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The Field of Fractions of an Integral Domain

We say that a ring A is an integral domain when it has no non-zero
divisors, i.e.,

xy =0 <= x=0o0ry=0.

Fact

| A

In the same way we construct the rational field Q from the ring of
integers Z, with any integral domain A we can associate its field of
fractions Frac(A).
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The Field of Fractions of an Integral Domain

Let A is an integral domain. Set S = A\ {0}. On A x S define a
relation = by

(a,s) = (b, t) <= at = bs.
@ This relation is reflexive and symmetric,

(a,s) = (a,s), (a,s) = (b, t) < (b, t) = (a,5).

@ To check transitivity, suppose that (a,s) = (b, t) and
(b,t) = (c,u), i.e., at = bs and bu = ct. Then

t(au — cs) = (at)u — (ct)s = (bs)u — (bu)s = 0.

@ As t # 0 and A is an integral domain, this implies that
au=cs, i.e., (a,s) = (c,u).

@ Therefore, the relation = is an equivalence relation on A x S.




The Field of Fractions of an Integral Domain

Definition
© The class of (a,s) is denoted by a/s.
@ The set of equivalence classes is denoted by Frac(A).

v

Q@ Frac(A) is a field with respect to the addition and
multiplication given by

(a/s) + (b/t) = (at + bs)/st, (a/s) - (b/t) = ab/st.

@ The map A> a— a/l € Frac(A) is an injective ring
homomorphism, and hence embeds A as a subring into
Frac(A).

Definition
The field Frac(A) is called the field of fractions of A.




Examples
O If A=7, then Frac(A) = Q.

@ If Ais a polynomial ring k[x], k field, then Frac(A) is the field
of rational functions over k.

© If Ais the ring of holomorphic functions on an open 2 C C,
then Frac(A) is the field of meromorphic functions on .
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Rings of Fractions

@ The construction of the field Frac(A) uses the fact that A is
an integral domain.

@ It still can be adapted for arbitrary rings.

In what follows we let A be a ring.

Definition

A subset S of A is called multiplicatively closed when

1eS and x,yeS—=— xyeS.

The ring A is an integral domain if and only if A\ {0} is
multiplicatively closed.
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Rings of Fractions

Let S be a multiplicatively closed subset of A. On A x S define a
relation = by

(a,s) = (b, t) <= Ju € S such that (at — bs)u = 0.

@ This relation is reflexive and symmetric.

@ To check transitivity, suppose that (a,s) = (b, t) and
(b,t) = (c,u), i.e., there are v,w € S such that

(at — bs)v = (bu — ct)w = 0.

@ Then (au — cs)tvw is equal to

[(at)v]uw — [(ct)w]sv = [(bs)v]uw — [(bu)w]sv = 0.

@ As S is multiplicatively closed, tvw € S, and so (a,s) = (c, u).

@ Thus, we have an equivalence relation on A x S.




Rings of Fractions

Definition
@ The class of (a,s) is denoted by a/s.
@ The set of equivalence classes is denoted by S™1A.

Proposition

@ S 'A s a ring with respect to the addition and multiplication
given by

(a/s) + (b/t) = (at + bs)/st, (a/s) - (b/t) = ab/st.

@ Themapf:A— S~'A a— a/l is a ring homomorphism.

RENELS
@ The ring homomorphism f : A — S~!A is not injective in
general.

@ If Ais an integral domain and S = A\ {0}, then S~'A is the
field of fractions Frac(A).




Rings of Fractions

Definition

The ring S™'A is called the ring of fractions of A with respect to S.

Proposition (Universal Property of S™1A; Proposition 3.1)

Let g : A — B be a ring homomorphism such that g(s) is a unit in
B for all s € S. Then there is a unique ring homomorphism
h:S A — B such that g = ho f.




Rings of Fractions

Fact

The ring S™'A and the homomorphism f : A — S™1A satisfy the
following properties:

(i) f(s)is a unitin S~1Afor all s € S.
(ii) If f(a) =0, then as =0 for some s € S.

(iii) Every element of S~1A is of the form f(a)f(s)~* with a€ A
and s € S.

Corollary (Corollary 3.2)

Let B be a ring and g : A — B a ring homomorphism satisfying
the properties (i)—(iii) above. Then there is a unique ring
isomorphism h: ST'A — B such that g = ho f.
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Examples of Rings of Fractions

@ The set S = {1,0} is multiplicatively closed.

@ In this case ST1A is the zero ring, since (a,s) = (0, 0) for all
acAandseS.

@ In fact, we have

S71A'is the zero ring < 0¢€ S.

