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The Tangent Bundle as a Manifold

Objective

Let M be smooth manifold of dimension n. We would like to
bundle together all the tangent spaces 7,M so as to get a smooth
manifold, called the tangent bundle.

Definition

As a set, the tangent bundle of M is the disjoint union,

™ := | | T,M={(p,v)ipeM, veT,M}.
peM

Remarks

@ For p € M we identify the subset {p} x T,M with the tangent
space T,M. This allows us to see T,M as a subset of TM.

@ In particular, we write an element of TM either as (p, v) with
p€ Mand v e T,M, or simply as v.




The Tangent Bundle as a Manifold

Let U be an open set in M. If p € U, then T,U = T,M. Thus,

TU=||T,u=|]T,M.
peU peU

Definition

The canonical map m: TM — M is defined by
7 ((p,v)) = p, peM, veT,M.

©® Themapw: TM — M is onto.
@ If pe M, then 7 1(p) = T,M.




The Tangent Bundle as a Manifold

Example
Let U be an open in R". If p € U, then T,U = T,R" = R".
Recall that, if (r!,..., r") are the standard coordinates on R”,

then we identify

ToR" =
Sv=) vi— ar,
Thus, the pair (p, v) is naturaIIy identified with (p, vi, ..., v").

Therefore, we have

TU=||T,Uu=| |R"=UxR"
peU peU

— (vl v™ eRm




The Tangent Bundle as a Manifold

We wish to equip TM with a smooth structure. Therefore, we
need to do the following:

@ Define a topology on TM.
@ Construct a C*-atlas for TM.




The Tangent Bundle as a Manifold

Let (U, ) = (U,x%,...,x") be a chart for M.
@ Here ¢(U) is an open in R”, and so T(¢(U)) = ¢(U) x R",

@ For every p € U, the differential ¢, , is an isomorphism from
TpM = T,U onto Ty, (9(U)) = R".

o Therefore, we define a map ¢ : TU — o(U) x R" by
&(P, V) = ((rb(p)’(b*,Pv)? p e U’ v E TPU

e This is a bijection with inverse (x, v) — (¢~%(x), gb;(lé,l(x)v).

@ This allows us to define a topology on TU by pulling back the
topology of ¢(U) x R":

W C TU is open <= ¢(W) is open in ¢(U) x R".

o With respect to this topology ¢ is a homeomorphism.
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The Tangent Bundle as a Manifold

o If pe U, then {;%

‘ } is a basis of T,M.

p’ ) Axt
° The differential ¢, : T,U — Ty()V = R" maps 8X,-\p to
ar, S(p . Thus,
Zvia. ﬂZv"i «— (vh,...,v") eR".
ox! P or' #(p)

o If o(p) = (xX(p),....x"(p)) and v =" v"ai,.}p € T,M, then
é(p, v) = (¢(p), b pv) = (x(P), -, x"(p), v}, ..., v").

In particular, this defines coordinates on TU.




The Tangent Bundle as a Manifold

o Let (V,9) = (V,y',...,y") be another chart of M such that
UNV # 0. Define 4 : TV — (V) x R” by

7vz(pa v) = (w(P)yw*,pv), peV,veT,M.

@ On T(UNV)=(TU)N(TV) we have two topologies
induced by the respective topologies of TU and TV.

e On ¢(TUNTV) =¢(UN V) x R"” we have
PodY(r,v) = (Yoo (1), Yuod  tv) = (Yog ™ (1), (¥od ™ )uv).

o Here (¢ o ¢~ 1), , is the multiplication by the Jacobian matrix
Jpog-1(r) = [0(y 0 ¢71)/Or'(r)] whose entries depends
smoothly on r.

@ Therefore, o g1 : p(UN V) xR" - 4p(UN V) xR"is
smo~oth~map. Its inverse map ¢ ot~ is smooth as well, and
so ¢ o ¢! is a diffeomorphism.




The Tangent Bundle as a Manifold

Facts (Continued)
e T(UNV)isopenin TU and in TV.
@ Aspodl:p(UNV)xR" = p(UNV)xR"is a
diffeomorphism, this is a homeomorphism.
o If W C T(UN V), then
W open in TU <= ¢(W) open in ¢(U) x R",
== P o [H(W)] open in ¢(UN V) x R",
— (W) open in (V) x R",
<= W openin TV.
Thus, TU and TV induce the same topology on T(U N V).

o It follows that, if W is open in TU and X is open in TV, then
WnNX=WnTUnNV))Nn(XNTUNV)) is open in
T(UN V) (by definition of the subspace topology).




