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Chapter 8:

Pseudodifferential Operators
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Pseudodifferential Operators

Additional References

@ Shubin, M.A.: Pseudodifferential operators and spectral
theory, 2nd edition. Springer, Berlin, 2001.

@ Taylor, M.E.: Pseudodifferential operators. Princeton
University Press, Princeton, NJ, 1981.

@ Notes to be posted on the course’s website (draft version).
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Differential Operators

U C R" is an open set.

o If o € Nj, then |a| = a1+ -+ ap.

° D)g:%&(j,jzl,...,n.
o If a € Ng, then DY = Dit--- Do
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Differential Operators

Definition
A differential operator P : C*°(U) — C>°(U) of order m is of the

form,

P= Z an(x)Dg, an(x) € C*(V).

la]<m

Laplace operator A := —(92 +-+-+92)=D2 +---+ D2.
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Differential Operators

Definition
Let P = Z|a|§m a,(x)DS be a differential operator.

@ lts symbol is

p(x,§) = Z aa”, (x,€) € UxR"

la|<m
@ The principal part is the m-th degree part,

p(x, &) = Z B (x,€) € UxR".

jof=m

Example

For the Laplace operator A = D2 + -+ D2, we have
p(Xvé-) = p2(Xa§) = 5]2_ T+ +§5 = |§’2

If P has symbol p(x, &), we often write P = p(x, D).
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Differential Operators

o If u € LY(R"), then its Fourier transform is

a(g) = /e_ix'gu(x)dx, x € R".

@ lts inverse Fourier transform is

H(E) = / e¥Cu(e)de,  de = (2m) "dE.

If uis in the Schwartz's class S(R"), then
(DS u)* = £~0.
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Differential Operators

Let P =34 j<m 3a(x) Dy be a differential operator on U. If
p(x, &) is the symbol of P, then

Pu(x) = [ e*plx,a)dE  Vue CX(U).
o As (Dgu)" = £“0, we have

Dru=((020)") = (€0)" = [ exema(e)ae.
@ Thus,

Pu=>"ao(x)Dgu =) au(x / eXeexp(e)de
_ / IXE Za fa ﬁ
— [ exptx)ate) .




Classes of Symbols

Definition (Homogeneous Symbols)

Sm(U x R™), m € C, consists of functions p(x,¢) in
C>®(U x (R™\0)) such that

p(x, ) = A"p(x,&)  V(x,&) € Ux (R"\0) VA > 0.
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Classes of Symbols

Definition (Classical Symbols)

S™(U x R™), m € C, consists of functions p(x, &) € C>*(U x R")
with an expansion,

S)szm*j(xaf)v pm,_,'ESm,j(UX]R"),

j=0
Here ~ means that, for any integer , compact K C U and

multi-orders o and 3, there is Cykop > 0 s.t., for all x € K and all
EeR" €] > 1, we have

0297 (p =Y Pm—i)(x,€)| < Cucaple]®mN-1AL.

J<N

Remark

® pm—_j(x,&) is called the symbol of degree m — j.
® pm(x,&) is called the principal symbol.
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Classes of Symbols

RENEILS

The homogeneous symbols pp,,_j(x,&) are uniquely determined by
p(x, &), since we have

Pm(x,€) = lim A\""p(x,\E), £ #0,
pm_j(x,f)zAgmwA—m+f( PO, AE) = Y A" pmi(x,€)), > 1.

k<j

4
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Classes of Symbols

Let P = Z|a|§m a,(x)Dg be a differential operator of order m.

@ Its symbol is

px,E) = Y aalx)E™.

lo|<m
@ We have

p(,8) = > pmj(x,8), Pmj(x,&) = Y aa(x)E"
0<j<m la|=m—j
@ Here pm—j(x,A\6) = A" pp_i(x, &), and so
Pm—j(x,€) € Sm—j(U x R")
@ It then follows that p(x,{) € S™(U x R").
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Classes of Symbols

@ Set (¢) = (1+ |§\2)% ¢ € R" (Russian bracket).

e For any s € R, the binomial formula implies that

(€ = P+ €D~ Y (j) €Y.

j=0

e It follows that (£)° is a classical symbol of order s whose
principal symbol is [£[°.
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Classes of Symbols

Definition (Standard Symbols)

S™(U x R"), m € R, consists of functions p(x,&) € C*(U x R")
such that, for any compact K C U and multi-orders v and 3 in,
there exists Ckq3 > 0 such that

10207 p(x, )| < Ckap(1+ )™ 1 V(x,6) € K x R".

S™(U x R") ¢ S®™(U x R").

S™(U x R") is a Fréchet space with respect to the locally convex
topology generated by the seminorms given by the best constants
Ckap above.
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Classes of Symbols

Definition (Smoothing Symbols)

S™°(U x R™) consists of function p(x,&) € C>°(U x R") such
that, for any integer N, any compact K C U and any multi-orders
a and 3, there exists Cykqap > 0 such that

020 p(x, )] < Cukap(L+1EDTY  ¥(x,€) € K xR".

S°(U x R") = (eg S™(U x R7).

Let p(x,&) € S™(U x R"), p(x,&) ~ > pm—j(x,€). Then

p(x,£) € STF(U x R") <= p(x, &) ~ 0
= pm—j(x,§) =0 Vj>0.
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Classes of Symbols

Lemma (Borel Lemma for Symbols)
Forj=0,1,..., let pm—j(x,&) € Sm—j(U x R"). Then:
(i) There is a symbol p(x,&) € S™(U x R") such that
P, &) ~ > pm—j(x,€).
j=0
(ii) p(x,€&) is unique modulo S™°(U x R").
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Pseudodifferential Operators

If p(x,&) € S™(U x R™), m € R, then p(x, D) : C(U) — C>(U)
is the linear operator given by

p(x, D)u(x) = / e Ep(x, €)a(€)dE, e C(U).

It can be shown that:

@ p(x,D): CX(U) — C>°(U) is a continuous linear operator.
e S™(U xR") 3 p(x,&) — p(x,D) € L{CX(U),C>®(U)) is a
continuous linear map.

\
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Pseudodifferential Operators

e D'(U) = space of distributions on U.
@ &'(U) = space of compactly supported distributions.

D'(U) and &'(U) are the respective topological duals of C2°(U)
and C*>(U).

v

Definition (Smoothing Operators)

@ An operator R : C2°(U) — C>°(U) is called smoothing if it is
given by a kernel kg(x,y) € C°(U x U), i.e.,

Ru(x) = /U ke(x,y)uly)dy,  ue CX(U).

@ The space of smoothing operators is denoted W~>°(U).
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Pseudodifferential Operators

Let R: C°(U) — C>(U) be a continuous linear operator. TFAE:
(i) R is smoothing.

(ii) It uniquely extends to a continuous operator £'(U) — C*°(U).

If p(x,§) € S"(U x R™), then
p(x, D) € V=°(U) <= p(x,£) € ST(U x R").
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Pseudodifferential Operators

Definition (Pseudodifferential Operators (WDOs))

VU™M(U), m € C, consists of linear operators P : C°(U) — C*(U)
of the form,

P =p(x,D)+ R,

with p(x, &) € S™(U x R"), p(x,&) ~ >_ pm—j(x,§), and
R e v=>°(U).

RENEIS

@ The symbol pp,(x,&) is called the principal symbol of P.
@ The homogeneous symbols pp,,_;(x,{) depends only on P.
@ In particular,
P eV (U) < p(x,£) € ST>(U x R")
= p(x,§) ~0
= pm—j(x,€) =0 Vj>0.
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Pseudodifferential Operators

With U=R" and let A = D2 + --- + D2 be the Laplace
operator.
e This is a differential operator with symbol [£]? = &2 + .- + £2.
@ Thus,

(Bu)(x) = / e €|¢a(e)dE.

@ Therefore, if U : L?(R™) — L2(R") is the Fourier transform,
then
A= U"MgpU,
where M¢2 is the multiplication by €2

@ This is the spectral theorem for A, since U is a unitary
isomorphism.
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Pseudodifferential Operators

@ Set A= (1+A)Y2 and (¢) = (1 + |¢]2)Y/2.
e Given any s € R, the Borel functional calculus for A gives

s =1 1 ~1
N=(1+08)2 = UMy, 03U = U MgeU.

@ That is,

Asu(x) = / e¥E(£)°0(¢€) .

@ We saw that (£)° € S°(R"” x R") and has |£|° as principal
symbol.

@ Therefore, A° is an operator in W*(R") whose principal
symbol is [£[°.
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Schwartz Kernels of WDOs

Theorem (Schwartz's Kernel Theorem)

Let P: C°(U) — D'(U) be a linear operator. TFAE:
(i) P is continuous.
(ii) There is kp(x,y) € D'(U x U) such that

(Pu,v) = (kp(x,y), u(x)v(y))  Vu,v e (V).

4

If P is continuous, then kp(x, y) is unique and is called the
(Schwartz) kernel of P.
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Schwartz Kernels of WDOs

Let p(x,&) € S"(U x R") with m < —n.
e For any compact K C U,
Ip(x, &) < Ck(1+1E)™,  (x,€) € K xR

@ As m < —n, the function (1 + [£])™ is in L}(R"), and so we
may define

Pesy(x,y) = /eix'yp(x,é)cfﬁ € C(K xR").

Therefore, we obtain:

Lemma

If p(x,€) € S™(U x R"), m < —n, then

Peosy(x,y) = /eix‘yp(x,f)d'f € C(U xR").
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Schwartz Kernels of WDOs

Let p(x,&) € S"(U x R") with m < —n, and set P = p(x, D).
Then the the Schwartz kernel of P is

kp(x,y) = Pesy(x,x — y).

If ue C(U), then
Pu(x) =

™Y p(x, €)a(€)d¢

rp,6) ([ e <uty)ay ) ot
( [ e epx, é)cT§> u(y)dy

7

\\\\

£y (X, X — y)u(y)dy.

This gives the result. O
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Schwartz Kernels of WDOs

@ In general, if p(x,&) € S"(U x R"), m € R, then the partial
(inverse) Fourier transform pe_,,(x, y) makes a distribution.

e Namely, if v € C2°(R"), then

By (6, ), vy)) 1= (p(x, €), W(6)) = / p(x, £)W(€).

