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Cochain Complexes

@ A cochain complex % is given by vector spaces Ck, kez,
and linear maps dy : Ck — Ck*1,

_1 d— d d d.
R e i O U T . T

such that
dk o dk+1 =0.

@ The collection of the linear maps (dk)kez is called the
differential of the cochain complex % .




Cochain Complexes

Example

Given any (smooth) manifold M the exterior algebra Q*(M) of
(smooth) differential forms along with the exterior derivative d
give rise to a cochain complex,

0 — (M) L i(m) L ?(m) s -

This cochain complex is called the de Rham complex of M.




Exact Sequences

Definition

A sequence of linear maps,
A B &

is said to be exact at B if imf = kerg.

Definition

An exact sequence is a sequence of linear maps,

fn—l

0 A Py pt A2 By Tt opn
which is exact at A’ for i =1,...,n— 1. That is,

|mf'171:kerfl fori:]-)"‘7n_]"




Exact Sequences

A short exact sequence is a b-term exact sequence, i.e., an exact
sequence of the form,

O—>A—f>Bi>C—>0.

Remark

This means that
0= kerf, imf = kerg, img = ker(0) = C.

That is, the sequence is exact at B, the map f is injective, and the
linear map g is surjective.

v
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Exact Sequences

If A= 0, then a sequence 0 T B £, Cis exact if and only if
0=imf = kerg.

That is, g is injective.

RENEILS

If C =0, then a sequence A . B %, 0is exact if and only if

imf = kerg = B.

That is, f is surjective.




Exact Sequences

Proposition (Proposition 25.2)

Let A B %5 C be an exact sequence. Then:
(i) The map f is surjective if and only if g = 0.

(i) The map g is injective if and only if f = 0.

If f : A— Bis a linear map, then its cokernel is coker f := B/imf.

Proposition (4-term exact sequences; Proposition 25.3)

Q@ A sequence 0—A L B—0 is exact if and only if f is an
isomorprhism.

@ If the sequence A B & Cc—0is exact, then
C ~ coker f.




Cohomology of cochain complexes

€ is a cochain complex,

1 d— d d d.
e NG G TG

In particular, di,_1 o dx = 0.

dk—l o dk =0<=im dk—l C ker dk.




Cohomology of cochain complexes

The degree k cohomology space of % is

ker dy
im dk—l '

H* (¢) =

ker dy
H () =
(¢)=0<= e

=0<«= imdy_1 = kerdy.

Thus, HX(%) = 0 if and only if the cochain complex is exact at C.

v
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Cohomology of cochain complexes

@ The elements of C* are called cochains of degree k (or
k-cochains).

@ A k-cochain ¢ such that dyc = 0 is a called a k-cocycle.

@ A k cochain for which there is ¢/ € Ck~1 such that
¢ = di_1c is called a k-coboundary.

o The space of k-cocycles is denoted Z*(%).
@ The space of k-coboundaries is denoted B*(%).
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Cohomology of cochain complexes

We have
ZK(@) = kerdy,  BX(€)=imd,_;.
Thus, -
er
HK(%) = —— = Z,(€)/BX(%).
m dk—l

Definition

If c € ZK(¥) is a k-cocycle, then its class in HX(%) is denoted [c]
and is called its cohomology class.

The subscript in dj is often omitted, and so we write dod =0
instead of dy o dxy1 = 0.
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Cohomology of cochain complexes

Let M be a smooth manifold with de Rham complex,

0 — (M) -4 (M) -4 2(M) L -

@ The space of k-cocycles is
ZK(M) = {w € QX(M); dw = o}
= {closed k-forms} .
@ The space of k-coboundaries is

B(M) = {w € QK(M); 3y € Q<Y (M) sit. w = dn}

= {exact k-forms} .
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Cochain Maps

Definition

Let & = (A*,d) and Z = (B*,d’) be cochain complexes. A
cochain map ¢ : &/ — A is given by a collection of linear maps
@i : AK = Bk such that

dLOSDk = pk+10d.

© In other words, we have a commutative diagram,

cee Akl d oAk d Akt

l‘ﬂk—l i%ok l‘PkJrl

Bkl 4, gk 4, pktl

~

Vv

© We will often omit the subscript in @.
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Cochain Maps

If ¢ : @/ — P is a cochain map, then

p(Z2()) € ZM(B),  ¢(BM«)) € BY=2)

As a consequence, we get:

Proposition

If o : o/ — A is a cochain map, then, for every k, it descends to a
unique linear map,

©* Hk(yf) — Hk(%’),
such that
o (lc]) = [p(c)]  VeceZK).
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Cochain Maps

Proposition

If o :of — % and 1y : B — € are cochain maps, then
Yo : o — B is cochain map, and we have

(o) =9 oy

Consequence

We have a category of cochain complexes, where:
@ The objects are cochain complexes.

@ The morphisms are cochain maps.
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Cochain Maps

Let M and N be smooth manifolds with de Rham complexes,

0 — QO(M) -L QL (M) -4 Q2(m) L5 .

