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Reminder: Weak Schatten Classes

Definition (Weak Schatten Classes £P*°)
Let p € (0, 00).

@ The weak Schatten class £P*° consists of all T € £(H) such
that

1
un(T):O(n p) as n — oo.
@ For T € L(H), we set

1
[ Tllp,00 := sup(n +1)7 pa(T).
n>0
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Reminder: Weak Schatten Classes

Proposition

Q LP™> s a two-sided ideal of L(H).

Q || llp,0c is @ quasi-norm which respect to which LP>° s a
quasi-Banach ideal.

Q@ If p> 1, then || - |5, is equivalent to the norm,

141
TN, o0 = sup {/v +5 ZMJ(T)}, T € LP™,
= J<N

@ In this case, £P*° is a Banach ideal (w.r.t. that norm).
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Reminder: Weak Schatten Classes

Eg’oo is the closure in £LP*° of the ideal of finite-rank operators.

Proposition

Q@ We have
Lo = {T € LOH); pun(T) =0 (n*%)} .

@ We have a strict inclusion L§™ C LP>°.

© In particular, LP-°° s not separable.

RENEILS

| A

For 0 < p < g we have strict inclusions,

BP G B S Y
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Reminder: Eigenvalue Sequences

Definition

An eigenvalue sequence A\(T) = {)\;(T)};>0 is any sequence s.t.:
@ );(T) is an eigenvalue of T and is repeated according to
(algebraic) multiplicity.
Q@ No(T)I = M(T)[ =~

© An eigenvalue sequence need not be unique.

@ If T >0, then )\j(T) = ,uj(T).
© We shall denote by \(T) any eigenvalue sequence for T.
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Reminder: Weyl Operators

If A€ L(H), its real and imaginary parts are

1 1
RA=Z(A+AY),  SA:=(A-A).
1

<

If A* = A, its positive and negative parts are

1 1
Ap=S(AI+A), A= (JA - A).
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Reminder: Weyl Operators

Definition
If A= A* is compact, then i/\f(A), Jj > 0, are the positive
eigenvalues of A such that

NE(A) = AE(A) 2 -

where each eigenvalue is repeated according to multiplicity.

In other words,

A\

7 /56



Reminder: Weyl Operators

Definition
We say that A € £LP°° is a Weyl operator if one of the following
conditions is satisfied:
(i) A>0and limj o jY/PA;(A) exists.
(i) A= A* and limj_, j/PAF(A) both exist.
(iii) The real and imaginary parts both satisfy (ii).

V.

The class of Weyl operators in £P*° is denoted WP*°.
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Reminder: Weyl Operators

Let A be a Weyl operator in LP*°,
Q If A> 0, then we set

A(A) = lim j7\;(A).
j—o0o

Q If A* = A, then we set
. AL
AE(A) := lim jP/\J:-t(A).

Jj—o0
© In general, we set

AE(A) := AT (RA) + iNE (SA).
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Reminder: Birman-Solomyak Perturbation Theory

Proposition (Birman-Solomyak '70s)

@ WP js a closed subset of LP:°° on which the functions N*
are continuous.

Q@ IFA€ WP and B € L§™, then A+ B € WP and
AE(A + B) = AE(A).

In particular, if Ay = Ain LP>° with Ay = Aj € WP, then
A € WP and

AE(A) = Jim /\i(Ag).
That is,
lim _]P/\:t(A): lim |.meAi(Ag)

Jj—o0 £—00 j—00 )
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Reminder: Birman-Solomyak Perturbation Theory

|[W|P->° consists of operators A € LP> s.t. |A] € WP, That is,

1
lim jeAi(JA]) = lim j%,uJ-(A) exists.
Jj—ro0 Jj—o0

If |A| € WP, then

1 ) 1
A(IA]) ZJirgoijj(lAl) zjlrgoﬂuf(/\)-

A\
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Reminder: Birman-Solomyak Perturbation Theory

Proposition (Birman-Solomyak '70s)

Q@ WP is a closed subset of LP>° on which A — N(|A]) is
continuous.

Q IFAE€ [W|P™ and B € L§™, then A+ B € [W|P> and
A(|A+ B|) = A(JA]).

In particular, if Ap — A in LP°>° with Ay € [W|P°°, then

1 1
lim j7ui(A) = lim lim j5 pu;(Ay).
Jj—oo f—00 j—00
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Reminder: Weak-Schatten Class Properties of WDOs

e (M", g) = closed Riemannian manifold.

e (&, |- |[x) = Hermitian vector bundle over M.

