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Direct Sums of Cochain Complexes

Let o = (A*,d) and # = (B*,d’) be cochain complexes. Their
direct sum &7 @ % is the cochain complex such that:

@ The space of k-cochains is AX @ BX.
@ The differential in degree k is

dod : AKg B — Akl g gkl
(a, b) — (da, db).




Direct Sums of Cochain Complexes

o We have
2o © B) = Z4(of) @ Z(),
B*(of @ B) = B¥(o/) @ BX(B)
@ We then have an exact sequence,

0 — BNo0B) — ZN(o ©B) — H*()®HX(B) — 0.

This gives the following result:

We have a canonical isomorphism,

H* (ot & B) ~ H* (o) & H*(B).




Direct Sums of Cochain Complexes

Lemma

Let o : € — o and ) : € — B be cochain maps.
Q pdY:¥ — B A is acochain map.

@ This induces linear maps,

(@) : H(€) — HX(o & B).

© Under the identification H*(/ © #) = H*(7) & H*(#), we
have

(@ Y) =" ®yY* : H(€) — H*() @ HY(B).




Direct Sums of Cochain Complexes

Lemma

Let o1 : &/ — € and py : BB — € be cochain maps. Define
oA DB — € by

©(a, b) = ¢1(a) + 2(b), ac Ak be BX
Then:
@ ¢ is a cochain map.

@ It induces linear maps,

©* : H* () ® H*(B) — H*(%).
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The Mayer-Vietoris Sequence

@ M is a smooth manifold.
@ U and V are open sets such that M = U U V.

@ By pullback the inclusion maps iy : U < M and iy : V <— M
give rise to cochain maps,

iy (M) — Q*(U), iy« (M) — Q*(V).
@ We thus get a cochain map,

i= iy @i QY(M) — QF(U) @ Q*(V).




The Mayer-Vietoris Sequence

e We know (see Prop. 17.14, Tu2011) that the pullback maps
i, QM) — Q5(U) and iy, : Q5(M) — QX(V) agree with
the restriction maps,

ijw = Wiy, yw = W)y, w e Qk(m).

@ Thus,

i(w) = (ifw, iyw) = (W, wv) w e QK(M).




The Mayer-Vietoris Sequence

@ We also have inclusion maps jy : UN V < U and
jv:uUnvVvV = V.

@ They give rise to cochain maps,

Jl*l Q*(U) —>Q*(Uﬁ V), jbeW|Uﬁ\/,
Jv (V) — Q(UNV), jyr="Tunv-
@ We thus get a cochain map,

) e Q (V) — Q1 (UN V),

J(w,m) =yt — jjw = Tlunv — Wunv:-




The Mayer-Vietoris Sequence

Proposition

We have a short-exact sequence of cochain complexes,

0 — Q (M) 5 Q*(U) ® Q*(V) -5 Q*(UN V) — 0.

Proof of exactness at Q*(M).
o Recall that M = UU V. Thus, if o € QK(M), then
i(0)=0«= (oy=0and o)y =0) <=0 =00n UUV =M.

@ This shows that / is injective and gives exactness at Q*(M).
O

v
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The Mayer-Vietoris Sequence

Proof of exactness at QX(U) @ Q¥(V).

o Let (w,7) €im(i), i.e., there is o € Q¥(M) such that w = o)y
and 7 = o}y.
@ Thus,

(W, T) = Tuav — Wunv = unv — gjunv = 0.

This shows that im(i) C ker(j).

Let (w,7) € ker(j), i.e., Tjunv — wjuny = 0.

o As M = UU V, it follows there is a unique o € Q¥(M) such
that oy =w and o)y = 7.

That is, i(0) = (w,7), and so (w, 7) € im(i).

This shows that ker(j) C im(/), and hence im(i) = ker(j).
This proves exactness at Q*(U) @ Q*(V).
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The Mayer-Vietoris Sequence

Proof of exactness at Q*(U N V).

1

This amounts to show that j is surjective.

Let w € QX(UN V), and let (py, pv) be a C* partition of
unity on M subordinate to the open cover {U, V}.

Define wy : U — AK(T*U) by

" (X)_{ pv(x)w(x) ifxeUnyV,
AU 0 if xe U\ (UNV).

This is a smooth k-form on U (see next slide).
Likewise, we define a smooth k-form wy : V — AK(T*V) by

w (X):{ pu(x)w(x) ifxeUunv,
Y 0 if xe V\(UnV).