0 — (V) -4 Q' (V) L (V) L -
If F: N — M be a smooth map, then:
@ By pullback we get a linear maps F* : QK(M) — Qk(N).
@ The pullback maps commute with the exterior derivative, i.e.,
Ffod=doF*.
@ We thus get a cochain map F* : Q*(M) — Q*(N).

@ In particular, this descends to linear maps,

F* . H5(M) — HX(N).




Cochain Maps

The previous example shows that the assignment M — (Q*(M), d)
is a functor from the category of smooth manifolds to the category
of cochain complexes.
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Cochain Maps

Let M be a smooth manifold with de Rham complex,

0 — QM) -4 (M) -4 Q2(M) L ..
Let X be a smooth vector field on M.
@ The Lie derivative yieds linear maps .Zx : QX(M) — Qk(M).

@ The Lie derivative commute with the exterior derivative, i.e.,

Pxod=do %.
@ We thus get a cochain map Zx : Q" (M) — Q*(M).

@ In particular, this descends to linear maps,

Zx - HY (M) — HX(M).
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Cochain Maps

Let ¢ : & — A be a cochain map
@ We say that ¢ is a quasi-isomorphism if the induced maps
©* : HX(o7) — H*(2) are isomorphisms.
@ A quasi-inverse for ¢ is a cochain map ¥ : 8 — &/ such that

P o9t =idpk(y), P oYt =idyk(g)-

If F: N — M is a diffeomorphism between C°°-manifolds, then:
@ The pullback map F* : Q*(M) — Q*(N) is a
quasi-isomorphism.
@ A quasi-inverse is (F71)* : Q*(N) — Q*(M).
© We thus get isomorphisms,
H5(M) ~ HX(N).
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The Connecting Homomorphism

A sequence of cochain complexes 0 — &7 LB L% 5 0is called
short-exact if:

@ / and j are cochain maps.

o Each sequence 0 — Ak 5 Bk 25 Ck = 0 'is a short exact
sequence of vector spaces.

v

We shall omit the subscripts in i, and j.
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The Connecting Homomorphism

Lemma

IFO — of 5 B2 € — 0 is a short-exact sequence of cochain
complexes, then there is a well-defined linear map,

6 : HX (%) — HY(&),

which is defined as follows: if c € Z*(.7) and b € B are such
that ¢ = j(b), then
dlc] = [al,

where a € Z*t1(.o7) is such that i(a) = db.

| \

Definition
The linear map 6 : H*(¢') — H*T1(<7) is called the connecting
map (or connecting homomorphism).




The Connecting Homomorphism

Sketch of Proof.

o Let c € ZK(¥). Then there is b € BX and a € Z¥T1(&/) such
that ¢ = j(b) and db = i(a) and the cohomology class [a]
depends only on c.

o We thus get a linear map 0 : ZK(%) — H*" (), c — [a].

o If c € BK(%), then dc = 0.

@ It then follows that § : ZXK(%) — H*T'(.«7) descends to a

linear map,
5 : HX (%) — H' (@),
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The Connecting Homomorphism

Remark
The construction of the connecting map can be summarized as the
diagram,
a—— db
|
b —— c.

where the arrows < and — are used to emphasize that / and j are
injective and surjective, respectively.
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The Zig-Zag Lemma

Theorem (Zig-Zag Lemma; Theorem 25.6)

Any short-exact sequence 0 — o/ — A 4y & — 0 of cochain
complexes given rise to a long exact sequence,

2 HR () s HR(B) L HE (%) - H Y (o) s
where:

@ /* and j* are the maps induced on cohomology by the cochain
maps i and j.

@ 0 is the connecting map.

25 /29



The Zig-Zag Lemma

The proof requires showing the following:
@ Exactness at H*1(&7), i.e., imd = ker i*.
@ Exactness at HX(%), i.e., imi* = ker j*.

@ Exactness at HX(¢), i.e., imj* = ker d.
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The Zig-Zag Lemma

Corollary

Let0— o 5 B2 % — 0 be a short-exact sequence of cochain
complexes.

@ IfHX(¥) =0, then i : A* — B* is a quasi-isomorrphism, and
hence H*(a7) ~ H*(A).

Q If H"(<7) =0, then j : B* — C* is a quasi-isomorrphism, and
hence HX(%) ~ H*(%).

Q If HX(#) =0, then 6 : HX(¥) — HKt1(&) is an

isomorphism.
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The Zig-Zag Lemma

Remark (Degree shifting)

@ We have a shifted cochain complex <7[1], where
o The space of k-cochains is AK[1] := AK+1,
o The differential in degree k is djyq : AKTL — AKF2,

e We then have H*(2/[1]) = H*1 ().
@ Therefore, the 3rd part of the corollary yields a cohomology
space isomorphism,

HX (%) ~ H*(«/[1]).
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The Zig-Zag Lemma

Corollary (The Snake Lemma; see Tu2011, Exercise 25.4)

Suppose that

0 Al Bl cl 0
I |
0 A° BO CO 0

is a commutative diagram with exact rows. Then we have an exact
sequence,

0 —> ker(a)—> ker(8)— ker(7) —2
coker(a)— coker(3)— coker(y) — 0.

where § is the connecting map.
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