Lemma

Let p(x,&) € S"(U x R") with m < —n, and set P = p(x, D).
Then the the Schwartz kernel of P is

kp(x,y) = Besy (X, x — y).

More precisely, for all u € C°(U),

Pu(x) = (Besy (x,x = y), u(y)) = (Be—sy (X, ¥), u(x = y))
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Schwartz Kernels of WDOs

Let p(x,&) € S™(U x R"), m € R. Then pe_,,(x,y) is C* on
U x (R™\0).

e We know that if m < —n, then pe_,,(x,y) € C(U x R").
o In general as y“p¢_,,(x,y) = (Dgp)gﬁy, we get

YPBesy = D viBesy = D _(DER)L, = (Aep)Lsy-

@ More generally, for all N > 1,
‘Y|2Nﬁ§ﬁy(xv)/) = (AQ/P)Z—W(X,)/)-

e Note that Aévp(x,f) € S™2N(U x R").

@ Thus, if N is so that m — 2N < —n, then Aévp(x,g) has
order < —n, and hence (Aé\’p)gﬁy(x,y) e C(U x R"). O
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Schwartz Kernels of WDOs

@ If N is such that m — 2N < —n, i.e., 2N > m + n, then
’)/|2N/5£—>y(xu)’) = (AéVP)gV—W(X,)/) € C(U xR").

@ This implies that
Beosy (x,¥) € C(U x (R"\0)).

o More generally,

DYl Be sy (x,y) = (£°Dgp)(x,y) € C(U x (R™\0)).

o It follows that p¢_,,(x,y) is C* on U x (R"\0).
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Schwartz Kernels of WDOs

= {(x,x); x € U} (diagonal of U x U).

Proposition

Let P € W™(U), m € C, have Schwartz kernel kp(x, y).
Q kp(x,y) is C* on (U x U)\T.
@ IfRm < —n, then kp(x,y) € C(U x U).
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Schwartz Kernels of WDOs

o Let p(x,&) € S™(U xR") and R € W~°°(U) be such that
P = p(x,D) + R.

@ The Schwartz kernel of p(x, D) is e, (x,x — y).
o Let kg(x,y) € C°(U x U) be the kernel of R. Then

kP(va) = ﬁ§—>y(X»X - .y) + kR(Xay)'
® As Py (x,y) is C* on U x (R"\0), we see that kp(x,y) is
C>® on (U x U)\T.

o If Rm < —n, then pe_,,(x,y) € C(U x (R"\0)), and hence
kp(x,y) € C(U x U).

The proof is complete. O
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Properly Supported WDOs

Definition

A linear operator P : C2°(U) — C>°(U) is called properly
supported if, for every compact K C U, there are compact sets
Ki € U and K> C U such that

suppu C K = supp Pu C Ki,
Ko Nsuppu =0 = K NsuppPu=10.

Proposition
A (continuous) linear operator P : C2°(U) — C>°(U) is properly
supported if and only if it gives rise to continuous operators,

P:C®(U) — C®(U) and P:C®(U)— C®(U)

A\
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Properly Supported WDOs

Let P e V™(U), me C.

© If P is properly supported, then there is p(x,§) € S™(U x R")

such that
P = p(x, D).

@ We always can choose the symbol p(x,&) of P so that
p(x, D) is properly supported.

In Part 1 we have p(x, &) = e ¢ P(e), with ec(x) := e*¢.
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Properly Supported WDOs

Any P € W™(U) can be put in the form,

P=Q+R,
with Q@ € W™(U) properly supported and R € W~>°(U).
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Composition of WDOs

Let P: C(U) — C*°(U) and Q : C°(U) — C**(U) be WDOs.
o If P is properly supported, then it uniquely extends to a
continuous operator P : C>*(U) — C>(U).

@ Thus, PQ makes sense as the composition,

PQ : C(U) L c>=(U) &5 c>().

e If Q is properly supported, then it induces a continuous
operator Q : C°(U) — C°(U).

@ In this case, PQ makes sense as the composition,
PQ: C(U) - c2(U) £ c=(u).

Conclusion

If P or Q is properly supported, then the composition PQ makes
sense as an operator PQ : C°(U) — C*>(V).

\
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Composition of WDOs

Assume that:
@ P e W™ (U) has symbol p(x,&) ~ > pm—j(x,&).
o Q € W™ (U) has symbol q(x,£) ~ 3" Gur—j(x,£).
@ P or Q is properly supported.
Then:
Q@ PQ e vmtm (V).
Q Ifr(x,&) ~ > 50 rm+m—j(x, &) is the symbol of PQ, then

1
r(X7£) ~ Z aagp(xvg)ng(Xag)'

a€eN]

© In particular,
rm+m’(x7 5) - Pm(Xa f)Qm’(Xa 5)7

1. . .
rm—&—m’—j(xaé) = Z 585 Pm—k(X’f)Dx qm’—/(X)f)’ J Z 1.
|a|+k+I=j
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Composition of WDOs

In particular, the principal symbol of PQ is the product,

Pm(X, §)qm/(x, 5)
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Transposes and Adjoints

If P: C(U) — C>(U) is a continuous linear operator, its
transpose P! : &'(U) — D'(U) is given by

(%) (Ptu,v) = (u, Pv), ueé'(U), ve Cx).

Remark

If P* induces an operator P : C2°(U) — C>°(U), then (x) is
equivalent to

/(Pu)(x)v(x)dx = / u(P'v)(x)dx  Yu,v e CZ(U).
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Transposes and Adjoints

If P =75 a,(x)Dg is a differential operator, then
Plu=>Y (-1)*D2(aqu),  ue CX(U).

In particular, P! is a differential operator.

ez ratict) bylpale:
/ Pu(x)v(x) =Y / aa(X) D u(x)v(x)dx
= S0 [ )0 (aa) )
_ / () (22 (-1)*1Dg (an(x)v(x)) ) o
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Transposes and Adjoints

Let P € W™(U) have symbol p(x,§) ~ > pm—j(x,§).
@ Its transpose P! is an operator in W™(U), i.e., it induces an
operator Pt : C2°(U) — C>(U) which is in V™ (U).
Q@ If p'(x,&) ~ > p,_i(x,§) be the symbol of P*, then

_ 1)l
p(06) ~ 3 TN Gepep)(x, —¢).

al
© In particular,
pfn(xaé) = pm(Xa _5)3

—1)lal
P 8= S @D )-8, 21

|o]+k=)
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Transposes and Adjoints

Every P € W™(U) uniquely extends to a continuous operator,

P E'(U) — D(U).

@ As Pt € W (U), its transpose is a continuous linear operator,
p p

(PH)!: &'"(U) — D'(U).

@ For all u,v € C(U), we have

((PYu,v) = (u,P'v) = (Pu,v).

@ Thus (PY)! = P on C°(U), i.e., (P")" extends P to a
continuous operator from &'(U) to D'(V).

@ The density of C2°(U) in £'(U) ensures this extension is
unique. O
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Transposes and Adjoints

If P is properly supported, we actually get operators,
P:&'(U) — &'(U), P:D'(U) — D'(V).
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Transposes and Adjoints

The inner product of L?(U) is given by
(ulv) = / u(x)v(x)dx = (@, v), u,veL?U).
U

A formal adjoint of an operator P : C2°(U) — C*°(U) is an
operator P* : C2°(U) — C*°(U) such that

(*)  (Pulv) = (u|P*v) Vu,ve CZ(U).

v

Remarks

© If P admits a formal adjoint, then it is unique.

@ Here (x) is equivalent to

/P“(X)V(X) :/”(X)P*V(X)dx vl € YL
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Transposes and Adjoints

Assume P! induces an operator Pt : C°(U) — C>(U).
o Let u,v e C°(U). We have

/ R e / R T
- / u(x)(Pt7)(x)dx
— [ WP

@ Thus, P has a formal adjoint given by
P*v(x) = (Ptv)(x), ve ).

42
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Transposes and Adjoints

If P =75 a,(x)Dg is a differential operator, then
Pru=Pfu=>Y (-1)*Dg(a.0)
_ Z |a\Da aa )

In particular P* is a differential operator.

@ For P = D¢, we get

(DZ)" =Dy

° ForP:Dfl+---+D§n we get
A* = A.
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Transposes and Adjoints

Let P € W™(U) have symbol p(x,§) ~ > pm—j(x,§).
© The formal adjoint P* of P exists and is an operator in
wm(Uy).
Q If p*(x,§) ~ > py_(x,§) is the symbol of P*, then

1
P*(X,f) ~ Z aa?DSP(X,f)

© In particular,

P%(X, 6) = pm(X7 5)7

1 —_— .
Pai(€) = D, —08Dpmi(x.€), j>1

o+ k=
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Ellipticity and Parametrices

Definition
Let P € W™(U) have principal symbol pn,(x,&). We say that P is

elliptic if
Pm(x,§) #0  V(x,£) € U x (R"\0).

Example

Let A = D2 +---+ D2 be the Laplace operator.
e It has (principal) symbol,

G+ +E=1P#0 for #0.

@ Thus, A is elliptic.
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Ellipticity and Parametrices

Let P € W™(U) have symbol p(x,£) ~ > pm—j(x,§). TFAE:
(i) P is elliptic.
(i) There exists a properly supported operator Q@ € W~"(U)
which is a two-sided parametrix for P, i.e.,

PR=QP=1 mod W~ °(V).

46
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Ellipticity and Parametrices

Proof of (i) = (i).
@ Suppose there is Q@ € W~"(U) such that
PQ=QP=1 mod W ().

@ Therefore, the symbol of PQ is 1, and so PQ has 1 as
principal symbol.

o If g_m(x,&) is the principal symbol of @, then we also know
that the principal symbol of PQ is pm(x,&)g—m(x,&).

@ Thus, pm(x,£)g—m(x,&) =1 for £ # 0.

@ This implies that p,(x, &) # 0 for £ # 0, i.e., P is elliptic.

