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Singular Values and Schatten Classes
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Throughout this chapter # is a separable Hilbert space.




Singular Values

Definition (Singular Values)

Let T € L£L(H). Given any n > 0, the (n + 1)-th singular value
(a.k.a. characteristic value) of T is

pn(T) :=inf{|| Tigo|l; dim E = n}.

It follows from the above definition that

un(AT) = Alua(T)  VAEC.




Singular Values

R, = the space of operators T € L(#) of rank < n.

Let T € L(H). Then:
wn(T) =dist(T,Rnp),
fm(T) < pn(T) Vm = n.

Proposition

Let T € L(H). Then:
tn(T) = pn(T*) = pa(| T1),
pn(ATB) < [|Alluan(T)IIBI VA, B € L(H),
un(U*TU) = pup(T) YU € L(H), U unitary.

A




Singular Values

Let 7’ be another (separable) Hilbert space.
o If Ac L(H',H) and let B € L(H,H’), then

pn(ATB) < ||All zia 30y iin( T Bl £(24,20)-
o If Ue L(H,H) is unitary, then
pn(UTU) = pin(T).

@ Thus, the singular values are invariant under unitary
isomorphisms.




Singular Values

Let S, T € L(H) and let m,n € Ny. Then:
tmtn(S + T) < pm(S) + pa(T),
1n(S) = (T < IS = T,
Pmn(ST) < ptm(S)pn(T).
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Singular Values

Let T € L(H). TFAE:

© T is a compact operator.

@ T is the norm-limit of finite-rank operators.
Q un(T)—0asn— oo.

@ For any € > 0 there exists a finite-dimensional subspace E of
H such that || Tigo| <e.




Singular Values

Theorem (Min-Max Principle)

If T is compact, then
pn(T) = (n+ 1)-th eigenvalue of | T| counted with multiplicity.

This implies that eigenvalues of positive compact operators are
continuous, since the singular values are continuous.
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Singular Values

Corollary

Let T = U|T| be the polar decomposition of T and ({,)n>0 an
orthonormal family such that |T|&, = pun(T)&, for all n. Then

T = un(T)|U& X &al,

n>0

where the series converges in norm.
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Singular Values
Corollary

Assume that f(t), t > 0, is non-negative, non-decreasing and
converges to 0 as t — 0". Then

pn (F(IT) = f(un(T))  Vn =0,

f(ITI) Zf pn(T))IEn )X &nl,

n>0
where the series converges in norm.

Example

| A

Let p > 0. Applying the above result to f(t) = tP gives

pn(|TIP) = pa(T)P Y0 > 0.
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The Trace-Class £!

e For T € L(H) we set

1Tl = pa(T).

n>0

@ The trace-class £! is the set of operators T such that
| Tl < oo.

v
Remarks

@ We always have || T|| = uo(T) < || T

@ As || T|1 =) pn(T) < oo = limpuy(T) =0, any trace-class
operator is compact.

\
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The Trace-Class £}

The properties of singular values imply the following:

[T =0Tl =T,
ATl = ATl AeC,
1S+ Tl < ISl + 11T l1,
IATB|l. < Al TIMBll, A, B € L(H).

The top equalities imply that
Tell—= T el |T|eLh




The Trace-Class £!

Proposition

Q L' is a two-sided ideal of L(H).

Q@ || - |1 is a norm which respect to which L' is a Banach space.

Proposition

Assume T € L. Let T = U|T| be its polar decomposition and
(&n)n>0 an orthonormal family such that | T |&, = pn(T)E, for all

n. Then
T = Z ,un ‘Ugn n|

n>0
where the series converges in L*.

The space of finite-rank operators is dense in L'
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The Trace-Class £!

Let T € L(H) be positive. Then, for every orthonormal basis
(&n)n>0 of H, we have

1Tl = (€l TEn) .

n>0

Lemma

Let T € £L.

@ For every orthonormal basis (£,),>0 of H, the series

> (el TER)

n>0

converges absolutely.

@ The value of its sum does not depend on the basis ({n)n>0.

o
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The Trace-Class £!

Definition
Let T € £(H). Then the trace of T is

Tr(T) =) (&l T&n),
n>0
where (£,)n>0 is any orthonormal basis.

We have
Te(IT) =D _ (&l TIE) = ITI]; =Tl =D pa(T).
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The Trace-Class £!

@ T — Tr(T) is a continuous linear form on L such that

[T (T < (| TDI = [T,

Tr(T*) =Tr(T).
@ This is a trace on the ideal L1, i.e.,

Tr(AT) =Tr(TA) VT € L' VA€ L(H).