The Tangent Bundle as a Manifold

(a) If (U, ¢) is a chart for M, then ¢ : TU — ¢(U) x R" allows us
to define a topology on TU by pulling back the topology of
¢(U) x R". This map then becomes a homeomorphism.

(b) If (V,1)) is another chart for M, then the transition map
hodl:p(UNV)xR" 5 p(UNV) xR" is a
diffeomorphism.

(c) TU and TV induce the same topology on UN V. In

particular, if W is open in TU and X is open in TV, then
W N X is openin T(UN V).

In particular, (b) would allow us to get a C* atlas for TM

provided we can define a topology on TM by patching together the
TU-topologies.
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The Tangent Bundle as a Manifold

Reminder (Topological Bases; see Appendix A)

Let X be a topological space. A basis for the topology of X is a
collection # of open sets such that, for every open U C X and
every p € U, there is an open set V € % such that p € V C U.

If % is a basis for the topology of X, then every open set is the
union of open sets in 8. We then say that Z generates the
topology of X.

11/35



The Tangent Bundle as a Manifold

Proposition (Proposition A.8)
Let X be a set and % a collection of subsets such that:

(i) X =UyegV.
(i) If Vi, Vo € Z and p € V4 N Vy, then there is W € % such
that pe W C Vi N V,.
Then:
Q@ % is a basis for a unique topology on X.
@ The open sets for this topology consists of unions of sets in 4.

Remark
The condition (ii) holds automatically if 2 is closed under finite

intersection.
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The Tangent Bundle as a Manifold

Facts

Let & = {(Ua, ¢o)} be the maximal atlas of M (which defines its
smooth structure). Define

B = U{W W is an open in TU,} .

Note that TU,, 6%’
e As UU, = M, we have
UTU _U|_| T,M = |_| T,M = |_|TI\/I ™.
a pelUqy pEUU, peEM

e If W, is an open in TU, and Wj is an open in TUg, then
Wi N W is open in T(U, N Ug), and hence is contained in %.

It follows that Z satisfies the conditions (i) and (ii) of
Proposition A.8, and so it's a basis for a unique topology on TM.
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The Tangent Bundle as a Manifold

Definition

The topology of TM is the topology generated by %. The open
sets are unions of sets in %.

Each TU, is open in TM, since it is contained in 2.

Proposition (Proposition 12.4)

As a topological space TM is Hausdorff.

Each open TU,, is Hausdorff since it is homeomorphic to the open
set ¢o(U) x R" C R"” x R". This can be used to show that TM is
Hausdorff.
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The Tangent Bundle as a Manifold

Proposition (Proposition 12.3)
The topology of TM is second countable.

@ It can be shown that the topology of M admits a countable
basis {U;}ic; consisting of domains of charts (cf. Lemma 12.2

of Tu's book).
@ Each TU; is second countable since it is homeomorphic to an
open in R” x R".

e If for each i € I, we let {W; ;};cn be a countable basis for the
topology of TU;, then {W;j;i € I, j € N} is a countable basis
for the topology of TM (see Tu's book).
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The Tangent Bundle as a Manifold

Facts
@ Each TU, is an open in TM.

@ We knows that TM = U, TU,,.

o The local trivializations ¢ : TU, — da(Uy) x R™ are
homeomorphisms onto open sets in R” x R".

@ All the transition maps qg/g o é;l are smooth.

Proposition

The collection {(TU,, q?)a)} is a C atlas for TM, and hence TM
is a smooth manifold of dimension 2n.

RENEILS

If {(V3,15)} is any C*-atlas for M, then we also get a C*° atlas
{(TV3,13)} for TM. It is compatible with the atlas {( TU,, ¢4)},
and so it defines the same smooth structure.
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The Tangent Bundle as a Manifold

@ The canonical map 7 : TM — M is such that w(v) = p if
v e T,M. It is onto.

o Let (U,¢) = (U,x%,...,x") be a chart for M. Then
o © G A )
=dor [gf)_l(rl, A v"a/ax'}
=¢og t(r,....r") = (..., r").

o As (U, ¢) and (TU, ¢) are charts this shows that 7 is C>°.

@ By the converse of the submersion theorem (exercise!) this
also shows that 7 is a submersion.

Proposition

The canonical projection m: TM — M is a surjective submersion.