Ol
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Ellipticity and Parametrices

Proof of (i) = (ii).
@ Suppose that P is elliptic, i.e., pm(x,§) # 0 for £ # 0.
o Let Q € V="(U) have symbol g(x,&) ~ > g_m—j(x,&).

o Assume Q is properly supported, and let r(x,&) ~ > r_j(x, &)
be the symbol of PQ.

o We have
PQ =1 mod V~°(V)
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Ellipticity and Parametrices

Proof of (i) = (ii).
@ Recall that

I’o(X, 5) - pm(X, E)Q—m(X, 6)7

1 ,
8 = D 08wk E)DRqmoi(x,6), j = 1.
|| +k+1=j

@ Therefore, the equation PQ =1 mod W~>°(U) is equivalent
to the system of equations,

pm(X, f)q_m()ﬂ f) =1,

(*) > 102pm_i(x,€)DEG_m_i(x,€) =0, j>1.
|o|+k+1=)

@ The first equation has solution,

qu(X, 5) = pm(X’ g)_l'
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Ellipticity and Parametrices

Proof of (i) = (ii).

@ Moreover, we have

> 0 pn il )D2a i, €) = O

|a|+k+1=)
1 (0% (0%
<~ pm(X7 §)q—m—j(xv §)+ Z aag pm—k(X7 g)Dx q—m—l(Xv 5) =0
|| +k+1=/
1<j

1
& Qomj(,6) = —pm(.E)7" D~ 08 pmi(x, €)DF am—i(x, €}

la|+k+1=j
1<j

@ Thus, if pm(x,&) # 0 (i.e., P is elliptic), then the system (x)
has a unique solution. 0
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Ellipticity and Parametrices

Proof of (i) = (ii).
o Let g_pm_j(x,€),j=0,1,..., be the solutions of ().

e We always can find a properly supported ¥DO Q € W~"(U)
with symbol q(x, &) ~ >~ g-m—j(x, §).
o As the g_n,—j(x,&) are solutions of (), we have

PQ =1 mod W—®(U).

e We similarly can construct Q" € W~"(U) such that
Q'P=1 mod V~>°(U).
@ These two equations imply that

Q=Q1=Q(PR)=(QP)R=1Q=Q mod V™ >(U).

Th
e s QP=QP=1 mod WV =(U).

@ Thatis, Q is a two-sided parametrix. 0
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Ellipticity and Parametrices

@ The proof shows that if @ and Q' are two parametrices, then
Q' = Q mod V—>°(U).

@ In particular, @ and Q" have same homogeneous symbols.

@ This implies that if Q € W~™(U) is a parametrix, then it has
symbol g(x,&) ~ > q—m—j(x,§), where

q*m(X7£) - _pm(Xaé)_la
A=m—j(%,6) = =pm(x,&)7" D éag‘pm-k(x,§)D§‘q-m_/(x,§)-

|| +k+1=/
1<j
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Ellipticity and Parametrices

Let P € W™ (U) be elliptic. Given any u € £'(U), we have
Pue C®(U) = u e C°(U).

53 /186



Ellipticity and Parametrices

Let u € E'(U) be such that Pu € C*(U).

@ As P is elliptic, there are Q € W~"(U) and R € V~>°(V)
with @ properly supported such that

RP=1-R.
@ Thus,
u= Q(Pu) + Ru.
@ As R is smoothing, it maps &'(U) to C*°(U), and so
Ru e C>=(U).

@ As Puis in C*(U), we see that Q(Pu) is in C*°(U) as well.
@ It then follows that u = Q(Pu) + Ru € C>(U).

0J
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Ellipticity and Parametrices

We actually have a local version:

e If P is elliptic, then, given any u € £'(U) and xp € U, we have
Pu is C near xp = u is C* near xp.

@ Here v € D/(M) is C* near xo, if there is an open
neigborhood V' of xg and w € C*°(V) such that vy = w.
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Sobolev Spaces

W5 (R"), s € R, consists of u € S’(R") such that
(1+1€%)2a(6) € L(R").

W5 (R") is a Hilbert space with respect to the norm,

lully = < / 1+ el €)|2J§>;
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Sobolev Spaces

Let k € Np.

o We have
D2u e LA(R") <= (DSu)" € [3(R") < £%i € LA(R").
e Using this it can be shown that
k
ue WyR") < (1+¢[3)2 0 e L2(R")
— %0 € [2(R") for |a| < k
<« D% € L*(R") for |a| < k.
@ Thus,
W (R") = {u € LA(R"); Du € L*(R") for |a| < k}.
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Sobolev Spaces

o If A* = (1+ A)%/?, then we saw that

Ay = / ¥E(1 1 [ER)ia(e)dE, ue CE(RT).

° Thats (Vo) = (1 + [eP)ba

e Thus,
lulfy = [a+iePyla@Rde = [1u)©F g€ = Il
@ This gives an isometric isomorphism,
A W5 (R") — L2(R")
e More generally, we have isometric isomorphisms,

A WEHERT) - WE(R"),  teR.
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Sobolev Spaces

Remark (Riesz Isomorphism)

e We have a natural pairing,

(u,v) = /u(x)v(x)dx, u,v € L2(RM).

@ This pairing is non-degenerate, and so this yields an
(isometric) isomorphism,

[2(R") ~ [*(R"'.

Proposition

The above pairing uniquely extends to a non-degenerate
continuous bilinear pairing,

() s WP (R7) x W3(R") — C
In particular, we get an (isometric) isomorphism,

Wy (R") ~ WE(R").
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Sobolev Spaces

Sketch of Proof.

o If u,v € C=°(R"), then
()= [ a©)oe)ae
N / (L+ 1€ 72 a(E) (1 + [€[%)2 0(&) e
_ / (A=2u)" (&) (F*v)" (§)de

_ / (A=) (x) (A5 () dx
= (/\_Su,/\sv) :

o As A5 WiES(R") — L2(R") are isometric isomorphisms the
result follows. 0
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Sobolev Spaces

Theorem (Sobolev Embedding Theorems)

Q For s’ > s the inclusion W3 (R") — W5 (R") is compact.
@ Ifs> k+ n/2, then we have a continuous embedding,
W5 (R™) — CK(R").

v

Corollary

@ We have (continuous) inclusions,

SR") c [ W5(R") C C=(R").
seR

@ By duality this gives inclusion,

g'(U) c | W5 (R") c S'(RY).
seR
In particular, every u € E'(R") is in some W3 (R").

<
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Sobolev Spaces

U C R” open subset.

@ Any u € &'(U) can be regarded as a distribution on R”,

e Namely, if x € C2°(U) is such that ¢ = 1 near supp U, then
(u,v) :=(u,xv), v e C°(RM).
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Sobolev Spaces

W5 1, (U) consists of all u € D'(U) such that
ou € W5 (R") Yo € C°(U).

V.

RENEILS
W3\ (U) = L3 (V).

2 loc

4

RENEILS

The topology of Wiloc(U) is the locally convex topology generated
by the semi-norms,

W2S,Ioc(U) Su— ||QDU||(5), P e C?O(U)
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Sobolev Spaces

Definition
W5 (U) consists of all u € E'(U) that are in W3 (R").

W2 (U) = L(V).

We have
W5 (U) = WE(R") N E'(U) = W50 (U) N E'(U)
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Sobolev Spaces

Let K C U be compact.
o W5 (V) consists of all u€ W5 (V) s.t. suppu C K.
@ We regard it as a subspace of W5 (R").
@ As such this is a closed subspace, and so this a Hilbert space
with respect to the || - ||(S)-norm.

Definition
The topology of W; (U) is the weakest locally convex topology
with respect to which the inclusions W5 (U) — W5 (U) are

continuous.
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Sobolev Spaces

We have duality isomorphisms,
Wy ioc(U) = W5 (U)W, 2(U) = W30 (U).

2 loc

@ If s > k+ n/2, then we have continuous embeddings,
CE(U) € W5 (U) € CA(U),  C¥(U) € Wij0c(U) € CH(U).

@ It follows that
CoU) =(Wsc(U),  C2(U) = [ Wsioe(U).
@ By duality we get
W) =Jws.(v), D) =JWsc(V).
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Sobolev Regularity of WDOs

Let P € W™ (U), and set a = R(m).

©Q For every s € R, the operator P uniquely extend to a
continuous linear operator,

P: W5 (U) — W3 2(U).

2 loc

@ In particular, for a= 0 we get a continuous linear operator,

P:L2(U) — L2 (V).

loc

If in addition P is properly supported, then we get continuous
linear operators,

P:W;5 (U) — W;;a(U), P W3 10 (U) — W3 2(U).

2.loc
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Sobolev Regularity of WDOs

Theorem (Elliptic Regularity Theorem)
Let P € W™(U) be elliptic, and set a = R(m). If u € E'(U), then
Pue W5\, (U) = u e W;;”(U).
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Sobolev Regularity of WDOs

Let u € £'(U) be such that Pu € W3, (V).

@ As P is elliptic, there are Q € W~"(U) and R € V~>°(U)
with @ properly supported such that

QP =1-R.
@ Thus,
u= Q(Pu) + Ru.
@ As R is smoothing, it maps u to C*°(U) C Wzsfa(U).

As @ has order —m and is properly supported it extends to an
operator Q : W . (U) — W5 2(V).

2 loc
o As Puc W3, (U), we see that Q(Pu) € Ws2(U).
o It follows that u = Q(Pu) + Ru is in W5 ,2(U).

Ol
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Action of Diffeomorphisms

¢ : U — V is diffeomorphism from U onto an open V C R"

Remark

@ The pushforward map ¢, :
pullback map ¢* :

puu=uogt

$'v=vog,

(U) — C*(V) and the

C>®(V) — C>°(U) are given by

ue C*U),
veC®V)

o If P: C2(U) = C®(U), then ¢, P : C2(V) — C®(V) is

given by
(9+P)v = b (P(9"V)) =

[P(vog)log™,

ve CxE(V).
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Action of Diffeomorphisms

Let P € W™(U) have principal symbol pm(x,§).
@ ¢.P is an operator in W (V).
@ Its principal symbol is

Pon(x,€) = pm (671 (x), (671) (X)), (x,€) € V x R"\0.

71/186



Action of Diffeomorphisms

Let p(x,£) ~ 3 pm—j(x,€) and p?(x,&) ~ pl_;(x,£) be the full
symbols of P and ¢, P

@ It can be shown that there are functions a,5(x) € C>(V),
2|B| < |a| depending only on ¢ such that

P8~ Y aus()E DR (). (61 ()'E).
2B|<|al

@ In particular,

Ph 8= Y Taus(E(DER)6 (), (67 (x)'9)

k+lal—|Bl=j
2|B|<]al
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WDOs on Manifolds

Let V C U C R" be open sets and P : C°(U) — C>°(U) a linear
operator.