Reminder

If PcW=m(M,E), m> 0, then P € LP> with p = nm~L.
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Zeta Functions of Elliptic WDOs

We will only need the following result on zeta functions of elliptic
WDOs from Chapter 9.

Proposition
Let P € WM (M,E), m > 0, be elliptic, and let A € WO(M, E).
Then the function z — Tr[A|P|~?] is holomorphic for Rz > nm~
and has a meromorphic continuation to the half-plane
Rz > n(m+ 1)~! with at worst a simple pole at z = nm™~

1

Nt

mRes,_ 1 Tr [A|P| ] = Res [A;Prﬂ

= //*Mtrg [UO(A)(X,f)]am(P)(X,f)r% dxd¢.
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Reminder: lkehara's Tauberian Theorem

Theorem (lkehara's Tauberian Theorem; see Shubin)

Assume N(t), t > 0, is a non-decreasing function s.t.
(i) N(t) =0 neart=0.
(i) The integral ((z) := [ t=#dN(t) converges for Rz > q > 0.
(iii) ¢(z) admits a meromorphic extension to a half-plane
Rz > q — ¢, € > 0 with only a simple pole at z = q s.t.

Res,—q((z) = A> 0.
Then, we have

1
N(t) ~ —At? ast — oo.
q
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Reminder: Weyl's Law for Positive-Elliptic Operators

Setup

PeWw™(M,E), m>0,is positive-elliptic, i.e.,
(i) P is elliptic with op,(P)(x,£) > 0.

(ii) P is selfadjoint and > 0.

(iii) P is invertible, i.e., 0 & Sp(P).

Fact

The spectrum of P can be can be arranged as a non-decreasing
sequence,
0<X(P) S \(P)< -+

)

where each eigenvalue is repeated according to multiplicity.

Definition

| A

The counting function of P then is

Np(t) :=#{j; 0 < X\(P)<t}, t>0.
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Reminder: Weyl's Law for Positive-Elliptic Operators

We have
[ ez dNa(e) = Y0P 7 =Te [P = Te [|PI

Therefore, by applying the result on zeta functions of elliptic
operators and lkehara's Tauberian we get:

Theorem (Weyl's Law; 1st Version)

As t — 0o, we have

Np(t) ~ </SM Tre [om(P)(x,€) " m] dxcrg> tm.
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Reminder: Weyl's Law for Positive-Elliptic Operators

We always have

lim supj)\j(P)*% = limsup t~m Np(t),
j~>oo t—00
I|Jn_1>(|>r<1)fj)\j(P) n = I|tnl£ft m Np(t).

Therefore, we obtain:

Theorem (Weyl's Law; 2nd Version)

As j — 0o we have

Aj(P) ~ (1

n /S*MTrf [Um(P)(x,f)n"v]dxcrg)
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Reminder: Weyl's Law for Positive-Elliptic Operators

@ These Weyl's laws continue to hold if we only assume that P
is selfadjoint and o, (P)(x, &) > 0.

@ In this case P is bounded from below and has at most finitely
many non-positive eigenvalues.

@ Thus, if j is large enough, then
Ai(P) = Ai(IPl+To(P)),

where Ny(P) is the orthogonal projection onto ker P.
@ |P| + Mp(P) is positive-elliptic, and

om(|P| + Mo(P)) = [om(P)| = om(P)
@ Thus,

lim j=7X(P) = lim j= 2\ (|P| + Mo(P))
Jj—o0 J—00

= (2. Tre lon(PYx.©)#] v

n
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Weyl's Laws for Selfadjoint Elliptic Operators

PeWwm™(M,E), m>0, is elliptic and selfadjoint.

@ The spectrum of P consists of isolated real eigenvalues with
finite multiplicity.

@ The positive/negative eigenvalues £\;(P) of P can be
arranged as a non-decreasing sequence,

0<X(P)<AT(P) <+,

where each eigenvalue is repeated according to multiplicity.
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Weyl's Laws for Selfadjoint Elliptic Operators

@ The positive/negative parts of P are
Pi:%(|PH:P).
@ As P is elliptic, |P| € W"(M, &), and
am (IP[) (x,€) = lom(P)(x,€)] -
@ Thus, PL € V™(M,E), and

om (P) (x,€)s = %(!Um(P)(Xaﬁ)l +om(P)(x;£))
= om(P)(x, )=




Weyl's Laws for Selfadjoint Elliptic Operators

My (P) is the orthogonal projection onto the positive/negative
eigenspace of P, i.e.,

E+(P):= P ker(P—)).