16
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The Trace-Class £!

Let £, € H. Assume that (£,)n>0 is an orthonormal basis of H
such that & = ||€]|~1€.

@ For all n > 0, we have

(€nl(1€ X nDER) = (€nl€) (nl€n) = dnoll€ll {nl€0) = dn0 (MIE) -

@ Thus,

Te(lEXnl) =Y (El(1€ Xnl)én) = (nl€) -

n>0




The Trace-Class £!

Assume T € L1 is normal, and let (&n)n>0 be an orthonormal
eigenbasis of H , i.e., T\, = A\,&, for all n > 0.

@ We have

To(T) =l Tén) =D An (nlén) =D An.

n>0 n>0 n>0

@ That is, the trace of T is the sum of its eigenvalues.
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The Trace-Class £!

If S L' and T € L(H), then ST € £, and so we may set

(S, T) == Tr(ST).

We have

(S T = [T (ST < IST 2 < (SN2l T1-

\
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The Trace-Class £!

(i) Forall S € L1,

ISl = sup [Tr(ST)].
[ TlI=1

(ii) Forall T € L(H),

ITI = sup [Tr(ST)|.
ISl=1

Consequence

We isometric linear maps,
L'sS— (S, e L(H),
LH)> T — (-, T) e (LY.

A\




The Trace-Class £!

Proposition

The map T — (-, T) is an isometric isomorphism from L(#) onto
(L)

This means that £! is the pre-dual of £(H).

Proposition

The map S — (S, ) is an isometric isomorphism from L' onto K'.
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Hilbert-Schmidt Operators

o Forany T € L(H), we set

1Tl = (X unT)

e We say that T is a Hilbert-Schmidt operator if || T2 < oo.
@ The class of Hilbert-Schmidt operators is denoted £2.

e We have £! C L2 C K.
e If T is compact, then 1i,(T)? = (| T|?), and so

ITIE =D pa(T)? = malITP) = Tr(|T?) = To(T*T).

@ Thus,
Tel?«> ul(TP) <oo=|TP L.




Hilbert-Schmidt Operators

Let &, € H. Assume that (£,)n>0 is an orthonormal basis of H
such that & = ||£]|~1€.

® We have (|¢)(n])" = [n)(£], and so
(1€ Xnl)* (1€ X nl) = (m X ENUE X nl) = (€1€) [n X nl = lI€]I*|m X nl-

@ Thus,

e X nlllz = Tr [(1€ Xnl)* (1€ X D] = €N Tr [ln X ul] = lI€112 (k) -

@ That is,

1€ X7l = lEllinll-




Hilbert-Schmidt Operators

The properties of singular values imply the following:

ITl2 = 1Tz = 1 Tll2,
IATll2 = (ATl A€C,
IATBll2 < [AMITI2B], A B e L(H).

RENEILS

| A

The top equalities imply that
TeL?« T cL?=|T|eL?

A\




Hilbert-Schmidt Operators

Lemma

For every orthonormal basis (£,)n>0 of H, we have

ITIE =) 1€l

n>0
o We have
ITIE =Te(IT?) =) (&l TP€n) .
@ Here

<§nHT’2§n> = <‘£n|T* T§n> = <Tfn|T§n> = HT‘an2'

@ Thus,
1715 =D 1 Tl




Hilbert-Schmidt Operators

Corollary

We have

IS+ Tl2 < [ISll2+ I Tll2, S, T € L(H).

Q L2 is a two-sided ideal of L2.

Q || - |2 is a norm which respect to which L? is a Banach space.

v
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Hilbert-Schmidt Operators

Proposition

Assume T € L2, Let T = U|T| be its polar decomposition and
(&n)n>0 an orthonormal family such that | T |&, = pn(T)En for all

n. Then
= Z ,Un |U£n n|

n>0

where the series converges in £?

The space of finite-rank operators is dense in £

I N
N



Hilbert-Schmidt Operators

Proposition

If S, T € L2, then ST s trace-class, and we have

| Te (ST < ISTTl < ISl201 T2,
Tr(ST) = Tr(TS).

Corollary

L? is a Hilbert space with respect to the inner product,

(S|T) 2 :=Te(S*T), S, TeL?

Remark
We have

(TIT) o =Te(T*T) = Tr(|T?) = || T|3.




Integral Operators

(X, ) is a o-finite measure space s.t. L7(X) is separable.