@ The restriction Py, : C2°(V) — C>°(V) is defined by
P|\/U:(:DU)|V7 uec C?o(\/)

o If P € W™(U), then Py, € W™(V).
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WDOs on Manifolds

M" = smooth manifold.

Convention

A (local) chart : U — V is a C*°-diffeomorphism, where U C M
and V C R” are open sets.

Remark
If uis a function on M, then TFAE:
(i) wis C°°-function.
(i) vor™1 € C®(V) for every chart k: U — V.

(iii) For every xo € M, there is a chart x : U — V near xp such
that uo k™1 € C®(V).
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WDOs on Manifolds

If P: C(M) — C°(M) is a linear operator and k: U — V is a
chart, then r.(Pjy) : C°(V) — C>(V) is defined by

Ke(Py)u = [P(uor)]o kL ue C(V).

Definition

| \

VUT(U), m € C, consists of continuous linear operators
P : C°(M) — C°°(M) such that there is a chart

ky(Py) € WT(V) for every chart k: U — V.

75 /186



WDOs on Manifolds

The above definition is consistent.

@ For j=1,2let k; : Uy — Vj be a chart, and set ¢ = k> Olil_l.

We have

(k2)«(Plunnu,) = (52061 s [(51)x (Pluynws)] = é:l(k1)«(Plusnw,)]-

@ Thus, by the diffeomorphism invariance of WDOs, we get

(k1)«(Piuynu,) € V™ (k1(U1 N Ua))
— (52)*(P|U10U2) € Wm(KQ(Ul N UQ))
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WDOs on Manifolds

In particular, using this we obtain:

Let P: C°(M) — C>°(M) be a continuous linear operator.
TFAE:
Q@ PecV™(M).
@ The Schwartz kernel of P is smooth off the diagonal, and, for
every xo € M, there is a chart v : U — V near xy such that
kx(Py) € WM(V).
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WDOs on Manifolds

Let P € V™(M). For j = 1,2, let s : U; — V; be a chart, and set
¢ = kpo Hl_l.

@ We know that (k1)«(Pju,nu,) and (k2)«(Py,nu,) are WDOs
such that

(52)+(Plynu,) = «l(81)«(Plusnw,)]-
® Let pyi(x,£) be the principal symbol of (;).(Pju,nu,). We
h
T R =P (07, (6T (0)) -

@ This is a change of local coordinate formula for functions on
T*M\ 0.
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WDOs on Manifolds

o If k: U— Vis a chart, then a chart for TU* = T*My is
given by

T*My 3 (x,€) — (k(x), (K'(x) ")) € V x R".

@ Thus, a function v on T*M is smooth if and only if

v (kH(x), (671 (x)€) € C°(VXR") for every chartr: U — V.

<
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WDOs on Manifolds

Therefore, we obtain:

Proposition

If P € W™(M), then there is a unique function
Pm(x,&) € C°(T*M\ 0) such that:

@ Pm(x, AE) = A"pm(x, &) for all (x,£) € T*M\ 0.

@ For every chart k : U — V we have

Pm (x,€) = pp, (K(x), (K'(x)7H)€)  V(x,£) € T*U\0.
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WDOs on Manifolds

Reminder
A continuous operator P : C2°(M) — C*°(M) is properly
supported if, for every compact K C M, there are compact sets
Ki € U and K, C U such that

suppu C K = supp Pu C Ki,

Ko Nsuppu=0 = K Nsupp Pu=10.

Remarks
© If M is compact, then every continuous operator
P: C(M) — C>°(M) is automatically properly supported.
@ A continuous operator P : C2°(M) — C°°(M) is properly
supported if only if it gives rise to continuous operators,

P:C®(M) — C(M) and P :C®(M) — C¥(M).
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WDOs on Manifolds

Assume that
@ P &€ W™(M) has principal symbol pp,(x,§).
o Q € W™ (M) has principal symbol Gy (x,&).
@ P or Q is properly supported.
Then:
Q@ The composition PQ is an operator in W™ +™ (M).
@ Its principal symbol is pm(x,&)qm (x, ).

Remark
e If M is compact, then the properly supported assumption is
superfluous, since P and @ are automatically properly
supported.
@ In fact, P and Q both are operators from C*°(M) to itself,
and so the composition PQ is always well defined.
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WDOs on Manifolds

Let P € VT (M).
© P uniquely extend to a continuous operator,
P:&"(M)— D'(M).
@ If in addition P is properly supported, then it gives rise to

continuous operators,

P& (M) —s (M),  P:D'(M)—s D(M).
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WDOs on Manifolds

@ 1 = smooth measure on M (e.g., Riemannian measure
associated with a Riemannian metric).

o L%(M) has inner product,

(ul) = [ SGCdu(x),  u,v € (M)

If M is compact, then as a topological vector space Li(M) does
not depend on the choice of p (all the norms are equivalent to
each other).
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WDOs on Manifolds

Definition

A formal adjoint of an operator P : C2°(M) — C*°(M) is any
operator P* : C°(M) — C*°(M) such that

(Pulv) = (u|P*v) Yu,v € C*(M).

If a formal adjoint exists, then it is unique.

Proposition

Let P € W™ (M) has principal symbol ppm(x,§).
@ P has a formal adjoint P* € W™(M).
@ The principal symbol of P* is ppm(x,&).
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WDOs on Manifolds

Let P € W™ (M) have principal symbol pn(x,&). We see that P is
elliptic if

Pm(x,€) #0 V(x,&) € T*"M\ 0.

Proposition
Let P € W™ (M) have principal symbol pp,(x,&). TFAE:
(i) P is elliptic.

(ii) It admits a properly supported parametrix Q € W~"(M), i.e.,
PQ=QP=1 mod W™ >°(M).

Moreover, if (ii) holds, then the principal symbol of Q is
pm(x,€) 7.
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WDOs on Manifolds

If P € W™(M) is elliptic, then, given any u € £'(M),
Pu e C*(M) = u e C°(M).
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Sobolev Spaces on Manifolds

If x: U— Vis achart and u € D'(U), then k.u € D'(V) is given
by

(Kau,v) = (u,vort), ve (V).

Definition

WS

2 loc

(M), s € R, consists of all u € D'(M) such that
Ka(Ujy) € W3 0c(V)  for every chart k: U — V.

In other words u € Wzs’
p € C°(U), we have

k«(pu) € W3 (R™).

(M) if for every chart k : U — V and

loc
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Sobolev Spaces on Manifolds

Remark
We equip W5 ..
the semi-norms,

(M) with the locally convex topology generated by

WZS,IOC(M) SUu— HK*(QOU)”(S),

where k : U — V ranges over all charts and ¢ ranges over C2°(U).

Definition

W3 (M) consists of all u € W3, (M) that are compact support.

Remark
Ws (M) = W3

2,loc

(M) N E(M).
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Sobolev Spaces on Manifolds

Let K C M be compact

o W5 (M) consists of all u € W5 (M) whose support is
contained in K.

@ Let (¢;)ic; a C-partition of unity subordinated to a locally
finite cover (U;);c; of domains of charts k; : U; — V.

o J:={iel;KNU# 0} is finite.
o W5 (M) is a Hilbert space with respect to the norm,

N[

[[u

K = (le(/‘éi)*(@i@llé)) ;U € W5 k(M)
ied
@ The topology does not depend on the choice of the partition
of unity.
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Sobolev Spaces on Manifolds

The topology of W (M) is the weakest locally convex topology
with respect to which the inclusions W3 , (M) — W5 (M) are
continuous, as K ranges over all compact sets of M.
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Sobolev Spaces on Manifolds

Assume M is compact.

@ In this case W3 (M) =
notation W5 (M).
e W5 (M) is a Hilbert space with respect to the norm,

lulls == <Z||(m>*(so,-u>||%s)> . ue Wi(m),

where (¢;) is a finite C*°-partition of unity as above.

If 11 is any smooth measure on M, then WJ = L2(M) with
equivalent norms.

(M), so we simply use the

2 loc
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Sobolev Spaces on Manifolds

@ If s > k+ n/2, then we have continuous embeddings,
CE(M) € W3 (M) € CE(M),  C¥(M) C W5 0(M) € C(M).

@ It follows that
:mW;,c(M)? COO M) mW2 Ioc

e By duality we get

=Uws.(m),  D(M) = W50 (M

Theorem (Sobolev Embedding Theorem)

Assume M is compact. If s' > s, then the inclusion
W5' (M) — Ws(M) is compact.
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WDOs on Manifolds

Let P € W™(M), and set a = R(m).

©Q For every s € R, the operator P uniquely extend to a
continuous linear operator,

P: W3 (M) — W5 2(M).

2 loc

@ In particular, for a= 0 we get a continuous linear operator,

P:L2(M) — L (M).

loc

Remark

If in addition P is properly supported, then we get continuous
linear operators,

P:W;5 (M) — W;;a(l\/l), P W3 10c(M) — W5 2 (M).

2 loc
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WDOs on Manifolds

Corollary (Elliptic Regularity Theorem)
Let P € W™(M) be elliptic, and set a = Rm. For any u € £'(M),
Pu e W5 (M) = u e W;;“'(M).
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WDOs on Compact Manifolds

@ M" = compact manifold.

@ /1 = smooth measure on M.

Let P € W™(M), and set a = R(m).

© For every s € R, the operator P uniquely extend to a
continuous linear operator,

P WE(M) — WE2(M).

@ In particular, for a= 0 we get a bounded operator,
.2 2
P: L, (M) — L,(M).
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WDOs on Compact Manifolds

Let P € W™ (M). If with R(m) < O, then P : Li(/\/l) — Li(M) is a
compact operator.

| \

Proof.
Set s = —fm > 0.

@ We know that P extends to a bounded operator from
L2(M) = W2(M) to W5(M).

 As's >0, the inclusion W5(M) < L% (M) is compact.

@ Here P: Li(/\/l) — Lﬁ(M) agrees with the composition,

L2(M) 55 W5 (M) — L2(M).

@ As the 2nd arrow is compact, it follows that P is compact. []
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WDOs on Compact Manifolds

Let P € W™(M), m > 0, be elliptic. Then P with domain W™ (M)
is a closed operator on L2(M).