On U NV, we then have
j(~wy,wy) = pyw — (—pyw) = (pu + pv)w = w.

This shows that j is surjective.
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The Mayer-Vietoris Sequence

Proof of the smoothness of wy and wy, .

@ As wy = pyw on UN V, we see that wy is C>*° on UN V.
@ We also see that wy = 0 on (UN V) \ supp(pv).

@ Aswy =0on U\ (UN V), this implies that wy = 0 on

U\ supp(pv).

As U \ supp(pv) is an open set, we see that wy is C* there.
It follows that wy is C*> on (UN V) U (U \ supp(pv)) = U.

Likewise, wy is a C* form on V.

Ol

4

13 /44



The Mayer-Vietoris Sequence

By the Zig-Zag Lemma the short exact sequence gives rise to a
long exact sequence in cohomology. Namely:
Theorem (Mayer-Vietoris Sequence)

If U and V are open subsets of M such that M = U U V/, then we
have a long exact sequence,

S HR MY S HR(U)aHR (V) L HR(UNV) -5 HAY (M) — -} -
© The map i* : HX(M) — H*(U) @ H*(V) is given by
i*lo] = [i(0)] = [(ou, ov)] = ([oyu]: [ogv]) -

@ The map j* : H*(U) @ HX(V) — H*(U N V) is given by

J (WL I = litw, 7l = [fuav = wjunv] -
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The Mayer-Vietoris Sequence

Let {py,pv} be a C*-partition of unity subordinate to {U, V'}.
Given any closed form w € QX(U N V), we have

o([w]) = [4],
where o € Q¥+1(M) is the unique (closed) form on M such that
oc=dpyAw onUNV, c=0 on M\ (UnYV).

o Let o : M — A**1(T*M) be the (k + 1)-form such that
oc=dpyAw onUNYV, c=0 on M\ (UnNYV).

@ Aso =dpyAwon UNYV, weseethat o is C* on UN V.

A\
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The Mayer-Vietoris Sequence

@ As py +pv =1, we have dpy + dpy =0, i.e., dpy = —dpy.

As supp(dpy) € U and supp(dpy) C V, we have
supp(dpuy) = supp(—dpy) CUN V.

@ Thus, c =0on (UN V) \ supp(dpy) and o =0 on

M\ (UNV),ie., c=0on M\ supp(dpy).

As M \ supp(dpy) is open, we see that o is C* there.
Thus, o is C* on (UN V)U (M \ supp(dpy)) = M, i.e.,
o € QL(M).

Here do =0 on M \ supp(dpy), since o = 0 there.

As dw =0, on UN V we have

do = d(dpy Nw) = —dpy N dw = 0.

It follows that o is a closed (k + 1)-form on M.
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The Mayer-Vietoris Sequence

o We know that w = j(—wy,wy), with wy € Q%(U) and
wy € QK(V) such that

wy =pyw and wy =pyw on UNYV,
wy=0 onU\(UNYV), wy =0 on V\(UNYV).
@ As dw =0 and dpy = —dpy, on UN V we have
dwy = d(pyw) = dpy Aw = —dpy Aw = —a,

dwy = d(pyw) = dpy Aw = 0.
@ We also have
dwy=0= -0 onU\(UNV), dwy=0=0 onV\(UNV).
@ Thus, o)y = —dwy and o)y = dwy, and hence

d(—wy,wy) = (—dwy, dwy) = i(0).

@ We then have d[w] = [o].
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The Mayer-Vietoris Sequence

Assume that U, V. and UN V are connected with U NV # ().
Then:

@ M is connected.

@ We have an exact sequence,
0 — HO(M) -5 HO(U) ® HO(V) 25 HO(U N V) — 0.

© In the Mayer-Vietoris sequence the connected map § vanishes
in degree 0.

© The Mayer-Vietoris sequence may start with

0 — HY (M) -5 HY(U) @ HY(V) 25 HYun V) - ..
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The Mayer-Vietoris Sequence

@ A topological space X is connected if and only if every
continuous function f : X — {0, 1} is constant.

o If f: M — {0,1} is continuous, then it is constant on U, V
and U NV and it takes the same constant value on these sets.

@ Therefore, f is constant on M. This shows that M is
connected.

@ As M is connected, we know that

H°(M) = {constant functions f : M — R} ~ R1.

o Likewise,
H'(U)~R1, H°%(V)~R1, H°(UnV)~RIl.

o With these identifications i* : HO(M) — H°(U) @ H°(V)
becomes

R3X— (\MA) eROR=R2 0 bo s



The Mayer-Vietoris Sequence

Proof (Continued).
@ The map jx : HO(U) ® H°(V) — H°(U N V) becomes
R?> (\,u) — u—AER.

