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Pullback Bundles

o f: N — N is a smooth map between smooth manifolds.

e E 5 M is a smooth vector bundle of rank k.

As a set the pullback bundle is
f*E:={(q,v) e N X E; f(q) =n(v)}.

A\

f*E is regular submanifold of N x E of dimension dim N + k. In
particular, this is a smooth manifold.




Pullback Bundles

Let m1 : N X E — N and 7 : N x E — E the projections on the
1st and 2nd factors.

@ By restriction we get smooth maps 7 := 7ypg : fE — N
and f := my g : FE — E.

e We then have a commutative diagram,

FrE—f L F
Pl
N —— M.

@ Thatis, f is a lift of f.




Pullback Bundles

Consequence

If s: M — E is a smooth section, then the map
f's: N — fE, q—(q,s(f(q))),

is smooth and n o (f*s) = 1y.




Pullback Bundles
(Facts

@ The map n: f*E — N is a surjective submersion.

e Given any g € N, we have

n(q) = {(g,v); v € Est.n(v) =f(q)}.
o As(v) =f(q) & verni(f(q) = Ef(q), we get

n~'(q) = {a} X Er(q).

o In particular, n71(q) is a vector space that is naturally

identified with Ef ().

At the set theoretic level, we then have

FE=[]n ")~ | Era

qgeN qgeN
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Pullback Bundles

Proposition
f*E % f*E is a smooth vector bundle.

The smooth vector bundle structure is such that, if g € N and
(e1,...,ek) is a smooth frame of E over an open U > f(q), then
(f*e1,...,f*e) is smooth frame of f*E over f~1(U).




Pullback Bundles

Let V: Z (M) xT(E) — I'(E) be a connection on E.

© There is a unique connection
*V : Z(N) x [(f*E) — ['(f*E) on f*E such that

(F*V)x (f*s) = f*(Vexs) VX € Z(N) Vs eTl(E).

@ Ifw = (w}) is the connection 1-form of V relative to a
C*>-fram (e, ..., ex) of E, then the connection 1-form of
f*V relative to the frame (f*ey,...,f*ex) is f*w = (f*wj’)

v




Isomorphisms of Vector Bundles

@ E; -5 M and E> -5 N are smooth vector bundles over M.

Reminder (Bundle Maps)

A smooth bundle map ¢ : E; — E, is a smooth map such that:

(i) Top=m,ie, p(Ep) C Exp forall pe M.
(ii) For every p € M, the induced map ¢, : E1 p — Eop is linear.

Definition

A bundle map ¢ : E; — Ep is an isomorphism if this is a bijection
and its inverse is a (smooth) bundle map.




Isomorphisms of Vector Bundles

Let ¢ : B — E» be a bundle map.

@ This is an isomorphism if and only if, for each p € M, the
induced map ¢, : E1 p — E>p is a linear isomorphism.

@ In particular, if ¢ is an isomorphism, then E; and E, must
have the same rank.

Proposition

| A\

Q@ Iff:N— Mandg: P — N are smooth maps, then we have
a canonical vector bundle isomorphism,

g (FFE) ~ (fog)*E.

@ In particular, if f : M — M is an isomorphism, then f*E ~ E.
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Characteristic Classes

Let M be a smooth manifold.

© Vect(M) is the set of isomorphism classes of smooth vector
bundles over M.

@ Vectx(M), k > 1, is the subset of isomorphism classes of
vector bundles of rank k.

@ By pullback any smooth map f : N — M gives rise to a
natural map,

f* : Vect(M) — Vect(N).

@ It follows that M — Vect(M) is a functor from the category
of manifolds to the category of sets.
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Characteristic Classes

Definition
A characteristic class is the datum for each smooth manifold M of
a map

cym - Vect(M) — H*(M)

which is natural in the sense that, for every smooth map
f : N — M between smooth manifolds, we have

en (FFE) = frem(E) VE € Vect(M).

Remark

In other words, a characteristic class is a natural transformation
¢ : Vect(-) — H*(:) from the Vect-functor to the de Rham
cohomology functor.
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Invariant Polynomials

e gl (R) is the Lie algebra of n x n matrices with real entries.

o GL,(R) is the Lie group of invertible n x n matrices with real
entries.

Fact
GL,(R) acts on gl,(R) by the adjoint action,
Ad : GL,(R) x gl,(R) — gl,(R),
Ada(X) = A71XA, (A, X) € GL,(R) x gl,(R).

| \

A\
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Invariant Polynomials

° R[xj’] is the algebra of polynomials in the indeterminate r x r
matrix X = (x!).