We need to prove the closedness of the graph,
G(P) ={(u, Pu); u€ W"(M)} C Lo(M) & L2(M).

oL P P v)in L2(M) @ L2(M), i.e.
e e e

o As P : L5 (M) — W, ™(M) is continuous, we see that
Pu; — Pu in W, ™(M).

® Thus Pu=v € L2(M).

e By elliptic regularity v € W3"(M), and so (u,v) = (u, Pu) is
contained in G(P).

@ Thus, G(P) is closed, i.e., P is a closed operator. 0
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Spectral Theory of Elliptic WDOs on Compact Manifolds

@ M = compact manifold with smooth measure .
e P e W™(M) is elliptic with m > 0.

C>*(M) is dense in W3 (M) for every s € R.

This implies that P : W4"(M) — L2(M) is the closure of
P C®(M) — C®(M).
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Spectral Theory of Elliptic WDOs on Compact Manifolds

As P is closed we may define its spectrum.
Definition

Sp(P) consists of all A € C such that P — X : Wi"(M) — L?(M) is
not a bijection.

@ As P — \: WJ"(M) — L?(M) is continuous, this is a bijection
if and only if it is an isomorphism.

e In particular, (P — \)~1: L2(M) — WJ"(M) is continuous for
all A € C\ Sp(P).

A\
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Spectral Theory of Elliptic WDOs on Compact Manifolds

There are two possibilities:

(i) Sp(P) =C, or

(i) Sp(P) is an unbounded discrete set consisting of eigenvalues
with finite multiplicity.

Assume there is \g € C such that \g & Sp(P).
@ In this case P — \o : WJ"(M) — L2(M) is an isomorphism.
e In particular, (P — \o)~1: L2(M) — W4"(M) is continuous.
o As the inclusion of WJ"(M) < L?(M) is compact, we see that
(P —Xo)t: L?(M) — L?(M) is a compact operator.
@ Thus, Sp(P) consists of isolated eigenvalues with finite
multiplicity clustering at 0. n
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Spectral Theory of Elliptic WDOs on Compact Manifolds

@ If A\ # )\, then
P—Xx=—(P—=2X)((P=20)""—(A=2X)"") (A= o).

@ Thus,

P — X is invertible <= (P — X\o) ™! — (A — Xo) ! is invertible.

@ That is,
AeSp(P) < (A#Xoand (A —Xo) 1 €Sp((P—X)7Y)).

e It follows that Sp(P) is unbounded and consists of isolated
eigenvalues with finite multiplicity.

Ol
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Spectral Theory of Elliptic WDOs on Compact Manifolds

e If Sp(P) # C, then Sp(P) consists of eigenvalues only.
@ Thus,

P — X is invertible <= ker(P — \) = {0}.
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Spectral Theory of Elliptic WDOs on Compact Manifolds

Proposition
If X € Sp(P), then ker(P — \) C C*>(M).

o If N> 1, then PN c wmN ().

o If py(x,&) is the principal symbol of P, then py,(x, &)V # 0 is
the principal symbol of PV, and hence PV is elliptic.

@ The elliptic regularity theorem then ensures that
PNv e 12— v e W"N(M).

If u € ker(P — \), then PNu = ANy e [2(M).
Thus u € WJ"N(M) for all N > 1. That is,
ue [ W(M) = () W5 (M) = C=(M).
N>1 s€R
This shows that ker(P — \) C C*>°(M). 0
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Spectral Theory of Elliptic WDOs on Compact Manifolds

Assume Sp(P) # C. If P is invertible, i.e., ker P =0, then
Pl e w—m(M).

@ As P is elliptic there are Q € V~="(M) and
Ri, Ry € W~°°(M) such that

QP =1- Ry, PQR=1-Rs.

@ We then have
RQ=QPPl=(1-R)P =P 1 _RP
Q=P 'PQ=P(1-R)=P - P 'R

Thus,
o e PleQ-RP1=Q-PIR,.
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Spectral Theory of Elliptic WDOs on Compact Manifolds

o Here Q: C®(M) — C°°(M) and P~1: [2(M) — L%(M) are
continuous.

@ As R; is smoothing, it extends to a continuous operator
Ry : E'(M) — C>(M).

@ Therefore R; P maps continuously C>®(M) to itself.

@ The equality P71 = Q — R{P~! then ensures that P~1
induces a continuous operator P! : C®(M) — C*>(M).

o As with Ry, the operator R, is smoothing, and so it extends
to a continuous operator Ry : £'(M) — C>(M).

e Thus, the composition P71R, : &'(M) — C>(M) is
continuous, and so this is is smoothing operator.

@ The equality P~ = Q — P~ 1R, then shows that P~ and Q
agree up to a smoothing operator.

@ Thus, P~1is a WDO of same order as @, i.e., P~1cW="(M).

g b / 186




Spectral Theory of Elliptic WDOs on Compact Manifolds

e P~lis a parametrix for P.

@ Therefore, it has the same symbol as any parametrix for P.

e In particular, if pm(x, &) is the principal symbol of P, then its
principal symbol is p,(x, &)~ L.
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Spectral Theory of Elliptic WDOs on Compact Manifolds

Proposition

TFAE:
@ P is formally selfadjoint (i.e., it agrees with its formal adjoint).

@ P is selfadjoint on Li(M) as an operator with domain
W3 (M).
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Spectral Theory of Elliptic WDOs on Compact Manifolds

o If P is selfadjoint, then it is formally selfadjoint, since we have

(+)  (Pulv) = (ulPv)  Vu,ve C®(M).

Assume P is formally selfadjoint. Let us denote by P the
operator P with domain W4"(M) and by P its adjoint.

By definition the graph of P'is
G(P") = {(u,v); (u]Pw) = (v|w) Yw € WJ"(M)}.
We want to show that G(P) = G(P").

As P : Wj"(M) — L2(M) is continuous and C>°(M) the
equality () implies that

(Pulv) = (u|Pv) Yu,v e Wy"(M).
This shows that G(P) c G(P").

(]
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Spectral Theory of Elliptic WDOs on Compact Manifolds

o Let (u,v) € G(P"). Thus,
(k) (ulPw) = {vlw) Yw e W"(M).
o If we regard u as a distribution, then, given any w € C*°(M),
(Pu,w) = <u, Ptu> .

@ The relation between formal adjoint and transpose and the
formal selfadjointness of P imply that

Ptw = P*(w) = P(w).
e Combining this with (#x*) we get
(Pu,w) = (u, P(w)) = (u|Pw) = (v|w) = (v, w).
o This shows that Pu=v € L?(M)

@ By elliptic regularity this implies that u € W,"(M), and so
(u,v) = (u, Pu) € G(P). Thus, G(P") c G(P). -
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Spectral Theory of Elliptic WDOs on Compact Manifolds

If P is formally selfadjoint, we often just say it is selfadjoint, since
it is selfadjoint as an operator with WJ"(M) as domain.

Assume P is (formally) selfadjoint. Then:

@ Its spectrum is an unbounded discrete set of isolated real
eigenvalues with finite multiplicity.

@ [t admits an orthonormal eigenbasis consisting of
C>-functions.

Proof.
@ As P is essentially selfadjoint, it is selfadjoint, and so
Sp(P) c R C C.
@ Thus, Sp(P) is an unbounded discrete set of eigenvalues with
finite multiplicity. 0
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Spectral Theory of Elliptic WDOs on Compact Manifolds

Let Ao € R\ Sp(P).
o (P — \o) ! is selfadjoint and compact, and so it admits an

orthonormal eigenbasis (&;);>0.
@ Recall that

P—=X=—(P=2X0)((P=2)""=(A=X)"") (A=)

@ Thus,
ker(P — X) = ker [(P — Xo) ™' — (A — Xo) 1]

@ Therefore, the ¢; are eigenfunctions of P.
@ As ker(P — X) C C*°(M) all the eigenfunctions e; are C*°.

O

<
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Spectral Theory of Elliptic WDOs on Compact Manifolds

Definition

A selfadjoint operator A : dom(A) — Li(M) is bounded from
below, if there is ¢ € R such that A > —c, i.e.,

(Aulu) > —c]|ul|? Yu € dom(A).

Remark
If A is selfadjoint, then A is bounded from below if and only
Sp(A) C [—¢, o) for some ¢ € R.

| \

Proposition

If P is selfadjoint and its principal symbol pp,(x,§) is > 0, then P
is bounded from below.

A
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Spectral Theory of Elliptic WDOs on Compact Manifolds

The proof is based on the following:
Let N > m, then there is Q € W™/2(M) such that
P=Q*Q mod WN(M).

V.

0 Set R=P - Q*Q & \U’"—N(M). As m — N < 0, the operator
R is bounded.

e Thus, given any u € WJ"(M), we have
(Rulu) > —| (Rulu) | > ~[IRIlf|ul*
@ As P=Q*Q + R, we get
(Pulu) = (Q*Qu|u) +(Rulu) > (Qu|Qu)— |R[lull* > —[IRIl[|u]>.

@ Thus, P is bounded from below. O
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Spectral Theory of Elliptic WDOs on Compact Manifolds

Proof of the claim.
Set qm/2(x7§) =V pm(Xvé‘)'

o Let Qy € V™/2(M) have dm/2(x,§) as principal symbol.

@ The operator Q3 Qo is in W™(M) and its principal symbol is
qm/2(X7€)*qm/2(X7£) - Pm(X,f)-
@ Thus, P and QjQo have the same principal symbol, and

h
enee P=QiQ  mod W™ (M),

o By induction we can construct Q; € V™/274(M), j=1,2,...,
such that

P=(Q+ +Q)(Q+-+Q) modW¥™(M).

o We get the claim by taking j = N.
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Spectral Theory of Elliptic WDOs on Compact Manifolds

e If P is selfadjoint and a positive principal symbol, it is
bounded from below.

@ In particular, its spectrum is bounded from below.

@ Therefore, Sp(P) is a bounded from below discrete set of real
eigenvalues with finite multiplicity.

