CHAPTER 4

Singular Values and Schatten Classes

In this chapter we present basic results on characterstic values and ideals of
compact operators. Part of the material of this chapter is succinctly presented
in [Co, pp. 439-443] and [GVF, 310-317]. A thorough account on ideals of compact
operators is given in the book of Gohberg-Krein [GK] (see also [Si]).

Throughout this chapter we let H be a separable Hilbert space.

4.1. Singular Values

DEFINITION 4.1.1 (Singular Values). Let T € L(H). For every n € Ny the

(n+ 1)-th singular value of T is
pin(T) == inf{|| T\ g+ [|; dim E'=n}.

It immediately follows from this definition that, for any T' € L(H),
(4.1) tn(AT) = [A|pn(T) VA € CVn € No.

In the sequel we denote by R,, the space of operators T' € L(H) of rank < n.

PROPOSITION 4.1.2. Let T € L(H). Then

(4.2) wn(T) = dist(T, Ry,) Vn € Ny,
(4.3) i (T) < pn(T) Ym,n € Ng, m > n.

PRrROOF. Let n € Ny. By definition dist(T,R,) = inf{||T — R||; R € R,}. Let
E be an n-dimensional subspace of H and denote by I1g the orthogonal projection
onto E/. Then rkTTlg < rkllg = n, i.e., TIlg is contained in R,,. Thus,

dist(T, Rn) < [|T = THgl| = |T(1 - Hg)|| = [Tz,

from which we deduce that dist(T,R,) < pn(T).

Conversely, let R € R,,. As rk R* = rk R < n there exists an n-dimensional
subspace E of H containing im R*, so that E~ is contained in (im R*)+ = ker R.
Thus,

IT=R|| = sup [(T'—R)§|| = sup [[T¢|[ = sup | T¢]| = Tjpell = pn(T).
£€ker R £€ker R ¢eE+
ll€l1=1 l1€]1=1 liel=1

This implies that dist(T, R,) > un(T), and hence p,(T) = dist(T, R,,).

Next, let m € Ng, m > n. Then R,, D R, and so dist(T, R,,) < dist(T, Ry,).
Since pm (T) = dist(T, Ry,) and p,(T) = dist(T, R,), the inequality (4.3) follows.
The proof is complete. O



PROPOSITION 4.1.3. Let T € L(H) and let n € Ng. Then

(4.4) pn(T) = pn(T™) = pn(|TY),
(4.5) pn(ATB) < [[Alpn(T)IBI VA, B € L(H),
(4.6) wn(UTU) = pn(T) VU € L(H), U unitary.

PRrROOF. Let A and B be in L(H), and let R € R,,. Then ARB is contained in
R.. too, and hence
pin(ATB) = dist(ATB, Ry) < |ATB - ARB| = ||A(T — R)B|| < || A[|[|T — RI|[|B].
Thus 1, (ATB) < | A]| dist(T, R | Bl| = | Allin(T) | Bll, proving (4.5)
If U is unitary and we take A = U* and B = U in (4.5), then we get
pin (U TU) < U pn (DU = pan(T).

The above inequalities for U*TU and U* yield p, (T) < pn,(U*TU). Thus p, (U*TU)
agrees with p,(T), proving (4.6).

It remains to prove (4.4). Let T'= U|T| be the polar decomposition of T. As
JUIl = 1 from (45) we get pn(T) = fin(UIT) < [Ulan(IT]) = pin(|T]). Since
|T| = U*T we similarly have p,(|T]) < pn(T), and hence pu,, (T) = pn(|T)).

Finally, as |T%| = U*|T|U and |T| = U|T*|U*, arguing as above shows that
in(TI) = fin(T*]). Since pin(IT*]) = fin(T") this implies that in(|T]) = 1n(T"),
completing the proof. O

REMARK 4.1.4. Let H' be a separable Hilbert space, let A € L(H',H) and let
B € L(H,H'). Then by arguing as above we can show that, for any T € L(H),

(AT B) < [|All 2 30y (D) Bllcp,my - ¥ € No.
In particular, if U € L(H,H’) is unitary, then we can show that, for any T € L(H),
wn(U*TU) = p (T) Vn € Np.

Thus the singular values of T are invariant under the action of unitary isomor-
phisms.

PROPOSITION 4.1.5. Let S,T € L(H) and let m,n € Ng. Then

(4.7) frmtn (S +T) < i (S) + pn(T),
(4.8) [ (S) = pn (T)| < |5 =T,
(49) Mern(ST) < Mm(S)MH(T)

PROOF. Let R € R, and let R’ € R,,. Then R+ R’ is contained in R, 1m,
and hence

fmn (S +T) = dist(S + T, Rynn) < [S+T = (R+ R)|| < ||S = Rl + T — RJ|.

Thus pimin (S +T) < dist(S, Rp) + dist (T, Ry) = pim (S) + pn(T), proving (4.7).
If in (4.7) we substitute S — T for S and we take m = 0, then we obtain

pn(S) < po(S —=T) + pn(T) = |15 = T|| + pn(T),
that is, 1, (S) — pn(T) < ||S — T||. Interchanging S and T yields
pn(T) = pn(S) < |15 =T,
so we see that | (S) — pn(T)| < ||S =T, i-e., (4.8) holds true.
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It remains to prove (4.9). To this end let R € R,, and let R’ € R,,. Then
(S—R)(T—-R)=ST-R', R":=SR' + R(T - R).

Observe that SR’ is contained in R,, and R(T — R') is contained in R,,, so R” is
contained in Ry,4y. Thus,

finym (ST) < [|ST = R”|| = ||(S = R)(T — R))|| < [|S = RII|T — R'||.

From this we deduce that piy,,(ST) < dist(S, Ry) dist(T, Ry) = pom (S)pn(T),
completing the proof. (I

PROPOSITION 4.1.6. Let T € L(H). Then the following are equivalent:
(i) T is a compact operator.
(ii) T is the norm-limit of finite-rank operators.
(iii) pn(T) — 0 asn — 0.
(iv) For any € > 0 there exists a finite-dimensional subspace E of H such that
[Tl <e.

PrOOF. The implication (i) = (iv) follows from Proposition 3.4.2 (iv)—(v).
Therefore, to show that the conditions (i)—(iv) are equivalent it is enough to prove
the implications (ii) = (i), (iii) = (ii), (iv) = (iii).

e (ii) = (i): As any finite rank operator is compact and K is closed, any norm-limit
of finite rank operators remains in K. Thus (ii) implies (i).

e (iii) = (ii): Suppose that lim, ,oo pin(T) = 0. Let &k € N. Then there exists
ni € No such that dist(T, R,, ) = n, (T') < k~'. Thus there exists Ry € R,, such
that ||T'— Rg|| < 2k~'. Then the sequence (Rj)g>1 converges to T in norm, so T’
is a norm-limit of finite rank operators. This proves that (iii) implies (ii).

e (iv) = (iii): Assume that (iv) holds. Let ¢ > 0. Then there exists a finite-
dimensional subspace E' C H such that [|Tjg.| < €. Set ng = dim E. Then we
have pin,(T) < ||Tjp1]| < €. Since by (4.3) the sequence (1,,(T"))n>0 is decreasing,
we see that p,(T) < € for all n > ng. This proves that p,(T) — 0 as n — 0. Thus
(iv) implies (iii). The proof is complete. O

THEOREM 4.1.7 (Min-Max Principle). Let T € K. Then, for all n € Ny,
(4.10) wn(T) = (n + 1)-th eigenvalue of |T| counted with multiplicity.

ProOOF. Since p,(T) = pn(|T]) it enough to prove the result for |T'|, which
allows us to assume T positive. For any k € Ny let A be the (k + 1)-th eigenvalue
of T' counted with multiplicity and let (£)x>0 be an orthonormal basis of H such
that T¢, = A&y for all £ € Ny.

For k € N denote by Ej be the k-dimensional subspace of H spanned by the
vectors &y, . ..,&k—1. Then by (3.18) we have

k>n

Thus, by the very definition of w,,(T) we have
(4.11) (1) < | TipL |l = An.

Conversely, let E be an n-dimensional subspace of A and denote by II the
orthogonal projection onto E. Since Ilg, ., maps the (n + 1)-dimensional space
E,, 11 to the n-dimensional subspace F, it cannot be one-to-one. Therefore, there
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exists a unit vector ¢ which is contained in E,,; and in ker IT = E*. In particular
£ = pen ky with 37, |ag[* = 1. Thus,

2
> arTél|| =
k<n

Since A, < A for all k < n, we deduce that

1T 1?2 A ) lonl? = A

k<n

2
=) lax?A}.

k<n

1T 1 > I TE|1* =

> i

k<n

As the inequality ||Tjg+| > A, is valid for any n-dimensional subspace of H, it
follows that p,(T) > A,. Together with (4.11) this shows that A\, = u,(T). The
proposition is thus proved. O

Let us now look at some interesting consequences of the min-max principle.
First, in the light of (4.10) the inequality (4.8 ) shows the continuity of the eigen-
values of positive compact operators.

Another interesting consequence is the following.

PROPOSITION 4.1.8. Let T' € K have polar decomposition T = U|T| and let
(&n)n>0 be an orthonormal family such that |T\&, = un(T)Ey, for all n € Ny.

(1) We have
T=> pun(T)U&) @&,
n>0

where the series converges in norm.
(2) Let f be a non-negative non-decreasing function on [0,00) which is con-
tinuous and vanishes at 0. Then

(4.12) pn(F(IT]) = f(pa(T))  Vn € No,
(4.13) FUTH =" F(un(T)én ® &,
n>0

where the series converges in norm.

PROOF. Let FE be the closed subspace spanned by all the vectors &,. Observe
that F contains all the eigenvectors of |T| associated to a non-zero eigenvalue.
Therefore, E contains (ker |T|)*, and hence Et is contained in ker |T|. Thus if
we let (nk)resr be an orthonormal basis of EL, then {ng}lresr U {&n}nen, is an
orthonormal basis of H which respect to which |T'| is diagonal, namely,

(4.14) Ty =0 Vkel and IT|n = pun(T)E,  Vn € No.

Then by 3.19 we have

(4.15) 7| =D 0 @ni+ Y mun(Tén @& = un(T)én @&,
kel n>0 n>0

where the series converge in norm. Since T' = U|T| this gives

T=UY mn(T)é @& = ZMT)U(@L@&;) > m(MUE&) @&,

n>0 n>0 n>0

where the series converge in norm.



Let f be a non-negative non-decreasing function on [0, 0o) which is continuous
and vanishes at 0. Then using (4.14) and Proposition 3.4.8 we see that f(|T]) is
compact and we have

FAT) =D FO)me @ ni + D> fun(T))n @& =D F(un(T))én @ &5,

kel n>0 n>0

where the series converges in norm. Since f is nondecreasing it follows from this
that the (n 4 1)-th eigenvalue of f(|T|) is f(un(T)). Therefore, using the min-max
principle we deduce that

pn(f(IT) = f(pn(T))  Vn €N,
which completes the proof. (I

ExXAMPLE 4.1.9. Let p > 0 and let T € K. Applying the above lemma to
f(t) = t? (with the convention that 0” = 0) shows that

tn(|TP) = pn(T)? Vn € No.

4.2. Trace-class operators

For all T € L(H) we set

1Ty == Zun(T)~
n>0
‘We then define
(4.16) LY :={T c L(H); |T|1 < oo}

The elements of £! are called trace-class operators.

Observe that if > p,(T) < oo, then p,(T) — 0 as n — oo, and so using
Proposition 4.1.6 we see that T is a compact operator. Thus any trace-class operator
is compact. Moreover,

(4.17) 1T} = po(T) < [Tl VT € L(H).
Notice also that it follows from (4.1), (4.4) and (4.5) that
(4.18) 1Tl = [T" = [Tl VT € L(H),
(4.19) ATl = AT YT € £(H) VA€ C,
(4.20) IATB|ly < [AIITh][BI VAT, B e L(H).

As an immediate consequence of (4.18) we see that, for all T € L(H),
Tel'=Tecl' = |T|eL"

In the sequel we denote by L(H)4 the cone of operators in L(#H) that are
positive.

LEMMA 4.2.1. Let T € L(H)+ . Then, for any orthonormal basis (§,)n>0, we
have

n>0
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PROOF. Let us first assume that T is compact. By Theorem 3.4.7 and Theo-
rem 4.1.7 there exists an orthonormal basis (1, )n>0 such that T, = p,(T)n, for
all n € Ng. Then

1 1 1
|TH1 = Zﬂn = Z nannn> = Z<T277mT277n> = Z ||T277n||2'
n>0 n>0 n>0 n>0

Since (&,,)>0 is an orthonormal basis, we also have
1
Sl = (Sl Tim)R) = X (S 1t mi)
n>0 n>0 “k>0 k>0 Sn>0
1
=Y IT261P =D (. TE),

k>0 k>0
proving the lemma when 7" is compact.

Suppose now that T is not compact. Then T is not trace-class, and hence
IT||1 = co. For N € N denote by Ey the span of &, ...,&{ny_1. Moreover, since T is
positive we have T = (T2 )(T2), and so as K is a two-sided ideal T2 cannot be com-
pact. It then follows from Proposition 3.4.2-(v) that the sequence (|| (T%)|Eﬁ Na>1
does not converge to 0. Since it is a non-increasing sequence of non-negative num-
bers this means there is ¢ > 0 such that ||(T%)‘E§ || > c for all N € N.