J

@ We have an adjoint action of GL,(R) on R[XJ’]
Ad : GL,(R) x R[x]] — R[x]],
Ada(P) = P(AT'XA), (A P) € GL.(R) x R[x]].

@ We then have
(Ada P)(X) = P(A’lXA) = P(Ada X) VX € gl (R).
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Invariant Polynomials

Definition
A polynomial P(X) € ]R[xj’] is invariant (or Ad GL,(R)-invariant) if
Ada(P) =P  VAe GL.(R).

RENEILS

| A

Equivalently, polynomial P(X) € R[XJ’] is invariant if
P(A71XA) = P(X) VA€GL.(R) VX € gl (R).

Definition

The set of Ad GL,(IR)-invariant polynomials is denoted Inv(gl,(R)).

Inv(gl,(R)) is a sub-ring of R[XJ’]
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Invariant Polynomials

The trace Tr[X] and the determinant det(X) are invariant
polynomials.

Given any k > 1, the polynomial ¥4(X) := Tr[X*] is an invariant
polynomial. It is called the k-th trace polynomial.
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Invariant Polynomials

@ The characteristic polynomial of —X is

det(A + X) = X"+ A(X)N 2+ -+ 1 (X)N + (X)),

where f1(X), ..., f(X) are polynomials in R[XJ’] with
fr(X) = det(X).

@ If \1,..., A\, are the eigenvalues of X counted with
multiplicity, then

(X)) = D A A

f1§"‘§fr
@ The Ad GL,(R)-invariance of det(A + X) implies the

invariance of the coefficients f(X), ..., f,(X).

@ The invariants polynomials fi(X), ..., f,(X) are called the
coefficients of the characteristic polynomials of —X.




Invariant Polynomials

@ As a ring Inv(gl,(R)) is generated by the trace polynomials
Tr[X], ..., Tr[X"].

@ It is also generated by the coefficients fi(X), ..., f(X) of the
characteristic polynomial det(\ + X).
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Invariant Polynomials

@ A polynomial P € R[xj’] is a linear combinations of
monomials,

EJ(X) = x o x,

where | = (i1, ...,jk) and J = (j1,...,Jk) range over
{1,...,r}¥ and k ranges over non-negative integers.
e If A € R, then AX = ()\xj), and so we have

EJAX) = (W) - (k) = AFEN(X).
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Invariant Polynomials

Definition

A polynomial P € R[XJ’] is homogeneous of degree k, k > 0, if
POOX)=XP(X) VXeR.

k must be a non-negative integer.

Lemma
Let P € R[xj].
(i) P has a unique decomposition,
P(X) = Po(X) + P1(X) + - - + Pm(X),

where Py (X) € R[XJ’ | is homogeneous of degree k.

(ii) If P(X) is Ad GL,(R)-invariant, then all the homogeneous
components Py(X), ..., Pn(X) are Ad GL,(R)-invariant.
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Invariant Polynomials

@ o is an R-algebra with unit 1,,.
@ We have a natural embedding R> A — A1, € .

e gl, (&) is the algebra of r x r-matrices with entries in <.

Remark

@ The embedding R — &7 gives rise to an algebra embedding
gl (R) — gl («).
e We thus have an Ad GL,(R)-action on gl (),
Ad: GL,(R) x gl,(&) — gl,(&/),  Ada(X)=A"1XA

Theorem
If P € Inv(g,(R)), then

P(A™1XA) = P(X) VA€ GL,(R) VX € gl ().
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Chern-Weil Construction of Characteristic Classes

e P e lInv(gl,(R)) is a homogeneous polynomial of degree k.

@ M is a smooth manifold of dimension n.

e E 5 M is a smooth vector bundle of rank r.

@ V is a connection on E.




Chern-Weil Construction of Characteristic Classes

o (e1,...,e)is a C*-frame of E over an open U C M.

e Q= (QJ’) is the curvature matrix of V relative to (eq,...,e/).

@ The exterior algebra Q*(U) = @(U) is an R-algebra.
@ Each curvature form QJ’: € Q2(U), and so Q € gl,(Q*(V)).

@ Therefore, we may define

P(Q) € Q*(U).

N,
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Chern-Weil Construction of Characteristic Classes

@ As P(X) is a homogeneous of degree k it is linear
combinations of monomials,

iyl |yl
72 Jk’
where (i1, ..., ix) and (ji,...,jk) range over {1,...,r}k.