@ We thus can arrange Sp(P) as a non-decreasing sequence,
Mo(P) < M(P) < Xo(P) < -+,

where each eigenvalue is repeated according to multiplicity.
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Spectral Theory of Elliptic WDOs on Compact Manifolds

@ We have a natural action of R* on (T*M)\ 0 given by
A (x,8) = (x,AE), (x,§) e T"M, X > 0.
@ The cosphere bundle S*M is the sphere-bundle,
S*M = [T*M\ 0] /RY..
@ The Liouville measure dxd¢ of T*M descends to S*M.

e If g is any Riemannian metric, then

S'M~S5;M:={{ € T*M; [l =1},

where |£]§ = > ¢&igl¢; is the Hermitian metric on T*M.
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Spectral Theory of Elliptic WDOs on Compact Manifolds

Theorem (Weyl's Law)

Suppose that P is selfadjoint and has a positive principal symbol
Pm(x,&). Asj — oo, we have

Ai(P) ~ j7 (}7 /S*M pm(x,g)rldxaz) o
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Spectral Theory of Elliptic WDOs on Compact Manifolds

e (M", g) = compact Riemannian manifold.
e v(g) = \/g(x)dx = Riemannian measure.
o d: C®(M)— C®(M, T*M) = de Rham differential.

o If g(x) = gij(x)dx’ ® dx/ and g(x)~! = (g¥(x)), then the
metric defined by g on T*M is given by

f’n Z‘Elg Mj5 ‘E Zfldx n= Z?’],dX
g = 1/(Emg = /D _ Ligh(x);.

@ The inner product on 1-forms is then given by

<€\77>g=/M(€(X)\77(X))g dvg(x), &mne (M, T"M).
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The Laplacian Ag : C*(M) — C*°(M) is defined by
(Agulu) = (duldu), Yu e C*(M).

Proposition

| A

In local coordinates,

= det_(l{(x)) Zf)i (gij(x)\/det(g(x))f)ju> .

In particular, Ag is a 2nd order differential operator whose
principal symbol is

p2(x,€) = Zfigij(x)fj = ‘f@r

Agu
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Spectral Theory of Elliptic WDOs on Compact Manifolds

© The Laplacian Ag is elliptic.
@ A, is selfadjoint and has non-negative spectrum.
© We have

ker Ag = HO(M),

where HO(M, R) is the degree 0 de Rham homology space.

RENEIS

© HO°(M) consists of functions that are constant on each
connected component of M.

@ It follows that we can arrange the spectrum of P as a
non-decreasing sequence,

0=X(Ag) M (Ag) <o,

where each eigenvalue is repeated according to multiplicity.

o
T
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Spectral Theory of Elliptic WDOs on Compact Manifolds

The volume of (M, g) is

Volg (M) ::/ dvg(x).

M

4

As j — oo, we have

Ai(Ag) Nj% (c(n)VoIg(I\/I))f%, c(n) := (2m)""|B"|.

A\
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Spectral Theory of Elliptic WDOs on Compact Manifolds

@ Here A, is a selfadjoint 2nd order elliptic differential operator
with principal symbol pa(x,&) = |§|§.

@ Thus, by the Weyl's law for elliptic WDOs we have

o We have

2 (1 z
M)~ it (5 [ g
1

|
o oS5 SE =5 [ o
_! / (ZW)H,SH, det(g (x))dx

(2m)" S” 1|/d1/g

= (2r)" uas"y Vol

@ This gives the result. ]
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Principal Symbol Map

Definition

Sm(T*M), m € C, consists of functions o € C>°(T*M \ 0) such
that

o(x,A8) = A"a(x,€),  (x,€6) € T"M\ 0, A>0.

A have a well-defined principal symbol map,
Om V(M) — Sp(T*M).

For every o € S5,(T*M) there is P € V™(M) s.t. 0,(P) = 0.
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Principal Symbol Map

Let x: U — V be a chart.

@ Define
pm(x,€) = a(x7H(x), ' (K71 (x))'€),  (x,€) € V x (R"\ 0).

@ This defines a homogeneoys symbol in S,,(V x R").

o Let x € C°(R") be such that x = 1 near £ =0, and set
p(x; €) = (1 = x(£))pm(x, &).

@ Then p(x,§) € S™(V x R") and pm(x, &) ~ pm(x,&).

@ Thus, p(x,D) € W(V) and has pp(x, &) as principal symbol.

@ Therefore, P := kP € W™(U) and its principal symbol is

P (K(), (K () )E) = 0(x,6),  (x,6) € T*U\O.

@ This gives the result for domains of charts.

Ol
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Principal Symbol Map

Let (¢i)ies be a C*-partition of unity subordinate to an open
covering (U;)ies by domains of charts.

By the first part of the proof, for each i there is P; € W™ (U;)
whose principal symbol is o(x, ).

For each i let ¢); € C2°(U;) be such that ¢); = 1 near
supp(yi), and set

P=> ¢iPy;.
Then P is an operator in \IJ'"(/\/I) whose principal symbol is

> wi(x)om(P)(x, E)bi(x) = Y pi(x)a(x,£) = o(x,£).

This proves the result.
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Principal Symbol Map

The previous lemma implies the following result.

Proposition

The principal symbol map gives rise to an exact sequence,

0 — V™ HM) = (M) 2% S, (T*M) — 0.
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Densities on Manifolds

Definition
A smooth (positive) measure on M is a Borel measure ;1 on M
such that, for every chart x: U — V/, we can write

re(u) = pu(x)ldx], 0 < ps € CP(V),

where |dx| is the Lebesgue measure on V.

If k1 : Uy — V4 is another chart and ¢ = ko 51_1, then

() pr(x) = | det(¢'(x))]pu((x)), x € m1(UN L),
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Densities on Manifolds

Assume that for every chart k : U — V we are given p,, € C*(V)
in such a way to have (x).

@ Given x €¢ M, let s : U — V be a chart around x.
@ For any X € A" T, M we have

KsX = Ag(X)O1 A -+ - A Op.
o Define p(x) : A"T,M — C by
p()X) = DMK, X € ATTM.
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Densities on Manifolds

1

@ Let xy : Uy — Vi be another chart near x; set ¢ = Ko k] .

o If X € A"(T,M), then
KX = s (k1) X = det(d (k1(x))) My (X)OL A -+ A D).
o Thus Ae(X) = det(¢/(r1(x))) Ay (X), and so
p(x)(X) = pi(r(x))| det(' (k1 (x)))[[ Ay (X))

@ Thanks to (*) we have

| det(¢'(11.(x)))lpw(r(x)) = | det(¢' (k1 (x)))lpxld(r1 (x))]
= pra(R1(x))-

p()(X) = pry (R (X)) [Any (X))

@ This shows that p(x) does not depend on the choice of the
chart .

@ Thus,
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Densities on Manifolds

In fact, we get a section x — p(x) of the following vector bundle:

The density bundle of M is

NM) = || {o: A"TuM = C, p(AX) = No(X)}
xeEM

RENEIS

| A

@ |A|(M) is a smooth line bundle, since every chart x: U — V
defines a trivialization,

A(U) — UXC,  (x,p) — (¢, p(K*(O1 A -~ A D))

@ A section of |A|(M) is called a density.

@ A smooth density is therefore a smooth section of |A|(M).
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Densities on Manifolds

Assume M is orientable, and let w be a nowhere vanishing n-form
@ Here w is a (nowhere vanishing) smooth section of
AN'T*M = (AN"TM)".
@ Thus, we get a smooth density |w| given by

p()X = | W(x), X)|,  x €M, X €AT,M.

132 /186



Densities on Manifolds

Example (Riemmanian Density)

Let g be a Riemannian metric on M.

e If k: U — Vis chart, then k.g(x), x € V, is a smooth family
of positive-definite matrices such that

(g:(x)X|X) = g(k(x)) ("X, k*X), XeT,V=R".
If k1 : Up — V4 is another chart, and ¢ = Kk o /@1_1, then

g () = () E(B0NF (), x € m(UN L)
o Define  (@)n(x) = Vdet(ga()) € C(V).

@ We have

v(8)m (x) = | det(¢(x))[1(g)x(¢(x))-

Therefore, this defines a smooth (positive) density v(g).

It is called the Riemannian density (associated with g).
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Densities on Manifolds

@ In both examples we get a nowhere-vanishing density.
@ That is, a global frame of the line bundle |A|(M).

@ Therefore, the line bundle |A|(M) is always trivializable.
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Densities on Manifolds

Let V € R” be an open set.

@ We have a natural nowhere-vanishing smooth density,
|dx| := |dx* A - A dx").
@ This yields a canonical identification,
CEVLIN(V)) = C2(V), p(x) — p(x)(O1 A -+ A On)-
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More generally:

Let p(x) € C>°(M, |A(M)) be a smooth density on M.

@ For every chart k : U — V we may write

Ra(p0) = pr(X)ldxl,  pe(x) i= Rulpw) (LA - -~ A Bn).

@ Here p.(x) € C=(V).
o If k1 : Uy — Vi is another chart, and ¢ = ko Iil_l, then

pry(x) = | det(¢(x))lpx((x)),  x € K1 (UN L),

136 /186



Densities on Manifolds

These properties allow us to define the integrals of densities in an
intrinsic fashion.

Fact

Let p be a C* (or even C°) density on M with compact support
in the domain a chart s : U — V.

o Define /M o(x) = /V pe(x)dx.

e If If k1 : Uy — V4 is another chart such that suppp C U, and
¢ =kKo /{fl, then

/ pra(X)dx = | det(d!(x))|ox($(x))dx = / pr(x)dx.
Vi Vi Vv

@ This shows that [ p(x) does not depend on the choice of the
chart x.
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Densities on Manifolds

This leads to the following definition.

Definition

If p(x) be a continuous density on M with compact support, then

[ o =3 [ im0,

where (¢;) is any C*-partition of unity subordinate to an open
covering by domains of charts.

RENEILS

| A

The r.h.s. above does not depend on the choice of the partition of
unity.
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Densities on Manifolds

We get a natural pairing between densities and functions.

e If f(x) is continuous function and p(x) is a continuous density
such that f or p has compact, then we define

(0, ) = /M F(x)p().

@ This is a continuous bilinear pairings,

CoU(M, |N|(M)) x Co(M) = C, Co(M,|A|(M)) x C(M) — C.

@ In particular, any continuous density defines a (signed) Radon
measure on M.

If g is a Riemannian metric, then the Riemannian measure is the
measure defined by the Riemannian density v(g).
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Densities on Manifolds

Definition

C™(M) := € (M, |A[(M))’,
Co (M) := {u € C"*°(M); suppu compact} .