+A>0

Lemma
N.(P) € WO(M, &), and

o0 (MN+(P)) (x,€) = s (om(x,£)),

where 71 (om(x,§)), (x,§) € T*M\ 0, is the orthogonal
projection onto the positive/negative eigenspace of o,(P)(x, ).

| A
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Weyl's Laws for Selfadjoint Elliptic Operators

o Let F(P) = sign(P) = P|P|~! be the sign of P.
@ Let My(P) be the orthogonal projection onto ker P.

@ We have 1 1
Ny (P) = 5(1iF(P))—§”0(P)~

o Here |P|~! € W=™(M), and
o-m(IPI71)(x,€) = am(IP)(x,€) 7" = lom(P)(x, )7 .
o Thus, F(P) = P|P|! € WO(M, ), and
00 (F(P)) = om(P)(x,€) lom(P)(x, )| ™ = sign (om(P)(x,€)).

e In addition, Mg(P) is a smoothing operator.
o It follows that My (P) € WO(M, &), and

a0 (M+(P)) (x,€) = 5 (1 +£ sign (om(P)(x, £))) = 7 (am(x,ﬁ))D-

N -



Weyl's Laws for Selfadjoint Elliptic Operators

The counting functions of P are

NE(t) = #{j; 0 < X5(P) < r}, t> 0.

Theorem (Weyl's Laws for Selfadjoint Elliptic WDOs)

Q@ We have
. _n 1 _n
Jfim ERNE(E) = /5 | Tre [om(P)(x, )27 e
Q@ We have
lim j*%AJj.E(P) = (1/ Tre [O'm(P)(X,f)i':']dXCTf) "
J—00 n Js«m

Proof.

The 2nd part follows from the 1st part, so we only have to prove
the 1st part. O
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Weyl's Laws for Selfadjoint Elliptic Operators

@ For Rz > nm~1, we have
(2) ::/ t2dNz (t) = > AF(P) % = Tr [PL*] = Tr [N(P)|P[]

o Here My (P) € WO(M, &) and P is elliptic.

@ The result on zeta functions of elliptic WDOs then ensures
that (*(z) has a meromorphic continuation to the half-plane
Rz > n(m+1)~! with at worst a pole at z = nm~! such that

1
ReS,_pm-1 ¢E(2) = Res,_ -1 Tr [N (P)|P|7%] = — Res [I‘Ii(P)|P|

@ Applying lkehara's Tauberian theorem then gives

n 1 i
lim tiﬁNg(t) = ; Res |:r|¢(P)’P|7E:| o

t—00
[
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Weyl's Laws for Selfadjoint Elliptic Operators

o It remains to evaluate Res[[1.(P)|P|~"/™].

@ We have

o—n (M=(P)IPITF ) (x,€) = 00 (MN(P)) (x, ) (IPI77 ) (x,€)
= 71 (Om(%,)) [om(P)(x, )|
= om(P)(x,€)2"

@ Thus,

Res [ni(P)yPrﬂ - //S*Mtrg [a,n (I‘Ii(P)|P|‘%) (x,g)} dxdt
_ //S*Mtrg [am(P)(x,g);ﬂ dxde

@ This gives the result. 0




Birman-Solomyak Weyl's Laws

Theorem (Birman-Solomyak '70s)

Let P W~™(M,E), m >0, and set p = nm~1.
Q@ P and |P| are both Weyl operators in LP>°.
@ We have

Jim P = (3 [ Toe [l nlPx 1P e

1
)
n o

@ I/f P* =P, then

p

lim 5 XE(P) = <1 /S*MTrg [0 m(P)(x,E)2] dxa*g>

Jj—oo n
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Birman-Solomyak Weyl's Laws

@ The details of the original proof of Birman-Solomyak are only
available in Russian in a paper which is hard to find.

@ Their proof is very condensed and can be hard to understand
for people not familiar with their work.

@ They actually assume little regularity on the symbols the
VWDOs.

@ I'll present here the soft proof | got in a recent paper.
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Birman-Solomyak Weyl's

Step 1: P c W= (mTI(M, ).