@ The map /* is injective, the map j* is surjective, and
kerj* = {(\, A); A € R} =im(i™).

@ Therefore, we have an exact sequence,
0 — HO(M) -5 HO(U) @ HO(V) 2 HO(UN V) — 0.

@ We then have ker§ = im j* = HO(UN V), and so § = 0 on
HO(U N V).

@ Therefore, we may start the Mayer-Vietoris sequence with
0 — HY (M) -5 HY(U) @ HY(V) 25 HY(un V) - ...
D RO / 44




De Rham Cohomology of S*

Lemma (Alternating Sum of Dimensions; Exercise 26.2)

Suppose that we have an exact sequence of vector spaces,
d d. d;
0— A B At L A2 B AT 0.

Then, we have
m

> (1Y dimA =o0.

i=0 )

If M= U---Ulpy is a disjoint unions of intervals, then

e [Rifk=0,
H(M)_{ 0 for k>1.

A\
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De Rham Cohomology of S*

@ As S! is a connected 1-dimensional manifold, we know that

HO(SH =R,  HKSYHY=0 fork>2.

@ Therefore, we only need to compute H*(S1).




De Rham Cohomology of S! — Stereographic Projection

s

@ In Cartesian coordinates, the stereographic projection
@ :S*\ {N} — R is given by

Lemma
Set N = (0,1) € S™.

X
-~ c St
plx,y) = 1= 3 (x,¥)
@ This is a smooth diffeomorphism with inverse,

]_
1 2
e 1(t) = 5——=(2t,t* — 1 t € R.
() t2 1( Y )7
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De Rham Cohomology of S*

H(S') = R.

Proof.
Set N=(0,1) and S = (0,1).
@ We have an open covering St = UU V, where
U=S"\{N}, V=—-U=8S"\{S}, UnV=s\{N,S}].

@ The stereographic projection gives an isomorphism U ~ R".
Thus,
H°(U) = H°(R) = R, HY(U) = H}R) = 0.

@ As V is diffeomorphic to U under the involution z — —z, we
also have

H°(V) = H°(U) = R, HY(V) = HY(U) = 0.
[ P4 /44




De Rham Cohomology of S*

Proof (continued).

@ The stereographic projection of S € S is the origin 0 € R.

o We thus get a diffeomorphism of UNV = S\ {N, S} ~ R\ 0.
@ As R\ 0= (—00,0)U(0,00) is the union of two disjoint open

intervals, we get

H(UN V) = H%((—00,0) U (0,0)) = R2.

o As HY(U) @ H(V) = 0 the Mayer-Vietoris sequence induces

the exact sequence,

0 — HOSYH — HY(U)aH(V) — H(UNV) — HY(SY) — 0

@ Thus, by taking the alternating sum of dimensions, we get

dim HO(S')—dim (H°(U) & H°(V))+dim H°(UNV)—dim H'(S') = o

[
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De Rham Cohomology of S*

Proof (continued).

@ We have
dim Ho(SH) =1,  dimHY(UN V) =2,
dim(H°(U) @ H°(V)) = dim H°(U) + dim H°(V) = 2.
@ Therefore, we get
1-2+2—dimHY(SY) =o.
o Thus, dim H}(S!) = 1, and hence H}(S') = R.

The proof is complete.

26
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De Rham Cohomology of S*

To sum up we have:

Hk(Sl) _ { R for k=0,1,

0 for k> 2.

We will see later that, for all n > 2, we have

R for k =0, n,
0 otherwise.

HK(S™) = {

A\
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Q% and Inclusions of Open Sets

i : V — U is an inclusion of open subsets of M.

By pullback we get a cochain map,

POt — QY(V),  w=wpy.

v

RENEILS

@ As the inclusion /i : V — U need not be a proper map, it does
not map Q(U) to Q5(V).

e For instance, if f € C2°(U) and V' C supp(f), then i*f = fjy
does not have compact support.
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Q% and Inclusions of Open Sets

Reminder (Extension by zero)

Let w € QK(V) and define @ : U — AK(T*U) by

O=w onV, =0 onU\V.

