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The Lie Derivative

Reminder

Let X be a smooth vector field on a smooth manifold M. Then X
defines a derivation on C>°(M) = Q%(M),

X : C®(M) — C®(M),  f —» XF.

Can we extend this derivation to a derivation on all Q*(M)?

Solution (Lie)
Use the flow generated by X.

N
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Reminder: Flows of Vector Fields

Reminder (Integral curves; see Section 14)

Suppose that X is a smooth vector field on M.
@ An integral curve of X is any smooth curve ¢ : (a, b) - M
satisfying the equation,

d
EC(TI) = Xc(t) t e (a, b)

o If the interval (a, b) contains 0 and ¢(0) = p, then we say
that curve starts at p and p is its initial point.

@ We say that an integral curve is maximal if it cannot be
extended to an integral curve defined on a larger interval.

Reminder (see Theorem 14.7)

Given any p € M, there is a unique maximal integral curve for X
that starts at p.




Reminder: Flows of Vector Fields

Reminder (Fundamental Theorem on Flows; see Section 14 slides)

Suppose that X is a smooth vector field on M. Define

Q= U 1P) 5 {p} CR x M,
peEM
where /(P) is the open interval around 0 on which is defined the
maximal integral curve of X starting at p. Then:
(i) Qis an open set in R x M containing {0} x M.
(i) There is a smooth map ¢ : Q — M, (t,p) — ¢+(p) (called
the flow of X) such that, for every p € M, the curve
I(P) 5t — @(p) € M is the maximal integral curve of X
starting at p.




Reminder: Flows of Vector Fields

Remarks (see Section 14 slides)
@ For t € R, the set M; := {p € M; (t,p) € Q} is open in M.

o If My # 0, then ¢ : My — M_, is a diffeomorphism with
inverse p_; : M_; — M;.

@ We have the 1-paramter group properties,

wo = 1, 0t 0 Ps = Prrs on Ms N M.

@ We say that the vector field X is complete when its flow is
defined on R x M.

@ In this case p; : M — M is a diffeomorphism for every t € R,




Flow and Lie Derivative

Let p € M. As c(t) = p:(p), t € I(P), is an integral curve for X
starting at p, this is a smooth curve in M such that ¢(0) = p and

d
c'(0) = dt@t(P) = Xoulp) —o eo(p) = Xp-
Consequence (see Proposition 20.6)
Let f € C*°(M). For every p € M, we have
d d
(XN(B) = Xpf = | el = G| Forule)
As f o oy = pif, we may rewrite this as
d
Xf=—| if
dt|,_o *
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Flow and Lie Derivative

o If w € QK(M), then we can make sense of piw.

. d *
@ However, we still need to make sense of Elt:o‘th-

@ To do this we need a little digression on smooth families in
Qk(M).

Reminder

o By definition QX(M) is the space of smooth sections of
A(T*M).

@ In particular, any smooth k-form is a smooth map from M to
N(T*M).
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Smooth Families of Differential Forms

Definition

Let / be an open interval in R. A family {w;}:c/ in QX(M) is said

to be smooth when the map (t, p) — (w¢)p is smooth as a map
from | x M to AK(T*M).

Lemma

Let (U,x%,...,x") be a chart for M and let {w;}:e; be a family in
QK(U). TFAE:

Q@ {w:}ics is a smooth family in Q%(U).

Q@ We may write w: = > aj(t, p)dx', t € I, where the
coefficients aj(t, p) are smooth functions on | x U.




Smooth Families of Differential Forms

Let {w;}ies be a family in QX(M). TFAE:
Q {w:}ier is a smooth family in Qk(l\/l).

@ For every p € M, there is a chart (U,x!, ... x") near p such
that wy = >_ a/(t, p)dx' on U, where the coefficients a(t, p)
are smooth functions on | x U.

© For every chart (U,x%,...,x") for M we may write
we = > ay(t, p)dx! on U, where the coefficients a(t, p) are
smooth functions on | x U.




Smooth Families of Differential Forms

Let {w;}tes be a smooth family in QX(M). Then, for every p € M,

the map t — (w¢), is smooth as a map from / to the vector space
N(TrM).