Let N € N and let £ € E% be such that [|£]| = 1 and ||T2¢]| > ¢. Notice that

> o] < X HenaliTiel < (X HenP) (ZIIT%IF)%

n>N n>N n>N n>N

Since Y5 (€0, )2 = €l1> = 1 and [|T3&,|% = (T3, T2&,) = (€., TE), it
follows that

IT=¢l| =

< |TEP < Y (6, TE) YN eN.

n>N

Therefore, the series > (&, 7€) diverges, ie., 37 5o(€n, T€n) = 00 = || T}x.
The proof is complete. O

DEFINITION 4.2.2. Let T € L(H)y. Then the trace of T is defined to be
(4.22) TraceT := Y (&, Tén),

n>0
where (£,)n>0 s any orthonormal basis.
Using (4.4) we see that, for all T' € L(H),
ITl[x = [IIT[llx = Trace[T.

In particular,
T € L' <= Trace|T| < cc.

We shall now extend the definition of TraceT to all operators T € £!.
LEMMA 4.2.3. Let T € L(H). Then, for any orthonormal basis (&,)n>0,

n>0



PROOF. Let T' = U|T| be the polar decomposition of T. Then

(s TR = [(€ns UIT|En)| = [(IT|ZUn, ITI260) < ITIZUEIT|ZEn]-
Thus,

(4.23) S TN < S IITIEU IINITI R En

n>0 n>0
< (Z |||T|%U*fn||2) (Z |||T|%sn|2) |

n>0 n>0
Using Lemma 4.2.1 and (4.2) we get
1 1 1
Y MTIZEnl? =D (T2, ITIZE0) = Y (én, ITén) = Trace|T| = | T
n>0 n>0 n>0
Similarly, we have
1o, 1o, 1o, «

Y MTIEU €l = Y _(TIZU" 6, [TIZU ) = D (n, UITIU6n).
Proposition 3.1.8) tells us that U*|T|U = |T™*|, and so using Lemma 4.2.1 and (4.2)
we get

1% * * *
(4.24) DNTIEUE)? = D (6ns IT|6n) = Trace |T*| = |IT* s = | T
n>0 n>0
Combining (4.23) with (4.2) and (4.24) gives
1 1

D& TEMN < ITIFITIE = 1T I,

n>0
proving the lemma. O

LEMMA 4.2.4. We have

(4.25) 1S+ Tl < [IS[h + [Tl VS, T € L(H).

PRrROOF. Let S,T € L(H) and let S+T = U|S+T| be the polar decompositions
of S+ T. Let (£,)n>0 be an orthonormal basis of 7. Upon writing

|IS+T|=U"(S+T)=U"S+U"'T
and using Lemma 4.2.1 and Lemma 4.2.3 we get

IS+ Tl = (s 1S+ Tlen) <> 1, UTSER) + D [{€n, U TE)|

n>0 n>0 n>0
<||US|l + |U*T 1.

Combining this with (4.20) gives
1S+ Tl < NUFNISH + MU Tl < 11+ 1T,

proving the lemma. [l

ProPOSITION 4.2.5. The following hold.
(1) L' is a two-sided ideal of L(H).
(2) ||ll1 s @ norm on L' with respect to which L' is a Banach space.
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PROOF. It follows from (4.17), (4.19), (4.20) and (4.25) that £! is a two-sided
ideal and ||.||; is a seminorm on £1.

It remains to show that £! is complete with respect to the norm ||.|;. Thus,
let (T,,)n>0 be a sequence with values in £! which is Cauchy with respect to |[|.||1.
Since by (4.17) || T, — Tp|| < ||Tp — Ty|j1 we see that (T5,),>0 is a Cauchy sequence
in L(H), and hence converges to some operator T in L(H).

Let € > 0. Then there exists N € N such that ||T,, — T,|| < € for all n,p > N.
By (4.8), for all k € N,

k(T = T) = pue (T = Tp)| < [T, = T

Since ||T, — T|| — 0 as p = oo, we see that pup(T,, — T) = limy_o0 i (Tr, — T)).
Therefore,

M M

E pe (T —T) = li_)rn E pr (T = T) VM € N.
p—00

k=0 k=0

Since for n,p > N we have
M 0o
S T =T) <Y (T = T) = | T, = Tyl < e,
k=0 k=0

we deduce that, if n > N, then Y pux(T;, — T) < € for all M € N. Thus, for all
n > N, we have

o0
(4.26) T =Tl = (T = T) < e,

k=0
Therefore T,, — T is in £' and, as £! is a subspace containing T},, we see that T'
is trace-class. Then (4.26) shows that T}, converges to T' with respect to the norm
|l.lli. Thus £ is complete with respect to the norm ||.||;, completing the proof. [

REMARK 4.2.6. It follows from (4.17) that the inclusions of £! into K and £(H)
are continuous.

LEMMA 4.2.7. Any T € L' can be written in the form
T =T, — Ty +iT3 — iTy, T, € LYNL(H)

PROOF. Let T € £'. Then T = Sy +iS_ with Sy = (T +T"*). The operators
Sy are selfadjoint and are contained in £! by (4.2). Therefore, the proof reduces
to proving that any selfadjoint trace-class operator can be written as the difference
of two positive trace-class operators.

Let T € L' be selfadjoint. Then T' =Ty — T with Ty = 1(|T| £ T). Observe
that by (4.2) the operators Ty are trace-class. In addition, observe that Ty = f4 (7))
where f1(t) = 3(|t| £¢). As the functions fi are nonnegative on Sp7T’ C R, the
operators T are positive by Corollary 3.1.4. We deduce from this that 7" can be
written as the difference of two positive trace-class operators. This completes the
proof. ([

We are now ready to prove the following.

PROPOSITION 4.2.8. Let T € L. For any orthonormal basis (£,)n>0 the series

D (s TE)

n>0



is absolutely convergent and the value of its sum does not depend on the choice of
the orthonormal basis (§,)n>0-

PRrROOF. Let (&,)n>0 be an orthonormal basis of . It follows from Lemma 4.2.3
that the series an()(fn,Tfn) is absolutely convergent. Moreover, Lemma 4.2.7

allows us to write T' = Ty — Ty + T35 — i1y with T € LY N L(H),. Then using
Lemma 4.2.1 we get

Z<§naT£n> = Z<§naT1§n> - Z<£n7T2£n> +i Z<§naT3§n> -1 Z<§n,T4§n>

n>0 n>0 n>0 n>0 n>0
= TraceT} — TraceTs + i Trace T3 — i Trace Ty.

Therefore the value of the sum an()(ﬁn, T¢,,) does not depend on the orthonormal
basis (£,,)n>0, proving the proposition. O

DEFINITION 4.2.9. The trace of an operator T € L' is defined to be
Trace(T) := Z(fn,T§n>,
n>0
where (§n)n>0 45 any orthonormal basis of H.

LEMMA 4.2.10. Any A € L(H) is linear combination of 4 unitaries.

ProOF. Upon writing A = ||A||(Ty +iT-) with Ty = m(T:&T*) we see that
the proof reduces to showing that any selfadjoint operator A € L(H) with ||A] <1
is a linear combination of two unitaries.

Let A € L(H) be selfadjoint and such that |A|| < 1. Then the spectrum of A

is contained in [—1, 1], and so we can write
1
A:§(U+U*), U:=A+iV1- A%

Observe that U = f(A) with f(t) = 1+iv1 — 12 and f(#)f(t) =1, so by continuous
functional calculus U*U = UU* = f(A)f(A) =1, i.e., U is unitary. Thus A is the
linear combination of two unitaries. This completes the proof. ([l

PROPOSITION 4.2.11. The map T — Trace(T) is a linear form on L' such that,
for any T € L', we have

(4.27) | Trace(T)| < [[T1]s,
(4.28) Trace(T*) = Trace(T),
(4.29) Trace(AT) = Trace(TA) VA e L(H).

PRrOOF. It is immediate from its definition that the map 7' — Trace(T) is
linear. Moreover, if T € L', then by Lemma 4.2.3, for any orthonormal basis

(gn)nZOa
| Trace(T)| = | Y (&n, Tn)| <D [{€n, TE)] < I|T 1)1

n>0 n>0
Moreover, by (4.2) the adjoint T* is trace-class. Then, for any orthonormal basis
(&€n)n>0, we have

Trace(T™) = Z<§naT*§n> = Z <£n7T£n> = Trace(T').

n>0 n>0




Let U € L(#H) be unitary. Then

Trace(U*TU) = Y (6, UTUE,) = > (U, TUE,).

n>0 n>0

Since U is unitary (U&,)n>0 is an orthonormal basis of H. Therefore, in view
of the definition of Trace(T) we see that > (U, TUE,) = Trace(T). Thus

Trace(U*TU) = Trace(T). Upon replacing T by UT we deduce that
Trace(TU) = Trace(UT) VU € L(H) unitary.

As by Lemma 4.2.10 any A € L£(#H) is the linear combination of 4 unitaries, it
follows that

Trace(AT) = Trace(TA) VA € L(H).
This shows that T — Trace(T) is a trace on £!. The proof is complete. O

EXAMPLE 4.2.12. Let £ and 7 be nonzero vectors in H. Let (&,)n>0 be an
orthonormal basis of H such that & = ||£]|71¢. Then, for any n € No,

<§na (5 by n*)€n> = <£n7£> <777£n> = 6n,0||§‘|_1<n7€0> = 6n,0<777§>'

Therefore, we get

(4.30) Trace(§ @) = Y (&n, (€ ©0")én) = (n,€).

n>0

EXAMPLE 4.2.13. Let T € £! be normal. Let (&n)n>0 be an orthonormal basis
of H in which T diagonalizes, i.e., T\, = A\,&, forall n € Ny. Then

(4'31) TraceT = Z<§naT5n> = Z(gna)\ngn> = Z Ans

n>0 n>0 n>0

that is, Trace T is the sum of the eigenvalues of T' counted with multiplicity.

4.3. Duality between £! and L(H)

The Banach space £ is in duality with the Banach spaces £(H) and K. This
can be seen as follows.
If S and T are in £(H) and one of these operators is trace-class, we set

(S,T) := Trace(ST).
Thanks to (4.20) and (4.27) we see that, if S € £ and T € L(H), then
(4.32) (T, 9)] = |(S,T)| = | Trace(ST)| < [|ST|[y < [[SI1[IT-

From this we deduce the following;:

- For any S € L(H) the map (S,.) : L' 5 T — Trace(ST) is a continuous
linear form on £!.

- For any S € £! the map (S,.) : L(H) € T — Trace(ST) gives rise to a
continuous linear form on L£L(H).

LEMMA 4.3.1. For any & and n in H, we have
€@ 0™l = [I€@n" v = §]Inll-
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PROOF. First, in view of the definition (3.12) of £ ® n* we have

I€@n*[l = sup [[(€@n")Cll = sup [[{n,¢)¢ll = (sup [(n, ODIEI = lInlllI€]l-
lcl=1 lcl=1 lcl=1

Moreover, for any (; and (s in H we have

(€1, (€@n")C) = (0, )G, 6 = (& C)n, @) = (n®E)G, G),
which shows that
(4.33) Een) =nef.
We then have

(E@n) Een)=me)Een) = Elmhen).
Notice that ||n||=2(n ® n*) is the orthogonal projection onto Cn, and hence, as any
orthogonal projection, ||n||=2(n ® n*) is a positive operator which agrees with its
square root, i.e., 7 ® n* is positive and (@ n*)2 = ||n||~1(n @ n*). Thus,
* 0\ * 1) & *\\ & — *
€@ = (@) E@n)? = (lElFm@n™ )z =gl (@ n).

Combining this with (4.30) we obtain

1€ @ n*[ly = Trace[¢ @n*| = Trace (||&]l[ln] =" (n @ n)*) = &]llInll,
completing the proof. O

LEMMA 4.3.2. The following hold.
(i) For all S € L',

(4.34) IS]l1 = sup |Trace(ST)|.
I1T1I=1

(ii) For all S € L(H),

(4.35) ISl = sup |Trace(ST)|.
IT]=1
PROOF. Let S € £!. Then by (4.32), for any T € L(H) of norm 1, we have
(4.36) | Trace(ST)| < S|l T[] = [IS]]x-

Let S = U|S| be the polar decomposition of S. Then by Proposition 3.1.7 |U*|| =
IU]| =1 and U*S = |S|, and hence

Trace(SU™) = Trace(U"S) = Trace |S| = ||5]]1.

Together with (4.36) this gives (4.34).
Now, let S € L(H). We may assume S # 0, since otherwise the equality (4.35)
is trivially satisfied. By (4.32), for any T in the unit sphere of £,

(4.37) | Trace(ST)| < S| T]lx = I5]-
Moreover, as

sup (€,151€) = sup [IS13€]” = IISIE1 = N(SIE) 8120 = ISl = [

we see that, for any € € (0, ||S]|), there exists a unit vector £ € H such that
(4.38) (&, 1518) = 1Sl —e.

Let S = U|S| be the polar decomposition of S. Since |U]| = 1, we have |U¢]| <
l€]l = 1. Moreover, by Lemma 3.1.6 and Proposition 3.1.7 ker U = ker S = ker |5/,
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and so (4.38) implies that U¢ is not in ker U. Therefore, using Lemma 4.3.1 we see
that

1€ @ (U™l = IElUg] = U] € (0,1].
In addition, using (4.30) and the fact that |S| = U*S we get
Trace [S(¢§ ® (U€)")] = Trace ((S§) ® (US)") = (UE, S¢) = (£, U"SE) = (& |S[E])-

Combining this with (4.38) then gives
(4.39) Trace [S(€ @ (U€)")] > 18] —

Set T = c L (E@(UE)*), with ¢ = ||€@(UE)*||1. Then ||T]|; =1 and, asc™ > 1,
using (4.39) we see that, for any € € (0,|.S]), we have

Trace ST = ¢! Trace [S(¢ @ (UE)*)] > ¢ 1(||S|| —¢) > ||| — e

Combining this with (4.37) yields (4.35). The proposition is thus proved. O

In the sequel we denote by R the subspace of £(H) consisting of finite rank
operators. This is the subspace of H spanned by the rank 1, i.e., by all operators
of the form (3.12).