Let a be an ideal in A, and set

S=14+a={l+x; xca} ={x€ A x=1mod a}.

Then S is multiplicatively closed.
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Examples of Rings of Fractions

Let f € Aandset S = {f"; n>0}.
@ The subset S is multiplicatively closed.
@ We write A for S™1A in this case.

o If A=7Z and f = q € Z, then Af consists of rational numbers
of the form mq™" with m € Z and n > 0.

<
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Examples of Rings of Fractions

@ An ideal p of A is called a prime ideal when

Xy €Ep &< xEporyecp.

@ Any maximal ideal is prime.

@ A Jocal ring is a ring that has a unique maximal ideal.

Let p be a prime ideal, and set S = A\ p. We have

p is prime <= S is multiplicatively closed.

We denote by A, the ring S™1A in this case.
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Examples of Rings of Fractions

Let m be the subset of A, consisting of elements of the form a/s
with a€ pand s € S.

@ m is an ideal of A,.

o If b/t #m, then b¢ p,i.e, b€ S, and so b/t is a unit in A,
(with inverse t/b).

@ Thus, if a is an ideal such that a Z m, then a contains a unit,
and hence a = A,.

o It follows that m is a maximal ideal of A and is the only such
ideal. Thus, A, is a local ring.

Definition
The ring A, is called the localization of A at p.

14 /45



Examples of Rings of Fractions

A =7 and p = (p), where p is a prime number. Then Z, consists
of all rational numbers of the form m/n where n is prime to p.
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Modules of Fractions

The construction of S™1A can be further extended to A-modules.

Facts
Let S be a multiplicatively closed subset of A and M an A-module.
On M x S we define a relation = by

(m,s) = (m',s') <= 3t € S such that t(s'm — sm’) = 0.

As before, this is an equivalence relation.

Definition

@ The equivalence class of (m,s) is denoted m/s.

| A

@ The set of equivalence classes is denoted S~ M.

A\
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Modules of Fractions

Proposition

S=IM is an S~1A-module with respect to the addition and scalar
multiplication given by

(m/s) + (m'/s") = (s'm+ sm')/ss’, (a/s) - (m/t) = am/st.

Definition

S~IM is called the module of fractions of M with respect to S.
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Modules of Fractions

@ If u: M — N is an A-module homomorphism, then we get an
S~ A-module homomorphism,

Stu:STIM — SN, m/s — u(m)/s.

@ Thus, the operation S~ is a functor from the category of
A-modules to the category of S™'A-modules.

\

Proposition (Proposition 3.3)

The functor S™1 is exact, i.e., if M’ £ M & M s exact at M,
—1f Sl .
then S~IM' 2L 51\ > S\ js exact at S~IM.
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Let M’ be a sub-module of M.

@ Applying the previous result to 0 — M’ < M produces an
injective S~ A-module homomorphism S~1M’ — S~ M.

@ This allows us to identify S~ M’ with a sub-module of S~ M.

19 /45



Modules of Fractions

Corollary (Corollary 3.4)

Let N and P be sub-modules of M. Then:
Q@ SN+ P)=SYN)+ S YP).
Q@ STYNNP)=SYN)NSYP).

© The S~1A-modules S~Y(M/N) and S~*M/S~IN are
isomorphic.

RENEILS

| A

By exactness the exact sequence 0 -+ N < M — M/N — 0 gives
an exact sequence 0 — S™IN — S7IM — S~Y(M/N) — 0.
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Modules of Fractions
Proposition (Proposition 3.5)

We a canonical A-module isomorphism,

STIA®AM~SIM, (a/s) ® m —s am/s.

RENES
O As (a/s) x m — am/s is A-bilinear, by the universal property
of the tensor product there is a unique A-module
homomorphism f : ST1A®s M — S~IM such that

f((a/s) ® m) = am/s.
© The A-module map g: S™'!M — S~ tA®@s M,

m/s — (1/s) ® m is an inverse of f, since
fog(m/s)=1f((1/s)®m)=1m/s = m/s,
gof((a/s)®m) =g(am/s) = (1/s) ® am = (a/s) ® m.
Thus, f: ST!A®a M — S™1M is an A-module isomorphism.
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Modules of Fractions

Corollary (Corollary 3.6)

S LA is a flat A-module, i.e., the functor ST1A ® — preserves
exactness of A-module sequences.

Proposition (Proposition 3.7)

If M and N are A-modules, then we have a canonical isomorphism,
STIM®¢-14STIN ~ STYM@4N), (m/s)@(n/t) — (mn)/st.
In particular, for any prime ideal p of A we get an A,-module

[ h 1 H
isomorphism My @4, Ny = (M @4 N),.




