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Bump Functions

Definition

Given a point g in a manifold M and an open neighborhood U of g
in M, a bump function at g supported in U is any continuous
function p : M — R such that:

0<p<1,  p=1lnearq,  supp(p) CU.




C> Bump Function on R

Step 1 (Example 1.3 and Problem 1.2)
Let f : R — R be defined by

e Yt fort >0,
f(t)_{O for t <0.

@ By definition 0 < f <1 and f(t) =0 if and only if t < 0.
@ It can also be shown that f is smooth (see Example 1.3 and

Problem 1.2 in Tu2011).

Fig. 13.3. The graph of f(z).




C> Bump Function on R

Step 2
Define g : R — R by

_ f(t)
g(t) = O fI=1 teR.

@ g(t) is well defined and C*°, since f(t) + f(1 —t) > 0.

@ We have

0<g<1, g_l(o) = (—O0,0], g_l(l) = [1)00)'




C> Bump Function on R

Step 3
Let 0 < a < b, and define p: R — R by

X2 _ 32
@ p(x)isa C> function.

@ We have

0<p<1, p_l(]-) = [-a, 4], p_l(o) = (—o0, —b] U [b, o0).

VRN

1 | | 1
—b —a a b

In particular, p is a C° bump function at the origin on R.

X
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C> Bump Function on R”

If g € R" and r > 0, then B(gq, r) is the open ball about g with
radius r in R"” and B(q, r) is its closure.

Lemma
Let g € R", and define 0 : R" — R by

o) =p(lx—al), xeR".

where p(t) is as in Step 3. Then o(x) is C*°-function such that

0<o<1, o Y1)=B(g,a), o *0)=R"\B(q,b).

In particular, o is a C>° bump function at q supported in B(q, b).
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C> Bump Functions on Manifolds

M is a smooth manifold of dimension n.

Lemma (Extension Lemma)

Assume U C M is open, and let f € C*°(U) have compact
support. Define f : M — R by

f|U =f and Fm\u = (0,

Then f is a smooth function on M s.t. supp(f) = supp(f).

Remarks

© The result continues to hold if supp(f) is a closed subset of M
contained in U. In general, the result may fail.

© This gives a natural identification,
Co(U) = {f € CZ(M); supp(f) € U}.




C> Bump Functions on Manifolds

Let p € M. Given any open neighborhood U of p in M, there
exists a C*° bump function at p with compact support in U.

Sketch of Proof.

o Let (V,¢) be a chart near p. Set g = ¢(p), and let r > 0 be
s.t. B(q,r) Co(UN V).

o Let 0 € C°(R") be a C°°-bump function at g with
(compact) support in B(q, r).

@ Set ) =g o¢. Then v is a C*° bump function on V at p
with compact support in U N V.

@ By the Extension Lemma it uniquely extends to i) € C2°(M)
such that ¢y = ¢ on UN V and supp(v)) = supp(¢)).

@ Thus, ¢ is a C° bump function on M near p with compact
support in U. 0




Application: Extension of Smooth Functions

Let f: U — R be a C* function on an open U of a manifold M.

e If f is constant outside some compact set (or even some
closed subset of M contained in U), then in a similar way as
on Slide 8 we may extend f into a C*°-function on the whole
manifold M.

@ In general this is not possible.
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Application: Extension of Smooth Functions

Assume U C M is open, p € U. Let ¢ € C°(U) be a bump
function near p (so that ¢ = 1 near p).

e If f € C*°(U), then ¢f is a smooth function on U with
compact support.

@ By the Extension Lemma it uniquerNextends to a smooth
function f : M — R such that supp(f) = supp(¢f).

o In particular, f = ¥f on U, and hence f= Wf = f near p.

Therefore, we have proved the following result.