We know that the closure of R in L(H) is K (cf. Proposition 4.1.6). In
addition, the following holds.

LEMMA 4.3.3. The finite-rank operators are dense in L.

PROOF. Let T € L' have polar decomposition T = U|T|, and let (£,),>0 be
an orthonormal family of H such that TE, = pu,(T)&, for all n € Ng. Then by
Proposition 4.1.8 we have

n>0

where the series converges in norm. By Lemma 4.3.1 we have

1(U&) @ &xlls = U&lEll < IUI€RII* =

and so we see that
S (DU 2 €4l < 3 (™) = T < o0
n>0 n>0

Thus the series Y., <o pn(T)(U&n) ® & converges in £'. Since it converges to
T in L(H) and the inclusion of £' into £(H) is continuous (cf. Remark 4.2.6),
T is its sum in £' too, that is, T is the limit in £' of the finite-rank operators
>onen bn(T)(UE,) ® &;. This shows that finite-rank operators are dense in £,
proving the lemma. ([

PROPOSITION 4.3.4. The map L(H) > S — (S,.) € (L) is an isometric
isomorphism.

PROOF. It follows from (4.35) that the map L£(H) > S — (S,.) € (£') is
isometric. Therefore, in view of Lemma 1.1.8, in order to prove this map is an
isometric isomorphism we only have to check it is onto.

Let ¢ € (£'). Let S be the endomorphism of H defined by

(n,8¢) =(p,€@n*)  V&neH.

Thanks to Lemma 4.3.1 we have

[(n,SE] = e, €@ 07)] < llellcryll{w, € @0 )l < el ey HIE NIl
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Thus,
sup [|S¢]l = sup sup [(n,SE)| < [lell(cry,
lél=1 [Inll=1I€ll=1
showing that S is a continuous endomorphism, i.e., S is contained in L(H).
Now, thanks to 4.30, for any ¢ and 7 in ‘H, we have

(4.40) (5,6 ®@n") = Trace(S(§ @ ")) = Trace((S§) @ ") = (n, 5§) = (v, £ @ %),

that is, (5,.) and ¢ agree on operators of rank 1, and by linearity they agree on
their span, namely, Ro,. Both (S,.) and ¢ are continuous linear forms and by
Lemma 4.3.3 the subspace R is dense in £, so (S,.) and ¢ agree on all £. This
proves that the map £(H) 2 S — (S,.) € (£') is onto, completing the proof. O

It follows from the above the proposition that £(#) can be canonically identified
with the dual of £!. For this reason £! can be referred to as the predual of L(H).

The converse is not true. Namely, £! is not the dual of £(H), but instead is
that of the space K of compact operators. This is the content of the following.

PROPOSITION 4.3.5. The map L' > S — (S,.) € K' is an isometric isomor-
phism.

PROOF. As in the proof of Proposition 4.3.4 we only have to prove that the
map £! 55 — (S,.) € K is onto. To this end let ¢ € K. Since the inclusion of £*
into K is contionuous (cf. Remark 4.2.6), we see that ¢ induces a continuous linear
form on £', and hence by Proposition 4.3.4 there exists S € £(#) such that

(4.41) (¢, T) = Trace(ST) VT € L.
In particular, by (4.40) we have
(4.42) (n,5¢) =(p,E®@n")  V&neH.

Let S = U|S| be the polar decomposition of S and let (&, ),>0 be an orthonor-
mal basis of H. As by Proposition 3.1.7 |S| = U*S, using (4.42) we see that, for
any n € Ny, we have
(4~43) <§na |S‘§n> = <€n7 U*S£n> = <U£naS§n> = <907§n ® (Ugn)*>
Notice that thanks to (4.33) we have

€ ® (U&)" = (U&) &) = (U6 ® ;)" = (6a ® E3)U,
and hence (&,,|S|&n) = (@, (§n ® £)U™). Therefore, for all N € N,

5 (6 I8len) = [t (X &0 9007)| < el [( . &0 0 €000
n<N n<N n<N
<ol D & @& IU7]-
n<N
By Proposition 3.1.7 [[U*|| = |[U]| = 1 and, as ) & ® &, is the orthogonal
projection onto the span of &, ..., &y, this operator has norm 1 too. Thus,
D (& ISIen) <llellr VN €N
n<N

Using (4.18) and Lemma 4.2.1 we then get
151 = N1S[lh = Y (€ns [S1€n) < llllicr < oo,

n>0
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and hence S is trace-class.

Since S is in £, the map (S,.) : K 2 T — Trace(ST) is a continuous linear map
on K. Moreover, it follows from (4.41) that it agrees with ¢ on £!, and hence on
Ro- As by Proposition 4.1.6 R is dense in K, we see that (.59,.) and ¢ agree on all
K, showing that the map £' > S — (S5,.) € K’ is onto. The proof is complete. [

4.4. Hilbert-Schmidt Operators
For any T' € L(#) we define

= (X unm?)é.

n>0
‘We then define
L2 :={T € L(H); ||T||2 < oo}

The elements of £2 are called Hilbert-Schmidt operators.
As in (4.18)—(4.20) we have

(4.44) ITllz = | 7"l = ITll. VT € L(K),
(4.45) IATlls = [AlIT]l; VT € £(H) YA€ C,
(4.46) |ATBll; < IAIITILIBI VAT, B € L(H).

As an immediate consequence of (4.44) we see that, for any T € L(H),
TelL? =T ecl? T el
LEMMA 4.4.1. The following hold.
(i) For any T € L(H),
(4.47) ITI < ITll> < ITIHITE
(ii) We have the inclusions,
(4.48) LcrLrck.
PRrROOF. Let T € L(H). Since ||T|| = po(T") we have ||T'|| < ||T'||2. Moreover,
using (4.3) we see that, for any n € Ny,
n(T)? = pin(T) i (T) < pi0(T)pin(T) = [T ().
Thus,
D T NI Y pa(T) = ITHIT

n>0 n>0

1
from which we get ||T||2 < ||TH%HT||12 In particular, if T € £!, then ||T|2 < oo,
and hence T is in £2. Thus £' is contained in £2.
Let T € £2. Then Y, <, pn(T)? < oo, and hence lim,_,o p1,,(T') = 0. There-

fore T is compact by Proposition 4.1.6. This proves that £2 is contained in . [

EXAMPLE 4.4.2. Let £ and n be vectors in H. By Lemma 4.3.1 both ||£ @ n*||
and ||€ ® n*||1 are equal to ||£]|||n||, and so using (4.47) we get

1€ @012 = lIElnll-
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LEMMA 4.4.3. Let T € L(H). Then, for any orthonormal basis (§,)n>0, we
have

(4.49) |75 = Trace [T = > | T,
n>0
and hence
(4.50) T € £? <= Trace|T|? < 0o < |T|* € £'.

PROOF. Assume first that T is compact. Then thanks to (4.12) pn(|T]?) =
pn(T)? for all n € Ny, and so we have

1712 = (Z un(IT|2>2 — (Trace |T|*)2.

n>0

Suppose now that 7' is not compact. Then by (4.48) T is not in £2, and
hence ||T||2 = oco. By Proposition 3.4.4 the fact that T is not compact, implies
that |T'| is not compact either. Observe further that, as lim;_,o+ 7 = 0, it follows
from Proposition 3.4.8 that, for any positive compact operator S, the operator S 3
is compact too. Therefore, if |T|? were compact, then |T| = (|T]2)2 would be
compact too. Since |T is not compact, we deduce that |T'|?> cannot be compact.
Incidentally, |T'|? is not trace-class, and hence

Trace|T|* = [||T?[ls = oo = ||Tl2.
In general, for any T € L(H), using Lemma 4.2.3 we get
(4.51) IT(I3 = Trace[T|* =Y (&n, ITI*¢0)-
n>0
Since |T|?> = T*T, for any n € Ny, we have
Thus,
ITI3 = 1Tl

n>0
Finally, the equivalences (4.50) immediately follow from (4.49). The lemma is
thus proved. O

LEMMA 4.4.4. We have
(4.52) [S+Tl2 < IS+ T2 VS, T € L(H).

PRrROOF. Let S,T € L(H) and let (€,),>0 be an orthonormal basis. Using (4.49)
and the Minkowski’s inequality for series we get

1S+ T2 = (Z (S + T)€n||2); < (Z(llenH + ||T§n||)2>é

n>0 n>0

< (Z ||an||2)2 n (Z ||Tsn||2)2 = 1Sz + T2,

n>0 n>0

proving the lemma. O
ProPOSITION 4.4.5. The following hold.
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(1) L' is a two-sided ideal of L(H).
(2) |I.Il1 is @ norm on L' with respect to which L' is a Banach space.

PROOF. It follows from (4.45)—(4.46), (4.47) and (4.52) that £2? is a two-sided
ideal of £(H) and ||.||2 is a norm on £2. Moreover, by arguing as in the proof
Proposition 4.2.5 we can show that £2? is complete with respect to the norm ||.||2,
i.e., £? is a Banach space for this norm. O

REMARK 4.4.6. Combining (4.17) and (4.47) shows that, for any T' € L(H),

1T < ITll2 < 1T}
Therefore, the inclusions £! € £2 and £2 C K are continuous.

In addition, arguing as in the proof of Lemma 4.4.7 yields the following.

LEMMA 4.4.7. The finite-rank operators are dense in L2.

PROPOSITION 4.4.8. Let S and T be Hilbert-Schmidt operators. Then ST and
TS are trace-class operators and we have

| Trace(ST)| < |ST[lx < [[Sl2/[ T2,
Trace(ST) = Trace(T'S).
PRrROOF. Let ST = U|ST| be the polar decomposition of ST and let (&,),>0 be

an orthonormal basis of #. By Proposition 3.1.8 |ST| = U*ST, and so using (4.21)
we get

STy =Y (&n, U*STE) = > (SUE&, TE) <D ISUE I Ténll-
n>0 n>0 n>0

Using Cauchy-Schwartz Inequality for sequences together with (4.49) we then get

1

15Tl < (Z ||5U€n||2> (Z ||T€n||2> = [ISUll2[I TNz < (ISl IUTHIT N2 < [I1Sl2l|T 12,

n>0 n>0

Notice that by Proposition 3.1.8 and (4.46) we have ||SUll2 < ||S|l2||U]l < ||S]|2-
Thus,

(4.53) 15Tl < [IS[2lIT 2.
This proves that ST is trace-class. Moreover, combining (4.53) with (4.27) yields
| Trace(ST)| < STy < [1S]l21 T2,

proving (4.4.8).

It follows from all this that, if we fix S € £2, then both T — Trace(ST)
and T — Trace(T'S) are continuous linear forms on £2. Moreover, as finite-rank
operators are trace-class, it follows from (4.29) that these linear forms agree on
finite-rank operators. Since the latter are dense in £2 by Lemma 4.4.7, it follows
that Trace(ST) = Trace(T'S) for all T € £2?, completing the proof. O

For S,T € £? we define
(S,T) := Trace(ST).

This defines a bilinear form on £2. If S € £2, then by (4.4) its adjoint S* is in £
too. Therefore, for S,T € £? we may also define

(4.54) (S,T) 2 := Trace(S*T).
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This defines a Hermitian form on £2. Moreover, as T*T = |T'|?, using (4.49) we get
(T, T) ;> = Trace T*T = Trace |T|> = |T||3.

Since ||.||2 is a norm on £2 this proves that (.,.) 2 is actually a positive-definite inner
product on £2 whose associated norm is just the Hilbert-Schmidt norm. Combining
this with Proposition 4.4.5 we obtain:

PROPOSITION 4.4.9. £2 is a Hilbert space with respect to the inner product (4.54).

For S € £? denote by (S,.)z> the linear form T — (S,T)>. Similarly, let
us denote by (S,.) the linear form 7' — (5,7T). By definition of {(.,.),2 we have
(S,.) = (S*,.). Since {.,.) is a Hilbert-space inner product on £2. The map
S — (S, .) c2 is an isometric antilinear isomorphism from £2? onto (£2). Since (4.44)
implies that S — S* is an isometric antilinear isomorphism of £2 we obtain:

PROPOSITION 4.4.10. The map L2 > S — (S,.) € (£L?) is an isometric linear
isomorphism from L2 onto (L£2)'.

4.5. Integral Operators
Let (X, u) be a o-finite measured space such that L?(X) is separable. Let
K(x,y) € L2y, (X x X). For f € L%(X) define

Hp
Ty f(z) = /X K () f (5)du(y).

The function Tk f(x) is measurable and by Cauchy-Schwartz’s Inequality,

TP < [ K @aPin) [ 17 Pdut) = 1112 [ 1K e)Rauty)
and hence

[ mc@Pauta) < U1 [ ([ 1Pt ) duto) = 1511513
Therefore the map Tk : f — Tk f is a continuous endomorphism of Li(X ). Such
an operator is called a integral operator.

EXAMPLE 4.5.1. Let ¢ and ¢ be in L?(X). Then, for any f € L?(X),
(0 © ) (@) = (. 1)9(w) = ole) [ W) = T (@)
where ¢ ® ¢ is the element of L2y (X x X) defined by
(p@V)(z,y) = p(@)P(y).

