get

(4.70) ‖ξ ⊗ η∗ − ζk ⊗ ζ∗l ‖I ≤ ‖(ξ − ζk)⊗ η∗‖I + ‖ζk ⊗ (η − ζl)∗‖I
≤ ‖(ξ − ζk)⊗ η∗‖+ ‖ζk ⊗ (η − ζl)∗‖

≤ ‖ξ − ζk‖‖η‖+ ‖ζk‖‖η − ζl‖ ≤ ε‖η‖+ (ε+ ‖ξ‖)ε.
Let D be the set of operators of the form,∑

(k,l)∈K×L

ζk ⊗ ζ∗l ,

26



where K and L range over all finite subsets of N0. Then D is a countable subset of
R∞. As any operator in R∞ is a finite sum of rank one operators ξ⊗ η∗, it follows
from (4.70) that, for any T ∈ R∞ and for any ε > 0, there exists R ∈ D such that
‖T − R‖I < ε. Combining this with the density of R∞ in I0 we deduce that D is
dense in I0. Since D is countable, this proves that I0 is separable. �

Proposition 4.7.13. The following are equivalent:

(1) The finite-rank operators are dense in I, i.e., I = I0.
(2) I is separable.

Proof. It immediately follows from Lemma 4.7.12 that if I = I0 then I is
separable.

Conversely, suppose that I0 ( I. Let T ∈ I \ I0. Since I and I0 both are
ideals, using Proposition 4.7.1 we see that |T | is in I, but is not in I. Therefore,
possibly by replacing T by |T | we may assume T positive.

Since T is in I\I0 and is positive, Lemma 4.7.11 implies that there is a Schmidt
series

∑
n≥0 µn(T )ξn ⊗ ξ∗n which does not converges in I. As I is a Banach space,

this implies that the series does not satisfy Cauchy’s criterion, so there exists δ > 0
and an increasing sequence (nk)k≥0 ⊂ N0 such that

(4.71)

∥∥∥∥ ∑
nk≤n<nk+1

µn(T )ξn ⊗ ξ∗n
∥∥∥∥
I
≥ δ ∀k ∈ N0.

For any sequence a = (ak)k≥0 ∈ {0, 1}N0 we set

Ta :=

∞∑
k=0

ak

( ∑
nk≤n<nk+1

µn(T )ξn ⊗ ξ∗n
)

=

∞∑
ak 6=0

∑
nk≤n<nk+1

µn(T )ξn ⊗ ξ∗n.

If we let Πa be the orthogonal projection onto the closure of the vector space
spanned by

⋃
ak 6=0{ξn; nk ≤ n < nk+1}, then Ta = ΠaT . Therefore, the operator

Ta is in I.
Let b = (bk)k≥0 ∈ {0, 1}N0 be such that b 6= a, i.e., there exists k ∈ N0 such

that bk 6= ak. Set Πk =
∑nk+1−1
n=nk

ξn ⊗ ξ∗n. Then

Πk(Tb − Ta) = (bk − ak)
∑

nk≤n<nk+1

µn(T )ξn ⊗ ξ∗n = ±
∑

nk≤n<nk+1

µn(T )ξn ⊗ ξ∗n.

Combining this with (4.71) we get

δ ≤ ‖Πk(Tb − Ta)‖I ≤ ‖Πk‖‖Tb − Ta‖I = ‖Tb − Ta‖I .

Since {0, 1}N is not countable, it follows that no countable subset of I can be dense,
so I is not separable if I0 ( I. Equivalently, if I is separable, then I = I0. The
proof is complete. �

The following result hows that, among the non-trivial Banach ideals, the ideal
L1 of trace-class operators is minimal.

Proposition 4.7.14. There is a continuous inclusion,

L1 ⊂ I0.

In fact, if the normalization (4.66) holds, then

(4.72) ‖T‖I ≤ ‖T‖1 ∀T ∈ I.
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Proof. We may assume that the normalization (4.66) holds, so that we can
take c = 1 in (4.65). Let T ∈ L1 and let

∑
n≥0 µn(T )(Uξn)⊗ξ∗n be a Schmidt series

for T as in (4.67). Using (4.63) and (4.65)) we see that, for all N and p in N, we
have

(4.73)

∥∥∥∥ ∑
N≤n≤N+p

µn(T )(Uξn)⊗ ξ∗n
∥∥∥∥
I
≤

∑
N≤n≤N+p

µn(T )‖U‖‖ξn ⊗ ξ∗n‖I

≤
∑

N≤n≤N+p

µn(T )‖ξn ⊗ ξ∗n‖ ≤
∑

N≤n≤N+p

µn(T ).

Since
∑
n≥0 µn(T ) <∞ it follows that the series

∑
n≥0 µn(T )(Uξn)⊗ ξ∗n converges

in I. Lemma 4.7.11 then insures us that T is contained in L0 and the Schmidt
series converges to T in I. Therefore, using (4.73), we get

‖T‖I =

∥∥∥∥∑
n≥0

µn(T )(Uξn)⊗ ξ∗n
∥∥∥∥
I
≤
∑
n≥0

µn(T ) = ‖T‖1.

This proves (4.72) when T is in L1 and shows there is a continuous inclusion of L1

in I0. In addition, if T ∈ I \L1, then ‖T‖1 =∞ and (4.72) holds trivially, so (4.72)
holds for all T ∈ I. The proof is complete. �

4.8. Symmetric norms

In the sequel we denote by lf the vector space of sequences a = (an)n≥0 of
complex numbers that have finite support (i.e., an = 0 for n large enough). We
denote by l0 the space of sequences (an)n≥0 of complex numbers such that

lim
n→∞

an = 0.

For any sequence a = (an)n≥0 in l0 we denote by σ(a) = (σN (a))N≥1) the
sequence defined by

σN (a) :=
∑
n<N

an ∀N ∈ N.

In addition, for any a ∈ l0 we denote by a∗ = (a∗n)n≥0 the sequence defined by

a∗n = inf
J⊂N0

|J|=n

sup
j∈J
|aj | ∀n ∈ N0.

In other word, the sequence (a∗n)n≥0 is the sequence obtained by re-ordering the
sequence (|an|)n≥0 into a non-increasing sequence. In particular, for any N ∈ N,
we always have

|σN (an)| ≤
∑
n<N

|an| ≤ σN (a∗).

It can also be shown (see [Si, Lem. 1.8]) that, for all a, b ∈ lf ,

(4.74) |
∑
n<N

anbn| ≤
∑
n<N

a∗nb
∗
n ∀N ∈ N.

Definition 4.8.1. Let Φ be a norm on lf . We say that Φ is symmetric when

Φ(a) = Φ(a∗) ∀a ∈ lf .

Remark 4.8.2. It is not difficult to check that a norm Φ on lf is symmetric if
and only if it satisfies the following two conditions:
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(i) For any sequence (an)n≥0 in lf and any bijection σ : N0 → N0, we have

Φ
(
(aσ(n))n≥0

)
= Φ ((an)n≥0) .