Proposition (Proposition 13.2; Extension of smooth functions)

Let p € M and U an open neighborhood of p. Then, for every
smooth function f : U — R, there exists a smoothN function
f: M — R with compact support in U such that f = f near p.
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Locally Finite Families of Functions

Let (fy)aca be a family of continuous functions on M.
@ We say that this family is finite if {o € A; f, # 0} is finite.
@ We say that this family is locally finite if every point p € M
has an open neighborhood V such that the family of
restrictions ((fa)|v)aca is finite, i.e., {a € A; (fo)|v # 0} is
finite.

e If V is open, then (f,)y = 0 iff V. C M\ (supp(fa)).
e Equivalently, (f,);v # 0 if and only if V N supp(f.) # 0.

@ Thus, (f,)aca is locally finite if and only if each p € M has an
open neighborhood V' s.t. {a € A; V Nsupp(fy,) # 0} is finite.
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Locally Finite Families of Functions

Let (fy)aca be a locally finite family of continuous functions. Let
K C M be compact.

@ For every g € K there is an open neighborhood V;, of g such
that J(Vy) == {a; (fa))v, # 0} is finite.

@ Here K C Ugek Vy. As K is compact, we can find a finite
family {qg1,...,qm} in K such that K C UT, V..

e If f, #0 on K, then thereis g € K and i € {1,..., m} such
that f,(q) # 0 and g € V,,, and hence a € J(V,).

@ Thus,

) = {ai (e 0} € J I(Va)

e In particular, J(K) is finite.




Locally Finite Families of Functions

In fact, we have the following result:

Let (fy)aca be a family of continuous functions on M. TFAE:
@ The family (fy)aca is locally finite.

@ For every compact subset K C M, the set
J(K) = {a € A;(fa)k # 0} is finite.

@ Specializing this to K = {pt} shows that, for every p € M,
the set J(p) := {a € A; fo(p) # 0} is finite.

@ If M is compact, then every locally finite family of continuous
functions is finite.
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Locally Finite Families of Functions

Let (fy)aca be a finite family in C°(M).
@ The index set J := {a € A; f, # 0} is finite.

@ We then can set
Yo =y e

aEA aed

@ This defines a smooth function on M.
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Partitions of Unity

Let (fo)aca be a locally finite family in C*°(M).

@ Given any p € M, the set J(p) :={a € A; fo(p) # 0} is
finite.

@ We then set Z £.(p) Z .

a€A acld(p
o This defines a function > 4 fo : M — R

@ Such a function is called a locally finite sum.
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Partitions of Unity

Facts (continued)

@ Let V be an open neighborhood of p such that
J(V) = {a; V Nsupp(fy) # 0} is finite.

e If g€ V, then J(qg) C J(V) and f,(¢) =0 if a € J(V)\ J(q).
@ Thus,
d e = D> ful Z fu(
a€cA acd(q) acJ(V
@ This shows that
df= > f, onV.
acA acld(V)

As J(V) is finite, we then see that > _,f is C* on V.

Thus, > cafa is C* near every point p € M, and so this is
a smooth function on M
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Partitions of Unity

Reminder

An open cover of M is a family of open sets (U, )qca such that
M = UaGAUa-

Definition

@ A C° partition of unity on M is a locally finite family
(Pa)aca in C°(M) such that -
(i) pa >0 forall a € A.
(i) X pa=1on M.

@ If (Uy)aca is an open cover of M such that supp(pa) € U,
then we say that the partition of unity is subordinate to

(Ua)aeA-
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Partitions of Unity

Proposition (Proposition 13.6)

Assume that M is a compact. Given any open cover (Uy)aca of
M, there exists a (finite) C>° partition of unity (pa)aca Which is
subordinate to (Uy)aca-

If M is compact, then every C°-partition of unity is a finite family
in C>(M).
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Partitions of Unity

Proof of Proposition 13.6 (Part 1)
o For every g € M there is a(q) € A be such that g € U,(q).