This shows that any rank 1 operator is an integral operator, and hence by linearity
any finite rank operator is an integral operator.

PROPOSITION 4.5.2. Let K and K' be in L7 (X x X). Then
TI*( = TK* and TKTK/ = TK*K’7

where K* and K * K' are the functions in L2 (X x X) defined by

pROp
(4.55) K*(a,y) = K(y, ),
(4.56) K x K'(x,y) = /X K(z,2)K'(z,y)du(z).
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PROOF. It is immediate from its definition that K*(z,y) is in L7,
Moreover, for any f and g in L2 (X), we have

i Tieg) = / @) Ticg()dpu(x) / ( / K(z,y)g <y>) dpa()
/ (/ K*(y, ) f(z)du(x )) g(y)dﬂ(y)ZAmg(y)du(y)

= <TK*fag>a

(X x X).

that is, Tk« is the adjoint of Tk .
Next, as K (z,y) and K'(x,y) both are in L? ¢ (X x X) the function K+K'(z,y)
defined by (4.56) is a well defined measurable function. This is in fact an element

of L2, (X x X), for we have

Kk @) < [ 1K@ lIK G ldnt) < [ 1K) Pdutz) [ 1) Pdnto),

and hence

/ K+ K (2, y) Pdpu(x)da(y) <
XxX

/X/X|K(w’z)|2d“(z)d“(f)/x/xIK'(z,y)IQdu(Z)du(y)<oo

Moreover, for any f € L?(x), we have

T ) = [ Ko )TN i) = [ Ko ([ K Gnimam ) )
-/ ( [ KGR G ) Fint) = [ K ) )iuto)

= Tk f(2),
which shows that Tk Tk = Tk«r'. The proof is complete. O

ProrosITION 4.5.3. The following hold.

(1) Forany K € L., (X x X) the operator Tx is a Hilbert-Schmidt operator.

(2) The map K — Tk is an isometric isomorphism from L7 (X x X) onto
L2(LA(X)),

PROOF. Let K € L2, (X x X) and let (¢n)n>0 be an orthonormal basis of
L?(X). By Lemma 4.4.3 we have

1w )13 = > 1 Tweenl® =D Hem, Tieon)l*.

n>0 n,m

Notice that

(Pm: Trcpn) :/X Xsom(w)%(x)K(x,y)du(x)du(y) = (pm @Pn, K2 (xxx)-

Since (©m © Pn)m,n>0 is an orthonormal basis of L2 (X x X), it follows that

ITwll3 =D Hom ©Pu, K) .,

n,m

H®M(X><X)| = | K172 (x x x)-

Thus Tk is a Hilbert-Schmidt operator and ||Tk|| = || K||2(x x x)-
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This shows that K — Tk is an isometric linear map from Lf@M(X x X) to
L?(L2(X)). Lemma 1.1.8 then insures us that this map is an isometric isomorphism
from L? ¢ (X x X) onto its range which is a closed subspace of £2(L?(X)). It follows
from Example 4.5.1 that any finite-rank operator on Lﬁ(X ) is an integral operator.
As by Lemma 4.4.7 the finite-rank operators are dense in £2, we then deduce
that the map K — Tk is onto. Therefore, it realizes an isometric isomorphism
L?.g,(X x X) onto L*(L(X)). The proof is complete. O

4.6. Trace Theorems for Integral Operators

In this section we prove a trace theorem for integral operators. Here we assume
that X is a separable metrizable locally compact Hausdorff space (e.g., X is a
manifold) and we also assume that u is a Radon measure on X.

The assumption on the topology of X implies that X is o-compact, and hence
(X, ) is a o-finite measured space. This assumption also insures us that, for any
compact K C X, the space C'x(X) is separable. Together with the o-compacity of
X and the density of C.(X) in L2 (X) this implies that L?(X) is separable.

Let us denote by supp p the support of u. Recall that X \ (supp p) is the union
set of all open sets O C X such that ©(O) = 0, and hence supp p is a closed subset
of X.

LEMMA 4.6.1. The following hold.

(i) The open set X \ (supp p) has measure 0.
(i) The support of | supp . 5 equal to supp pu.
(iii) The support u ® p is equal to (supp p) X (supp ).

PROOF. Set V = X\ (supp ). Since p is a Radon measure and X is o-compact,
w is a regular measure, and hence

(4.57) w(V) = sup{u(K); KcV, K compact}.

Let K be a compact set contained in V, i.e., K is covered by the family of
open subsets of measure 0. Since K is compact, there exist finitely many such open
sets Oq,...,0O that cover K, and hence K has measure zero. Thus any compact
contained in V' has measure zero. Combining this with (4.57) shows that u(V) = 0.

Set E = supp i and let O be an open subset of E such that x(O) = 0. Then
there exists an open O’ C X such that O = O’ N E. Then O’ C OUV. As both O
and V have measure zero, it follows that so does O’. Therefore O’ is contained in
V', and hence O must be the empty set. This shows that the only open subset of
that has measure zero is the empty set. Therefore the support of y g is equal to E.

Set W = X x X \supp(p®pu). As O x X and X x O are open subsets of X x X
on which p ® p vanishes, we see that they both are contained in W. Conversely,
if (x,y) € W, then there exist an open neighborood O; of z in X and an open
neighborhood Oz of y in X such that O; x Oy C W. Then, using (i), we see that

1(01)u(O2) = (k@ p)(O1 x O2) < W(W) =0,

Thus ©(O;) or p(O1) must be zero, that is, O; or Oy must be contained in V,
and hence (z,y) is contained in (V x X)U (X x V). It follows from all this that
W = (V x X)U (X x V), so taking complements shows that supp(p ® ) is equal
to (supp u) X (supp p) agree. The proof is complete. O
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THEOREM 4.6.2 (Duflo [Du]). Let K(x,y) € L2, ,(X x X)NC(X x X) and
assume that the operator Tk is trace-class. Then the function K (x,x) is in L, (X)
and we have

TraceTK:/ K(x,z)du(x).
b's

PrROOF. Let Tx = U|Tk| be the polar decomposition of T and let (&,)n>0
be an orthonormal family in L2 (X) such that [Tk |&, = pn(T)E, for all n € N. For
n € N set n,, = U&,. As Tk is trace-class and the L?-norms of the functions &, are
equal to 1, we have

Z/ ,U/n TK |§n ‘ d,U/ Z/ffn TK

n>0 n>0

that is, the series Y, < fin(T)|&n ()] converges normally in L},(X). Therefore, its
sum is finite almost everywhere, i.e, the series >, - pn(T)[&,(2)|? converges almost

evrywhere. Likewise, the series Y, 5o pn(T) |1 (x)[* converges almost everywhere.

CLAIM. Let L be a compact subset of X. For any ¢ > 0 there exists a compact
L' C L such that
() WL\ L) <e.
(ii) For all n € Ny the functions &, and n,, are continuous on L'.
(iii) The series Y., <o tn(T)|&n(2)* and 3, <o pn(T)|nn(x)|* converge uni-
formly on I'. -

PROOF OF THE CLAIM. By Lusin’s theorem (see, e.g., [Fo]), for any n € Ny,
there exists a Borel set E, C L such that u(L\ E,) < 2~("*e and the functions
&n () and 7y, (x) are continuous on E,. Set E = (), -, E,. Then E is a Borel set
of L such that (L \ E) < ¢ and all the functions &, () and 7, (z) are continuous
on F.

As the series Y o pn(T)|&n(x)|? converges almost everywhere on E, Egoroff’s
theorem (see, e.g., [Fo]) implies that there exists a Borel set ' C E such that
p(E C F) < eand the series Y, <o fin(T)|€n(2)[? and 37, < o pin (T) |00 () |* converge
uniformly on F.

Since p is a regular measure, there exists a compact subset L’ of L such that
WF\L)<e As L\L' = (L\ E)U(E\ F)U(F\ L), we then get

(L\L) < WL\ E) + p(E\ F) + p(F\ L) < 3e.
In addition, as L’ is contained in E and in F, all the functions &,(x) and 7, (x)

are continuous on L' and the series Y-, - pn(T)[6n(2)* and 32, 5 pin(T) |1 (2)]?
converge uniformly on L’. The claim is thus proved. (I

Since X is o-compact, there exists an increasing sequence (L;);>0 of compact
sets such that X = szo L,. For every j € Ny the above claim insures us the
existence of a compact L C L; satisfies the conditions (i), (ii) and (iii) above with
L=1L; L'=1]} ande—m

Let j € Ng. Set Y; = Uk<; L), and Y = supp py;. It follows from Lemma 4.6.1
that /1(17] \'Yj) = 0 and supp py, = Y;. Moreover, as

Li\Y; = (L \ V) U(Y;\ ) € (L \ L) U (V;\ Y),
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we see that

~ 1
(4.58) p(Ly \Y5) < p(Li \ L) + (Y3 \ Y;) < T
In addition, as Yj is contained in ng j L) the following hold:

(a) All the functions &, (x) and 7, (z) are continuous on Y;.

(b) The series 3, oo pn(T)|En(2)[* and 3, 5o pn(T)|nn(2)* converge uni-
formly on Y;.

Set Y =50 As X\ Y =;50(X; \ Y) and the sequence (X; \Y);> is
increasing, we have (X \'Y) = lim;_,o u(X; \ Y). As Y contains Y}, using (4.58)
we see that u(X; \Y) < pu(X;\Y;) < j% It then follows that u(X \'Y) = 0.

CrAam. For all (z,y) € Y x Y, we have

(4.59) K(z,y) =Y pn(T)mn ()€ ().

n>0

PRrROOF. Let j € Ny. For all p,q € Ny we have

1

2

2

> @ @66 < (L i @F)

p<n<q p<n<q

(Z m®imr?)

p<n<q

Therefore, using the property (b) above we see that the series >, < fin(T)7n (2)&n ()
converges uniformaly on Y; x Yj. B
For all (z,y) € Y; X Y, set

K/(:Ev y) = Z /Ln(T)nn(I)gn(y)

n>0

Since by the property (a) all the functions 7, (z)&, (y) are continuous on Y; X Y; and
the above series converges uniformly on Y; x Y}, this defines a continuous function
on Y; x Y;. Moreover, as Y; x Y; is compact, and hence has finite measure, since
1 ® pis a Radon measure, the uniform convergence implies the convergence in
L?-norm.

On the other hand, as Tk is trace-class, the proof of Lemma 4.3.3 shows that

(4'60) T= Z(Ufn) ®&, = Z N ® &,

n>0 n>0

Since by Remark 4.4.6 the inclusion of £2 into £! is continuous, it follows that the
above series converges in £2-norm too. Combining this with Proposition 4.5.3 we
deduce that the series of the corresponding kernel functions converge to K(z,y) in
L2-norm. As shown in Example 4.5.1, for every n € Ny, the kernel function of 1, @&
is equal to n,(x)&,(y). Therefore, the series > <o tn(T)0n(2)€n(y) converges to
K(z,y) in L?>-norm. Since we already know that it converges to K'(z,y) in L?>-norm
on Y; x Yj;, it follows that

K(z,y) = K'(z,y) almost everywhere on Y; x Yj.

Observe that both K(z,y) and K'(z,y) are continuous functions on Y; x Y.
Therefore W := {(z,y) € ¥; xY;; K(z,y) # K'(z,y)} is an open subset Y; x Y; of
measure zero, and hence it is contained V' = X\ (supp u® Hiy; xY; ). By construction
supp pjy; = Yj, so using Lemma 4.6.1 we see that the support of (1@ py,xy, =
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(y;) @ (kyy;) is equal to Yj x Yj. Therefore, V' must be the empty set, and hence
K(z,y) = K'(z,y) for all (z,y) € Y; x Y. Thus,

T,y) = Zﬂn(T)nn(x)m V(z,y) € Y; x Y,
n>0

where the series converges uniformly on Y; x Yj.
All this shows that the equality (4.59) holds on all the products Y; x Y;. Since

Y xY =U;5Y; x Y; the claim follows. O
Since u(X \'Y) =0, it follows from (4.59) that, almost everywhere on X,
(4.61) K(w,2) =Y pn(T)na(2)én(@).
n>0

Moreover, as

[ Im@Elante) < (/m|@>fuﬁMWWWSL

we see that
> [ i@l @@ ldue) < 3 ()

n>07X n>0

Therefore, the series in (4.61) converges in L'-norm. This implies that K(x,z) is
contained in L},(X) and we have

= (T / (@)&n(@)du(@) =D 1n(T) (Ens 1n)-

(4.62) /Kxxdu
n>0 n>0

On the other hand, as explained in Example 4.62, for every n, the trace of
the projection n, ® & is equal to (£,,n,). Since in (4.60) the series converges in
L'-norm and the functional T — Trace(T') is continuous with respect to that norm,
we deduce that

Trace T = Z wn(T) Trace(n, ® &) Z o, (T &y )
n>0 n>0

Combining this with (4.62) proves that
Trace T = / K(z,z)dp(z).
b'e
The proof is complete. |

REMARK 4.6.3. If X is compact then the sole continuity of K(z,y) insures
us that K(x,y) is square-integrable on X x X and K(x,x) is integrable on X.
However, in general this is not enough to insure us that Tk is trace-class (see,
e.g., [GK, §10.3]). Thus in Theorem 4.6.2 we cannot remove the assumption on
Tk being trace-class (unless Tk is positive; see below).

When Tk we don’t need to assume Tk to be trace-class, because we can make
use of Mercer’s theorem to prove:

THEOREM 4.6.4 ([Du]). Let K(z,y) € L7,
Tk is positive. Then

(1) K(z,z) >0 forallz e X.