(ii) For any sequence (an)n≥0 in lf and any sequence (θn)n≥0 ⊂ [0, 2π), we
have

Φ
(
(eiθnan)n≥0

)
= Φ ((an)n≥0) .

Example 4.8.3. For p ∈ [1,∞) the p-norm Φp on lf is defined by

Φp(a) =

(∑
n≥0

|an|p
) 1
p

∀a = (an)n≥0 ∈ lf .

For p =∞ we define the Φ∞-norm by

(4.75) Φ∞(a) = sup
n≥0
|an| ∀a = (an)n≥0 ∈ lf .

All the p-norms are symmetric norms on lf .

Let Φ be a symmetric norm on lf .

Lemma 4.8.4 (Markus; see [GK, Lem. 3.1], [Si, Thm. 1.9]). Let a, b ∈ lf . Then

(4.76)

(
σN (a∗) ≤ σN (b∗) ∀N ∈ N

)
=⇒ Φ(a) ≤ Φ(b).

If follows from Markus’ lemma that if a∗n ≤ b∗n for all n ∈ N0, then Φ(a) ≤ Φ(b).
In particular, if a = (an)≥0 is a sequence in l0, then

Φ(a0, . . . , aN−1, 0, 0, . . .) ≤ Φ(a0, . . . , aN , 0, 0, . . .) ∀N ∈ N.

This means that (Φ(a0, . . . , aN , 0, 0, . . .))N≥0 is a non-decreasing sequence of non-
negative numbers, so it admits a limit as N →∞. We then set

(4.77) Φ(a) = lim
N→∞

Φ(a0, . . . , aN , 0, 0, . . .) = sup
N≥1

Φ(a0, . . . , aN , 0, 0, . . .)

This extends Φ to a function Φ : l0 → [0,∞].
It is not hard to check that

Φ(a) = 0 =⇒ a = 0,(4.78)

Φ(λa) = |λ|Φ(a) ∀a ∈ l0 ∀λ ∈ C,(4.79)

Φ(a+ b) ≤ Φ(a) + Φ(b) ∀a, b ∈ l0.(4.80)

In addition, we have

Proposition 4.8.5 (see [Si, Thm. 1.16]). Let a, b ∈ l0. Then

Φ(a) = Φ(a∗),(
σN (a∗) ≤ σN (b∗) ∀N ∈ N

)
=⇒ Φ(a) ≤ Φ(b).

It follows from Proposition 4.8.5 that, for any a, b ∈ l0,(
a∗n ≤ b∗n ∀n ∈ N0

)
=⇒ Φ(a) ≤ Φ(b).

In the sequel, we denote by l+f the positive cone of lf consisting of non-increasing
sequences of non-negative numbers with finite supports.
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Lemma 4.8.6 ([GK, Lem. 3.2]). Let Φ : l+f → [0,∞) be a function such that

Φ(a) = 0 =⇒ a = (0, 0, . . .),(4.81)

Φ(λa) = λΦ(a) ∀a ∈ l+f ∀λ ≥ 0,(4.82)

Φ(a+ b) ≤ Φ(a) + Φ(b) ∀a, b ∈ l+f ,(4.83) (
σN (a) ≤ σN (b) ∀N ∈ N

)
=⇒ Φ(a) ≤ Φ(b).(4.84)

Then Φ can be uniquely extend into a symmetric norm on lf by letting

Φ(a) := Φ(a∗) ∀a ∈ lf .

Finally, let Φ′ : lf → [0,∞) be the function defined by

(4.85) Φ′(a) := sup

{∣∣∣∣∑
n≥0

anbn

∣∣∣∣; b ∈ lf , Φ(b) ≤ 1

}
This is a norm on lf called the dual norm of Φ. Using (4.74) and the fact that Φ
is symmetric, we can check that

(4.86) Φ′(a) = sup

{∑
n≥0

a∗nbn; b ∈ l+f , Φ(b) ≤ 1

}
,

from which it follows that Φ′ is a symmetric norm. It also implies that

(4.87)
∑
n≥0

a∗nb
∗
n ≤≤ Φ′(a)Φ(b) ∀a, b ∈ l0.

Lemma 4.8.7 ([GK, Thm. 1.11]). The dual norm of Φ′ is equal to Φ, i.e.,

(Φ′)
′

= Φ.

Remark 4.8.8. Two norms Φ and Ψ on lf are equivalent when there exists
c > 0 such that

(4.88) c−1Φ(a) ≤ Ψ(a) ≤ cΦ(a) ∀a ∈ lf .

It is not hard to see that Φ and Ψ are equivalent if and only if their dual norms are
equivalent.

Example 4.8.9. Let p ∈ [1,∞] and let p′ ∈ [1,∞] be such that 1
p + 1

p′ = 1.

Then the dual norm of Φp is equal to Φp′ . This follows from the following simple
facts:

- The Hölder inequality,∣∣∣∣∑
n≥0

anbn

∣∣∣∣ ≤ Φp′(a)Φp(b) ∀a, b ∈ lf .

- If p > 1, the Hölder inequality is an equality if bn = an
|an| |an|

p′
p =

an
|an| |an|

p′−1 when an 6= 0 and bn = 0 otherwise.

- If p = 1 the the Hölder inequality is an equality if bn =
an0

an0
for n = n0

and bn = 0 for n 6= n0, where n0 is such that |an0
| = Φ∞(a).
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4.9. Banach ideals associated to symmetric norms

Let Φ be a symmetric norm on lf . We shall also denote by Φ its extension to
l0 given by (4.77).

For any operator T ∈ K, the sequence of singular values µ(T ) := (µn(T ))n≥0

is an element if l0. Therefore, we can set

‖T‖Φ := Φ(µ(T )).

We then define

IΦ :=

{
T ∈ K; ‖T‖Φ <∞

}
.

For T ∈ K and N ∈ N we define

µN (T ) := (µ0(T ), . . . , µN−1(T ), 0, 0, . . .) ∈ lf .

Then by (4.77) we have

(4.89) ‖T‖Φ = lim
N→∞

Φ(µN (T )) = sup
N≥1

Φ(µN (T )).

In addition, we set

σN (T ) :=
∑
n<N

µn(T ) = σN (µ(T )).

For T ∈ L(H) and N ∈ N we set

(4.90) σN (T ) =
∑
n<N

µn(T ).

Using the properties (4.1) and (4.5) of singular values we get

σN (cT ) = |c|σN (T ) ∀c ∈ C,(4.91)

σN (ATB) ≤ ‖A‖σN (T )‖B‖ ∀A,B ∈ L(H).(4.92)

As µn(T ) ≤ µ0(T ) = ‖T‖ for all n ∈ N, we also see that

(4.93) ‖T‖ ≤ σN (T ) ≤ N‖T‖.