Modules of Fractions

The proof is similar to that of Proposition 3.5.
© Due to the S~!A-bilinearity of (m/s) x (n/t) — (m® n)/st
there is a unique S~ A-module homomorphism
f:STIM®g 14 S IN = STH (M ®a N) such that

f((m/s)® (n/t)) = (m® n)/st.
@ We also observe that
(m/s)®(n/t) = [(1/s)(m/1)]®[(1/t)(n/1)] = i[(m/l)®(n/1)]'
In particular, we have
(m/st) ® (n/1) = i[(m/l) ® (n/1)] = (m/s) ® (n/t).

© Using this it can be checked that (m ® n)/s — (m/s) ® (n/1)
is an inverse of f, and hence f is an isomorphism.




Local Properties

© We say that a property P of a ring A is a local property if

A has P <= A, has P for each prime ideal p of A.
@ Similarly, a property P of an A-module M is a local property if
M has P <=> M, has P for each prime ideal p of A.

The next propositions provide examples of local properties.
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Local Properties

Proposition (Proposition 3.8)
Let M be an A-module. Then TFAE:
Q@ M=0.
@ M, =0 for each prime ideal p of A.
© M, = 0 for each maximal ideal m of A.

@ It is immediate that (i) implies (ii), and (ii) implies (iii).
@ Suppose that M # 0. Let x € M\ 0.
As Ann(x) # (1), there is a maximal ideal m 2 Ann(x).
If x/1 =0 in My, then Ju € A\ m such that ux =0
This means that u € Ann(x) C m (impossible).
Thus x/1 # 0 in My, and hence M, # 0 for some maximal m.

@ By contraposition this shows that (iii) implies (i).

The proof is complete. O
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Local Properties

Proposition (Proposition 3.9; 1st Part)
Let ¢ : M — N be an A-module homomorphism. Then TFAE:
Q@ ¢ is injective.

Q@ ¢, : M, — N, is injective for every prime ideal p of A.
Q ¢m : My — Ny, is injective for every maximal ideal m of A.

@ It is immediate that (ii) implies (iii).

e If (i) holds, then 0 — M % N is exact, and s0 0 — M, % Ny
is exact, i.e., ¢, is injective. Thus (i) = (ii).

@ Suppose that ¢y, is injective for all m. Set M’ = ker(¢).

° AsO—>I\/l’—>l\/l£>Nisexact,0—>Mr’n—>MmﬂNm is
exact.

@ As ¢y, is injective, M, = 0 for all m, and hence M’ = 0 by
Prop. 3.8. This shows that (iii) implies (i).
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Local Properties

Proposition (Proposition 3.9; 2nd Part)
Let ¢ : M — N be an A-module homomorphism. Then TFAE:

©Q ¢ is surjective.
Q@ ¢, : My, — N, is surjective for every prime ideal p of A.
Q ¢m : My — Ny, is surjective for every maximal ideal m of A.

@ It is immediate that (ii) implies (iii).

o If (i) holds, then M % N — 0 is exact, and so M, % N, — 0
is exact, i.e., ¢, is surjective. Thus (i) = (ii).

@ Suppose that ¢, is surjective for all m. Set N’ = N/ ran(¢).

° AsMgN—>N’—>0isexact, Mm@Nm%N&%Ois
exact.

@ As ¢y, is surjective, N, = 0 for all m, and hence ran(¢) = N
by Prop. 3.8, i.e., ¢ is surjective. Thus, (iii) implies (i).




Local Properties

As the following result shows, flatness is a local property.

Proposition (Proposition 3.10)

Let M be an A-module. TFAE:
Q@ M is a flat A-module.
@ M, is a flat A,-module for every prime ideal p of A.

©Q My, is a flat An-module for every maximal ideal m of A.
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Extended and Contracted ldeals in Rings of Fractions

Let f : A— B be a ring homomorphism.

@ If ais an ideal in A, then its extension a€ is the ideal in B
generated by f(a). Thus, it consists of all finite sums,

> f(a)bi, aca, beB

o If bis an ideal in B, then its contraction b€ is the ideal f=1(b)
in A.

@ If a and b are ideals in A, their ideal quotient is the ideal

(a:b)={x€AxbCal.
When b = (b) we write (a : b) for (a: (b)).
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Extended and Contracted ldeals in Rings of Fractions

Let f : A— S~1A be the natural homomorphism a — a/1.