Coo°(M) = C (M, |A|[(M))"

Proposition

We have continuous embeddings with dense ranges,

C®(M) — C(M), C®(M, |N|(M)) — D'(M).
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Densities on Manifolds

We say that u € D'(M) is smooth, if it is given by a smooth
density.

@ Any nowhere-vanishing smooth density p defines a
trivialization of |A|(M).

This yields an identification C>°(M) ~ C>*(M, |A|(M)),
f—fp.

This then yields an embedding C>°(M) — D'(M).

This depends on the choice of p, so this is not canonical.

On an open V C R" we take p = |dx|. This yields the usual
embedding of C>°(V) into D'(V).
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Densities on Manifolds

With the previous embeddings in mind, we get:

Proposition

Any P € V™(M), m € C, uniquely extends to a continuous

operator, P Co°(M) —s C~(M).

If P is properly supported, then we further have operators,
P:C-®(M)— CZ°(M), P:C *°(M)— C *°(M).

@ A nowhere-vanishing smooth density p also gives to
identifications C~°°(M) ~ D'(M) and CZ*°(M) ~ &'(M).

@ This allows us to recover the results on actions of WDOs on
distributions on manifolds.

@ This depends on the choice of p though.
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Schwartz Kernels of WDOs

o If P: C*(M) — C°°(M) is a continuous linear operator, then
it has a Schwartz kernel,

kp(x,y) € CX(M)&D/ (M) = C(M, D'(M)).

o Namely,
Pu(x) = (kp(x,y), uly)),  ue C(M).

@ The kernel is C*° precisely if

ke(x,y) € C(M)&CZ(M, |A[(M)) = C* (M x M, m3|A|(M)),

where 1 : M x M — M is the projection onto the 2nd factor.
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Schwartz Kernels of WDOs

o If kp(x,y) is C>°, then P uniquely extends to a continuous
t '
opErater P Co°(M) — CX(M).

e Namely, if u € CZ°°(M), then
Pu = (u(y), ke(x, y)) -

TFAE:
(i) P has a smooth Schwartz kernel.

(ii) P uniquely extends to a cont. op. P : CZ°(M) — C>(M).

v

Remark
The operators with smooth Schwartz kernels are called smoothing
operators. The space of smoothing operators is W~°°(M).
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Schwartz Kernels of WDOs

I ={(x,x); x € M} diagonal of M x M.

Proposition

Let P € W™(M) has Schwartz kernel kp(x,y).
Q kp(x,y)is C® on (M x M)\T.
Q IfRm < —n, then kp(x,y) is C° on M x M.
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Schwartz Kernels of WDOs

o

The result is true for WDOs on open sets V C R".

For WDOs on M is enough to prove the result on the domain
of achartk: U— V.

If P € WM(M), then /-a*(P|U) evm(Vv).
On U x U, we have

kP(X7y) = kP‘U(Xay) = (H_l)* kﬁ*(P‘U)(Xv}/) °

As kﬁ*(p‘u)(x,y) is C> off the diagonal, we see that kp(x,y)
is smooth on (U x U)\T.

If Rm < —n, then kg, (p,)(x,y) is C%on V x V, and so
kp(x,y)is C%on U x U.
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Schwartz Kernels of WDOs

Let P € W(M), Rm < —n.
e Its Schwartz kernel kp(x,y) is in CO(M x M, w5|\|(M)).
@ Thus,

kp(x,x) € C°(M,|A|(M)).

If P e W™(M), Rm < —n, then
kp(x, x) € C% (M, [A[(M)) .
That is, kp(x,y) is a smooth density on M.
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Schwartz Kernels of WDOs

Let U C R" be open and P € W™(U), ®m < —n.
o Let p(x,&) € S™(U x R™) and R € W~°°(U) be such that
P = p(x,D) + R.

@ We then have
kp(x,y) = Bey(x, x — y) + kr(x, y).

@ Thus, .
kp(x,x) = Pe—sy(x,0) + kr(x, x).

@ Here kg(x,x) € C>*(U), and

P (:0) = [ plx.€)d
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Schwartz Kernels of WDOs

@ For any compact K C U, we have

IDgp(x, &) < Cia(1+ €)™ V(x,8) € K x R”.

o Here ®m < —n, and hence (1 + |¢])®*™ € LY(R™).
@ This ensures that
Peoy(,0) = [ plx, ) € C=(U)
@ Thus,
kp(x,x) = Pesy(x,0) + kr(x,x) € C(U).
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Schwartz Kernels of WDOs

Let P € V"(M), Rm < —n.
o Let x: U — V be a chart, and set P, = r.(Py) € WT(V).
@ On U x U we have

kp(x,y) = r" [k (x, ¥)] -

o Thus, .
kP(X>X) =k [kPn(X7X)] :
@ By the first part, kp,(x,x) € C*(V), and so kp(x,x) is C*
on U.

@ As this is true on any chart domain, this gives the result.
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Trace Formula for YDOs

M" is a compact manifold.

o If P c WM™(M), Rm < —n, then kp(x,y) is C°.

@ If p is any nowhere-vanishing density, then we may write
kP(Xay): KP(Xuy)p(y)7 KPE C(MX M)
e If uec C®(M), then
Puly) = [ Kolx o) = [ Kol ).

@ Moreover, we have

[ kotxix) = [ Kot 000(x) = [ Ko1)ot
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Trace Formula for YDOs

Reminder

Suppose that p is a smooth measure on M. Let
K(x,y) € CO(M x M), and define Tk : Li(l\/l) — Li(l\/l) by

mmmz/Kmnwmww»ueﬁwn

Then the following hold:
Q If Tx >0, then Tk is trace-class.
@ If Tk is trace-class, then

ﬂwm:/Kmnwwy
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Trace Formula for YDOs

Lemma

Given any m > 0 and smooth measure |w on M, we always can find
an operator A € V(M) such that

o A is elliptic.

o It is selfadjoint with respect to p and has positive spectrum.

If P € W™(M) with ®*m < —n, then P is trace-class, and we have

Tr[P]—/Mkp(x,x).
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Trace Formula for YDOs

Let p be a nowhere-vanishing C*> density on M.
@ As *m < —n, we know that P has a continuous kernel.
@ Thus, there is K, € CO(M x M) such that

Pu(x) = /M Ko(x,y)uly)dply),  ue Co(M).

o If P > 0 with respect to p, then P is trace-class.
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Trace

Formula for WDOs

o

e 6 o6 o

The

In general, set a = |R*'m| > n.

Pick A € W(M) which is elliptic and selfadjoint w.r.t. ;1 and
has positive spectrum.

As A is elliptic its inverse A~ is in W—2(M).

As A~! > 0, the first part ensures that A~! € £1.

Note that P = A~1(AP).

Here AP € V™2 as R(m — a) = 0, we see that AP is
bounded.

As L' is an ideal, P = A~1(AP) is in £1.

Finally, as P is trace-class and has a continuous kernel, we
have

Tr[P] = /M %l elall) — / kp (x, %),

M

proof is complete. O
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Complex Powers of Elliptic WDOs

@ M" = closed manifold with smooth measure .
@ PeW™(M), m> 0, elliptic, selfadjoint and > 0 with
principal symbol pp,(x,&).

P = @*Q with @ € W™/2(M) elliptic.

156 /186



Complex Powers of Elliptic WDOs

e P with domain WJ"(M) is selfadjoint.

@ Its spectrum can be arranged as a non-decreasing sequence,

0 < Ao(P) < A(P) < Xo(P) < -

)

where each eigenvalue is repeated according to multiplicity.

@ Each eigenspace E)\(P) := ker(P — \), A € Sp(P), is a finite
dimensional subspace of C*°(M).

@ P admits an orthonormal eigenbasis (€j);>0 C C>°(M) with

Pej:)\j(P)ej, j:0,1,2,....
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Complex Powers of Elliptic WDOs

Definition
M\(P), A € Sp(P), is the orthogonal projection onto Ey(P).

MA\(P) is a smoothing operator.

e E\(P) is a finite dimensional subspace of C*°(M).
o Let {&1,...&n} € C*°(M) be an orthonormal basis. We have

Ma(P)u(x) = 3" (610 &) = 3 &(x)( /M §0)uly)duly))

My(P)u(x) = /M Keoy)duly), Kxy) =3 §060).

o As K(x,y) € C®(M x M), it follows that MMy(P) € W=>°(M).
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Complex Powers of Elliptic WDOs

Set P:= P 4+ Mo(P). Then:

Q P isin W™(M) and has same principal symbol as P. In
particular, it is elliptic.

@ P is selfadjoint and has positive spectrum.

@ The first part follows from the fact that IMy(P) is a smoothing
operator.

@ The operator I5Nis formally selfadjoint since P and ly(P) both
are, and hence P is selfadjoint.

o P =P on kerMy(P) = (ker P)*L.
o P =Ty(P) =1 on ran(Mg(P)) = ker P.
@ Thus,

Sp(P) = [Sp(P) \ {0}] U {1} C (0, 0).
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Complex Powers of Elliptic WDOs

@ For z € C, the complex power P~ is defined by using the
Borel functional calculus for P for f(t) = 1 (g «)t*.

e Equivalently, P# is the operator on Li(l\/l) such that

PZa. — )\j(P)Zej if )\j(P) > 07
J = 0 ifA(P)=0

@ For Rz < 0 this a bounded operator.

@ For Rz > 0 this is a selfadjoint unbounded operator.

@ We have

papz PZ1+227 Pz‘z:O =1 — I_IO(P)
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Complex Powers of Elliptic WDOs

Theorem (Seeley)

PZ is an operator in W™?(M) whose principal symbol is pm(x,&)?.

Corollary

Let P € W(M), m € C, be elliptic. Then:
Q |P|:= \/P*P is an operator in W ™(M) whose principal
symbol is |pm(x, ).
QP
symbol is |pm(x, &)

Z, z € C, is an operator in V%™ (M) whose principal
*

A\
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Complex Powers of Elliptic WDOs

g = Riemannian metric on M.

Proposition

The power AZ, z € C, is an operator in W?(M) whose principal
symbol is [€]3.