In the sequel if E is a closed subspace of H we denote by ΠE the orthogonal
projection onto E.

Lemma 4.9.1. Let T ∈ K. For any N ∈ N, we have

σN (T ) = sup{‖TΠE‖1; dimE = N},(4.94)

= sup{|Trace(TΠE)|; dimE = N} (if T is positive).(4.95)

Proof. It follows from (4.4) that σN (T ) = σN (|T |). Moreover, if E is a closed
subspace of H, then ||T |ΠE | = |TΠE |, for ||T |ΠE | is a positive operator such that

||T |ΠE |2 = (|T |ΠE)∗(|T |ΠE) = ΠE |T |2ΠE = ΠET
∗TΠE = (TΠE)∗(TΠE).

Therefore, upon replacing T by |T | we may assume T positive.
Notice also that if E is a closed subspace of H, then by (4.27)

|Trace(TΠE)| ≤ ‖TΠE‖1,

and hence

(4.96) sup{|Trace(TΠE)|; dimE = N} ≤ sup{‖TΠE‖1; dimE = N}.
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Let (ξn)n≥0 ⊂ H be an orthonormal family such that Tξn = µn(T ) for all
n ∈ N0. Then by Proposition (4.1.8) we have

T =
∑
n≥0

µn(T )ξn ⊗ ξ∗n,

where the series converges in norm. Let EN be N -dimensional subspace spanned
by ξ0, . . . , ξN−1; this is a subspace of dimension N . Then ΠEN =

∑
n<N ξn ⊗ ξ∗n,

and hence
TΠEN =

∑
n<N

µn(T )ξn ⊗ ξ∗n.

Thus the (n+ 1)’th eigenvalue of TΠN counted with multiplicity is equal to µn(T )
if n < N and is zero if N ≥ 0. Therefore, using (4.31) we get

Trace(TΠEN ) =
∑
n<N

µn(T ) = σn(T ).

Since dimEN = N , it follows that

(4.97) σN (T ) ≤ sup{|Trace(TΠE)|; dimE = N}.
Let E be an N -dimensional subspace of H. Then TΠE has rank ≤ N , and so

using Proposition 4.1.2 we see that µn(TΠE) = 0 for n ≥ N . Thus,

(4.98) ‖TΠE‖1 =
∑
n≥0

µn(TΠE) =
∑
n<N

µn(TΠE).

Thanks to (4.5) and the fact that ΠE is an orthogonal projection we have

µn(TΠE) ≤ µn(T )‖ΠE‖ ≤ µn(T ).

Combining this with (4.98) we get

‖TΠE‖1 ≤
∑
n<N

µn(T ) = σN (T ),

and hence
sup{‖TΠE‖1; dimE = N} ≤ σN (T ).

Combining this with (4.96) and (4.97) proves the lemma. �

Notice that for every subspace E of dimension N the function T → ‖TΠE‖1 is
a semi-norm on K, so as a supremum of all such semi-norms σN is a semi-norm on
K. In particular, we have:

Lemma 4.9.2. Let N ∈ N. Then

(4.99) σN (S + T ) ≤ σN (S) + σN (T ) ∀S, T ∈ K.

Granted this lemma we shall prove:

Lemma 4.9.3. The following hold.

(1) Let T ∈ K. Then

‖T‖Φ = 0 =⇒ T = 0,(4.100)

‖λT‖Φ = |λ|‖T‖Φ ∀λ ∈ C,(4.101)

‖ATB‖Φ ≤ ‖A‖‖T‖Φ‖B‖ ∀A,B ∈ L(H).(4.102)

(2) Let S, T ∈ K. Then

‖S + T‖Φ ≤ ‖S‖Φ + ‖T‖Φ.

32



(3) If Φ(1, 0, 0, . . .) = 1, then

‖T‖Φ = ‖T‖ ∀T ∈ R1,(4.103)

‖T‖ ≤ ‖T‖Φ ∀T ∈ K.(4.104)

Proof. The implication (4.100) is due to (4.78) and the fact that µ0(T ) = ‖T‖.
We obtain (4.101) by using (4.1) and (4.79). The inequality (4.102) follows by
combining (4.5) and (4.8).

Let S, T ∈ K. Then (4.99) shows that σN (µ(S+T )) ≤ σN (µ(S) +µ(T )) for all
N ∈ N, so using Proposition 4.8.5 and (4.80) we get

‖S + T‖Φ = Φ(µ(S + T )) ≤ Φ(µ(S) +µ(T )) ≤ Φ(µ(S)) + Φ(µ(T )) = ‖S‖Φ + ‖T‖Φ.
Suppose now that Φ(1, 0, 0, . . .) = 1 and let T ∈ K. As µ0(T ) = ‖T‖(1, 0, 0, . . .)

we see that Φ(µ0(T )) = ‖T‖Φ(1, 0, 0, . . .) = ‖T‖. Since µn(T ) ≥ µ0
n(T ) for all

n ∈ N0, using (4.8) we see that ‖T‖Φ ≥ Φ(µ0(T )) = ‖T‖. Moreover, if rkT = 1
then µ(T ) = µ0(T ), and hence ‖T‖Φ = Φ(µ0(T )) = ‖T‖. The lemma is proved. �

Proposition 4.9.4. IΦ is a Banach ideal for ‖.‖Φ, i.e., IΦ is a two-sided ideal
of L(H) and ‖.‖Φ is a Banach norm on IΦ satisfying (4.63).

Proof. It follows from Lemma 4.9.3 that IΦ is a a two-sided ideal of L(H)
and ‖.‖Φ is a norm on IΦ satisfying (4.63). It remains to check that IΦ is complete
for the norm ‖.‖Φ.

Let (Tn)n≥0 be a Cauchy sequence in (I, ‖.‖I) and let us show that it converges
in (I, ‖.‖I). Then (4.104)implies that (Tn)n≥0 is a Cauchy sequence in K, hence
converges in K to some operator T .

Let ε > 0. There exists n0 ∈ N such that ‖Tp − Tq‖Φ < ε when p and p are
greater than n0. Let N ∈ N and denote by eN = (eN )n≥0 the sequence such that
eNn = 1 for n < N and eNn = 0 for n ≥ N . Let p and q be integers greater than n0.
It follows from (4.8) that, for all n ∈ N0,

µNn (T − Tp)) ≤ µNn (Tp − Tq) + ‖T − Tq‖eNn .
Therefore, using (4.80) and (4.8) we see that

Φ(µN (T − Tp) ≤ Φ(µN (Tp − Tq)) + Φ(‖T − Tq‖eNn )

≤ ‖Tp − Tq‖Φ + ‖T − Tq‖Φ(eN ) ≤ ε+ ‖T − Tq‖Φ(eN ).