(X xX)NC(X x X) be such that
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(2) We have
TraceTK:/ K(x,z)du(x).
b'e

Thus,
Tk € L' < K(z,z) € L,(X).

REMARK 4.6.5. We refer to [Br] for generalizations of Duflo’s theorems where
the assumptions on the continuity of K(z,y) are relaxed.

4.7. Banach Ideals

In the remainder of the chapter we shall present a detailed account on the
theory of Calkin and Gohberg-Krein of operator ideals and operator ideals associ-
ated to symmetric norms. As we shall see these ideals play an important role in
noncommutative geometry.

Most of the material that follows is taken from [GK] and [Si] (see also [Co,
Chap. 4, Appendix C], [GVF, Section 7.C]).

This section is devoted to presenting the primary definitions and properties of
Banach ideals. We start with basic facts about two-sided ideals in £(H).

PROPOSITION 4.7.1. Let Z be a two-sided ideal of L(H).
(1) For any T € L(H),
Tel<= T el<=T"<cT.
(2) Any T € T can be written as
T=T —Ty+i(Ts—Ty)  withTj € TN LH),.

PROOF. Once (1) is proved the proof of (2) follows along the same lines as that
of the proof of Lemma 4.3.3. Thus, we only have to prove (1).

Let T € L£(H) have polar decomposition T'= U|T|. If |T'| is in Z then, as 7 is
an ideal, T'= U|T| is in Z too. Since by Proposition 3.1.8 |T| = U*T we also see
that if |T| is in Z, then so is T

It also follows from Proposition 3.1.8 that 7% = U*TU, and T = (U*TU*)* =
UT*U. Therefore T is in Z if and only if is T in Z. The proof is complete. (I

PROPOSITION 4.7.2. Let T be a two-sided ideal of L(H).

(1) If T 2 {0}, then every finite-rank operator is contained in T.
(2) If T C L(H), then every operator in T is compact.

PRrROOF. Assume Z 2D {0}. Since the finite-rank operators are linear combina-
tions of rank 1 operators £ @ n*, £,1 # 0, in order to prove (1) it is enough to show
that any such projection is contained in Z.

Let &,m € H\{0} and let T € T\ {0}. Since T" # 0 there exists £’ € H\ {0} such
that n/ := T¢ #0. Set A =¢®¢* and B = ® n*. Then the operator AT B is
contained in Z and is equal to (@7 *)T(€@n*) = (n/, TN E@n*) = |0 ||2(E@7%).
Since " # 0 it follows that £ ® n* is contained in Z, proving (1).

Suppose now that Z contains a non-compact operator 7. By Proposition 3.4.4
and Proposition 4.7.1 the operator |T'| too is non-compact and contained in Z.
Therefore, possibly by replacing T' by |T'|, we may assume T positive. For A > 0
set I = 1y o0)(T). If g(t) := till[A,oo)7 then ¢g(7T') is a bounded operator. As
IT\ = Tg(T) it follows that IIy is contained in Z.
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As | T — THA(T)|| = |[1jo0)(T)|| < A, we see that TTIx(T) converges to T" in
norm as A — 0T. Since T is non-compact, it follows there is at least one A > 0
such that TTI, does not have finite rank. Then II, does not have finite rank.

Let (&,)n>0 be an orthonormal basis of H, let (1, )n>0 be an orthonormal basis
of imITy, and let V' € L£(H) be such that V&, = n,. As V*n, =&, for all n € N,
we see that V*II,V = 1. Thus 1 € Z, which implies that Z = £(#). Therefore, if
T C L(H), then Z cannot contain any non-compact operator, i.e., T is contained in
K. The proof is complete. ([

The previous proposition shows that, among non-trivial ideals of L(#), the
ideal of finite-rank operators is minimal and the ideal of compact operators is
maximal. Since the former is the closure of the latter in £(H) we obtain:

COROLLARY 4.7.3. The only closed non-trivial two-sided ideal of L(H) is K.
DEFINITION 4.7.4. A Banach ideal is a two-ideal T of L(H) which is equipped
with a norm |.||z such that
(i) Z is a Banach space for T.
(ii) We have
(4.63) AT B|z < |IAINTIz]| Bl VI'€Z VA,Bé€L(H).
EXAMPLE 4.7.5. L£(H) and K are Banach ideals for the operator norm ||.]|.

EXAMPLE 4.7.6. It follows from (4.20) and Proposition 4.2.5 that £! is a Ba-
nach ideal for the norm ||.||;. Likewise, using (4.46) and Proposition 4.4.5, we see
that £2 is a Banach ideal for the Hilbert-Schmidt norm ||.||2.

In the sequel we let Z be a Banach ideal with norm ||.||z. We assume Z non-
trivial, so by Proposition 4.7.2 all the finite-rank operators are contained in Z and
all the elements of 7 are compact operators.

LEMMA 4.7.7. Let T € T and let S € K.

(1) If un(S) < pn(T) Yn € Ny, then S € T and ||S||z < ||T||z-
(ii) If pun(S) = pn(T) Vn € Ny, then S € T and ||S||z = ||T||z-

ProoOF. We only have to prove (i), since it implies (ii). Thus, let us assume that
pn(S) < pn(T) Vn € Ny, and let T = U|T'| and S = V|S| be the respective polar
decompositions of 7' and S. Let (&,)n>0 and (1, )n>0 be orthonormal families in
H such that [T, = pn(T)E, and |S|n, = pn(S)n, for all n € Ny. Let C € L(H)

be such that C' = 0 on ker|S| and Cn, = (\/1n(S)// 1in(T))E, for all n € Ny
such that p,(T) > 0 (ie., &, is in im|S| = (ker|S|)*. This defines bounded
operator of norm < 1,since by assumption p,(S) < p,(T) for all n € Ny. As

C*& = (W 1n(S) [/ 1n(T))ny, for all n € Ny, we see that C*|T|C = |S|.

By Proposition 3.1.8 we know that |T| = U*T, so we have
verurTC =ver|Tic =viS| = S.

Therefore S is contained in Z and, by (4.63), we have ||S]|z < [|[VIIIC*INTINTIz|IC|I-
Since the operator norms of U, V and C are < 1, it follows that ||.S||z < ||T||z, as
claimed. O

Combining this lemma with (4.4) and (4.6) we see that, for any T € Z,
1Tz = Tz = 1Tz,
|U*TU|z = |IT||z VYU € L(H), U unitary.
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PROPOSITION 4.7.8. There exists a constant ¢ > 0 such that

(4.64) 1Tz = ¢||T VT € R;.
Furthermore, we have
(4.65) AT|<|Tlz VTeL.

PRrROOF. Let R € Ry be such that ||R|| = 1 and set ¢ = ||R||z. It follows
from (4.2) that uo(R) = |R|| = 1 and p,(R) = 0 for n > 1. Likewise, if S € Ry,
then uo(S) = ||S|| and w,(S) = 0 for n > 1, so the operators S and ||S||R have the

same singular values. Lemma 4.7.7 then implies that ||S||z = ||S||||Rllz = ¢||S]|.
Let T € Z. Then po(T) = IIT]| = pio(ITJIR) and pin(T) = 0 = (| TIR) for
n > 1, so by Lemma 4.7.7 we have [|T||z > [|(|IT|R)|Iz = ¢|T||, as claimed. O

Because the norm ||.||z on rank-one operators is constant, we sometimes require
the normalization,

(4.66) IT||lz = ||T|| for any operator T" of rank 1.
In this case, the inequality (4.65) holds with ¢ = 1.

PROPOSITION 4.7.9. Any other Banach norm on T satisfying (4.63) is equiva-
lent to ||.||z-

PrROOF. Let ||.||; be another Banach norm on Z satisfying (4.63) and let |.|z
be the norm on Z defined by

Tz == sup{[|Tz, Tz} VT €I

Let (T},)n>0 be a Cauchy sequence in (Z, |.|z), i.e., it is a Cauchy sequence both in
(Z,||-lz) and (Z,].|I%). It thus converges in (Z,|.||z) and in (Z,|.||7). The limits
may be different. However, using (4.65) we see that (T7,), >0 is a Cauchy sequence
in (L(H),||.]|) and its limit in (L(H),||.]|) agrees with the limits in (Z, ||.||z) and
(Z,|]-IIx)- Thus, the last two limits are equal and (7},)n>0 converges in (Z,|.|z).
This shows that (Z, |.|z) is a Banach space.

Notice that the identity map is continuous from (Z, |.|z) to (Z, ||.]|z). Since this
is a bijection and both (Z,].|z) to (Z,||.||z) are Banach spaces, the open mapping
theorem insures us that its inverse is continuous. Therefore |.|z and |.||z are equiv-
alent norms. Likewise, the norms |.|z and ||.||% are equivalent, so ||.||z and ||| are
equivalent norms, proving the proposition. (I

As we shall now see the separability of the topology of Z defined by the norm
[I.]lz is intimately related to the density of finite-rank operators.

DEFINITION 4.7.10. Z° is the closure in I of the the ideal Roo of finite-rank
operators.

Since Roo is a two-sided ideal, Z° can easily be seen to be a Banach ideal for
the norm of 7.

Let T' € K have polar decomposition T' = U|T'| and let (,),>0 be an orthonor-
mal family such that |T|&, = pu,(T)E, for all n € Ny. Then, by Proposition 4.1.8,

(4.67) T=> () U&) @&,
n>0

where the series converges in K. Any series of the form (4.67) is called a Schmidt
series for T
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LEMMA 4.7.11. Let T € K. Then the following are equivalent:
(i) T is contained in I°.

(ii) Any Schmidt series for T converges in T to T.

(iii) There is a Schmidt series for T which converges in I.

PROOF. Tt is clear that (ii) implies (iii). Moreover, if there is a Schmidt series
for T converging in Z then, as it converges to T in K, using (4.65) we see that its
sum is equal to T. Thus T is contained in Z and is the sum of a series of finite-rank
operators, hence T is an element of Z°.

Suppose now that 7" is in Z. For any N € N set

n<N n>N
As Yy oy kn(T)(UEn) ® &, has rank > N, it is immediate that

(4.68) I Twllz > inf{nT Rz Re RN}.

It follows from Proposition 3.1.8 the operator U*U is the orthogonal projection
onto (ker T)t = (ker |T|)* = im T, so U*UE,, = &, if pn(T) # 0. Thus,

(Tn)' Ty = Y (M6 ®&,  and  [Tw|= > pa(T)n @ ;-
n>N n>N
Using the min-max principle we then see that
(4.69) pn(TN) = pnsn(T) vn € N.
Let R € Ry. Then (4.2) implies that ux(R) = 0, so using (4.7) we get
tn(IN) = pnsN(T) < po(T = R) + pn (R) = pn (T — R).

Therefore, applying Lemma 4.7.7 we see that [|[Tn|z < ||T — R||z for all R € Ry.
Combining this with (4.68) then shows that

> m(D(U&) ® &,

n>N

= inf{”T — R”I; R e RN}.
v

This implies that 7" is a limit of finite-rank operators in Z (i.e., T is in Z) if and
only if the Schmidt series >, <o pn(T)(Un) @ &, converges to T' in Z. The proof
is complete. (Il

LEMMA 4.7.12. The Banach ideal Z° is separable.

PRrROOF. Without any loss of generality we may assume that in (4.64)—(4.65)
the constant ¢ is equal to 1. Let ((x)r>0 be a countable dense subset of 7. Let
&,m € H. For any € > 0 there exist k,! € Ng such that || — (|| < eand |[n— < e
Then using (4.64) we get
(4.70) f€@n" =Gz < (€= ) @nllz+ (G —Q)lz

<€ =Ce) @[+ 116k @ (n = Q)"
< 1€ = Gllllnll + NSklln — Gl < ellnll + (e + [I€]De-
Let D be the set of operators of the form,
> G,
(k)EK XL
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where K and L range over all finite subsets of Ny. Then D is a countable subset of
R~ As any operator in R is a finite sum of rank one operators £ ® n*, it follows
from (4.70) that, for any T' € R, and for any € > 0, there exists R € D such that
|T — R||z < e. Combining this with the density of R in Z° we deduce that D is
dense in Z°. Since D is countable, this proves that Z° is separable. O

ProprosSITION 4.7.13. The following are equivalent:

(1) The finite-rank operators are dense in L, i.e., T = Ty.
(2) T is separable.

PRrROOF. It immediately follows from Lemma 4.7.12 that if Z = Z° then 7T is
separable.

Conversely, suppose that Zy C Z. Let T € T\ Zyp. Since Z and Z;p both are
ideals, using Proposition 4.7.1 we see that |T| is in Z, but is not in Z. Therefore,
possibly by replacing T by |T'| we may assume T positive.

Since T is in Z\Zy and is positive, Lemma 4.7.11 implies that there is a Schmidt
series Y <o tn(T)&, ® & which does not converges in Z. As Z is a Banach space,
this implies that the series does not satisfy Cauchy’s criterion, so there exists § > 0
and an increasing sequence (ng)g>0 C N such that

Yo &g

nEg<n<ng4i

(471) >4 Vk € Ng.

T

For any sequence a = (ag)g>0 € {0, 1} we set

T, := Z ak( Z Mn(T)gn ® 5:;) = Z Z Nn(T)gn ® 5:;

k=0 N <nN<np41 ap#0nEg<n<ngi

If we let II, be the orthogonal projection onto the closure of the vector space
spanned by Uak#O{gn; ng < n < ngy1}, then T, = I1,T. Therefore, the operator
T, isin Z.