Definition

Let {w;¢}tes be a smooth family in QX(M). For every ty € /, the
derivative %}t:towt is the k-form on M defined by

d ) d
we | (p) = (wt)
(dt —t dt|_p "
o (we)p = (wy)p k(T
tll_)rrgot_—tOE/\ (Tp/\/l), pEI\/I
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Smooth Families of Differential Forms

Remark

Let (U,x%,...,x") be a chart for M. On U write
we = > ay(t, p)dx’ with a;(t, p) € C=(I x U). Then, for every
p € U, we have

kil

dt

In particular, %|t:t0wt is smooth on U, since the coefficients

e )(6) = 3 ot (. )

t=tp /

draj(to, p) are smooth functions on U.

Proposition
Let {w;}:e; be a smooth family in QX(M). Then

d k
—| we € QY(M) Vitg € 1.
dt t=tp
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Smooth Families of Differential Forms

Proposition (Product Rule; Proposition 20.1)

Let {w:} and {7} be smooth families in QX(M) and Q‘(M),
respetively. Then {w: AT} is a smooth family in Q**(M), and we

have d d d
a (wt VAN Tt) = (dtwt> VAN T + Wt A <dt7't> o

Proposition (Proposition 20.2)

Let {w;} be a smooth family in QX(M). Then {dw;} is a smooth
family in Q<*1(M), and we have
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The Lie Derivative of Differential Forms

Let w € QK(M).

e If X is a complete vector field, then ¢ : M — M is a
diffeomorphism for every t € R, and so we can form the
pullback,

(Soj-:w)p = (gﬁt)I,p |:w90t(p)}’ p €< M.

o Here (¢¢)i,: /\k(T;t(p)l\/l) — /\k(T;M) is the pullback by

the differential (¢1).p : ToM — Ty (p)M.
o In general (¢iw)p = (¥¢)i plwe,(p)] € /\k(T;I\/I) is defined for
(t,p) € Q only.

e If | C R is an open interval and U C M is an open such that
I x U CQ, then {(pjw)|u}ees is a family in Q*(V).
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The Lie Derivative of Differential Forms

Let w € QK(M).
(i) The map (t, p) — (piw)p is smooth as a map from Q to
N(T*M).
(i) If I C R is an open interval and U C M is an open such that
I x U CSQ, then {(¢iw)|u}eer is a smooth family in Qk(U).

o Let (to,p) € Q and let (V,y!,...,y") be a local coordinates
for M near ¢y, (p).

o As 7 ={(t,q) € 2; p:(q) € V} is an open set, there are an
open interval / C R and an open U C M such that
(to,p) € I x U C 7. In particular, p:(U) C V forall t € /.

® Moreover, as | x U C Q we know that {(p;w)|y}ees is a
family in Q%(U).
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The Lie Derivative of Differential Forms

Proof (Continued).

o We may assume that U is the domain of a chart (x!, ..., x")
near p. Set o} = y/ o ¢, and write w = 3_ bydy”’ on V with
by e C>®(V).

@ By the local expression for pullbacks (see next slide), on U we
have

. e, )
PYrw = Z(bJ o spt)—@(x"l, — ,xik) dx', tel.

1,J

o The coefficients of dx’ are smooth functions on / x U, and so
{(¢iw)|u}ter is a smooth family in Q*(U).

@ Thus, the map (t,q) — (p;w)q is smooth near (tg, p) for
every (to, p) € €, and hence is smooth on Q.

This proves (i). The 2nd part (ii) follows from (i). O
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The Lie Derivative of Differential Forms

Reminder (Local expression for pullback; see slides on Section 18)

Suppose that F : N — M is a smooth map. Let (U, x!,...,x™) be
a chart for N and (V,y*,...,y") a chart for M such that
UcC F7Y(V). Set F/ = yJ o F. For any k-form w = 3" b,dy”’ on
V., we have
O(Fh,. .. Fi
Frw = (bjoF) (F )

v, A(xi, ... xk)

dx! on U.

16 /35



The Lie Derivative of Differential Forms

Let p € M.

e As Q is an open containing (0, p), we always can find € > 0
and an open U of M containing p such that (—¢,¢€) x U C Q.

@ By the previous proposition {(¢;w)|y}|¢<c is @ smooth family
in QX(U).