Then & is a smooth k-form on U such that supp(@) = supp(w),
and hence & € QX(U). It is called the extension by zero of w to U.

v

This gives rise to a pushforward map,

i s QE(V) — Q5(U),
w — extension by zero of w.
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Q% and Inclusions of Open Sets

© The linear map i : QX(V) — QK(U) is injective.
Q Its image is

QQV(U) = {w € QK(U); supp(w) C V}.

@ The inverse (i.) " : Qf \,(U) — Q&(V) is the pullback map
o — i*o = o)y on QIC"V(U).

o Ifwe Qf_f(V), then (i*w)|v =w, ie., ioiy=1id on Qé(v)-

@ This implies that i, is injective (since it has a right-inverse). O
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Q% and Inclusions of Open Sets

Proof, Continued.

o If w € QK(V), then supp(i.w) = supp(w) C V, and hence
im(i.) € Q¢ (V).

o Let 0 € QE(U) be such that supp(c) C V, and set w = oy

o Then w € QX(V) and supp(w) C supp(o) is compact, and
hence w € QX(V).

@ Here o =w on Vand 0 =0on U\ V (since supp(c) C V).
@ Thus, o is the extension by zero of w, and hence
o = ihw € im(iy).
e It follows that im(i,) C Q’C‘,V(U).
o This also shows that o = ix(0)y) = ik 0 i*(0), and hence
ix o i* =id on Q’;V(U).
o As i* o, =id on Q&(V),we see that (i.)~' = i* on QF |, (U).

The proof is complete. O
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Q% and Inclusions of Open Sets

The pushforward map i, : QE(V) — Q:(U) is a cochain map.

o Let w e QK(V). As j,w =w on V, we see that d(i,w) = dw
on V.

@ As supp(ixw) = supp(w), we see that w = 0 on the open set
U\ supp(w).

@ Thus d(i,w) =0 on U\ supp(w), and hence d(i,w) =0 on
U\Vv.

@ This shows that d(i.w) is the extension by zero of dw, i.e.,
d(ixw) = ix(dw).

This proves the result. []
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€27 and Inclusions of Open Sets

Let j: W — V be the inclusion of an open set W into V. Then
ioj:W — U is the inclusion of W into U, and we have

i 0 ju = (i 0 f)« on Q (W).
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Q2% and Inclusions of Open Sets

@ It's immediate that j o j is the inclusion of W into U.

o Let w € QX(W). We have

e We have supp(i(jiw)) = supp(jsw) = supp(w), and hence
ix(Jsw) =0 on U\ (supp(w)).

@ As supp(w) C W, we see that i.(jxw) =0on U\ W.

@ This shows that i.(j.w) is the extension by zero to U of w,
ie., ik(jow) = (i 0j)sw.

This proves the result. O
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Mayer-Vietoris Sequence for 2}

U and V are open subsets of M such that M = UU V.

@ The inclusions iy : U — M and iy : V — M give rise to
cochain maps,

(i) : Qe(U) — Qe(M),  (iv)s« - (V) — Q(M).

@ Therefore, we get a cochain map,

i Q2 (U) ® Qe(V) — Qe (M),
(w, 7) — (iv)sw + (iv)«T.
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Mayer-Vietoris Sequence for 2%

@ The inclusions jy: UNV — U and jy : UN V — V also give
rise to cochain maps,

Uu)e 1 Q(UNV) — QL (U), ()« Qe(UNV) — Qg(V).
@ We thus get a cochain map j := (—(ju)+) ® (jv)+, i.e.,

J:Qe(UnV) — Q(U) @ Qc(V),

w — (—(ju)*wa (JV)*W) :

36

44



Mayer-Vietoris Sequence for 2}

Proposition (see Bott-Tu)

We have an exact sequence of cochain complexes,

0 — QX (UN V) L QXU) @ QX(V) —= Q5(M) — 0.

Exactness at QX(U N V).

@ The pushforward maps (jy). : QL (UN V) — Q%(U) and
Uv)s« : QEUN V) — QE(V) are injective.
@ Therefore the direct sum j = (—(ju)+) ® (jv )« is injective.
@ This gives exactness at Q:(U N V). 0
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Mayer-Vietoris Sequence for 2}

Exactness at Q%(M).

@ By definition i(w, 7) = (iy)«w + (iv),, where iy and iy are
the inclusions of U and V into M.
@ Thus,

im(7) = im ((iv)«) +im ((iv)«) = Q¢ y(M) + Q¢ v(M).

o Let w e Q%(M) and let {py, pv} be a C* partition of unity
subordinate to the cover {U, V}.