17/35



Vector Bundles

A vector bundle of rank r over a manifold M is a smooth manifold
E together with a surjective smooth map 7 : E — M such that:

i) For every p € M, the fiber E, = 7 L P is a vector Space o
P
dilnension r.

(ii) For each p € M there is an open neighborhood U of p in M
and a diffeomorphism ¢ : 77 1(U) — U x R" (called
trivialization of E over U) such that

o o 1(q,&L ..., &) =qforall g€ Uand (£,...,£") e R".
o For each g € U, the restriction of ¢ to Eg is a vector space
isomorphism from E; onto {g} x R".

18 /35



Vector Bundles

@ We sometimes write a vector bundle as E = M.

e We may also think of a vector bundle as a triple (E, M, 7). In
this picture E is called the total space, M is called the base
space, and 7 is called the projection.

Let E 5 M be a smooth vector bundle and S a regular
submanifold in M. Then 771(S) - S is a smooth vector bundle
over S denoted Es and called the restriction of E to S.
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Vector Bundles

@ A trivial vector bundle is of the form E = M x R".

@ In this case the projection 7 : M x R" — M is just the
projection onto the first factor.

@ The tangent bundle TM is a vector bundle of rank n.

e If (U,x*,...,x") is a chart, then a trivialization of TM over
Uis the map ¢ : TU — U x R" given by

0
¢<ZV x|,

In particular, (¢ x Ign) 09 = ¢.

)z(p,vl,...,v”), pe U, v eR.
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Vector Bundles

Remark

Let E 5 M be a smooth vector bundle. Suppose that
(U,v) = (U,x*,...,x") is a chart for M and we have a local

trivialization,

¢: By — UxR',  ¢(&) = (n(€),c'(&),- -, c"(9)
Then (¢ x Igr) o ¢ : Ejy — 9(U) x R" is a diffeomorphism, and
we have

(v x Igr) o ¢ = (¢ X ﬂRr)(’ﬂ',Cl,...,Cr)
=(xlom,...,x"om, ..., c").

In particular, (771(U), (¢ x 1gr) 0 ¢) is a chart for E. We call
x%, ..., x" the base coordinates and c!, ..., c" the fiber coordinates

21/35



Vector Bundles

Definition (Bundle Maps)

Let g : E — M and 7 : F — N be smooth vector bundles. AN
bundle map from E to F is given by a pair of smooth maps (f,f),
f:M— N, f:E— F such that:

(i) mr o f = f o, i.e., we have a commutative diagram,
E—>F

e |

M N

(i) For every p € M, the map f restricts to a linear map
f: Ep — Ff(p).




Vector Bundles

Any smooth map f : M — N gives rise to a bundle map (f, f)
from TM to TN with f = f.. Namely,

f(v) =fip(v) peM, veT,M.

@ The smooth vector bundles define a category where the
objects are smooth vector bundles and the morphisms are
bundle maps.

@ From this point of view, the tangent bundle construction
defines a functor from the category of smooth manifolds to
the category of smooth vector bundles.
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Vector Bundles

@ We may also consider the category of vector bundles over a
fixed manifold M.

@ In this case the morphisms are bundle maps (f, f) with
f=1pm.
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Smooth Sections

Definition (Section of a Vector Bundle)

Let E -5 M be a smooth vector bundle.

@ A section of E is any map s : M — E such that mos = 1y,
i.e., s(p) € E, for all pe M,

@ A smooth section is a section which is smooth as a map from
M to E.

@ The set of smooth sections of E is denoted [(E) or (M, E).

e If U is an open subset of M, we denote by (U, E) the set of
smooth sections of Ey.

@ Sections of Ejy are called local sections, whereas sections
defined on the entire manifold M are called global sections.
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Smooth Sections

Definition (Vector Field)

@ A vector field is a section of the tangent bundle TM.

@ A smooth vector field is a smooth section of TM.

In other words, a vector field X : M — TM assigns to each p € M
a tangent vector X, € T,M.
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Smooth Sections

On R? 5 5
Xxy) = —Yax +X87y = (~y,X)

is a smooth vector field on R2.




Smooth Sections

Proposition (Proposition 12.9)

Let E be a vector bundle over M. Then its set of smooth sections
I'(E) is a module over the ring C*°(M) with respect to the
addition and scalar multiplication given by

(s1+s2)(p) =s1(p) + s2(p), siel(E), peM,
(55)(p) = f(p)s(p), f e C*(M), seT(E), peM.