X is a smooth manifold and p is a Radon measure. I

Definition (Integral Operators)

If K(x,y) € Lf@#(X x X), then T : Li(X) — Li(X) is given by

Tif(x) = /X Koy)f()duly),  f e 12(X).

29 /62



Integral Operators

e By Cauchy-Schwartz's inequality,

2
rTKf(an—( /X K(x,y>f(y)du(y)) < /X 1K (% y) Pdu(y) /X F()RdA(y).
@ Thus,
/ T Ot < 112 [ / 2¢(y)d(y)du(x) < oo.
@ That is,
Tef e 2(X)  and || Tkl < K]zl Fllo

@ It follows that

Tk € L(L%,(X x X)) and Tkl < IK]| 2

B
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Example

Let o, 9 € Li(X), and set K(x,y) = o(x)p(y) € Li®#(X x X).
o If f € Li(X), then

Tif(x) = /X PP ()duly) = F(x) (WIf)

@ Thus,
Tk =l XY
@ It follows that every rank 1 operator on Li(X) is an integral
operator.

@ By linearity every finite-rank operator is an integral operator
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For K(x,y) and K'(x,y) in L35, (X x X), we have
T;; = TK* and TK TK/ = TK*KH

where we have set

K*(x,y) = K(y,x),

KxK'(x,y) = /X K(x,z)K'(z,y)du(z).

| A\

Proposition

Q IfK(x,y) € Lf@“(X x X), then Ty is Hilbert-Schmidt.
@ The linear map K — Tk is an isometric isomorphism from

L2, (X x X) onto L2
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Proof
Let (¢n)n=0 be an orthonormal basis of L2 (X).
o If K(x,y) € Lu®#(X x X), then

1Tkll5 =Y I Tkenll® =D "1 (oml Tkpn)
n>0 n,m
@ Here

(Om| Tkn) = //s@m K(x,y)en(y)du(y) = (pm ® @nlK) .

® As (¢m @ @n)m,n>0 is an orthonormal basis of Lﬁ(X x X), we
get
. 2
ITkl3 = | (em ®BrlK) |” = [|K]| 2 < o0.
n,m
e Thus, Tk € £? and we have isometric linear map K — Tk

from L%,(X x X) to £2. In particular, it has closed range.

@ As the range contains finite-rank operators, which are dense in
£?, the map is onto, and hence is an isometric isomorphism.
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Trace Theorems

@ X = separable metrizable locally compact Hausdorff space
(e.g., X is a smooth manifold).

@ 1 = Radon measure.

Under those assumptions Li(X) is a separable Hilbert space.
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Trace Theorems

Theorem (Duflo)

Assume that

° K(x,y) € L35, (X x X)N C(X x X).

@ Tk is trace-class.
Then K(x,x) is in Li(X), and we have

Tr(TK)—/XK(X,X)d,u,(x).

Remark
In the above generality we need to assume Tk to be trace-class,
since otherwise the trace formula may fail.

A\
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Trace Theorems

If T, > 0, then we don't need to assume Tk is trace-class.

Assume that
o K(x,y) € L35, (X x X)N C(X x X).
o Tk is positive.

Then:
Q@ K(x,x) >0 forall x € X.

@ We have

TI’(TK):/XK(X,X)d/,L(X).

© In particular,

Tk € L' < K(x,x) € L}(X).
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Banach ldeals

A Banach ideal is a two-sided ideal Z of £(H) together with a
norm ||.||z such that

(i) (Z,|l-llz) is a Banach space.
(i) We have
IATB|z <[IAllTIzIIBI YT €I VA BeLH).

The following are Banach ideals:
@ The ideal of compact operators K.
@ The trace-class L.
@ The ideal of Hilbert-Schmidt operators £2.




Banach ldeals

If Z is a two-sided ideal, then

Tel—=|T|el< T el

Proof.
If T=U|T|, then |T|=U*T and T* = U*TU* and
T=UT*U. ]

y

Assume (Z, || - ||) is a Banach ideal. If T € Z, then:
ITlz =Tz =TIz,
N\U*TU|z = || Tz YU € L(H), U unitary.
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Banach ldeals
Corollary

If T €T and 1in(S) = pun(T) for all n >0, then
SeZ and ||S|lz=T|z

Thus,

o Let (&5)n>0 and (7n)n>0 be orthonormal bases such that
[ T1én = pn(T)6n  and  [S[nn = pn(T)np.
@ Let U be the unitrary operator s.t. U, = 1,. Then
UITIEn = pn(T)Un = pn(T)nn = |S|nn = |S|Un.