@ We have w = pyw + pyw (since py + py = 1).

o Here supp(pyw) C supp(pu) Nsupp(w) € U Nsupp(w).
@ The support of pyw is compact and contained in U, i.e.,
puw € Q7 ,(M). Likewise, pyw € Q7 |, (M).

o Thus, w = pyw + pvw is in QF ,(M) + QF (M) = im(i).
@ This shows that i : QX(U) & Qi(V) — QE(M) is surjective.
@ This gives exactness at Q%(M). 0
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Mayer-Vietoris Sequence for 2}

Exactness at Q%(U) & Q%(V).
@ We have to show that im(j) = ker(/).
o Let w € QX(UN V). We have

ioj(w) = i (=(u)sw, Uv)«w) = =(iv)xo(jv)sw+(iv)so (v )w-

@ Let /: UNV — M be the inclusion of UN V into M.
@ As ¢ =iy ojy =iy ojy, we have
(iv)« o (ju)xw = (iy 0 ju)sw = luw,
(iv)x 0 (jv)sw = (iv o jv )sw = lyw.

@ We then see that j o j(w) = —l,w + f,w = 0.
@ This shows that joj =0, i.e., im(j) C ker(i).
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Mayer-Vietoris Sequence for 2}

Exactness at Q%(U) @ QE(V).
@ It remains to show that ker(i) C im(j).
o Let (w,7) € QX(U) @ QX(V) be such that i(w,7) = 0.
@ This means that (iy)«w + (iv)«7 =0, i.e., (iy)sw = —(iv)«T

@ Set 0 = T)ynv- By restriction to UN V we get

—Wunv = _((iU)*W)\UmV = ((iV)*T)\UmV = Tiunv = 0.

As supp(w) = supp((iy)«w) and supp(7) = supp((iv)«7), we
then see that supp(w) = supp(7).

By assumption supp(w) C U and supp(7) C V.
unv.
This ensures that w and 7 are in QF ;-\, (V). 0

C
Therefore, we see that supp(w) = supp(7) C
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Mayer-Vietoris Sequence for 2}

Exactness at Q%(U) & Q%(V).

@ Ast e ng,umv(v)v we have

7= (v)« o Uv)*T = (v)«(Tjunv) = (v )«o-

Likewise, as w € Qlc(,Umv(U)' we also have
w = (ju)«(wjunv) = —(v)«o.
@ Thus,
(w, 7) = (=(iv)o, (iv)«o) = j(o) € im(j).
@ This shows that ker(/) C im()).

As im(j) C ker(i), we deduce that im(j) = ker(/).
@ This proves exactness at Q%(U) & Q5(V).

The proof is complete.
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Mayer-Vietoris Sequence for 2}

By applying Zig-Zag Lemma we obtain:
Theorem (Mayer-Vietoris Sequence)

If U and V are open subsets of M such that M = U U V/, then we
have a long exact sequence,

S HRAUNV) 25 HE(U)aHA (V) 2= 1 M) -2 B+ (unv)—b -

Remark
© The map j. : HX(UN V) — HX(U) @ HX(V) is given by
Jxlol = i(@)] = [(=Gv)«o, Gv)«o)] = (=[lv)so], [Gv)so]),
where (jy)«o and (jy/).«o are extensions by 0 of o to U and V.
@ The map i, : HX(U) @ HX(V) — HX(M) is given by
i (W], [7]) = liw, 7)] = [(iv)«w + (iv)aT],

where (iy)sw and (iy).7 are extensions by 0 of w and 7 to M.
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Mayer-Vietoris Sequence for 2}

Proposition

Let {py,pv} be a C>-partition of unity subordinate to {U, V'}.
Given any closed form w € QK(M), we have

o([w]) = =[(dpu A w)junvl-
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Mayer-Vietoris Sequence for 2}
@ We have w = pyw + pyw = i(wy,wy), where
wy = (puw)u,  wv = (puw)v-
@ As dw =0 and dpy = —dpy, we have
dwy = (dpy Aw)jy, dwy = (dpv Aw)jy = —(dpy Aw))v-

As supp(dpy) = supp(dpy) € UN V, we see that dwy and
dwy, are supported in UN V.

(]

Therefore, if we set o := —(dpy A w)|uny, then

dwy = (ju)«((dwu)junv) = —(iv)«o,

dwy = (jv)«((dwv)unv) = (v)«o.
@ Thus,

d(wy,wv) = (dwy, dwv) = (=(v)«o, (v)0) = j(0).
We then have 6([w]) = [0] = —[(dpu A w)|unv]-
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