RENEIS

@ Here si(p) + s2(p) and f(p)s(p) make sense as elements of
the fiber E,, since E, is a vector space.

e If U is an open set, then ['(U, E) is a module over C*(U).
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Smooth Frames

Definition (Frames of Vector Bundles)

Let E be a smooth vector bundle of rank r over M.

@ A frame of E over an open U C M is given by sections
si,...,S such that {si(p),...,s.(p)} is a basis of the fiber
E, for every p € U.

e We say that the frame {s;,...,s,} is smooth when the
sections si,...,S, are smooth.

@ A frame of the tangent bundle is called a tangent frame, or
simply a frame.

e For instance, {C%, %} is a smooth tangent frame over R2,
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Smooth Frames

Example
Let e, ..., e be the canonical basis of R". For i =1,...,r, define
& : M — MxR" by

é,(p) = (p7 ei)7 pE M.

@ Each map & is a smooth section of the trivial bundle M x R".
e If pe M, then {&1(p),...,é(p)} is a basis of {p} x R".

Therefore, {é1,..., &} is a smooth frame of M x R" over M.
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Smooth Frames

Example (Frame of a trivialization)

Suppose E is a smooth vector bundle of rank r over M. Let
¢ : Ejy — U x R" be a trivialization over an open U C M.

@ From the previous example {&,..., &} is a smooth frame of
U x R" over U.

@ As ¢ is smooth, t; = ¢! 0 & is a smooth map from U to Ej.

o If pe U, then ti(p) = ¢(&i(p)) = ¢(p, ei) € Ep, so tjis a
smooth section of E.

@ The trivialization ¢ induces a linear isomorphism from E, to
{p} x R". It pullbacks the basis {&(p),...,&(p)} of
{p} xR to {t1(p), ..., t-(p)} so the latter is a basis of Ep.
@ Therefore, {t1,...,t } is a smooth frame of E over U. It is
called the frame of the trivialization (U, ¢).




Smooth Frames

Let s be a section of £ over U. If p € U, then s(p) € E, and
{ti(p),...,t:(p)} is a basis of E,. Thus, we may write

= b(p)ti(p),  b(p) R

o If the coefficients b;(p) depends smoothly on p, then s is
smooth.
@ Conversely, suppose that s is a smooth section.
e This implies that pos: U — U x R" is a smooth map.

o If p€ U, then ¢ os(p) = o[ 3 b'(p)ti(p)] = X b'(p)glti(p)]-
o As ¢[ti(p)] = ¢>[¢*1(”'( )l = &(p) = (p, &), we get

¢pos(p)=>_ b(p)(p.e)=(p,b'(p), ..., b (p))
e Asposisa smooth map, the components bl( ),...,b"(p)
must be smooth functions.
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Smooth Frames

From the previous slide we obtain:

Lemma (Lemma 12.11)

Let ¢ : Ejy — U x R" be a trivialization of E over an open U C M
with frame {t1,...,t,}. A sections = b't; of E over U is
smooth if and only if b*, ..., b" are smooth functions.

More generally, we have:

Proposition (Proposition 12.12; see Tu's book)

Let {si,...,s,} be a smooth frame of E over an open U C M. A
section s = >_ c's; of E over U is smooth if and only if c*,... c"
are smooth functions.

Corollary

If {s1,...,s/} is a smooth frame of E over an open U C M, then
this is a C*°(U)-basis of the C>°(U)-module T'(U, E).
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Smooth Frames

Let {s1,...,s,} be a smooth frame of E over an open U C M.
Define o : U x R" — Ejy by

o(p,&.... &) =) &si(p), peU, £eRr
@ The map o is a smooth bijection that induces a linear

isomorphism from {p} x R" onto E,.

@ It can be shown that the inverse map ¢ = o1 : Ey— UxR’
is smooth, and so this is a trivialization of E over U.

@ The frame of (¢, U) is {s1,...,s/}, since
¢~ (&(p)) = o(p, &) = si(p).

It follows that we have a one-to-one correspondance between
trivializations and smooth frames.




Smooth Frames

Let (U,x%,...,x™) be a local chart for M.

@ We know that (U, x},...,x") gives rise to the trivialization
¥ TU — U x R" given by

¢(v):(p,v1,...,v") ifv:Zviai’.

€ TpM, pe U.
P

@ In particular, as ¢(a‘?(,- ‘p) = (p, &) = &(p), we have
0
: — o L(a —
tl(p) - ¢ (el(p)) - I )

Thus, {%, e %} is the frame of the trivialization (U, v)).
In particular, this is a smooth tangent frame over U.
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