T||z only depends on the singular values ji,(T).

e Thatis, U|T|=|S|U, i.e, U|T|U* =|S|. Thus,
TelI = |Tel=UT|UeIT<—=|S|eIT<—=S€eTl.
Moreover, [|S]lz = [||S[llz = IUIT|U*|lz = I Tz = [Tz
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Banach ldeals

If Z is a two-sided ideal, then, we always have

{finite-rank operators} C Z C K

Definition

70 is the closure in Z of the ideal of finite-rank operators.

e (Z°%] - ||z) is a Banach ideal itself.

@ As a Banach space 7 is separable (i.e., it contains a dense
countable subset).
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Banach ldeals

Let T € L(H). TFAE:
Q@ Tcl
@ Any Schmidt series T =Y pun(T)|UEn X &n| converges in .

TFAE:
© 1 is separable.

@ 7° =7, i.e., finite-rank operators are dense in Z.
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Banach ldeals

Proposition

79 always contains the trace-class L' and we can choose || - ||z so
that | - | < | - [} on £V,

In other words £! is the smallest Banach ideal. l
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Quasi-Banach Ideals

A quasi-norm on a vector space E is a function || - || : E — [0, 00)
such that:

Q |x| =0< x=0.
Q@ || \x|| = |Al||x|| for all A € C and x € E.
© Thereis C > 0 such that
Ix+yll < C(IxI[+1yll)  Vx,y € E.

A vector space equipped with a quasi-norm is called quasi-normed.

4
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Quasi-Banach Ideals

© A quasi-norm generates a topological vector space topology.

@ A basis of neighbourhoods of the origin is given by the
“quasi-balls”,

B(0,1/n) ={x € E; ||x|| < 1/n}, n>1.

© As we have a countable basis, the topology is metrizable.
Q In particular, x, — x in E iff ||x, — x|| — 0.

Proposition

Let T : E — F be a linear map between quasi-normed spaces.
TFAE:

@ T is continuous.

@ T is continuous at 0.
@ There is C > 0 such that | Tx|| < C||x|| for all x € E.
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Quasi-Banach Ideals

A quasi-Banach space is a vector space E together with a
complete quasi-norm (i.e., every Cauchy sequence is convergent).

O A quasi-Banach space need not be locally convex.

© In particular, Hahn-Banach Theorem need not hold.

A\
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Quasi-Banach Ideals

Let (X, i) be a measure space.

© For 0 < p < 1 the space L}(X) is a quasi-Banach space with

quasi-norm,
e := (/x f(X)\pdu(x)>; .

@ The triangular inequality is replaced by
If +&llge < 11T + llglZ-

In particular d(f,g) = ||f — g||{» is a metric.
© Thanks to the convexity of t — !/ this gives the inequality,

1-p
If +gllee <277 ([[fllee + llgllee) -

46
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Quasi-Banach Ideals

A quasi-Banach ideal is a two-sided ideal Z of L£(H) together with
a quasi-norm ||.||z such that

(i) (Z,].lz) is a quasi-Banach space.
(i) We have
IATBlz <[IAllTlzIIBI YT €I VA B e LH).

Remark

We will see that the Schatten classes £P, 0 < p < 1, and the weak
Schatten classes £P*°, 0 < p < 1, are instances of quasi-Banach
spaces.
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Quasi-Banach Ideals

Assume (Z, || - ||) is a Banach ideal. If T € Z, then:
ITlz =Tz =TIz,
N\U*TU||z = || T|lz YU € L(H), U unitary.

| A

Corollary
If T €T and pun(S) = pun(T) for all n > 0, then

SeTl and ISllz=I|Tlz-

Thus,

T||z only depends on the singular values 1i,(T).
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Quasi-Banach Ideals

Definition

70 is the closure in Z of the ideal of finite-rank operators.

Proposition

TFAE:
© 7 is separable.

Q@ 7° =17, ie., finite-rank operators are dense in L.

49 /62



Schatten Classes

Definition (Schatten Classes)
Let p € (0, 00).
e For T € L(H), set

1Tl = (S ol T

@ The Schatten class LP consists of all operators T such that
[ T]lp < oo.

@ We have LP C LIC K for0 < p < gq.
® As in(T)P = pn(| TIP), we have

TeLP =) un(|TIP) < oo |TIPeL
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Schatten Classes

@ We have

ITle = 11Tl = 1T 15,
ATl = ATl A€C,
IATBl, < [AIITIANBI, A B & L(H).

Q@ Ifp>1, then
1S+ Tllp < ISllp + [ Tlp-

Q If0< p<1, then
1S+ TIN5 <ISII5+ I TII5-
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Schatten Classes

@ LP is a two-sided ideal of L(H).