Let b = (bg)r>0 € {0,1}"0 be such that b # a, i.e., there exists k € Ny such
that by, # ag. Set I, = Y717 ¢ @ €. Then

n=ng
Me(Ty = Ta) = (s —ar) Y, (D& =% Y (D&,
nE<n<ngii nEp<n<ngii

Combining this with (4.71) we get
§ < (T = To)llz < [Ty — Tallz = s — Tallz-

Since {0, 1} is not countable, it follows that no countable subset of Z can be dense,
so 7 is not separable if Zo C Z. Equivalently, if Z is separable, then Z = Zy. The
proof is complete. O

The following result hows that, among the non-trivial Banach ideals, the ideal
L' of trace-class operators is minimal.

PROPOSITION 4.7.14. There is a continuous inclusion,

£t c 1’
In fact, if the normalization (4.66) holds, then
(4.72) ITIz < ITl, VT eI
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PROOF. We may assume that the normalization (4.66) holds, so that we can
take ¢ = 1in (4.65). Let T € L' and let 3_, - p1n(T)(UE,) ®E;; be a Schmidt series
for T as in (4.67). Using (4.63) and (4.65)) we see that, for all N and p in N, we
have

Y mMU&) e

N<n<N+p

< Y mDIUNE @&z

I N<n<N+p
< DY mMlGe&l< > mwm(D).
N<n<N+p N<n<N+p

Since Y, 5 tn(T) < oo it follows that the series >, < pn(T)(U&n) @&, converges
in Z. Lemma 4.7.11 then insures us that 7' is contained in £° and the Schmidt
series converges to T in Z. Therefore, using (4.73), we get

S i) 06| <3 p(T) = 1T

n>0 n>0

(4.73) ‘

1Tz =

This proves (4.72) when T is in £! and shows there is a continuous inclusion of £*
in Z° In addition, if T € Z\ £!, then ||T'||; = oo and (4.72) holds trivially, so (4.72)
holds for all T € Z. The proof is complete. O

4.8. Symmetric norms

In the sequel we denote by Iy the vector space of sequences a = (an)n>0 Of
complex numbers that have finite support (i.e., a,, = 0 for n large enough). We
denote by [y the space of sequences (ay)n>0 of complex numbers such that

lim a, = 0.
n— oo

For any sequence a = (an)n>0 in lg we denote by o(a) = (on(a))n>1) the
sequence defined by - -
)= a, VYNEeEN
n<N
In addition, for any a € lp we denote by a* = (a}),>0 the sequence defined by

*
a, = inf sup|a;l Vn € Np.
JCNo jeg
|J|=n

In other word, the sequence (a}),>0 is the sequence obtained by re-ordering the
sequence (|an|)n>0 into a non-increasing sequence. In particular, for any N € N,
we always have

lon (an)] < Z lan| < on(a®).

n<N
It can also be shown (see [Si, Lem. 1.8]) that, for all a,b € Iy,

(4.74) > anba| < @by YN EN.
n<N n<N
DEFINITION 4.8.1. Let ® be a norm on ly. We say that ® is symmetric when
®(a) = ®(a¥) Va € ly.

REMARK 4.8.2. It is not difficult to check that a norm ® on [; is symmetric if
and only if it satisfies the following two conditions:
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(i) For any sequence (ay)n>0 in Iy and any bijection o : Ny — Ny, we have

N\ ((ao(n))nZO) =0 ((an)nzo) .

(ii) For any sequence (an)n>o in Iy and any sequence (6,)n>0 C [0,27), we
have

P ((ewnan)nzo) = ((an)nZO) .
ExAMPLE 4.8.3. For p € [1,00) the p-norm ®, on [y is defined by

1

o) = (Slenl?) Vo= @zl

n>0

For p = co we define the ®,,-norm by

(4.75) D (a) = sup |ay| Va = (an)n>o0 € ly.
n>0

All the p-norms are symmetric norms on /.

Let ® be a symmetric norm on /.

LEMMA 4.8.4 (Markus; see [GK, Lem. 3.1], [Si, Thm. 1.9]). Leta,b € ly. Then
(4.76) (UN(a*) <on(b*) VN e N) = ®(a) < D(b).

If follows from Markus’ lemma that if aX < b} for all n € Ny, then ®(a) < ®(b).

n —"n

In particular, if a = (a,)>0 is a sequence in Iy, then

®(ag,...,an—1,0,0,...) < ®(ag,...,an,0,0,...) VYN € N.

This means that (®(ao,...,an,0,0,...))y>o is a non-decreasing sequence of non-
negative numbers, so it admits a limit as N — co. We then set
(4.77) ®(a) = lim ®(ag,...,an,0,0,...) = sup ®(aop,...,an,0,0,...)

N—oo N>1

This extends ® to a function ® : Iy — [0, o0].
It is not hard to check that

(4.78) ®(a) =0=0a=0,
(4.79) ®(Aa) = |A\P(a) Ya € ly YA € C,
(4.80) D(a+b) < P(a)+ D(b) Ya,b € ly.

In addition, we have
PROPOSITION 4.8.5 (see [Si, Thm. 1.16]). Let a,b € ly. Then
®(a) = ®(a”),
(UN(a*) <on(b*) VN e N) = P(a) < D(b).
It follows from Proposition 4.8.5 that, for any a,b € Iy,

(afl <b; Vne N0> = ®(a) < ®(b).

In the sequel, we denote by l;{ the positive cone of [ consisting of non-increasing
sequences of non-negative numbers with finite supports.
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LEMMA 4.8.6 ([GK, Lem. 3.2]). Let @ : l;f — [0,00) be a function such that

(4.81) ®(a) =0=a=(0,0,...),

(4.82) ®(Aa) = AP(a) Va € l;{ YA >0,
(4.83) P(a+b) < P(a) +®(b)  Va,belf,
(4.84) (O—N(a) <on(b) VN e N) — ®(a) < O(b).

Then ® can be uniquely extend into a symmetric norm on ly by letting
D(a) := D(a”) Va € ly.
Finally, let ® : {; — [0, 00) be the function defined by

Z anbn,

Lbely, ®b) < 1}
n>0

(4.85) ' (a) := sup{

This is a norm on Iy called the dual norm of ®. Using (4.74) and the fact that ®
is symmetric, we can check that

(4.86) ' (a) = sup{z atbn; bell, &) < 1},
n>0
from which it follows that @’ is a symmetric norm. It also implies that
(4.87) D anb, << ¥(a)®(b)  Va,b el
n>0
LeEMMA 4.8.7 ([GK, Thm. 1.11]). The dual norm of ® is equal to ®, i.e.,
(@) = ®.

REMARK 4.8.8. Two norms ® and ¥ on [; are equivalent when there exists
¢ > 0 such that

(4.88) c'®(a) < U(a) < c®(a) Va € ly.

It is not hard to see that ® and ¥ are equivalent if and only if their dual norms are
equivalent.

EXAMPLE 4.8.9. Let p € [1,00] and let p’ € [1,00] be such that % + ]% =1.
Then the dual norm of ®,, is equal to ®,,. This follows from the following simple
facts:

- The Holder inequality,

Z anbn

<@, (a)D,(b)  Va,bel.

n>0
- If p > 1, the Holder inequality is an equality if b, = %\an\% =
|?:| an|p,_1 when a,, # 0 and b,, = 0 otherwise.
- If p = 1 the the Hdélder inequality is an equality if b,, = Z"“ for n = ng
710

and b, = 0 for n # ng, where ng is such that |a,,| = P (a).
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4.9. Banach ideals associated to symmetric norms

Let ® be a symmetric norm on [y. We shall also denote by ® its extension to
lo given by (4.77).

For any operator T' € K, the sequence of singular values p(T) := (un(T))n>0
is an element if [y. Therefore, we can set

[T]|e == @(u(T)).
We then define
Ty = {T eL; |T)e < oo}
For T € K and N € N we define
N (T) = (uo(T), ..., un—1(T),0,0,...) € I;.
Then by (4.77) we have

(4.89) [Tl = Jim ®(u¥(7)) = sup @ (T).

In addition, we set

on(T) =Y un(T) = on (u(T)).

n<N
For T € L(H) and N € N we set
(4.90) on(T) = 3 (D).
n<N

Using the properties (4.1) and (4.5) of singular values we get

(4.91) on(cT) = |c|lon(T) Ve e C,

(4.92) on(ATB) < ||Allen(T)|B|| VA, B € L(H).
As pn(T) < po(T) = ||T|| for all n € N, we also see that

(4.93) IT|} < on(T) < N|T]|.

In the sequel if F is a closed subspace of H we denote by IIg the orthogonal
projection onto E.

LEMMA 4.9.1. Let T € K. For any N € N, we have
(4.94) on(T) = sup{||THEg|1; dim E = N},
(4.95) = sup{| Trace(TIlg)|; dim E = N} (if T is positive).

PRrROOF. It follows from (4.4) that on(T) = on(|T]). Moreover, if E is a closed
subspace of H, then ||T|llg| = |TTg|, for ||T|Ilg| is a positive operator such that

T Hg|? = (|THe)*(|T|g) = Og|T|* Mg = MpT*THg = (THg)*(T1g).

Therefore, upon replacing T by |T'| we may assume 7' positive.
Notice also that if F is a closed subspace of H, then by (4.27)

| Trace(TTg)| < [|[ T g1,
and hence
(4.96) sup{| Trace(TTg)|; dim E = N} < sup{||TTgl|/;; dimE = N}.
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Let (£,)n>0 C H be an orthonormal family such that T¢, = pu,(T) for all
n € Ng. Then by Proposition (4.1.8) we have

T=> mn(T)n ®E,
n>0

where the series converges in norm. Let En be N-dimensional subspace spanned
by &o,...,&n—1; this is a subspace of dimension N. Then Ilg, = >, _y& @&,
and hence

Tg, = Z :U'n €n & fn

n<N
Thus the (n+ 1)’th eigenvalue of TTIy counted with multiplicity is equal to p,(T)
if n < N and is zero if N > 0. Therefore, using (4.31) we get

Trace(TTlg, ) = Z pn(T) = o (T).
n<N

Since dim Enxy = N, it follows that
(4.97) on(T) < sup{| Trace(TIlg)|; dim E = N}.

Let E be an N-dimensional subspace of H. Then TTlg has rank < N, and so
using Proposition 4.1.2 we see that u, (TIlg) = 0 for n > N. Thus,

(1.95) ITel = 3 M) = 3 o (7T,

n>0 n<N
Thanks to (4.5) and the fact that Il is an orthogonal projection we have
Combining this with (4.98) we get

ITTg( < Y ua(T) = on(T),

n<N
and hence
sup{||Tgl/;; dimE = N} < on(T).
Combining this with (4.96) and (4.97) proves the lemma. O

Notice that for every subspace E of dimension N the function T' — ||TTIg||; is
a semi-norm on KC, so as a supremum of all such semi-norms oy is a semi-norm on
K. In particular, we have:

LEMMA 4.9.2. Let N € N. Then
(4.99) on(S+T) <on(S)+on(T) vS, T € K.
Granted this lemma we shall prove:

LEMMA 4.9.3. The following hold.
(1) Let T € K. Then

(4.100) IT]ls = 0= T =0,
(4.101) [\ Tlle = [A|T]le  VAEC,
(4.102) [ATB|le < [[All[Tlel Bl ~ VA, B € L(H).

(2) Let S,T € K. Then
1S+ Tle <[ISle + Tl
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(3) If ®(1,0,0,...) = 1, then
(4.103) ITle = |T|| VT € Ry,
(4.104) IT| < |Tlls VT € K.

PRrOOF. The implication (4.100) is due to (4.78) and the fact that uo(T") = || T
We obtain (4.101) by using (4.1) and (4.79). The inequality (4.102) follows by
combining (4.5) and (4.8).

Let S, T € K. Then (4.99) shows that on(u(S+T)) < on((S) + u(T)) for all
N € N, so using Proposition 4.8.5 and (4.80) we get

1S+ Tle = 2(u(S+T)) < 2(u(S) + (1)) < @(u(S)) +2(u(T)) = [[Slle + 1T
Suppose now that ®(1,0,0,...) = 1 and let T € K. As u°(T) = ||T|(1,0,0,...)
we see that ®(u°(T)) = ||T|®(1,0,0,...) = ||T||. Since u,(T) > p(T) for all

n € Ny, using (4.8) we see that ||T|le > ®(u°(T)) = ||T||. Moreover, if rkT = 1
then u(T) = u°(T), and hence || T||¢ = ®(u°(T)) = ||T||. The lemma is proved. O

PROPOSITION 4.9.4. Zg is a Banach ideal for ||.|s, i.e., g is a two-sided ideal
of LH) and ||.||s is @ Banach norm on Lg satisfying (4.63).

ProoOF. It follows from Lemma 4.9.3 that Zp is a a two-sided ideal of L(H)
and ||.||¢ is a norm on Zg satisfying (4.63). It remains to check that Zg is complete
for the norm ||.||¢.

Let (T},)n>0 be a Cauchy sequence in (Z, ||.||z) and let us show that it converges
in (Z,||.]lz). Then (4.104)implies that (7,),>0 is a Cauchy sequence in I, hence
converges in K to some operator T

Let € > 0. There exists ng € N such that |T, — T||le < € when p and p are
greater than ng. Let N € N and denote by eV = (eV),,>0 the sequence such that
eN =1forn< N and ey =0 forn > N. Let p and ¢ be integers greater than ng.
It follows from (4.8) that, for all n € N,

pin (T — Tp)) < ,ufy(Tp —Ty) + 1T - Tqusz-
Therefore, using (4.80) and (4.8) we see that
(I)(HN(T —Tp) < ‘I’(ﬂN(Tp —Ty)) + (|7 - Tq”eg)
<Ny = Tolle + 1T = T,[|@(e™) < e+ |7 = Ty [ @(e™).
Letting ¢ — oo shows that
(N (T - T,) < e+ |T —T,|®(Y) VNeN.
Combining this with (4.77) we get
(4.105) T —Tylle <e  ¥p>no.