Laws

@ In this case o_,(P)(x,§) = 0.
e Moreover, P € L9, with g = n(m+ 1)~ < p.
@ Thus P € £§*°, and so we have

: 1
lim jeu;(P)=0= (=
jggojwj( ) <n

L. Tre lr-n(Px )P dxd‘{)

P

Ol

v
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Birman-Solomyak Weyl's Laws

Step 2: P = Q !, where Q € W™(M, &) is positive-elliptic.
o Here o-m(P)0x €) = om(Q)(xs) 1
o We also have uj(P) = \;(P~1) = \;(P) ™1
@ Thus, the Weyl's law for positive-elliptic WDOs gives

lim _/P,uJ(P) = lim j%/\j(Q)_l
j—o0o

j—o0o
= (j'_inOf%AJ(Q))_l

1

— (3 [ e lom(@x 6) ot )
_ <,17 /*MT@ [0 m(P)(x, )] dxcrg>‘1’.
L]
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Birman-Solomyak Weyl's Laws

Step 3: o_(P)(x,¢&) > 0.

o As o_m(P)(x,£)~1 > 0, there is a positive-elliptic operator
Q € VM(M, &) such that 0,(Q) = o_m(P)~L.

e Qlev "M E) and 0_n(Q7Y) =0m(Q) ! = o_m(P).

@ Thus, R:=P — Q' e W= (m)(M_ E), and hence R € JGE
by Step 1.

e As Q is positive-elliptic, Step 2 shows that Q! is a Weyl
operator in LP*°.

o It follows that P = Q! + R and |P| are Weyl operators in
LP>°, and we have

AP)=NQ™") = <,17 /S*M Tre [0-m(Q71)(x,€)P] dxd’§> %

= (1 /5 | Tre [0—m(P)(x, )] dxcrg> g

n
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The BKS Inequality

Proposition (BKS Inequality, Birman-Koplienko-Solomyak '70)

Let Ty and T, be positive operators in L(H) such that
Ty — To € LP™°. Then /T1 — /T € L2, and

VT = VT2 00 < Goa/lI Tt = Tallpoo;

where the constant C,, does not depend on Ty or T».
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Birman-Solomyak Weyl's Laws

Step 4: Approximation of |P].

o Let Qy € V™ (M,E) be positive-elliptic with
om(Qo)(x, &) = [¢]7 ide, .

For e > 0 set Ac = \/P*P+62QO_2.

We have

—|P2=P*P+2Qy% — P*P = 2Qy°

The BKS inequality then ensures that

As U2M(M E) C LP/2%°, we see that A2 —

|P’2 = Ep/2,oo_

14 1Pl oo < Cor/1142 = 1PPlg o
< Goey/ 195212 0
That is, A. — |P| in £, .

p

— 0.

c W 2M(M,E).
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Birman-Solomyak Weyl's Laws

Step 5: Ac is a Weyl operator.

o Here A2 = P*P +2Q,2 € W2™(M,E), and

U—2m(A§) = O'—m('D)*O'—m + 620’—2m(QO)72
= |om(P)* + €2l 2™ > 0.

o Let Q. € W(M, &) be positive-elliptic with
Um(QG)(Xag) — (’O-m('D)(X7€)|2 + 62|§‘;2m)_§ = 0-—2177(’43)()(75)7%

@ Here Q72 € W=2m(M, £), and

072m(Q€_2)(Xa£) = O'm(Qe)(Xaé.) =0— 2m( )(X 5)

@ Thus, A2 — Q2 isin W~Cmt1)(M &), and hence is in L3>
with g = n(2m +1)71. 0
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Birman-Solomyak Weyl's Laws

o As A2 — Q7% € L9 with g = n(2m +1)~! < 1p, the BKS
inequality implies that

Ac— Q71 e L2 C LB

e By Step 2 Q! is a Weyl operator in £P*°.

@ Birman-Solomyak’s perturbation theory and Step 2 ensure
that A. is a Weyl operator, and

P

MAY =M @) = (5 [ T omn(@ ) 6 avck)

n
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Birman-Solomyak Weyl's Laws

Step 6: |P| is a Weyl operator.
o By Step 4 Ac — |P] in LP°.
@ By Step 5 each operator Ac is a Weyl operator in LP*°.