Letting q →∞ shows that

Φ(µN (T − Tp) ≤ ε+ ‖T − Tq‖Φ(eN ) ∀N ∈ N.
Combining this with (4.77) we get

(4.105) ‖T − Tp‖Φ ≤ ε ∀p > n0.

This implies that T is contained in IΦ and the sequence (Tn)n≥0 converges to T in
(IΦ, ‖.‖Φ), proving that (IΦ, ‖.‖Φ) is a Banach space. The proof is complete. �

Remark 4.9.5. If Ψ is another symmetric norm on lf then IΦ = IΨ if and
only if Φ and Ψ are equivalent in the sense of (4.88). Furthermore, it is immediate
that in that case the norms ‖.‖Φ and ‖.‖Ψ are equivalent on IΦ = IΨ.

Lemma 4.9.6. Let T ∈ IΦ. Then T is contained in I0
Φ if and only if

(4.106) lim
N→∞

Φ(µN (T ), µN+1(T ), . . .) = 0.
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Proof. Lemma 4.7.11 says that T is contained in I0
Φ if and only if any Schmidt

series (4.67) for T converges to T in IΦ. Let T = U |T | be the polar decomposition
of T and let (ξn)n≥0 be an orthonormal family such that |T |ξn = µn(T )ξn for all
n ∈ N0. It immediately follows from (4.69) that∥∥∥∥∑

n≥N

µn(T )(Uξn)⊗ ξ∗n
∥∥∥∥

Φ

= Φ(µN (T ), µN+1(T ), . . .).

Thus T is contained in I0
Φ if and only if (4.106) holds. �

Combining this lemma with Proposition 4.7.13 we obtain:

Proposition 4.9.7. The following are equivalent.

(1) The Banach ideal IΦ is separable.
(2) The finite-rank operators are dense in IΦ, i.e., I0

Φ = IΦ.
(3) For any a ∈ l0,

(4.107) Φ(a) <∞ =⇒ lim
N→∞

Φ(aN , aN+1, . . .) = 0.

Proposition 4.9.8. Let I be a Banach ideal with norm ‖.‖I . Then

(1) There exists a unique symmetric norm on lf such that

(4.108) I ⊂ IΦ and ‖T‖I = ‖T‖Φ ∀T ∈ R∞.
(2) The Banach ideals I0 and I0

Φ coincide.

Proof. Let (ξn)n≥0 be an orthonormal basis of H. For any a ∈ l0 set

Ta =
∑
n≥0

anξn ⊗ ξ∗n.

As limn→∞ an = 0 the above series converges in K, i.e., Ta is a compact operator.
Observe also that µn(Ta) = a∗n ∀n ∈ N0. In addition, if T ∈ K, then µ(Tµ(T )) =
µ(T ).

Let Φ : lf → [0,∞) be the function function defined by

Φ(a) = ‖Ta‖I ∀a ∈ lf .
It is not hard to check that Φ is a norm on lf . Moreover, as µ(Ta) = a∗ = µ(Ta∗),
using Lemma 4.7.7 we see that ‖Ta‖I = ‖Ta∗‖I , i.e., Φ(a) = Φ(a∗). Thus Φ is a
symmetric norm on lf . Let IΦ be the associated Banach ideal with norm ‖.‖Φ.

Let T ∈ I and let N ∈ N. As µn(TµN (T )) = µNn (T ) ≤ µn(T ), it follows from
Lemma 4.7.7 that

Φ(µN (T )) = ‖TµN (T )‖I ≤ ‖T‖I .
Thus,

‖T‖Φ = sup
N≥1

Φ(µN (T )) ≤ ‖T‖I <∞,

that is, the operator T is contained in IΦ. If in addition T has finite-rank then, as
µ(T ) = µ(Tµ(T )), Lemma 4.7.7 insures us that

‖T‖I = ‖Tµ(T )‖I = Φ(µ(T )) = ‖T‖Φ.
Therefore ‖.‖I and ‖.‖Φ agree on finite-rank operators.

Let Ψ be another symmetric norm on lf such that I ⊂ IΨ and ‖.‖Ψ = ‖.‖I on
R∞. Let a ∈ lf . As Ψ is symmetric and µ(Ta) = a∗, we have

Ψ(a) = Ψ(a∗) = Ψ(µ(Ta)) = ‖Ta‖Ψ = ‖Ta‖I = Φ(a).
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Therefore Ψ and Φ agrees, so Φ is the unique symmetric norm on lf satisfy-
ing (4.108).

Let T ∈ K. As a Schmidt series for T is a series of finite-rank operators, it
follows from (4.108) that a Schmidt series for T satisfies Cauchy’s criterion for ‖.‖I
if and and only it satisfies it for ‖.‖Φ. Using Lemma 4.7.11 we then deduce that
T is contained in I0 if and only if it is contained in I0

Φ. Thus, as sets, I0 and I0
Φ

agree.
Let T be in I0 = I0

Φ and let
∑
n≥0 µn(T )(Uηn)⊗ η∗n be a Schmidt series for T .

As this series converges to T both in I and in IΦ, using (4.108) we get

‖T‖I = lim
N→∞

∥∥∥∥∑
n<N

µn(T )(Uηn)⊗ η∗n
∥∥∥∥
I

= lim
N→∞

∥∥∥∥∑
n<N

µn(T )(Uηn)⊗ η∗n
∥∥∥∥

Φ

= ‖T‖Φ.

Thus ‖.‖I and ‖.‖Φ agrees on I0. This proves that the Banach ideals I0 and I0
Φ

coincide. The proof is complete. �

Combining Proposition 4.9.7 and Proposition 4.9.8 we obtain:

Proposition 4.9.9. A Banach ideal I is separable if and only if there exists a
symmetric norm Φ on lf such that I coincides with the Banach ideal I0

Φ.

Next, let us denote by Φ′ the dual symmetric norm of Φ as defined in (4.85).
We can relate the Banach ideal IΦ′ to the dual of IΦ as follows.

Lemma 4.9.10 (Horn Inequality; see [Si, Thm. 1.15]). Let S, T ∈ K. Then∑
n<N

µn(ST ) ≤
∑
n<N

µn(S)µn(T ) ∀N ∈ N.

Proposition 4.9.11. The following hold.

(1) For all S, T ∈ K, we have

‖ST‖1 ≤ ‖S‖Φ′‖T‖Φ.

(2) Let S ∈ IΦ′ and T ∈ IΦ. Then the operator ST is trace-class and

(4.109) |Trace(ST )| ≤ ‖S‖Φ′‖T‖Φ.

(3) For all S ∈ K, we have

(4.110) ‖S‖Φ′ = sup
‖T‖Φ=1
T∈R∞

|Trace(ST )|.

Proof. Let S, T ∈ K. Then using Horn’s inequality and (4.87) we see that,
for any N ∈ N, we have∑

n<N

µn(ST ) ≤
∑
n≥0

µNn (S)µN (T ) ≤ Φ′(µN (S))Φ(µN (T )) ≤ ‖S‖Φ′‖T‖Φ.