This implies that T is contained in Zg and the sequence (T},),>0 converges to T' in
(Zs,]-||l®), proving that (Zg, ||.||e) is a Banach space. The proof is complete. [

REMARK 4.9.5. If ¥ is another symmetric norm on ly then Zg = Zy if and
only if ® and ¥ are equivalent in the sense of (4.88). Furthermore, it is immediate
that in that case the norms ||.||¢ and ||.|w are equivalent on Zg = Zy.

LEMMA 4.9.6. Let T € Ig. Then T is contained in I3 if and only if
N—o0
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PROOF. Lemma 4.7.11 says that T is contained in Z3 if and only if any Schmidt
series (4.67) for T' converges to T in Zg. Let T'= U|T| be the polar decomposition
of T and let (&,)n>0 be an orthonormal family such that |T'&, = p,(T)&, for all
n € Ng. It immediately follows from (4.69) that

> (M) (U&) @&

n>N
Thus T is contained in Z3 if and only if (4.106) holds. O

— ®(un (), pvsa (), ..)-

Combining this lemma with Proposition 4.7.13 we obtain:

ProproSITION 4.9.7. The following are equivalent.

(1) The Banach ideal Ty is separable.
(2) The finite-rank operators are dense in Lg, i.e., I9 = Tp.
(3) For any a € l,

(4.107) P(a) < oo:>]\;im S(an,an41,...) =0.
—o0

PROPOSITION 4.9.8. Let Z be a Banach ideal with norm ||.||z. Then

(1) There exists a unique symmetric norm on Iy such that
(4.108) ICZls and 1Tz =IT|le VT € Roo.
(2) The Banach ideals I° and I3 coincide.

PRrROOF. Let (&,)n>0 be an orthonormal basis of H. For any a € I set

Ta - Z angn (24 E’;kL

n>0

As lim,,_. a, = 0 the above series converges in K, i.e., T, is a compact operator.
Observe also that pu,(T,) = a;, Vn € Ng. In addition, if T € K, then u(T), 1)) =
u(T).

Let ® : [y — [0,00) be the function function defined by

®(a) = ||Tullz Va € ly.

It is not hard to check that ® is a norm on ly. Moreover, as u(T,) = a* = pu(To-),
using Lemma 4.7.7 we see that ||T,||z = ||To+|z, i-e., ®(a) = ®(a*). Thus @ is a
symmetric norm on ls. Let Zg be the associated Banach ideal with norm ||.||s.

Let T € Z and let N € N. As py(Tyn (7)) = ph (T) < pn(T), it follows from
Lemma 4.7.7 that

o(uN(T)) = 1Ty~ mylz < 1Tz
Thus,
ITlle = sup @(u™(T)) < || Tz < oo,
N>1

that is, the operator T is contained in Zg. If in addition T has finite-rank then, as
w(T) = p(Tyy(7y), Lemma 4.7.7 insures us that

1Tz = [Tuerllz = 2((T)) = [Tl

Therefore ||.|z and ||.||¢ agree on finite-rank operators.
Let ¥ be another symmetric norm on Iy such that Z C Zy and ||.|s = ||.||z on
Roo- Let a € Iy. As U is symmetric and p(7T,) = a*, we have

U(a) = ¥(a") = ¥((Ta)) = [Talle = |Tallz = (a).
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Therefore ¥ and ® agrees, so ® is the unique symmetric norm on [¢ satisfy-
ing (4.108).

Let T € K. As a Schmidt series for T' is a series of finite-rank operators, it
follows from (4.108) that a Schmidt series for T satisfies Cauchy’s criterion for ||.||z
if and and only it satisfies it for ||.||¢. Using Lemma 4.7.11 we then deduce that
T is contained in Z° if and only if it is contained in Z3. Thus, as sets, Z° and Z3
agree.

Let T'be in Z° = Z and let Y, <o tn(T)(Unyp) @ m7 be a Schmidt series for T'.
As this series converges to T both in Z and in Zg, using (4.108) we get

= lim
N—o0

1Tz = hm

Z :U'n Unn)®77n ||T||‘I’

Z /~Ln Unn 0y 77n =
n<N [i2]

n<N

Thus ||.||z and ||.||s agrees on Z°. This proves that the Banach ideals Z° and Z3
coincide. The proof is complete. (Il

Combining Proposition 4.9.7 and Proposition 4.9.8 we obtain:

PROPOSITION 4.9.9. A Banach ideal T is separable if and only if there exists a
symmetric norm ® on ly such that I coincides with the Banach ideal 3.

Next, let us denote by @' the dual symmetric norm of ® as defined in (4.85).
We can relate the Banach ideal Zg to the dual of Zg as follows.

LEMMA 4.9.10 (Horn Inequality; see [Si, Thm. 1.15]). Let S,T € K. Then

> n(ST) < pn(S)pa(T) VN €N.

n<N n<N
PROPOSITION 4.9.11. The following hold.
(1) For all S,T € K, we have

STl < [[Slla 1Tl
(2) Let S € Iy and T € Zg. Then the operator ST is trace-class and

(4.109) | Trace(ST)| < ||S]la I le-
(3) For all S € K, we have
(4.110) |Sler = sup |Trace(ST)|.
I1T]|e=1
TER o

Proor. Let S,T € K. Then using Horn’s inequality and (4.87) we see that,
for any N € N, we have

D alST) <y (S)uN(T) < @' (N (8) (™ (1)) < [1S]ler|T o

n<N n>0
Thus,
IST|l = > #a(ST) < (ISl | T -
n>0
Therefore, if S € Zg: and T € Zg, then ST is trace-class and, using (4.27), we get
(4.111) | Trace(ST)| < [[ST[lx < [|S]le [T«
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Let S € K. Then (4.111) implies that

(4.112) ISllar > sup | Trace(ST)|.
7| e=1
TER

Let A € (0,]|S]|o). In view of (4.89) we can find N € N large enough such that
A< ®'(uN(9)). Using (4.87) we see that there exists a sequence b = (by,),>0 in llf
with same support as u~ such that ®'(b) = 1 and
(4.113) A<D (S)bn < pn(S)by

n>0 n>0

Let S = U|S| be the polar decomposition of S and let (§,)n>0 C H be an
orthonormal family such that |S|¢, = un,(S)&, Vn € Ny. Set

n>0

The operator T has finite rank, since the support of b is finite.

By Proposition 3.1.8, the operator U*U is the orthogonal projection onto
(ker S)t = (ker|S|)t, so U*UE, = &, whenever p,(S) # 0. Therefore, we can
check that

n>0 n>0

Using the min-max principle we then deduce that p, (T) = b, for all n € Ny. Thus,
[T]le = @(u(T)) = 2(b) = 1.

We also have

(Zﬁbn U&n ®E) )(Zb (€ ® &) ) > 1n(8)bal (6 ® €U

n>0 n>0 n>0

Thus Trace(ST) is equal to
Z o (S)by, Trace (U (&, ® &)U Z tn (S)by, Trace (U*U (&, ® &) Z pon (S

n>0 n>0 n>0
In view of (4.113) this implies that Trace(ST) > A. Since ||T||l¢ = 1 we deduce
that

A< sup |Trace(ST)| VA € (0,]5]e)-
i

Combining this with (4.112) yields (4.110). The proof is complete. O

Recall that by Proposition 4.3.4 we have an isometric isomorphism from L£(H)
onto (£')" given by
(4.114)
LH)>S5 —(S,)e LY, (8.):LH)>T — (S,T) := Trace(ST).
It follows from Proposition 4.9.11 that we also have linear map,
(4.115) g 2 S — (S,.) € (Z3)', (S,): L(H)>T — (S,T) := Trace(ST).

and the density of £ in ZQ show that if S € Zg/ then (S,.) uniquely extends
to a continuous linear map on Z$, which we shall continue to denote (S, .).
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PROPOSITION 4.9.12. If Te D LY, then (4.115) yields an isometric isomor-
phism,
I@/ ~ (I‘%)/

PROOF. Let us denote by Tg the linear map (4.115). It follows from (4.109)
and (4.110) that, for all S € Zg/,
||SH<I>’ = sup||T||(I):1| TI‘&CG(ST)‘ S sup |Trace(ST)| S ||SH<I>’
TER

o 17| e=1
TER

Therefore Tg is an isometry, so it follows from Lemma 1.1.8 that for proving that
To is an isomorphism it is enough to show that it is onto.
Consider the following subspace of L(H),

27 (@) = {s e cons s TR )
rer.\o Tl

Let S €T, let A, B € L(H) and C := supreg o —iorsl. Then, for all T € Ro,

| Trace(ASBT)| = | Trace(SBT A)| < C||BT Al < C|IB[[|T|+ [ All,

hence ASB is contained in Z. This shows that Z is a two-sided ideal.

Suppose that Z is not contained in K. As Z is a two-sided ideal, Proposi-
tion 4.7.2 then insures us that Z = L(H) and K = Z N K. Since (4.110) shows
that ZN K = Zg/, we see that Zg: = K. Observe that K is the Banach ideal Zg__
associated to the norm ®, in (4.75). Using Remark 4.9.5 we see that &' and &,
are equivalent norms on ly, so by Remark 4.8.8 their dual norms. By Lemma 4.8.7
the dual norm of @ is ® and, as shown in Example 4.8.9, the dual norm of &,
is the norm ®;. Combining this with Remark 4.9.5, we see that Zp = Zp, = L.
This contradicts the assumption that Zg does not coincide with £, so Z must be
contained in L. As ZN K = Zg/, this proves that 7 = Zg.

Let ¢ € (Z3)". By Proposition 4.7.14 the inclusion £' C £} is continuous, so
¢ induces a continuous linear map on £!. The isomorphism (4.114) insures us that
there exists S € L(H) such that

(4.116) (¢, T) = Trace(ST) VT € L.
Then, for all T € R, we have
| Trace(ST)| = [(¢, T)| < llellz, 1T |-

This shows that S is contained in Z = Zg/. Observe that (4.116) shows that ¢ and
Ts agree on L£'. In particular, they agree on finite-rank operators. As finite-rank
operators are dense in Z2, it follows that ¢ and Te agrees on all Z3, i.e., T5(S) = ¢.
This proves that T is onto, completing the proof. O

4.10. Schatten Ideals

Let p € [0,00]. The Schatten ideal L£? is the Banach ideal Lg, associated to
the p-norm ®,. Thus, if for any T' € K, we set

1Tl = @ ((n(T))nz0) = (Z unmp) g

n>0
then
P ={T € K3 |||, < o} .
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For p = 1 (resp. p = 2) we recover the Banach ideal of trace-class operators
(resp. Hilbert-Schmidt operators). As alluded to in the proof of Proposition 4.9.12,
for p = oo the Banach ideal £ = Zg_ is the whole Banach ideal of compact
operators.

As shown in Example 4.1.9 we have p,(|T|P) = un(T)P ¥n € N, so we have

Z pn(T)P = Trace |T|P VT € L(H).

n>0
Thus,

T € LP <= Trace|T|P < 0o <= |T|P € L.
PROPOSITION 4.10.1. Let q € (p,00). Then
ITll, <ITl, VT eK.
In particular, there is a continuous inclusion,
LC LP.
ProoOF. Let T € K. Observe that, for all n € Ny,
pn(T)T = pn(T)*P . (T)? < (IT[|p)* " pan (TP
Therefore, we get

||T||q(zun<T>q)qg () (Zun ) = (171 (IT1)% = IT»,

n>0 n>0

proving the lemma. O

It can be easily seen that, for p < oo, the symmetric norm ®, satisfies the
condition (4.107). Therefore, Proposition 4.9.7 gives

PrOPOSITION 4.10.2. The Schatten ideal LP is separable and the finite-rank
operators are dense in LP.

Assume p > 1 and let p’ € (1,00) be such that %—l— i = 1. Then the dual norm
of ®, is the p’-norm ®,/. This follows from the Hélder inequality,

> anby| < (ZanV’l)p/(ZU)nV’)p Va,b € Iy,

n>0 n>0 n>0

and the fact that we actually have an equality when b, = %\an\%. Therefore,
using Proposition 4.9.11 and Proposition 4.9.12 we obtain:

ProroSITION 4.10.3. The following hold.
(1) For all S,T € K, we have

ST llx < [[S]lp 17| -
(2) If S e £ and T € LP, then the operator ST is trace-class and
| Trace(ST)| < [[Slq/|T |-
(3) The linear map (4.115) gives rise to an isometric isomorphism,
LY~ (LP).
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The Horn inequality admits the following generalization (see [Si, Thm. 1.15]).
Let r € [1,00) and N € N. Then

S (ST <Y pn(S) un(T)" VS, T € K.
n<N n<N

Using this generalization we can show that, if p% tot o= 1. then
(T3 T2 - Tilly < ([ Tallp 1 T2llps - N T1llp VT € K.

In particular, if for every j =1,...,k the operator T} is in £P3, then 1115 - -- T}, is
a trace-class operator and we have

| Trace(Ty Ty -+ Tio)| < [ Tallp [ Tallps - - (1 T1 ]y -

4.11. Banach ideals associated to divergent series

Following [GK] we can produce a large class of non-separable ideals as follows.
Let m = (m,)n>0 be a non-increasing sequence of positive real numbers satisfy-
ing the following two conditions:

(4.117) lim 7, =0  and Z Ty = 00.

n— oo
n>0

Examples of sequences satisfying all these conditions are provided by the sequences
(4.118) 7@ = ((n+1)%)ns0, p>1.
Using Lemma 4.8.6 it is not difficult to check that we define a symmetric norm
on [y by letting
®,(a) := sup on(a’)

N1 on(m)

We denote by Zg_ the associated Banach ideal. In particular,

(4.119) T, = {T €K; on(T) = O(UN(W))}.