@ Thus, P(Q) is a linear combination of monomials,

i i ] 2k
QL AQ2 A A QK € (V).

@ It then follows that
P(Q) € Q3 (V).

o In particular, P(Q) = 0 for k > 3n.
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Chern-Weil Construction of Characteristic Classes

o If p€ U, then A*T M is an R-algebra as well.
o Qp = (()p) € ol (N Ty M).
@ Therefore, we may also define P(€2,), and we then have

P(Qp) = P(Q), € NPKT;M.
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Chern-Weil Construction of Characteristic Classes

e (€1,...,€,) is another C*°-frame of E over U.

e We then may write gj = ) aj’:e,-, with
a= (aj’:) € C>*(U, GL,(R)).

e Q is the curvature matrix of V relative to (ey,...,&,).
o We have =
Q=a 'Qa

@ In particular, at p we have
Q, = a(p)_lﬂpap = Ad,(p) Q2p-

26
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Chern-Weil Construction of Characteristic Classes

Lemma

P(ﬁ)p = P(Q)p-

Proof.
Thanks to the Ad GL,(R)-invariance of P, we have

P(Q)p = P(QP) = P(Ada(p) Qp) = P(Qp) = P(Q)p-

| \

Consequence

P(2), does not depend on the choice of the frame (e, ..., €/)
near p.
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Chern-Weil Construction of Characteristic Classes

To sum up we have proved:

Proposition

If P € Inv(gl,(R) is homogeneous of degree k, then there is a
unique differential form P(Q) € Q*(U), such that, given any

p € M, we have
P(Q)p = P(Qp)>

where  is the curvature matrix of V relative to any C°°-frame of
E near p.

28 /55



Chern-Weil Construction of Characteristic Classes

If o7 is an R-algebra with unit, then, given any X € gl (<), the
map R[XJ'] 5 P — P(X) € gl,(&) is an algebra map.

If P € Inv(g,(R")) is homogeneous of degree k and
Q € Inv(g,(R")) is homogeneous of degree ¢, then

(PQ)(Q) = P(Q) A Q(Q) € QK (M).
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Chern-Weil Construction of Characteristic Classes

RENEILS

@ The above considerations can be extended to
non-homogeneous polynomials in Inv(gl,(RR)).

e If P €lnv(gl,(R)) and we put P = Py + - -+ + Py, where Py
is homogeneous of degree k, then we define

P(Q) = Po(Q) + - - + Pm(Q) € Q*(M).

Therefore, we arrive at the following result:

Proposition

The data of (E, V) define a graded algebra map,
Inv(gl,(R)) — Q*(M), P — P(Q).
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Chern-Weil Construction of Characteristic Classes

Proposition

Let P € Inv(gl,(R)) be a homogeneous of degree k.
© The differential form P(Q) € Q?%(M) is closed.
@ Its cohomology class [P(2)] € H?*(M) does not depend on V.

RENEILS

If P € Inv(gl,(M)) and we put P = Py + - - - + Pp,, with Py
homogeneous of degree k, then

[P(Q)] = [Po(Q)] + - - + [Pm(2)] € H * (M)

does not depend on V.
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Chern-Weil Construction of Characteristic Classes

Therefore, we arrive at the following result:

The datum of E uniquely define a graded algebra map,

ce : Inv(gl,(R)) — H*(M), P — [P(Q)].

This map is called the Chern-Weil homomorphism.
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Chern-Weil Construction of Characteristic Classes

Let ¢ : F — E be a vector bundle isomorphism.

@ We have a connection ¢©*V on F given by
(#*V)xs = ¢ (Vx(pos), XeZ(M),seTl(F).

e If (fi,...,f;) is a local frame of E, then p(fi),...,¢(f).

@ If w is a connection matrix of V relative to (¢(f1),...,¢(f)),
then this is also the connection matrix of ©*V relative to
(f,...,1f).

@ It follows that ©*V and V have the same curvature matrix.

@ We then deduce that, for all P € Inv(gl,(R)), we have
cr(P) = [P(Q)] = ce(P).

@ This shows that the Chern-Weil homomorphism cg depends
only on the isomorphism class of E




Chern-Weil Construction of Characteristic Classes

Iff : N — M be a smooth map, then
cee(P) = f*ce(P) VP € Inv(gl,(R)).
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Chern-Weil Construction of Characteristic Classes

@ Let V be a connection on E. Then f*V is a connection on
f*E.
o Let (e1,...,e ) be a C>®-frame of E over an open U C M.