@ Birman-Solomyak’s perturbation theory then ensures that |P|
is a Weyl operator in LP*°, and we have

A(P)) = lim A(A)

e—0t

= lim <1/5*MT@ [Um(Qe_l)(x,é)p}dchf);

e—0t \ n
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Birman-Solomyak Weyl's Laws

(Proof

@ We have

o-m( Q) (x,€) = 0-m(Qe)(x,€) "

= (jo_m(P)(x. )2 + 2[€]72™)
o m(P) (% E)]-

@ Thus
NP = fim (5 L, e [o-n(@ el )
:<;LMWMLMHMGMW%y.
@ That is
ji"goj%/ﬁj(P) = (3’ /S*MTFg [lo—m(P)(x, )|"] dxd§>p,

l:‘ -~




Birman-Solomyak Weyl's Laws

Step 6: P* = P, approximation of P,.

@ From now on we assume that P* = P.

@ We have 1

P, == (|P|+P).

= N

@ For € > 0 we set
B.=-(Ac+ P).

2
@ By Step 4 as e — 0" and in £LP>° we have
1 1
B, = §(A€+P) — §(|P|+P): P..
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Birman-Solomyak Weyl's Laws

Step 7: B. is a Weyl operator.
o Set B, = %(le + P).
o Here B, € W—"(M, &), and

O—m (ée) = % (0-m (Q7") + o-m(P))

1

— 3 (Vio-nlPIE+ 227 + o ()

@ Step 3 then ensures that B.is a Weyl operator in £P*°, and

A (ée) - (}1 /S*MTrg [0 m(Be)(x, €)P] dch£> .
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Birman-Solomyak Weyl's Laws

@ By Step 5 we have

(Q7r — A) € LB,

N~ N

@ As B. is a Weyl operator, Birman-Solomyak's perturbation
theory ensures that B, is a Weyl operator, and we have

A(B.) = A (§€> = (1 /S*MTrg [0 m(B)(x,€)7] dxd‘{)

n

P

Ol

40 /56



Birman-Solomyak Weyl's Laws

Step 8: P, is a Weyl operator.

o By Step 6 B, — P4 in LP°°.
@ By Step 7 B: is a Weyl operator in LP*°.

@ Thus, by Birman-Solomyak's perturbation theory P, is a
Weyl operator in £LP°°, and we have

A(P:) = lim A(B.)

P

= lim (1 /S*MTrg [om(ée)(x,f)p]dde)

e—0T \ n
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Birman-Solomyak Weyl's Laws

@ As shown in Step 7, we have
Vlo—n(PIE + 27 + 0_n(P)

(lo-m(P)| + 0-m(P)) = 0-m(P)+-

o_m(B.) =

—

N | —
N| = -~/

@ Thus,

1

AP, = lim (1[5%%5 [U_m(éﬁ)(X,f)p]dde)P

n

P

n

= (L[ T fo-n(P)x €7

@ This means that

lim j2 X (P) = (1 /S*M Tre [0 m(P)(x,£)"] dxd§>

Jj—0 n

1

P

O ko




Birman-Solomyak Weyl's Laws

Step 9: P is a Weyl operator.

@ Replacing by P by —P shows that P_ = (—P)4 is a Weyl
operator, and

Iimj%)\j’(P) = <1 L*M Tre [o—m(P)(x,£)"] dch§> g

j—0 n

@ Thus, P is a Weyl operator in £LP*°.
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Birman-Solomyak Weyl's Laws

Step 10: P # P*.
o If P* # P, then RP = (P + P*) and SP = % (P + P*) are
selfadjoint operators in W= (M, £).
@ Therefore, they are Weyl operators in £P*° by Step 9.
@ This shows that P is a Weyl operator £P>°.

The proof is complete. O
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Reminder: Weyl Operator and NC Integration

Let A be a Weyl operator in L1,
© A is strongly measurable, and we have

][A = /\+(A) — N (A).
@ In particular, if A* = A, then

7[A_ lim j)\+(A)— lim jA; (A).

_]—)OO

If |A| is a Weyl operator in £L1>°, then |A| is strongly measurable,
yl op

and

£ 141= fim jui(A).
j—o0
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Connes’ Trace Theorem Reuvisited

For WDOs of order —n Birman-Solomyak’s Weyl's law yields:

Theorem (Birman-Solomyak '70s)

Let P W="(M,E).
@ P and |P| are both Weyl operators in L1°°.
@ We have

Jim (P =1 [ Tre [lo-n(P)(x. ) e
© If P* =P, then
.. 1
Jim 3EP) = [ [ Tre [ o(P)(x.€)] oe
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Connes’ Trace Theorem Reuvisited

Corollary (Connes’ Trace Theorem)

If P e W="(M,E), then P is strongly measurable, and we have
1
P = = Res(P).
][ - es(P)
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Connes’ Trace Theorem Reuvisited

@ As P is a Weyl operator in £, it is strongly measurable.