LEMMA 4.11.1. Let a = (an)n>0 be a non-increasing sequence in ly such that
D, (a) < oo. Then

. . on(a)
lim ¢ ) =1 .
N Bl vty ) ST S

ProOF. For N € Nset ¥ =ay, an+1,--.) € lp. Let n € Ny. As the sequence
(@n)n>0 is non-decreasing, we have

on(a™) =Y ajn = onyn(a) — on > on(a) — on(a).
J<N
Thus,
on(a) _ op(a) on(a)
on(m) = on(m)  on(m) on(m)’

Since (4.117) implies that lim, . o, (7) = ijo a; = 00, we deduce that

<O (aV) +

lim sup n(0)
n—oo On (ﬂ-)

<®,(a") VNeN
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Thus,

(4.120) lim sup Z:Eg < lim . (a").

Let N and m be positive integers. As the sequence (an,),>0 is non-decreasing,
for any n € N, we have

on(a) = ZaN-H' < Zaj =op(a).
j<n j<n

Therefore, for all n > m, we have

oala™) _onla) _ - opla)
On (W) On (ﬂ) p>m 0’,,(7'()
Notice also that, for alln <m — 1,
on(a) < nay L
on(m) o 0

Therefore, we have

N
®,(aV) = sup on(a”) < sup{sup 7p(2) , maN}.
n>1 On(T) p=m Op(T) o

Since limy_, o ay = 0, it follows that, ,

lim ®.(a”) < sup 7p(2) vm € N.

N—o0 p>m Op(ﬂ')
Thus,
lim ®,(a") < lim sup (@) = lim sup In(a) .
N 35 o3P G, (1) T end? ()
Combining this with (4.120) yields the lemma. (]

PRrROPOSITION 4.11.2. The Banach ideal Ly is not separable and
(4.121) I3 = {T e Kon(T) = O(O’N(’IT))}.

PRrROOF. It follows from Lemma 4.9.6 and Lemma 4.11.1 that an operator T' € IC
is in Zg  if and only if on (T') = o(on (7).

Thanks to (4.117) the sequence ™ = (7, )n>0 is contained in ly. It is immediate
that @, (m) = 1. Moreover, using Lemma 4.11.1, we see that

) L on(m)
Iégnoo O, (TN, TNEL, - .) = h]{rn_?llop e 1.
Therefore (4.107) does hold, so using Proposition 4.9.7 we see that the Banach ideal
Ty is not separable. The proof is complete. ([

PROPOSITION 4.11.3. Suppose that o,,(7) = O(nm,). Then

Iy, = {T € K;on(T) = O(Wn)} and I9 = {T € K;on(T) = o(ﬁn)}.
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n(T)
Tn

PROOF. Let T € K. Let m € N and set a,, = sup,,>,, . For n > m we

have ., (T) = ""(T)m, < @y, my, so for all N > m we get
oNT) =om(T)+ Y (D) Som(T) +am Y T < om(T) + amon(T).
m<n<N m<n<N

Since limpy 00 on (1) = 00, we deduce that

UN(T)

lim sup < am VYm € N.
N>oo ON(T)
Thus,
T (T
(4.122) lim sup on(T) < lim a,, = limsup w
N—oco UN(W) m—>00 n—00 Tn

Set C' := sup,,>; 071:75”). Since the sequence (fi,,(T))n>0 is non-decreasing, for

any n € N, we have 0,,(T) =37, _,, ;i (T) > npn(T), and hence

pn(T) < an(T) _ on(m) on(T) < an(T)
"o (

T N nm, on(m) T op(w)’
Thus,
T T
(4.123) lim sup ——— n(T) < Climsup Inl )
n—o00 Tn n—oo0 Un(’ﬂ')
Combining (4.122)—(4.123) with (4.119) and (4.121) yields the proposition. O

Let @/ be the dual norm of @, as defined in (4.85). This is a symmetric norm
on lf.

LEMMA 4.11.4. We have
(4.124) O (a) =Y muay  Vacly.

n>0

PROOF. Let ® be the function on Z}L defined by

= Z Tp G, Ya € l}'.

n>0

In view of Lemma 4.8.6, in order to prove that ® agrees with /it is enough to
show that @ satisfies the conditions (4.81)—(4.84) and agrees with ®/. on l}'.

Clearly, ® satisfies (4.81)-(4.83). As, for all a € If, we have

(4.125) Z MTpGn = ToOo + Z Tn(ont1(a) —on(a)) = Z (rn—1 —7N)on(a),

n>0 n>1 N>1

we see that ® satisfies (4.84) as well.
It remains to prove that d agrees with ®/. on lJr Let a € lJr Then by (4.86)

we have
(b;_r(a) = SUP{Zanbn§ b S l+7 (I)ﬂ-(b) = 1}

n>0
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Notice that, for any N € N, the sequence (7o, ...,7n,0,0,...) belongs to l}“ and
we can check that @, (m,...,7n,0,0,...) = 1. Therefore, if N is large enough so
that a,, = 0 for n > N, then

(4.126) p(a) > D anmn =Y apm, = B(a).
n<N n>0

Let b € I} be such that ®(b) = 1. Then on(b) < on(r) for all N € N.
Therefore, arguing as in (4.125), we get

D anbn=> (ay —an-1)on(b) < Y (an —an_1)on(T) = Y _ apm,.

n>0 N>1 N>1 n>0
It then follows that ®’ (a) < ®(a). Combining this with (4.126) proves that ® and
@/ agree on If. The proof is complete. O

It follows from Lemma 4.11.4 that
Tgr = {T e K; Zﬂn,un(T) < oo} and ||T|le; = Zﬂnun(T) vT e K.
n>0 n>0

Using (4.124) it is not hard to check that the symmetric norm ®/ satisfies (4.107).
Therefore, from Proposition 4.9.7 we get

PROPOSITION 4.11.5. The Banach ideal Ly, is separable and the finite-rank
operators are dense in it, i.e., Ig, =T .

Using Proposition 4.9.12, Lemma 4.8.7 and the fact that Z3, = Iy, we get

PROPOSITION 4.11.6. The linear map (4.115) gives rise to isometric isomor-
phisms,
Iq);r >~ (I(%W), and Icpﬂ >~ (I(b%)/'

4.12. The Banach ideals £®>) and £®1

Let p € (1,00). We denote by L) the Banach ideal Ty, .., associated to
the symmetric norm @, ) on Iy defined by

onla
D (p,00) (@) := sup (a)

Va € ly.
N>1 N5 !

Thus,
LE) = {T €K; on(T) = O(Nl—é)},

and £ is a Banach ideal for the norm,

O'N(T)
Tl iy ooy i= I T = su .
I “(p, ) | ||<I><p,oo) Zpl Nl_%

Since Zn<N(n+1)7% ~ i N'"% as N — oo, we see that P (p,00) is equivalent
p

to the symmetric norm ® ) associated to the sequence 7P in (4.118). Therefore,
the Banach ideals £ and g have same underlying sets and their norms are

equivalent. Since for p > 1 we have o, (7)) = O(nm(lp)), using Proposition 4.11.2

and Proposition 4.11.3 we obtain:

=(P)

PROPOSITION 4.12.1. Let p € (1,00). Then
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(1) We have
L) — {T €K; pn(T) = O(n—é)}.

(2) The Banach ideal L) is not separable and the closure of finite-rank
operators in LP>) s

L) = {T €K; on(T) = o(Nl—i)}
= {T €K; pn(T) = o(n‘i)}.

For p = 1 we let £(1:>°) be the Banach ideal To o
norm @, ) on Iy defined by

, associated to the symmetric

O’N(a)
Q(1,00)(a) := ifu>p2 Tog N Va € ly.

Thus,
L) — {T € K; on(T) = O(log N)},

and the norm of £ is

_ _ . on(T)
Tl 2= 1Tl oy = 00 T
This Banach ideal is sometimes called the Dizxmier ideal, since this is the natural
domain of the Dixmier trace (cf. Chapter ?7).
As in the case p > 1, the symmetric norms ®; o) and ®,. ) are equivalent, so
the Banach ideals £(1:>) and Iq>7r (1, have same underlying sets and their norms are
equivalent. Therefore, using Proposition 4.11.2 we get:

PROPOSITION 4.12.2. The Banach ideal £L1°°) is not separable and the closure
of finite-rank operators in L) is

L:él’oo) = {T el; on(T) = o(logN)}.
REMARK 4.12.3. Unlike in the case p > 1, we have a strict inclusion,
20292 {7 € ks (1) = 007 .

Clearly, if T € K is such that yu, (T) = O(n™1), then oy (T) = O(log N), and hence
T is contained in £(1°°),

To show that the inclusion is strict we only have to exhibit a non-increasing
sequence of positive numbers (ay,)n>0 such that on(a) = O(log N) and na,, is not
bounded. An example of such a sequence is obtained as follows.

For any k € N set n; = k* and let (an)n>0 be the sequence defined by

_ 1+logk

ag=a; =1 and ap, = —— fornp_1 <n < ng.
ng

As ngan,, =1+logk — o0 as k — oo, we see that a,, is not a O(n™1).
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Furthermore, for £ > 3, we have

Z On = Z %(”g‘—n]‘—l)ﬁ Z (1+1logj)

2<n<ny 2<5<k J 2<j<k
k
< / (1+logx)dx = klogk = logny.
1

Therefore, if np_1 < N < ng, then

log ny klogk
< < —1 1 < log N < Clog N
Z ap > Z 427 ogng—1 = (k — 1) log(k — 1) O0g IV =~ Og IV,

~ logn_
2<n<N 2<n<ny g k-1

where we have set C' := sup;>3 (k—lk)ll(c);%' This shows that ox(a) = O(log N),

concluding the remark.

Next, let p € (1,00] and denote by L) the Banach ideal associated to the
symmetric norm ®(; .y on Iy defined by

Qp1y(a) == Z(n + 1)%71an Ya € ly.
n>0
In other words,
£ = {T € K; Z(n +1)7 (1) < 00}’

n>0

and the norm of £ is given by
1
Ty =D (n+1)7 " (7).
n>0

When p = oo the Banach ideal £>1) is called the Macaev ideal.
Let p’ € [1,00) be such that 1%4’ ]% = 1. Since Lemma 4.11.4 shows that ®, ;)

we see that £ is the Banach ideal Zg .. Therefore,

x(p")

is the dual norm &’ ,
()

Proposition 4.11.5 and Proposition 4.11.6 yield:
PROPOSITION 4.12.4. Let p € (1,00] and p' € [1,00) be such that & + 5; = 1.

(1) The Banach ideal L£®P1) s separable and agrees with the closure of finite-
rank operators.
(2) The linear map (4.115) yields isomorphisms,

L£® ~ (l:gp'yoo))/ and ~ LP20) ~ (L)Y
Finally, the ideals £>) and £®1) can be compared to the Schatten ideals.

ProproOSITION 4.12.5. We have continuous inclusions,

(4.127) P c P and L) L) 1<p<q<oo,
(4.128) LicLPb 1< g<p<oo,
(4.129) £PD c rp, 1<p< oo
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PROOF. In view of Proposition 4.12.4 it is enough to prove that we have con-
tinuous inclusions,

Epcﬁép"oo), 1<p< o,
£1c L 1<g<p<oo,

since the other continuous inclusions would follow by duality.
Let p € (1,00] and let ¢ € [1,p). Let T € L. Let p’ and ¢’ be such that

+ = =1and % + % = 1. The Holder inequality gives

1
P

D=

1Tl = S0+ )% i (T) < (Z<n+ 1)55)“||T||q.

n>0 n>0

’
-
7

The fact that ¢ < p insures us that ¢’ > p’, so the series > ~o(n + 1) #" is

convergent, so we see that £9 is contained in £1) and the inclusion is continuous.
Let p € [1,00) and let T' € £P. Using the Holder inequality we see that, for any
N e N,

()= X ) = (2 1?");' (= unmp)’l’ < NHT,

n<N n<N n<N
In view of the definition of the norm of £°°) this implies that

1Tl ooy < ITNlp, VT € LP.

Thus £P is contained in £P>) and the inclusion is continuous. Since by Proposi-
tion 4.10.2 the finite-rank operators are dense in £P, it follows that £P is contained

the closure of finite-rank operators in £P>°) that is, the ideal L'(()p 09) Therefore,

we actually have a continuous inclusion of £P in E(()p ) The proof is complete. [

REMARK 4.12.6. Let T' € KC be such that
fn(T) = (n+1)"7 (log(n +2))™*  V¥n e N.
The following observations hold:
o Ifa= % and p € (1,00), then T is not in £P and Proposition 4.12.1 and
Proposition 4.12.2 insure us that 7" is in E((Jp’oo).
e If « = —1 and p € [1,00), then T is contained in every ideal £? with
qg > p. If p > 1, then using Proposition 4.12.1 we see that T is not in
LP>0) Likewise, when p = 1 the operator T is not in £1:°°),
e Ifa=1andp € (1,00), then T is in £V but it is not in any ideal £
with ¢ > p.
e If pec (1,00] and a € (p~',1), then T is in £P, but not in L£P-1).
This shows that all the inclusions in (4.127)—(4.129) are strict.
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