@ If ais an ideal in A, then any y € a€ is of the form

y = Zf )(bi/si) fZ(a,/l (bi/si) Z:a,b/s,7
where a; € a, b € Band s; € S.

o Sets=][[sjand t; = [[;,; 5, so that 1/s; = t;/s. Then

y = Z abt,/s <Za,bt,>

o Set a/ =Y a;bit;. Then a €a,andso y = a'/s € S~ la.
@ We then deduce that

a¢ = S la.
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Extended and Contracted ldeals in Rings of Fractions

Proposition (Proposition 3.11)

2]

If b is an ideal in S~1A, then b = 5_1(bc). Thus, any ideal in
S—1A is an extended ideal.

If a is an ideal in A, then a°¢ = Ugcs(a :s). In particular,

a® = (1) ifand only if SN a # 0.

An ideal a in A is a contracted ideal if and only if no element
of S is a zero-divisor in A/a.

We have a one-to-one correspondance p <+ S~'p between
prime ideal in S™*A and prime ideals in A that don't meet S.

The operation S™1 on ideals commutes with taking finite
sums, products, intersections, and radicals.
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Extended and Contracted ldeals in Rings of Fractions

Proof of Proposition 3.11 (Part 1).

o Let b be an ideal in S71A, and let x/s € b.

e x/1=(x/s)(s/1) € b, and so x € b°.

@ Then x/s = (x/1)(1/s) € (b°)¢, and hence b C b<e.
o As b C b, we deduce that b = b = S~1(b°).

This proves Part 1. [
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Extended and Contracted ldeals in Rings of Fractions

Proof of Proposition 3.11 (Part 2).

@ Let a be an ideal in A. We have

x €a%* & x/1€a®=S5"1a) & x/1=a/swith (a,s)€axS§.

o If x/1 =a/s with (a,s) € a x S, then 3t € S such that
t(xs—a-1)=0, i.e, x(st) = a € a, and hence x € (a: st).

o If x € (a:s), then xs € a, and so x/1 = xs/s € S~1(a).

@ This shows that a* = Uses(a : s).

@ Next, if a® = (1), then a®* = (1) = A, and so 1 € (a: s) for
somese S, ie,s=1-s€a.

o Conversely, if s€ SNa# 0, then1=s/s € S~!(a) = a¢,
and hence a® = (1).

This proves Part 2. O
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Extended and Contracted ldeals in Rings of Fractions

Proof of Proposition 3.11 (Part 3).

@ An ideal a in A is a contracted ideal if and only if a®c C a
(since we always have a®® D a).

o As aec:USes(a:s), we get

(a:s)CaVvse$S

&S (xs€ca=x€ca)VseS$§

& [(xs=0in A/a) = (x=0in A/a)] Vs€ S

‘Cas

@ Thus, ain A is a contracted ideal if and only if nos € S is a
zero-divisor in A/a.

This proves Part 3. ]

4
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Extended and Contracted ldeals in Rings of Fractions

Proof of Proposition 3.11 (Part 4).
@ Let q be a prime ideal in SYA. Then q = S~1(q°).
@ Here (q°)¢ =q # (1), so by Part 2 NS = 0.

@ (° is a prime ideal, since

xy € q° <= (xy)/1 €q
— (x/1)(y/1) € q
< (x/leqory/leq)
< (xeqgoryeq).
@ Thus q = S~%(p), where p = € is a prime ideal that does not
meet S.

The fact that the contraction of a prime ideal is prime is true for
any homomorphism.

v
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Extended and Contracted ldeals in Rings of Fractions

Proof of Proposition 3.11 (Part 4, continued).

@ Let p be a prime ideal s.t. pN S = 0.

@ As p is prime, A/p is an integral domain.

o Let S be the image of S in A/p, then 3_1(A/p) is contained
in the fraction field Frac(A/p), and hence is either zero or an
integral domain.

o As ST1A/S1p ~ 5 '(A/p), we see that STA/S1p is
either zero or an integral domain.

@ That is, either S~p = (1) or S~1p is prime.

@ By Part 2 S~1p =p€ # (1) since pnNS =0, so S~1p is prime.

This completes the proof of Part 4. O
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Extended and Contracted ldeals in Rings of Fractions

Proof of Proposition 3.1 (Part 5, intersections).
o If a and b are ideals in A, then S~1(anb) C S~1(a)NS~1(b).

o Let a/s € S !(a) withac aand s € S. If a/s € S~!b, then
db € b and t € S such that a/s = b/t.

@ This means there is u € S such that (at — bs)u = 0.