@ If w is the connection matrix of V relative to this frame, then
the connection matrix of f*V is w = f*w.

o If Q and Q be the curvature matrices of V and f*V, then
Q=do+0Aw=f'w+fFuAfow=f(dv+twAw)=fQ
o Therefore, on f~1(U) we have
P(Q) = P(f*Q) = f*P(Q).
@ It then follows that
cr-e(P) = [P(Q)] = [F"P(Q)] = £*[P(Q)] = f*ce(P).

The result is proved. []
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Chern-Weil Construction of Characteristic Classes

Combining all this we then arrive at the following result:

The datum of any invariant polynomial P € Inv(gl,(R)) defines a
characteristic class,

cm : Vect, (M) — H*(M), E — ce(P).
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Vanishing of Characteristic Classes

@ The algebra Inv(gl,(R)) is generated by the trace polynomials
TrXk], k=1,...,r.

Reminder

Lemma
Suppose that o/ be an R-algebra with unit. Let A = (aj’:) € gl ()
be skew-symmetric, i.e., AT = —A.

(i) TrlAl = ai +---+ a7 = 0.
(ii) If k is odd, then A is skew-symmetric, and hence Tr[AK] = 0.

Proof.
o We have Tr[A] = Tr[AT] = — Tr[A] = 0.
o If k is odd, then
(AT = (AT) = (~A)¥ = (~1)* A% = —A*.

o That is, AX is skew-symmetric, and hence Tr[A¥] = 0. 0
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Vanishing of Characteristic Classes

If k is odd, then the characteristic class [Tr[QK]] vanishes.

@ Every vector bundle admits a Riemannian metric and a
connection compatible with that metric.

@ We may assume that E has a Riemannian metric and V is a
metric connection.

o If (e1,...,er) is an orthonormal frame of E over an open U,
then the curvature matrix 2 = (QJ’) is skew-symmetric.

@ By the previous lemma, for all p € U, we then have
Tr[Q¥, = Tr{(2,)] = .
o It then follows that Tr[Q¥] = 0.

o As the class [Tr[QK]] € H?¢(M) does not depend on the
connection, this gives the result. 0
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Vanishing of Characteristic Classes

o Each trace polynomial £x(X) = Tr[XX], k=1,...,r, is
homogeneous of degree k.

@ These polynomials generate Inv(gl,(R)).
@ Therefore, if P € Inv(gl,(R)) is homogeneous of degree k,
then it is a linear combination of products,
YMY9 ... xor a1 +2ap + -+ ra, = k.
o If k is odd, then there must be j € {1,...r} such that j is
odd and a; # 0.
o As [X;(Q)] = [Tr[<]] = 0 since j is odd, we then have

(=9 I (Q)] = [ [Z9 - TR 2 ()] =0
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Vanishing of Characteristic Classes

Therefore, we arrive at the following result:

Proposition

If P € Inv(gl,(R)) is homogeneous of odd degree, then the
corresponding characteristic class [P(Q)] € H**(M) vanishes.
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Vanishing of Characteristic Classes

The algebra Inv(gl,(R)) is generated by the following
homogeneous polynomials:

@ The trace polynomials Tr[X], ..., Tr[X"].

@ The coefficients f (X)), ..., f,(X) of the characteristic
polynomial of —X.

Consequence
Set ¢ = [r/2]. The characteristic classes of E are generated by the
following classes:

| \

@ The even degree trace polynomials,
[Tr[Q?]], [Tr[QY], ..., [Tr[Qze]].
@ The even degree coefficients of the characteristic polynomial

det(Al +Q), £(Q), f(Q), ..., ().
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Pontryagin Classes

The k-th Pontryagin class of E is
i

E) = |fx| =0 H*(M).

) = | 5-2) | € Hekm)

v

Set ¢ = [r/2]. The total Pontryagin class of E is
i
E):= det |l + —Q
p(E) := de [ = ]

1+ pi(E) + -+ pe(E).
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Pontryagin Classes

Theorem (Whitney Product Formula)

If E and E' are smooth vector bundles over M, then

p(E @ E') = p(E)p(E").
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Pontryagin Numbers

@ M is a compact oriented manifold of dimension 4m.

@ E is a smooth vector bundle over M of rank r.