@ Let ¢y be a C°° bump function at g supported in U,. In
particular, 0 < ¢4 <1 and ¥g = 1 near q.

o Set W, = {1y > 0}. Then W is an open neighborhood of q.

o Here M = UgemW,. As M is compact there are q1,...,qm in
M such that M = U ; W,,.

@ Set ) = ", 1 € C®°(M). Given any g € M, there i such
that g € Wy, = {14, > 0}.

@ Thus,
quj wa )
This shows that w is > 0on M.
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Partitions of Unity

Proof of Proposition 13.6 (Part 1, continued)
@ Fori=1,..., m, set
pi = Vo
Y
o We have ¢; > 0, and

1 — 1
> w;—¢i§;¢q,—ww

1<i<m

€ C(M).

o Fori=1,...,m, set 7(i) = ag, (so that supp(¢q;) C Ua,,)-

@ We then have

supp(¢;) = supp(¥g;) € Uag, = Ur(p)-

@ Therefore, (;)™; is a (finite) C* partition of unity such

that, for each i there is & = 7(i) in A so that supp ¢; C U,.
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Partitions of Unity

Proof of Proposition 13.6 (Part 2)

@ Set | ={1,...,m}. We then have a map 7 : i — 7(i) from |
to A such that supp¢; C U,(j).

@ For o € A, set

> ¢ faer(l), pa=0 fagr(l).
ier—(a)
As 7(1) is finite, {pa}taca is a finite family in C*°(M).

® As | = Uyeq(y7 () is a partition of /, we have

D= pa= Y, D, wi=) wi=Ll

a€cA aer(l) aer(l)ier—1(a) i€l

Thus, {pa}taca is a C*-partition of the unity on M.




Partitions of Unity

Proof of Proposition 13.6 (Part 2, continued).
o If a & (1), then supp(pn) =0 C U,.
o If a € 7(I), then supp(yp) C U, for i € 771(i), and hence

supppo =supp (Y i) C Ua.
ieT—1(a)
@ Therefore, the partition of the unity {pq}aca is subordinate
to the open cover { Uy }aca.

The proof is complete. O
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Partitions of Unity

In general, we have the following result:

Theorem (Theorem 13.7)
Let {U}nen be an open cover of M.

(i) There is a C* partition of unity (¢i)k>1 such that, for each

integer k > 1, the support of @y is compact and contained in
some U,,.

(ii) If we do not require compact support, then there is a
C°-partition of the unity {pa}aca subordinate to {Uy}aca-
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Integration of Differential Forms

U is an open subset of R” with coordinates x*, ..., x".

Definition
Let w = f(x)dx! A -+ Adx™ € Q"(U). The integral of w over a
Borel set A C U is defined by

/Aw:/Af(x)dxl/\---/\dx” ::/Af(x)dx.

Let ¢ : V — U an orientation-preserving diffeomorphism. For every

w € Q(U), we have
/ Prw = / w.
v U

Lemma
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Integration of Differential Forms

M is an oriented manifold of dimension n. l

Definition
Let (U, ¢) be an oriented chart. The integral of any w € Q2(U) is

defined by
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Integration of Differential Forms

@ {(Ux, ®a)}aca is an oriented atlas.

@ {pn} is a C* partition of unity subordinate to the open cover

{Ua}-

Let w € Q7(M).
@ Here supp(w) is compact and the family (p,) is locally finite.
@ Thus, J:={a € A; po # 0 on supp(w)} is finite.
o If ¢ J, then pow = 0.

© As ) caPa =1, we get

w= Zpaw = Z Paw (finite sum).

ae) acA
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Integration of Differential Forms

Facts (Continued)

@ supp(paw) € supp(pa) € Ua.
@ Therefore, the integral fUa paw is well defined.

o We have [, pow =0if a & J.

| A

Definition
The integral of w over M is defined by

w= Paw finite sum).
Jye =B e (iricesom

The integral wa doesn’t depend on the choice of the partition of
unity {pa}, and hence is well defined (see Tu's book).
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