Thus,

‖ST‖1 =
∑
n≥0

µn(ST ) ≤ ‖S‖Φ′‖T‖Φ.

Therefore, if S ∈ IΦ′ and T ∈ IΦ, then ST is trace-class and, using (4.27), we get

(4.111) |Trace(ST )| ≤ ‖ST‖1 ≤ ‖S‖Φ′‖T‖Φ.
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Let S ∈ K. Then (4.111) implies that

(4.112) ‖S‖Φ′ ≥ sup
‖T‖Φ=1
T∈R∞

|Trace(ST )|.

Let A ∈ (0, ‖S‖Φ). In view of (4.89) we can find N ∈ N large enough such that
A < Φ′(µN (S)). Using (4.87) we see that there exists a sequence b = (bn)n≥0 in l+f
with same support as µN such that Φ′(b) = 1 and

(4.113) A <
∑
n≥0

µNn (S)bn ≤
∑
n≥0

µn(S)bn.

Let S = U |S| be the polar decomposition of S and let (ξn)n≥0 ⊂ H be an
orthonormal family such that |S|ξn = µn(S)ξn ∀n ∈ N0. Set

T =
∑
n≥0

bn(ξn ⊗ ξ∗n)U∗.

The operator T has finite rank, since the support of b is finite.
By Proposition 3.1.8, the operator U∗U is the orthogonal projection onto

(kerS)⊥ = (ker |S|)⊥, so U∗Uξn = ξn whenever µn(S) 6= 0. Therefore, we can
check that

T ∗T =
∑
n≥0

b2nξn ⊗ ξ∗n and |T | =
∑
n≥0

bnξn ⊗ ξ∗n

Using the min-max principle we then deduce that µn(T ) = bn for all n ∈ N0. Thus,

‖T‖Φ = Φ(µ(T )) = Φ(b) = 1.

We also have

ST =

(∑
n≥0

µn(S)U(ξn ⊗ ξ∗n)

)(∑
n≥0

bn(ξn ⊗ ξ∗n)U∗
)

=
∑
n≥0

µn(S)bnU(ξn ⊗ ξ∗n)U∗,

Thus Trace(ST ) is equal to∑
n≥0

µn(S)bn Trace (U(ξn ⊗ ξ∗n)U∗) =
∑
n≥0

µn(S)bn Trace (U∗U(ξn ⊗ ξ∗n)) =
∑
n≥0

µn(S)bn.

In view of (4.113) this implies that Trace(ST ) > A. Since ‖T‖Φ = 1 we deduce
that

A < sup
‖T‖Φ=1
T∈R∞

|Trace(ST )| ∀A ∈ (0, ‖S‖Φ).

Combining this with (4.112) yields (4.110). The proof is complete. �

Recall that by Proposition 4.3.4 we have an isometric isomorphism from L(H)

onto (L1)
′

given by
(4.114)

L(H) 3 S −→ (S, .) ∈ (L1)
′
, (S, .) : L(H) 3 T −→ (S, T ) := Trace(ST ).

It follows from Proposition 4.9.11 that we also have linear map,

(4.115) IΦ′ 3 S −→ (S, .) ∈ (I0
Φ)′, (S, .) : L(H) 3 T −→ (S, T ) := Trace(ST ).

and the density of L1 in I0
Φ show that if S ∈ IΦ′ then (S, .) uniquely extends

to a continuous linear map on I0
Φ, which we shall continue to denote (S, .).
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Proposition 4.9.12. If IΦ ) L1, then (4.115) yields an isometric isomor-
phism,

IΦ′ ' (I0
Φ)′.

Proof. Let us denote by TΦ the linear map (4.115). It follows from (4.109)
and (4.110) that, for all S ∈ IΦ′ ,

‖S‖Φ′ = sup‖T‖Φ=1
T∈R∞

|Trace(ST )| ≤ sup
‖T‖Φ=1
T∈R∞

|Trace(ST )| ≤ ‖S‖Φ′ .

Therefore TΦ is an isometry, so it follows from Lemma 1.1.8 that for proving that
TΦ is an isomorphism it is enough to show that it is onto.

Consider the following subspace of L(H),

I := T −1((I0
Φ)′) =

{
S ∈ L(H); sup

T∈R∞\0

|Trace(ST )|
‖T‖Φ

<∞
}
.

Let S ∈ I, let A,B ∈ L(H) and C := supT∈R∞\0
|Trace(ST )|
‖T‖Φ . Then, for all T ∈ R∞,

|Trace(ASBT )| = |Trace(SBTA)| ≤ C‖BTA‖Φ ≤ C‖B‖‖T‖Φ‖A‖,
hence ASB is contained in I. This shows that I is a two-sided ideal.

Suppose that I is not contained in K. As I is a two-sided ideal, Proposi-
tion 4.7.2 then insures us that I = L(H) and K = I ∩ K. Since (4.110) shows
that I ∩ K = IΦ′ , we see that IΦ′ = K. Observe that K is the Banach ideal IΦ∞

associated to the norm Φ∞ in (4.75). Using Remark 4.9.5 we see that Φ′ and Φ∞
are equivalent norms on lf , so by Remark 4.8.8 their dual norms. By Lemma 4.8.7
the dual norm of Φ′ is Φ and, as shown in Example 4.8.9, the dual norm of Φ∞
is the norm Φ1. Combining this with Remark 4.9.5, we see that IΦ = IΦ1

= L1.
This contradicts the assumption that IΦ does not coincide with L1, so I must be
contained in K. As I ∩ K = IΦ′ , this proves that I = IΦ′ .

Let ϕ ∈ (I0
Φ)′. By Proposition 4.7.14 the inclusion L1 ⊂ L0

Φ is continuous, so
ϕ induces a continuous linear map on L1. The isomorphism (4.114) insures us that
there exists S ∈ L(H) such that

(4.116) 〈ϕ, T 〉 = Trace(ST ) ∀T ∈ L1.

Then, for all T ∈ R∞, we have

|Trace(ST )| = |〈ϕ, T 〉| ≤ ‖ϕ‖I′Φ‖T‖Φ.

This shows that S is contained in I = IΦ′ . Observe that (4.116) shows that ϕ and
TΦ agree on L1. In particular, they agree on finite-rank operators. As finite-rank
operators are dense in I0

Φ, it follows that ϕ and TΦ agrees on all I0
Φ, i.e., TΦ(S) = ϕ.

This proves that TΦ is onto, completing the proof. �

4.10. Schatten Ideals

Let p ∈ [0,∞]. The Schatten ideal Lp is the Banach ideal LΦp associated to
the p-norm Φp. Thus, if for any T ∈ K, we set

‖T‖p := Φp ((µn(T ))n≥0) =

(∑
n≥0

µn(T )p
) 1
p

,

then
Lp = {T ∈ K; ‖T‖p <∞} .
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For p = 1 (resp. p = 2) we recover the Banach ideal of trace-class operators
(resp. Hilbert-Schmidt operators). As alluded to in the proof of Proposition 4.9.12,
for p = ∞ the Banach ideal L∞ = IΦ∞ is the whole Banach ideal of compact
operators.