@ Ifp>1, then | - ||, is a norm which respect to which LP is a
Banach ideal.

© Ifp <1, then |- ||, is a quasi-norm which respect to which
LP is a quasi-Banach ideal.

Proposition

©Q If T € LP, then all its Schmidt series converge in LP.

@ Finite rank operators are dense in LP.




Schatten Classes

Proposition (Holder Inequality)

Assume pl +q 1 =r"1. IfS€ LP and T € L9, then ST € L',
and we have

IST - < [IS1lpll Tllq-

Remark

f pyl+-+pl=r"land T; € LP, then Ty--- T € L, and
we have

| \

I T2 Tillr < N Tallpy -l Tl -

A\
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Schatten Classes

Assume p~t 4+ (p)) "' =1. IfSe LP and T € LP', then ST is
trace-class, and we have

Tr(ST) < ISTHx < UISHpll Tp-

If Se L£Pand T € LP, then (S, T) := Tr(ST).

Remark

The above corollary implies that T — (-, T) is a continuous linear
map from LP' to the (topological) dual (£P)’.

Proposition

The map T — (-, T) is an isometric linear isomorphism from LP'
onto (LP)'.
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Weak Schatten Classes

Definition (Weak Schatten Classes £P*°)

Let p € (0, 00).
@ The weak Schatten class £P*° consists of all T € £L(H) such
that
1
,u,,(T):O(n P) as n — oo.

@ For T € L(H), we set

i
[ Tllp,oc == sup(n + 1) un(T).
n>0

o

For 0 < p < g we have strict inclusions,

LPC LP™ C L7CK.
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Weak Schatten Classes

We have

ITllp00 = 1T llp.00 = Il Tlllp,005
IATlpoo = M Tllpeo,  A€C,
IATBllpco < Al TllpcollBll, A B € L(H),

1
IS+ Tllp.co <27 (IISllp.c0 + [ Tllp,c0) -

56
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Weak Schatten Classes

Proposition

Q LP™> s a two-sided ideal of L(H).

Q | llp,0c is @ quasi-norm which respect to which LP>° s a
quasi-Banach ideal.

Q Ifp>1, then | - || p oo is equivalent to the norm,

I 715,00 = sup {N1+f17 ZMJ(T)}, T € LP.
izl j<N

@ In this case, LP>° is a Banach ideal (w.r.t. that norm).
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Weak Schatten Classes

Eg’oo is the closure in £LP*° of the ideal of finite-rank operators.

Q@ We have
B = {T € L(H); pun(T)=0 (nf

@ We have a strict inclusion L§™ C LP°.

© In particular, LP-°° s not separable.

RENEILS

| A

For 0 < p < g we have strict inclusions,

BP G B S Y




Weak Schatten Classes

Proposition (Holder's Inequality)

1_ -1

Assume that p~! + g~
©Q There is Cpqr > 0 such that

15T llr.00 < CpgrllSIlp,co0ll Tllg,c0-

© In particular,
(SeLP>and T e L9°) = ST € L.

Q@ IfSe L™ or T € LI, then ST € Ly™.

Remark (Sukochev-Zanin '21)

S

1 1
The best constant Cpq, is equal to p 9q »(p+ q)r.
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Weak Schatten Classes

Corollary
1

Suppose that pl_1 + -+ p;l =7,
Q Thereis C = C(p1,...,qk,r) > 0 such that

T2 Tllroo < Cll Tallpyc0 - | Till oo

Q IfT; € LP™® fori=1,..., k, then Ty--- Ty € L.

© If in addition one of the T; is in L§">, then Ty --- Tj € L§™.

v
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The Dixmier-Macaev ldeal

Definition

The Dixmier-Macaev ideal is

ML = {T € L(H): Y wi(T) = O(log /v)}.

J<N

v

@ MY js a Banach ideal with respect to the norm,

1
Tl100 = ey (T T e Mb>.
1Tl e Eu;{log(NH)KNuJ( )b Tem

@ We have a strict inclusion L5 C M.

v

RENEILS

In Connes’ book (as well as elsewhere) the Dixmier-Macaev ideal is
denoted £1°°.
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The Dixmier-Macaev ldeal

J\/l(l) > is the closure in MY of the ideal of finite-rank operators.

Proposition
Q@ We have
M(l,’oo = {T € L(H); Z pn(T) = o(log N)}
J<N
@ There is a strict inclusion Mé’oo C ML,

@ In particular, MY is not separable.
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