@ In particular, pjw is a C>°-family of smooth k-forms near p
and t = 0.
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The Lie Derivative of Differential Forms

Definition (Definition 20.5)

If w € QK(M), then its Lie derivative #xw is the k-form on M
defined by

d
(Hxw), =+

(‘p?w)Pa P € M
t=0

Remark (Proposition 20.6)
If f € C®(M), then Zxf = Xf.
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The Lie Derivative of Differential Forms

If w € QK(M), then ¥xw is a smooth k-form on M.

Proof.
@ Let p € M. From the remark on slide 17 pjw is a smooth
family of smooth k-forms near p.
@ Thus, by the proposition on slide 12 “xw = %!tzogp’:w is
smooth near p.
@ As this true for every p € M, it follows that Zxw is a smooth
k-form on M. 0

V.

Corollary
The Lie derivative £x defines a degree 0 linear map,

Ly 1 (M) — QF(M).
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Lie Derivative of Vector Fields

Definition

If F: N — M is a diffeomorphism and Y is a vector field on M,
then the pullback F*X is the pushforward of Y by F~1, i.e.,
F*Y = (F71),Y.

In other words, we have

(FY),=(F ). (Yrm)  VPEM.
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Lie Derivative of Vector Fields

Let X and Y be a smooth vector fields and let (t, p) — p:(p) be
flow of X.

® v : My — M_; is a diffeomorphism.

@ We would like to define the Lie derivative Zx Y as 5|,  ©iY.

@ Here o;1 = ¢_;, and so we have
(91 YD = (P2 Do) Yor(e) = (9-0eouto) (Yeou(o)-

This makes sense for (t, p) € Q.

e If /| C R is an open interval and U C M such that / x U C Q,
then {(;Y)|u}tes is a family in 27 (V).
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Lie Derivative of Vector Fields

Definition

Let / C R be an open interval. A family {Y;}:c/ in 2°(M) is said
to be smooth when the map (t, p) — (X¢)p is smooth as a map
from | x M to TM.

Proposition
Let {Yi}ies be a family in 2°(M). TFAE:
Q {Yi}tes is a smooth family in 2" (M).

@ For every p € M there is a chart (U,x*,...,x") near p such
that Yy = > a'(t,p)0/0x" on U, where the coefficients
a'(t, p) are smooth functions on | x U.

© For every chart (U,x*, ..., x™) for M we may write
Y. =Y a'(t,p)0/0x" on U, where the coefficients a'(t, p) are
smooth functions on | x U.




Lie Derivative of Vector Fields

Let {Y:}tes be a smooth family in 27 (M). Then, for every p € M,

the map t — (%), is smooth as a map from / to the vector space
T,M.

Definition

Let {Y:}tes be a smooth family in 2°(M). For every ty € /, the
derivative %}t:to Y; is the vector field on M defined by

d d
(dt t_;:r) (P) - E t:t(OYt)p
Ye) — (Y,
= lim ME ToM, pe M.

t—tp t— to
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Lie Derivative of Vector Fields

RENEILS

Let (U,x%,...,x") be a chart near for M. On U write
Y, =Y. al(t, p)0/ox" with ai(t,p) € C®(I x U). Then, for every
p € U, we have

) (o) = > G

In particular, %|t: Y: is smooth on U, since the coefficients

: to
Ora'(to, p) are smooth functions on U.

Proposition
Let {Y:}ier be a smooth family in 2" (M). Then
d

—| Yre Z(M) Vitg € 1.
dt t=to
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Lie Derivative of Vector Fields

Proposition
Let Y € Z'(M).
(i) The map (t,p) — (¥;Y)p is smooth as a map from Q to TM.

(i) If I C R is an open interval and U C M is an open such that
I' x U CQ, then {(¢:Y)|u}ter is a smooth family in 2" (U).

Definition (Definition 20.3)

If Y € 27 (M), then its Lie derivative £x Y is the vector field on
M defined by

d| o
(2xY),= G| @iV peMm

Proposition (Theorem 20.4)
IfY € 2 (M), then ZxY = [X, Y].
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Interior Multiplication

Definition (Interior multiplication)

Let V be a vector space. If 3 is a k-covector on V and v € V,
then the interior multiplication or contraction of  with v is the
(k — 1)-covector 1,3 defined as follows:

o If k > 2, then

1wB(vi, . vike1) = B(v,ve, o k1), i€V

o If k =1, then +,8 = B(v).
o If k=0, then +,8 = 0.
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Interior Multiplication