@ Moreover, if P* = P, then

7[P— lim J>\+(P)— lim jA; (P)

— i//*MTrg [0_n(P)(x,&)+ — 0—n(P)(x,&)_] dxd¥
- },//*MTFS [0-n(P)(x,§)] dxd¥
= % Res(P).

@ By linearity we get the result for any P € W~"(M,€).
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Connes’ Trace Theorem Reuvisited

We also get a version of Connes’ trace theorem for absolute values.

Corollary

If P e W="(M,E&), then |P| is strongly measurable, and we have

f“D' B }r//s*MTrf [lo—n(P)(x, )] dxd.

@ As |P| is a Weyl operator in £ it is strongly measurable,
and we have

@ Moreover, we have

= timine) = [ Tre llon(P)x. s

_/—)OO
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Reminder: Birman-Schwinger Principle

e H = selfadjoint (unbounded) operator with non-negative
spectrum.

o V = selfadjoint operator such that (1 + H)~1/2V(1 4+ H)~1/2
is compact.

Facts

@ The operator Hy := H + V is selfadjoint.

@ The negative part of its spectrum is discrete, i.e., it consists of
isolated eigenvalues with finite multiplicity.

V.

Definition

N~ (Hy) is the number of negative eigenvalues counted with
multiplicity.

50 /56



Remider: Birman-Schwinger Principle

Proposition (Birman-Schwinger Principle)
Assume that
@ 0 is an isolated eigenvalue of H with finite multiplicity.
o HY/2VH=1/2 s 3 Weyl operator in LP>°, p > 0.
Then, we have

P
lim WPN~ (HPH+ V) = <|im 2% (H—§VH—§)>
Jj—o0

h—07F j

- 7[ (H—%VH—%)i.
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Semiclassical Weyl's Laws

() = - (2n) "I = (2m) "B

Theorem (Birman-Solomyak)
If f € C>*°(M,R), then

n

lim ﬁA}(A;;m;%) = <C(n)/Mfi(X)ngg(X)> ;

Jj—oo

where f(x) = max(0,£f(x)) are the positive/negative parts of f.
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Semiclassical Weyl's Laws

. , =Rz =12
@ We apply Birman-Solomyak's result to P = Ag "“fAg '".
This is a selfadjoint WDO of order —
o_1(85"%) = o2(Bg) M2 = el
@ Thus,
A2 pT1/2 —-1/2 —-1/2
028z P AFY?) = oa (8 ) o a(851%) = ()l

(]

In particular o_(Ag " FAZY?)(x, )« = fu(x)[€]72.
Birman-Solomyak’s Weyl's law then gives

tim j Ai(A;%ngt%) ( // \§|g2dxd“§>2
~ (<t [, fi(x)ﬁdug(x))i-

Ol
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Semiclassical Weyl's Laws

Remark
Cwikel’s estimates and Birman-Solomyak's perturbation theory
ensure that the previous spectral asymptotics continues to hold in

the following situations:
@ n>3and feli(M).
e n=2and f € LlogL(M).
e n=1and f € L}(M). )
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Semiclassical Weyl's Laws

Combining the previous spectral asymptotics with the
Birman-Schwinger principle gives:

Theorem (Semiclassical Weyl's Law)

IfV € C°(M,R), then

lim h"N~ (BAg + V) = c(n)/M V_(x)? dug(x).

h—0+
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Semiclassical Weyl's Laws

More generally, we have:

Proposition (Birman-Solomyak)
Let g > 0. The following hold:
Q@ Forall f € C*(M), have

Jim it (8571 t) = (et [ Vf(X)!‘n’dVg(X))Z

@ Forall f € C*°(M,R), have

J—0o0

@ Forall V € C*(M,R), we have
lim h"N~ (R9AZ + V) = c(n)

h—0~+

lim jiA* (A;%fA;%) - (c(n)/lwfi(x)gdyg(x)>

3l

/M V_(x)2 dvg(x).
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