Set ¢ = [r/2].
o If a1, p, ...,y are non-negative integers, then the product
fy1fy 2 - f," is homogeneous of degree

kZ2O¢1—|—4O¢2—|—--~—|—2€O¢g.
@ Thus,

(B ) = (515 (5-2) | € k(M)

@ In particular, if oy +2ap + -+ -+ lay = m, then 2k = 4m, and
hence

pL(E)*pa(E)*? - - - pe(E)™ € H*™(M).

44 /55



Pontryagin Numbers

The integrals,

[ (BB pE), ar+ 2004 tag=m,
M

are called Pontryagin numbers of E.

Q If oy + 205 + - - - Loy = m, then we must have o = 0 for
Jj>m.

@ Therefore, only the Pontryagin classes py(E) with
k < min(¢, m) comes into play in the definition of the
Pontryagin numbers.
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Pontryagin Numbers

o If E=TM, then r = 4m, and hence ¢ = 2m.

@ We then have min(¢, m) = m.

| A\

Definition
The Pontryagin numbers of M are the Pontryagin numbers of TM,
i.e., the integrals,

/ pr(TM)* pa( TM)2 -+ ppp(TM)*™, 14202+ - - may, = m.
M

v
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Pontryagin Numbers

If dim M = 4 (i.e., m = 1), then the only Pontryagin number is

/Mpl(TM)-

If dim M = 8 (i.e., m = 2), then the only Pontryagin numbers are

/Mpl(T/\//)2 and /Mpg(Tl\/l).
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The Cobordism Problem

What manifolds appear as boundaries of manifolds with boundary?

Theorem

Assume that M = ON, where N is a compact oriented manifold
with boundary. Then all the Pontryagin numbers of M vanish.

| \

Corollary

If M has a non-zero Pontryagin number, then M cannot be the
boundary of a compact oriented manifold.
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The Cobordism Problem

Idea of Proof.

@ By Stokes’ theorem, for any closed form w € Q*"(N), we

have

@ It can be shown that the Pontryagin classes on ON are
restrictions of Pontryagin classes on /.

@ The Pontryagin classes are represented by closed forms, and
so are their products.

@ Thus, if a; + -+ + ma, = m, then

| bt = [ dee e pir) =0,
ON M

This gives the result. O
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The Cobordism Problem

RENEILS

If a manifold M is oriented, then —M is the manifold M with the
opposite orientation.

Definition

If My and M, are compact oriented manifolds, then we say that
My and M, are cobordant if there is a compact oriented manifold
with boundary N such that ON = My L (—Mb).

RENEILS

More precisely, this means there are smooth embeddings
i : My — ON such that

@ i1(M1) and io(Mo) are disjoint open subsets of 9N such that
il(Ml) U 12(M2) = ON.

@ /1 is orientation-preserving and i> is orientation-reversing.
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The Cobordism Problem

Any compact oriented manifold M is cobordant to itself, since for
N = M x [0,1], we have

ON = MU (—M).

51 /55



The Cobordism Problem

If My and M, are compact oriented manifolds of dimension 4m
that are cobordant, then their Pontryagin numbers agree.

If M1 and M, don’t have the same Pontryagin numbers, then they
cannot be cobordant.
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The Cobordism Problem

@ Suppose that M; U (—Ms) = IN, where N is a compact
oriented manifold with boundary.

o If ;g +200 + -+ + mayy, = m, then

[ o= [ oprpim= [ g
My Mo Mll—l(_MQ)

N

0

This gives the result. [
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The Embedding Problem

Theorem (Whitney)

Any smooth manifold of dimension n has an embedding into
R2n+1.

What manifolds of dimension n can be embedded into R"t1?

If M is a compact oriented manifold of dimension 4m that can be
embedded into R*™ 1 then all its Pontryagin classes vanish.

If one of the Pontryagin classes of M is non-zero, then M cannot
be embedded into R*m+1.
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The Embedding Problem

@ By definition, the total Pontryagin class of M is
p(TM) =1+ py(TM) + - + pm( TM).
@ Thus, the Pontryagin classes vanish if and only if p(TM) = 1.

@ If M is an oriented submanifold of codimension 1 in R*m+1
then it can be shown there is a nowhere vanishing vector field
v along M such that

TR*™ )y =TMa&N,  where N =Rv.
@ Whitney product formula then gives
p(T(R*™ ) 1) = p(TM)p(N).
@ As N is a line bundle p(N) = 1.

e By naturality p(T (R“’"H)\M) p(T(R*"+1)) = 0.

o It then follows that p(TM) = p(T(R*™*1),),) = 1, which
gives the result.
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