Proposition (Proposition 20.7)

Let o, ..., ok be 1-covectors (i.e., elements of V*). Then
k —~
(ot A A k) = z:(—l)’_loz’(v)oz1 Ao Naf Ao Aok,
i=1

where ™ means omission.
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Interior Multiplication

Proposition (Proposition 20.8)

Let v € V. The interior multiplication v, : A.(V) — A_1(V)
satisfies the following properties:

Q@ 1,01 =0.
@ IfB € Ax(V) and v € Ay(V), then

lv(/B A 'Y) = (lV/B) ANy + (_1)k6 A (ZV/-Y)'

In other words, 1, is an antiderivation of degree —1 whose square
is zero.
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Interior Multiplication

Let M be a smooth manifold. If X is a vector field and w is a
k-form on M, then the interior product 1xw is defined by

(2xw)p = 1x,Wp, pe M.

RENEILS

| A

e If k > 2, then, for any vector fields Xi,..., Xx_1 on M, we

have
ixw(Xt, ..., Xk—1) = w(X, X, ... ,Xk_l).

o If k =1, then ixw = w(X).
o If k=0, then 1xw = 0.
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Interior Multiplication

Reminder (Proposition 18.7)

Let w be a k-form on M. Then TFAE:
@ w is a smooth k-form.

@ For any smooth vector fields Xi,..., X, on M, the function
w(Xi,...,Xk) is smooth on M.
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Interior Multiplication

Proposition

If X is a smooth vector field and w is a smooth k-form on M, then
1xw is a smooth form on M as well.

Proof.
@ The case kK = 0 is immediate, since in this case 1xw = 0.

o If k > 2, then for any smooth vector fields Xi,...,X,_1 on M
we have

wa(Xl, ... 7Xk—1) = U.)(X,Xl, .. 7Xk—1) € COO(M)
o If k=1, then 1xw = w(X) € C®(M).

Proposition 18.7 then ensures us that ixw is a smooth form of
degree k — 1 if k > 1. The proof is complete. [
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Interior Multiplication

Corollary

If X is a smooth vector field on M, the interior product with X
defines a degree —1 anti-derivation 1x : Q*(M) — Q*~1(M) such
that 1x o1x = 0.

Reminder

The space of smooth vector fields 2" (M) and the exterior algebra
Q*(M) are modules over the ring .# = C*(M).

| \

Proposition

The map 2 (M) x Q*(M) — Q*Y(M), (X,w) — 1xw is an
F -bilinear map. In particular,

1xw = 1x(fw) = fixw).

32/35



Properties of the Lie Derivative

Theorem (Theorem 20.10)

Let X be a smooth vector field on M.
(i) The Lie derivative Lx : Q*(M) — Q*(M) is a derivation.
That is, it is a linear map such that
Ix(WwAT) = (Lxw) AT+ wA (ExT) Yw,T € Q(M).

(i) d.%x = Zxd.

(iii) Cartan homotopy formula: £x = dix + 1xd.

(iv) Product formula: Ifw € Qk(/\/l) and Y1,...,Y) are smooth
vector fields on M, then

fx(w(yl,...,yk)) :(fxw)(yl,..., Yk)
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Global Formulas

The last part of Theorem 20.10 can be reformulated as follows:

Theorem (Theorem 20.12; Global formula for Zx)

Let X be a smooth vector field on M and w € Q*(M). Then, for
any smooth vector fields Y1,..., Yx_1 on M, we have

(.,%Xw)(Yl,. . .,Yk) :X(w(Yl,. <oy Yk))
k

- w(Yl,...,[X,Y,-],...,Yk).

i=1
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Global Formulas

Proposition (Proposition 20.13)

Let w € QY(M). Then, for any smooth vector fields X and Y on
M, we have

dw(X,Y) = X(w(Y)) = Y(w(X)) —w([X, Y]).

Theorem (Theorem 20.14; Global formula for the exterior

derivative)

Let w € Qk(l\/l), k > 1. Then, for any smooth vector fields
Yo,..., Yx on M, we have

k
dw(Yo,. .., Vi) = > _(=1)Yi(w(Yo,..., Yi,.. ., i)

=S
+ 3 (FD)M(YL Y] Yoo, Vi, Ve Vi),

1<i<j<k
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