@ A, is a 2nd order elliptic operator whose principal symbol is
[€lg-

@ It is selfadjoint and > 0 with respect to the inner product
defined by the Riemannian density.
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Complex Powers of Elliptic WDOs

The previous result holds verbatim for 1 + A,. In particular, we
have:

Set \g = m. Then:
© /g is an operator in WY(M) whose principal symbol is |€|,.
@ A, is selfadjoint and its spectrum is contained in [1,00).

© AZ, z € C, is an operator in W?(M) whose principal symbol is

I4F%

Remark

The fact that A, is invertible implies the group property,

ZINZ2 __ ANZIt+22 _
AZAZ = A2 A =1,

In particular, .
(/\2) = N7, z e C.

v

163 /186



Complex Powers of Elliptic WDOs

Let s € R. Then Ay : Wy (M) — W§(M) is an isomorphism for
every t € R.

@ As A is a WDO of order s it gives rise to a continuous
operator,

A WEPS(M) — WE(M).

o lts inverse is A;* : WE(M) — Wy T5(M).
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Complex Powers of Elliptic WDOs

Corollary

If s > 0, then
W5 (M) = {u € L>(M); ANsu€ L>(M)}.

Moreover, u — ||Azul is a continuous norm on W3 (M).

As A L2(M) — Ws(M) is an isomorphism, we have
W5 (M) = ran {A;° : L2(M) — W5 (M)}
= {u € L’ (M); Njue [>(M)}.
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WDOs on Vector Bundles

M" = smooth manifold of dimension n.

Definition

VUm(M,C"), m e C, consists of continuous operators
P: CX(M,Cr) — C>*(M,C") of the form,

Pu = (Z P,~juj'), u= (UJ'), P,'j € \Vm(M).

In other words V™(M,C") ~ M, (W™ (M)) = V"(M) @ M,(C).
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WDOs on Vector Bundles

© All the properties of scalar WDOs extend verbatim to WDOs
with matrix coefficients.

@ We may also define WDOs mapping C°(M,C") to
C°(M,C") with ' # r.

167 /186



WDOs on Vector Bundles
£ = smooth vector bundle over M of rank r.

Let 7: &y — U x C' be a trivialization.
@ We have a pushforward map 7. : C*°(U,€&) — C>(U,C")
given by
7o u(x) = (x, 7u(x)), ue C*(U,¢).

@ We also have a pullback map 7 : C*°(U,C" — C*>(U,¢&))
given by
7*v(x) = 77 (x, v(x)), veC®(U,C).
o If P: C(U,E) — C*®(U,E) is a linear operator, then the
pushforward 7.P : C2°(U,C") — C*°(U,C") is defined by
(T*P)v = 1 [P(T*V)], veC®(U,C).
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WDOs on Vector Bundles

Let 71 : &y — U x C" be another trivialization, and set
moT (%, €) = (xAX)E),  (x,§eUxC

with A(x) € C*(U, M,(C)).
o If ue C=(U,¢&), then

(T1)eu(x) = A() ™ (eu)(x).
o If ve C=(U,C"), then
v =T1"(Av).
@ Thus, for any operator P : C°(U,&) — C>(U,E), we have
(11)«P = A"H (7. P)A.

o Note that A(x) is an invertible element of C*°(U, M,(C)),

and hence this is an invertible element of WO(U, C").
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WDOs on Vector Bundles

VT (M, E), m e C, consists of continuous linear operators
P:CX(M,E) — C>*(M,E) such that

P € VT(M,C") for every trivialization 7 : &y — U x C".

Remark
Let 7 : 5|U — U x C" be another trivialization with
T o7 (x,€) = (x, A(X)).
We h
o e nave (r1).P = AY(7.P)A.
@ As A(x) is an invertible element of WO(U,C"), we get

(11).P € V™(U,C") <= 7,P € ¥™(U,C")

@ This shows that the above definition is consistent.
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WDOs on Vector Bundles

© All the properties of scalar WDOs extend mutantis mutandis
to WDOs acting on sections of vector bundles.

© We may also define WDOs mapping sections of £ to sections
of another bundle F.
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WDOs on Vector Bundles
7w : TM* — M = canonical submersion.

Proposition

If P e W™(M,E), then its principal symbol makes sense as a
section,
om(P)(x,€) € C*®(T*M\ 0,7 End(£)),

such that

om(P)(x,A) = A" om(P)(x,€) VA > 0.

In particular om(x, &) € End(&x) for all (x,&) € T*M \ 0.
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WDOs on Vector Bundles

Sm(T*M, &) consists of o(x,&) € C°(T*M\ 0, 7* End(E)) s.t.
o(x, M) = ATo(x,£) VA > 0.

The principal symbol map gives rise to an exact sequence,
0— V™ HM,E) — v"(ME) 2™ S, (T*M,E) — 0.

A\
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WDOs on Vector Bundles

@ p = is a smooth positive density on M.

@ (:|-)¢ = smooth Hermitian metric on &.
o [2(M,&) is the completion of C*(M, &) w.r.t.

(ulv) = /M WEV()e p(x), v € CZ(M,E).

e If M is compact, as a topological vector space L?(M, &) is
independent of the choice of p and (-|-),.

@ All the corresponding norms are equivalent to each other.

A\
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WDOs on Vector Bundles

Let P: C°(M,E) — C°(M,E) be a linear operator. A formal
adjoint is any operator P* : C2°(M,E) — C>*(M, &) such that

(Pu|v) = (u|P*v) Vu,v e C°(M,E).

Proposition

Let P € W™(M,E). Then:
@ P admits a formal adjoint P* € W™(M, £).
Q@ om(P)(x,£) = om(P)(x,£)".

If P is formally selfadjoint, then o,,(P)(x,&) is a selfadjoint
element of End(&y) for all (x,£) € T*M \ 0.
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WDOs on Vector Bundles

M is a closed manifold.

Proposition

Let P e WM(M,E), m > 0, be elliptic and formally selfadjoint.
© P is essentially selfadjoint.

@ Sp(P) is an unbounded discrete set of real eigenvalues with
finite multiplicity.

© Each eigenspace ker(P — \) is a finite dimensional subspace of
C>®(M,éE).

v
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WDOs on Vector Bundles

Let P e W™ (M, &), m >0, be elliptic and selfadjoint and such
that om(P)(x, &) > 0 in End(&x).

@ P is bounded from below.

@ Its spectrum can be arranged as a sequence,

0< A(P) < Ai(P) < X(P)<---,

where each eigenvalue is repeated according to multiplicity.

Remark

@ The notation o, (P)(x,£) > 0 means that o,(P)(x,§) is a
positive invertible element of End(&y).

e Thatis, o,n(P)(x,&) is selfadjoint and has positive spectrum.

@ In particular, this ensures that P is elliptic.
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WDOs on Vector Bundles

Theorem (Weyl's Law)

Let P € W™(M,E), m > 0, be elliptic and selfadjoint with
om(P)(x,&) > 0. Asj — oo we have

AP~ (5 [ T [omP)c, €5 v

n
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WDOs on Vector Bundles

Proposition
Let P e W™(M,E), m > 0, be elliptic and selfadjoint with
om(P)(x,€&) > 0.

Q@ PP e V™ (M,E) forall z e C.

Q@ om:(P*)(x,£) = om(P)(x,£)".

Remark

| \

Here 0m(P)(x,&)” is defined by holomorphic functional calculus in
End(&y).

| \

Corollary

Let Q e VT(M,E), Rm > 0, be elliptic.
Q |Q| = V@ Q c Vim(\M, ¢&).
Q Q7 € WRM™(M., &) for all z € C.
Q ozm(|QI7)(x, €) = lom(P)(x,£)I*.
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WDOs on Vector Bundles

o If P: CX(M,C") — C*>(M,C") is continuous, then it has
Schwartz kernel,

ke(x,y) € C®(M,CN&D/(M,C’).

e Here D'(M,C") = C°(M,C")'.
o If kp(x,y) is C*=°, then kp(x,y) is in

C®(M,CNRC>®(M,|A|(M)®C") = C®°(MxM, 5|A|(M)@M,(C)).

where m : M x M — M is the projection onto the 2nd factor.
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WDOs on Vector Bundles

Definition (Exterior Tensor Product)

If £ and F are C*°-vector bundles over M, then £ X F is the
C>-vector over M x M whose fiber at (x,y) € M x M is & ® &,

That is,
ne ERF= || &o¢,.
(x,y)EMXxM

RENEILS
o If 7 =&, then

(ERE*)xy = £ ®E = Hom(&,, &)

@ In particular,

(EXET)xx = Hom(Ey, Ex) = End(&y).
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WDOs on Vector Bundles

o If P: C*(M,E) — C>*(M,E) is continuous, then it has
Schwartz kernel,

kp(x,y) € C®(M,E)ED'(M,E).

e Here D'(M, &) = CX (M, E)'.
o If kp(x,y) is C*, then kp(x,y) is in

C®(M,E)HC®(M, |N(M)RE*) = C® (M x M,E R (E* @ |A|(M))) .

v
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WDOs on Vector Bundles

= {(x,x); x € M} diagonal of M x M.

Proposition

Let P € W™(M,E), m e C, have Schwartz kernel kp(x,y). Then
kp(x,y) is C*= on (M x M)\ T.
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WDOs on Vector Bundles

Let P € W(M,E), Rm < —n have Schwartz kernel kp(x,y).
Then:

@ kp(x,y) is COon M x M, ie.,
kp(x,y) € CO(M x M,ER (£* @ |A|(M))).
@ We have
kp(x,x) € C*(M,E @ E* @ |N[(M))=C>*(M,End(€) @ |A[(M)).

That is, kp(x, x) is an End(E)-valued smooth density on M.

v
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WDOs on Vector Bundles

We have a natural smooth bundle map tre : £ — M x C, where
M x C is the trivial line bundle. Namely,

tre[A] .= trg, [A], x € M, A€ End(&).

Corollary

Let P e V™ (M,E), Rm < —n have Schwartz kernel kp(x, y).
Then:

| \

tre[kp(x, x)] € C(M, |A|(M)).

That is, trg[kp(x, x)] is a smooth density on M.
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WDOs on Vector Bundles

Assume M is compact, and let P € W™(M, &), ®Rm < —n have
Schwartz kernel kp(x,y). Then:

@ P is trace-class.
Q@ We have

TH[P] = /M tre [kp (x, x)].
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