As shown in Example 4.1.9 we have µn(|T |p) = µn(T )p ∀n ∈ N, so we have∑
n≥0

µn(T )p = Trace |T |p ∀T ∈ L(H).

Thus,

T ∈ Lp ⇐⇒ Trace |T |p <∞⇐⇒ |T |p ∈ L1.

Proposition 4.10.1. Let q ∈ (p,∞). Then

‖T‖q ≤ ‖T‖p ∀T ∈ K.

In particular, there is a continuous inclusion,

Lq ⊂ Lp.

Proof. Let T ∈ K. Observe that, for all n ∈ N0,

µn(T )q = µn(T )q−p.µn(T )p ≤ (‖T‖p)q−p.µn(T )p.

Therefore, we get

‖T‖q =

(∑
n≥0

µn(T )q
) 1
q

≤ (‖T‖p)
q−p
q

(∑
n≥0

µn(T )p
) 1
q

= (‖T‖p)
q−p
q (‖T‖p)

p
q = ‖T‖p,

proving the lemma. �

It can be easily seen that, for p < ∞, the symmetric norm Φp satisfies the
condition (4.107). Therefore, Proposition 4.9.7 gives

Proposition 4.10.2. The Schatten ideal Lp is separable and the finite-rank
operators are dense in Lp.

Assume p > 1 and let p′ ∈ (1,∞) be such that 1
p + 1

p′ = 1. Then the dual norm

of Φp is the p′-norm Φp′ . This follows from the Hölder inequality,∣∣∣∣∑
n≥0

anbn

∣∣∣∣ ≤ (∑
n≥0

|an|p
′
) 1
p′
(∑
n≥0

|bn|p
) 1
p

∀a, b ∈ lf ,

and the fact that we actually have an equality when bn = an
|an| |an|

p′
p . Therefore,

using Proposition 4.9.11 and Proposition 4.9.12 we obtain:

Proposition 4.10.3. The following hold.

(1) For all S, T ∈ K, we have

‖ST‖1 ≤ ‖S‖p′‖T‖p.

(2) If S ∈ Lp′ and T ∈ Lp, then the operator ST is trace-class and

|Trace(ST )| ≤ ‖S‖q‖T‖p.

(3) The linear map (4.115) gives rise to an isometric isomorphism,

Lp
′
' (Lp)′.
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The Horn inequality admits the following generalization (see [Si, Thm. 1.15]).
Let r ∈ [1,∞) and N ∈ N. Then∑

n<N

µn(ST )r ≤
∑
n<N

µn(S)rµn(T )r ∀S, T ∈ K.

Using this generalization we can show that, if 1
p1

+ . . .+ 1
pk

= 1
r , then

‖T1T2 · · ·Tk‖1 ≤ ‖T1‖p1
‖T2‖p2

· · · ‖T1‖pk ∀Tj ∈ K.

In particular, if for every j = 1, . . . , k the operator Tj is in Lpj , then T1T2 · · ·Tk is
a trace-class operator and we have

|Trace(T1T2 · · ·Tk)| ≤ ‖T1‖p1
‖T2‖p2

· · · ‖T1‖pk .

4.11. Banach ideals associated to divergent series

Following [GK] we can produce a large class of non-separable ideals as follows.
Let π = (πn)n≥0 be a non-increasing sequence of positive real numbers satisfy-

ing the following two conditions:

(4.117) lim
n→∞

πn = 0 and
∑
n≥0

πn =∞.

Examples of sequences satisfying all these conditions are provided by the sequences

(4.118) π(p) := ((n+ 1)
1
p )n≥0, p ≥ 1.

Using Lemma 4.8.6 it is not difficult to check that we define a symmetric norm
on lf by letting

Φπ(a) := sup
N≥1

σN (a∗)

σN (π)
.

We denote by IΦπ the associated Banach ideal. In particular,

(4.119) IΦπ =

{
T ∈ K; σN (T ) = O(σN (π))

}
.

Lemma 4.11.1. Let a = (an)n≥0 be a non-increasing sequence in l0 such that
Φπ(a) <∞. Then

lim
N→∞

Φ(aN , aN+1, . . .) = lim sup
N→∞

σN (a)

σN (π)
.

Proof. For N ∈ N set aN = aN , aN+1, . . .) ∈ l0. Let n ∈ N0. As the sequence
(an)n≥0 is non-decreasing, we have

σn(aN ) =
∑
j<N

aj+N = σn+N (a)− σn ≥ σn(a)− σN (a).

Thus,

σn(a)

σn(π)
≤ σn(aN )

σn(π)
+
σN (a)

σn(π)
≤ Φπ(aN ) +

σN (a)

σn(π)
.

Since (4.117) implies that limn→∞ σn(π) =
∑
j≥0 aj =∞, we deduce that

lim sup
n→∞

σn(a)

σn(π)
≤ Φπ(aN ) ∀N ∈ N.
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Thus,

(4.120) lim sup
n→∞

σn(a)

σn(π)
≤ lim
N→∞

Φπ(aN ).

Let N and m be positive integers. As the sequence (an)n≥0 is non-decreasing,
for any n ∈ N, we have

σn(aN ) =
∑
j<n

aN+j ≤
∑
j<n

aj = σn(a).

Therefore, for all n ≥ m, we have

σn(aN )

σn(π)
≤ σn(a)

σn(π)
≤ sup
p≥m

σp(a)

σp(π)
.

Notice also that, for all n ≤ m− 1,

σn(aN )

σn(π)
≤ naN0

π0
=
m

π0
aN .

Therefore, we have

Φπ(aN ) = sup
n≥1

σn(aN )

σn(π)
≤ sup

{
sup
p≥m

σp(a)

σp(π)
,
m

π0
aN

}
.

Since limN→∞ aN = 0, it follows that, ,

lim
N→∞

Φπ(aN ) ≤ sup
p≥m

σp(a)

σp(π)
∀m ∈ N.

Thus,

lim
N→∞

Φπ(aN ) ≤ lim
m→∞

sup
p≥m

σp(a)

σp(π)
= lim sup

n→∞

σn(a)

σn(π)
.

Combining this with (4.120) yields the lemma. �

Proposition 4.11.2. The Banach ideal IΦπ is not separable and

(4.121) I0
Φπ =

{
T ∈ K;σN (T ) = o(σN (π))

}
.

Proof. It follows from Lemma 4.9.6 and Lemma 4.11.1 that an operator T ∈ K
is in I0

Φπ
if and only if σN (T ) = o(σN (π)).