@ Thus, atu = bsu € aN b, and we have
a/s = (a/s)(tu/tu) = (atu)/(stu) € S~ (aNb).
e It follows that S~*(anb) = S~1(a) N S~1(b).

This shows that S~! commutes with intersection. ny
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Extended and Contracted ldeals in Rings of Fractions

@ The nilradical of A is the ideal

MN(A) = {x € A, x" =0 for some n > 1}.

e Equivalently, 91(A) is the intersection of all the prime ideals of
A (see Proposition 1.8).

v
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Extended and Contracted ldeals in Rings of Fractions

Corollary (Corollary 3.12)
The nilradical of S~1A is precisely S~1(D(A)).

@ By Part 4 of Proposition 3.11,
N (SflA) = ﬂ {q; q prime in 5*1A}
= ﬂ{S_lp; p primein A& pnS =0}
@ By Part 2if pN'S # (), then S~1p = (1) = S7LA. Thus,
‘)'((571/\) = ﬂ {Sflp; p prime in A}.
o As S~! commutes with intersection, we get

N(STA) =51 (ﬂ {p; p prime in A}) = S H(M(A)).

The result is proved. O

v
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Extended and Contracted ldeals in Rings of Fractions

Corollary (Corollary 3.13)

Let p be a prime ideal of A. Then the prime ideals of the local ring
Ay, are in one-to-one correspondence with the prime ideals of A

that are contained in .

@ By this corollary, passing from A to A, cuts out all prime
ideals except those contained in p.

e By Proposition 1.1, passing from A to A/p cuts out all prime
ideals except those containing p.

@ Thus, if q is a prime ideal contained in p, then passing to
(Ap)/q =~ (A/q), restricts ourselves to those prime ideals
between q and p.

e For q = p we obtain the residual field of p. It can be realized
either as the fraction field of the integral domain A/p, or as
the residue field of the local ring A,.
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Extended and Contracted ldeals in Rings of Fractions

@ If N and P are sub-modules of an A-module M, then

(N:P)={xeAxPC N}.

This is an ideal of A.

e The annihilator of M, denoted Ann(M), is the ideal (0 : M).
That is,
Ann(M) = {x € A;xM =0} .

o By Exercise 2.2 we have

Ann(N + P) = Ann(N) N Ann(P),
(N:P)=Ann((N+P)/N).
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Extended and Contracted ldeals in Rings of Fractions

Proposition (Proposition 3.14)

Let M be a finitely generated A-module. Then
S~ (Ann(M)) = Ann (§7'M).

e If M is single generated, i.e., M = Ax. Then we have an exact
sequence of A-modules,

0 — Ann(M) — A Z3M — 0.

@ By exactness of the functor S this gives an exact sequence of
S~ A-modules,

a/s—ax/s
/ /

0 — S~ (Ann(M)) — S7A S7'M — 0,
which shows that Ann(S=1M) = S~}(Ann(M)).

42 /45



Extended and Contracted ldeals in Rings of Fractions

Corollary (Corollary 3.15)

If N and P are sub-modules of M with P finitely generated, then
SHN:P)=(S'N:S'P).

Remarks

@ The fact that P is finitely generated implies that (N + P)/N
is finitely generated as well.

@ As (N : P) = Ann((N + P)/N) by applying the previous
proposition we get

STYN:P)=Ann[STI((N+ P)/N)].
@ We have
SY(N+P)/P)=SYN+P)/STIN=(SIN+S51P)/S7IN.
@ Thus,
SHN:P)=Am[(S'N+S'P)/STIN] = (SIN:SP).

fi3 /45



Extended and Contracted ldeals in Rings of Fractions

Proposition (Proposition 3.16)

Let g : A— B be a ring homomorphism, and p a prime ideal in A.
Then TFAE:

(i) p is the contraction of a prime ideal in B.

(i) pe =p.
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Extended and Contracted ldeals in Rings of Fractions

Proof of Proposition 3.16.

o If p =g, then p = q°*“ = q° = p by Proposition 1.17.
Suppose that pe© = p. Let S be the image of A\ p in B.
As p NS = (), we see that S~1(p¢) C S~1B.

Thus, there is a maximal ideal m in S™1B containing S~1(p®).

Let g be the contraction of m in B. This is a prime ideal such
that qN'S = (). Thus,

I“N(A\p) Cg  (a)ng "(S) =g '(anS)=0.
That is, q° C p.

@ As g contains the contraction of S™(p€) in B, it contains p¢,
and hence g€ D p® =p.
@ Thus, p = g°.

The proof is complete. O
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