Thanks to (4.117) the sequence π = (πn)n≥0 is contained in l0. It is immediate
that Φπ(π) = 1. Moreover, using Lemma 4.11.1, we see that

lim
N→∞

Φπ(πN , πN+1, . . .) = lim sup
N→∞

σN (π)

σN (π)
= 1.

Therefore (4.107) does hold, so using Proposition 4.9.7 we see that the Banach ideal
IΦπ is not separable. The proof is complete. �

Proposition 4.11.3. Suppose that σn(π) = O(nπn). Then

IΦπ =

{
T ∈ K;σN (T ) = O(πn)

}
and I0

Φπ =

{
T ∈ K;σN (T ) = o(πn)

}
.
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Proof. Let T ∈ K. Let m ∈ N and set am = supn≥m
µn(T )
πn

. For n ≥ m we

have µn(T ) = µn(T )
πn

πn ≤ amπn, so for all N > m we get

σN (T ) = σm(T ) +
∑

m≤n<N

µn(T ) ≤ σm(T ) + am
∑

m≤n<N

πn ≤ σm(T ) + amσN (T ).

Since limN→∞ σN (π) =∞, we deduce that

lim sup
N≥∞

σN (T )

σN (π)
≤ am ∀m ∈ N.

Thus,

(4.122) lim sup
N→∞

σN (T )

σN (π)
≤ lim
m→∞

am = lim sup
n→∞

µn(T )

πn
.

Set C := supn≥1
σn(π)
nπn

. Since the sequence (µn(T ))n≥0 is non-decreasing, for

any n ∈ N, we have σn(T ) =
∑
j<n µj(T ) ≥ nµn(T ), and hence

µn(T )

πn
≤ σn(T )

nπn
=
σn(π)

nπn
.
σn(T )

σn(π)
≤ Cσn(T )

σn(π)
.

Thus,

(4.123) lim sup
n→∞

µn(T )

πn
≤ C lim sup

n→∞

σn(T )

σn(π)
.

Combining (4.122)–(4.123) with (4.119) and (4.121) yields the proposition. �

Let Φ′π be the dual norm of Φπ as defined in (4.85). This is a symmetric norm
on lf .

Lemma 4.11.4. We have

(4.124) Φ′π(a) =
∑
n≥0

πna
∗
n ∀a ∈ lf .

Proof. Let Φ̃ be the function on l+f defined by

Φ̃(a) :=
∑
n≥0

πnan ∀a ∈ l+f .

In view of Lemma 4.8.6, in order to prove that Φ̃ agrees with Φ′π it is enough to

show that Φ̃ satisfies the conditions (4.81)–(4.84) and agrees with Φ′π on l+f .

Clearly, Φ̃ satisfies (4.81)–(4.83). As, for all a ∈ lf , we have

(4.125)
∑
n≥0

πnan = π0σ0 +
∑
n≥1

πn(σn+1(a)− σn(a)) =
∑
N≥1

(πN−1 − πN )σN (a),

we see that Φ̃ satisfies (4.84) as well.

It remains to prove that Φ̃ agrees with Φ′π on l+f . Let a ∈ l+f . Then by (4.86)
we have

Φ′π(a) = sup

{∑
n≥0

anbn; b ∈ l+f , Φπ(b) = 1

}
.
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Notice that, for any N ∈ N, the sequence (π0, . . . , πN , 0, 0, . . .) belongs to l+f and

we can check that Φπ(π0, . . . , πN , 0, 0, . . .) = 1. Therefore, if N is large enough so
that an = 0 for n ≥ N , then

(4.126) Φ′π(a) ≥
∑
n≤N

anπn =
∑
n≥0

anπn = Φ̃(a).

Let b ∈ l+f be such that Φπ(b) = 1. Then σN (b) ≤ σN (π) for all N ∈ N.

Therefore, arguing as in (4.125), we get∑
n≥0

anbn =
∑
N≥1

(aN − aN−1)σN (b) ≤
∑
N≥1

(aN − aN−1)σN (π) =
∑
n≥0

anπn.

It then follows that Φ′π(a) ≤ Φ̃(a). Combining this with (4.126) proves that Φ̃ and
Φ′π agree on l+f . The proof is complete. �

It follows from Lemma 4.11.4 that

IΦ′π
=

{
T ∈ K;

∑
n≥0

πnµn(T ) <∞
}

and ‖T‖Φ′π =
∑
n≥0

πnµn(T ) ∀T ∈ K.

Using (4.124) it is not hard to check that the symmetric norm Φ′π satisfies (4.107).
Therefore, from Proposition 4.9.7 we get

Proposition 4.11.5. The Banach ideal IΦ′π
is separable and the finite-rank

operators are dense in it, i.e., I0
Φ′π

= IΦ′π .

Using Proposition 4.9.12, Lemma 4.8.7 and the fact that I0
Φ′π

= IΦ′π
we get

Proposition 4.11.6. The linear map (4.115) gives rise to isometric isomor-
phisms,

IΦ′π
' (I0

Φπ )′ and IΦπ ' (IΦ′π
)′.

4.12. The Banach ideals L(p,∞) and L(p,1)

Let p ∈ (1,∞). We denote by L(p,∞) the Banach ideal IΦ(p,∞)
associated to

the symmetric norm Φ(p,∞) on lf defined by

Φ(p,∞)(a) := sup
N≥1

σN (a)

N1− 1
p

∀a ∈ lf .

Thus,

L(p,∞) =

{
T ∈ K; σN (T ) = O(N1− 1

p )

}
,

and L(p,∞) is a Banach ideal for the norm,

‖T‖(p,∞) := ‖T‖Φ(p,∞)
= sup
N≥1

σN (T )

N1− 1
p

.

Since
∑
n<N (n+1)−

1
p ∼ 1

1− 1
p

N1− 1
p as N →∞, we see that Φ(p,∞) is equivalent

to the symmetric norm Φπ(p) associated to the sequence π(p) in (4.118). Therefore,
the Banach ideals L(p,∞) and IΦ

π(p)
have same underlying sets and their norms are

equivalent. Since for p > 1 we have σn(π(p)) = O(nπ
(p)
n ), using Proposition 4.11.2

and Proposition 4.11.3 we obtain:

Proposition 4.12.1. Let p ∈ (1,∞). Then
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(1) We have

L(p,∞) =

{
T ∈ K; µn(T ) = O(n−

1
p )

}
.

(2) The Banach ideal L(p,∞) is not separable and the closure of finite-rank
operators in L(p,∞) is

L(p,∞)
0 =

{
T ∈ K; σN (T ) = o(N1− 1

p )

}
=

{
T ∈ K; µn(T ) = o(n−

1
p )

}
.

For p = 1 we let L(1,∞) be the Banach ideal IΦ(1,∞)
associated to the symmetric

norm Φ(p,∞) on lf defined by

Φ(1,∞)(a) := sup
N≥2

σN (a)

logN
∀a ∈ lf .

Thus,

L(1,∞) =

{
T ∈ K; σN (T ) = O(logN)

}
,

and the norm of L(p,∞) is

‖T‖(1,∞) := ‖T‖Φ(1,∞)
= sup
N≥2

σN (T )

logN
.

This Banach ideal is sometimes called the Dixmier ideal, since this is the natural
domain of the Dixmier trace (cf. Chapter ??).

As in the case p > 1, the symmetric norms Φ(1,∞) and Φπ(1) are equivalent, so

the Banach ideals L(1,∞) and IΦ
π(1)

have same underlying sets and their norms are

equivalent. Therefore, using Proposition 4.11.2 we get:

Proposition 4.12.2. The Banach ideal L(1,∞) is not separable and the closure
of finite-rank operators in L(1,∞) is

L(1,∞)
0 =

{
T ∈ K; σN (T ) = o(logN)

}
.

Remark 4.12.3. Unlike in the case p > 1, we have a strict inclusion,

L(1,∞) )
{
T ∈ K; µn(T ) = O(n−1)

}
.

Clearly, if T ∈ K is such that µn(T ) = O(n−1), then σN (T ) = O(logN), and hence
T is contained in L(1,∞).

To show that the inclusion is strict we only have to exhibit a non-increasing
sequence of positive numbers (an)n≥0 such that σN (a) = O(logN) and nan is not
bounded. An example of such a sequence is obtained as follows.

For any k ∈ N set nk = kk and let (an)n≥0 be the sequence defined by

a0 = a1 = 1 and an =
1 + log k

nk
for nk−1 < n ≤ nk.

As nkank = 1 + log k →∞ as k →∞, we see that an is not a O(n−1).
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Furthermore, for k ≥ 3, we have∑
2≤n≤nk

an =
∑

2≤j≤k

1 + log j

nj
(nj − nj−1) ≤

∑
2≤j≤k

(1 + log j)

≤
∫ k

1

(1 + log x)dx = k log k = log nk.

Therefore, if nk−1 ≤ N ≤ nk, then∑
2≤n<N

an ≤
∑

2≤n≤nk

an ≤
log nk

log nk−1
log nk−1 ≤

k log k

(k − 1) log(k − 1)
logN ≤ C logN,

where we have set C := supk≥3
k log k

(k−1) log(k−1) . This shows that σN (a) = O(logN),

concluding the remark.

Next, let p ∈ (1,∞] and denote by L(p,1) the Banach ideal associated to the
symmetric norm Φ(1,∞) on lf defined by

Φ(p,1)(a) :=
∑
n≥0

(n+ 1)
1
p−1an ∀a ∈ lf .

In other words,

L(p,1) =

{
T ∈ K;

∑
n≥0

(n+ 1)
1
p−1µn(T ) <∞

}
,

and the norm of L(p,1) is given by

‖T‖(p,1) :=
∑
n≥0

(n+ 1)
1
p−1µn(T ).

When p =∞ the Banach ideal L(∞,1) is called the Macaev ideal.
Let p′ ∈ [1,∞) be such that 1

p + 1
p′ = 1. Since Lemma 4.11.4 shows that Φ(p,1)

is the dual norm Φ′
π(p′) , we see that L(p,1) is the Banach ideal IΦ′

π(p′)
. Therefore,

Proposition 4.11.5 and Proposition 4.11.6 yield:

Proposition 4.12.4. Let p ∈ (1,∞] and p′ ∈ [1,∞) be such that 1
p + 1

p′ = 1.

(1) The Banach ideal L(p,1) is separable and agrees with the closure of finite-
rank operators.

(2) The linear map (4.115) yields isomorphisms,

L(p,1) ' (L(p′,∞)
0 )′ and L(p′,∞) ' (L(p,1))′

Finally, the ideals L(p,∞) and L(p,1) can be compared to the Schatten ideals.

Proposition 4.12.5. We have continuous inclusions,

Lp ⊂ L(p,∞)
0 and L(p,∞) ⊂ Lq, 1 ≤ p < q <∞,(4.127)

Lq ⊂ L(p,1), 1 ≤ q < p ≤ ∞,(4.128)

L(p,1) ⊂ Lp, 1 ≤ p <∞.(4.129)
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Proof. In view of Proposition 4.12.4 it is enough to prove that we have con-
tinuous inclusions,

Lp ⊂ L(p,∞)
0 , 1 ≤ p <∞,

Lq ⊂ L(p,1), 1 ≤ q < p ≤ ∞,

since the other continuous inclusions would follow by duality.
Let p ∈ (1,∞] and let q ∈ [1, p). Let T ∈ Lq. Let p′ and q′ be such that

1
p + 1

p′ = 1 and 1
q + 1

q′ = 1. The Hölder inequality gives

‖T‖(p,1) =
∑
n≥0

(n+ 1)
− 1
p′ µn(T ) ≤

(∑
n≥0

(n+ 1)
− q
′
p′

) 1
q′

‖T‖q.

The fact that q < p insures us that q′ > p′, so the series
∑
n≥0(n + 1)

− q
′
p′ is

convergent, so we see that Lq is contained in L(p,1) and the inclusion is continuous.
Let p ∈ [1,∞) and let T ∈ Lp. Using the Hölder inequality we see that, for any

N ∈ N,

σN (T ) =
∑
n<N

µn(T ) ≤
(∑
n<N

1p
′
) 1
p′
(∑
n<N

µn(T )p
) 1
p

≤ N1− 1
p ‖T‖p.

In view of the definition of the norm of L(p,∞) this implies that

‖T‖(p,∞) ≤ ‖T‖p ∀T ∈ Lp.

Thus Lp is contained in L(p,∞) and the inclusion is continuous. Since by Proposi-
tion 4.10.2 the finite-rank operators are dense in Lp, it follows that Lp is contained

the closure of finite-rank operators in L(p,∞), that is, the ideal L(p,∞)
0 . Therefore,

we actually have a continuous inclusion of Lp in L(p,∞)
0 . The proof is complete. �

Remark 4.12.6. Let T ∈ K be such that

µn(T ) = (n+ 1)−
1
p (log(n+ 2))

−α ∀n ∈ N0.

The following observations hold:

• If α = 1
p and p ∈ (1,∞), then T is not in Lp and Proposition 4.12.1 and

Proposition 4.12.2 insure us that T is in L(p,∞)
0 .

• If α = −1 and p ∈ [1,∞), then T is contained in every ideal Lq with
q > p. If p > 1, then using Proposition 4.12.1 we see that T is not in
L(p,∞). Likewise, when p = 1 the operator T is not in L(1,∞).

• If α = 1 and p ∈ (1,∞), then T is in L(p,1), but it is not in any ideal Lq
with q > p.

• If p ∈ (1,∞] and α ∈ (p−1, 1), then T is in Lp, but not in L(p,1).

This shows that all the inclusions in (4.127)–(4.129) are strict.
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