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Throughout this chapter # is a separable Hilbert space.




Weyl Operators

Definition

If A€ L(H), its real and imaginary parts are

1 1
RA=Z(A+AY),  SA:=(A-A).
I

Definition

| |
N

If A* = A, its positive and negative parts are

1 _ 1
AT =S (A+A), A =S (A A)

RENEILS

The operators A™ and A~ are positive, and we have

A=AT— A, Al = AT + A", ARTAS = ATAT =10




Weyl Operators

Assume A is compact (and selfadjoint).
@ Let (&) be an orthonormal family such that A¢; = \;(A)¢;.

@ Thus,
A= N(A)g X

j>0

@ We then have

= > X

Aj(A)>0

A)l& X A~

:Z(_

)\j(A)<0

Ai(A))IE X

&l-




Weyl Operators

Definition
If A= A* is compact, then i/\f(A), Jj > 0, are the positive
eigenvalues of A such that

NE(A) = AE(A) 2 -

where each eigenvalue is repeated according to multiplicity.

| A

RENEILS
In other words,

AT (A) = N(AF) = wi(AF),  j=0.

A\




Weyl Operators

Definition
We say that A € £LP°° is a Weyl operator if one of the following
conditions is satisfied:
(i) A>0and limj o jY/PA;(A) exists.
(i) A= A" and limj o j/PA7(A) both exist.
(iii) The real and imaginary parts both satisfy (ii).

V.

The class of Weyl operators in £P*° is denoted WP*°.
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Weyl Operators

Let A be a Weyl operator in LP*°,
Q If A> 0, then we set

A(A) = lim j7\;(A).
j—o0o

Q If A* = A, then we set
. AL
AE(A) := lim jP/\J:-t(A).

Jj—o0
© In general, we set

AE(A) := AT (RA) + iNE (SA).




Weyl Operators

Proposition (Birman-Solomyak '70s)

@ WP js a closed subset of LP:°° on which the functions N*
are continuous.

Q@ IFA€ WP and B € L§™, then A+ B € WP and
AE(A + B) = AE(A).

In particular, if Ay = Ain LP>° with Ay = Aj € WP, then
A € WP and

AE(A) = Jim /\i(Ag).
That is,
lim _]P/\:t(A): lim |.meAi(Ag)

Jj—o0 £—00 j—00




Weyl Operators

|[W|P° consists of operators A € LP™ s.t. |A| € WP, That is,

1
lim jeAi(JA]) = lim j%,uJ-(A) exists.
Jj—ro0 Jj—o0

| A

Remark
If |A] € WP, then

1 ) 1
A(IA]) ZJirgoijj(lAl) zjlrgoﬂuf(/\)-

A\




Weyl Operators

Proposition (Birman-Solomyak '70s)

Q@ WP is a closed subset of LP>° on which A — N(|A]) is
continuous.

Q IFAE€ [W|P™ and B € L§™, then A+ B € [W|P> and
A(JA + B[) = A(|A]).

In particular, if Ap — A in LP°>° with Ay € [W|P°°, then

1 1
lim j7ui(A) = lim lim j5 pu;(Ay).
Jj—oo f—00 j—00
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NC Integral and Weyl's Laws

Q@ IfAc WL™, then A is strongly measurable, and we have
][A — AT(A) = A (A).
@ In particular, if A* = A, then

fA = lim jA7(A) — lim jA7(A).

_]*)OO _]*)OO
@ We have

A= (RA)T — (RA)” +i ((SA)T —(SA)7).

@ By linearity it is enough to prove the result for (RA)* and
(SA)E.
@ This reduces the proof to the case A > 0. O
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NC Integral and Weyl's Laws

Proof (Continued).
Assume A > 0, and set ¢ = A(A).
o As A€ WB*> and A(A) = ¢, we have limj)\;j(A) =c, i.e.,
Ni(A) =g + o).
@ Thus,
> Aj(A) = clog N + o(log N).
J<N
@ That is, ) 1
I\Ill—r>noo log N Z N(A) = e.
Jj<N

@ This means that A is measurable and A = c.
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NC Integral and Weyl's Laws

Proof (Continued).

It remains to show that A is strongly measurable.
o Let (&) be an orthonormal family such that A; = \;(A)¢;.
o Let To € L1 be such that To&; = (j + 1)71¢;.
@ Set B= A — cTy. We have

B = (A(A) —c(i+1)71) g

It then can be shown that 4;(B) = o(j ), i.e., B € [,(1)’00.
Here Ty € M., and £(1)’°° C M.
Thus, A= cTy+ B € M,.
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NC Integral and Weyl's Laws

If A€ |W|b°, then |A| is strongly measurable, and

f141= lim juy(A).
Jj—00
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Example: Riemannian Manifolds

e (M" g) = compact Riemannien manifold.
o Ag: C®(M) — C‘X’(M) is the Laplacian.

° vg(x): \/det ))d"x is the Riemannian measure.
e Vol (M) = |, dz/g x) is the volume of (M, g).

Q A, is essentially selfadjoint on L2(M).
@ Its spectrum consists of isolated non-negative eigenvalues with
finite multiplicity,

0=20(Ag) S M(Ag) < Xa(Bg) < -+,

where each eigenvalue is repeated according to multiplicity.
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Example: Riemannian Manifolds

o Let (¢j) C C*°(M) be an orthonormal eigenbasis of A,

Agej = Aj(Aglej,  j=0.
@ For g > 0, the operator A7 is defined by

Ao — | N(Be) % if Ni(Ag) >0,
0 if A\j(Ag) = 0.

Az is a positive compact operator with

N (A7) = Niw(Bg) 79, k= dimker A,.

g
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Example: Riemannian Manifolds

Proposition (Weyl's Law)

As j — oo, we have

2

Aj(Ag) ~ (M) o c(n) = (2m) BT,

Consequences
0 As \i(Ag) = N\jik(Dg) 79, we get

y(agY) ~ (L) o),

n
Ag G 57700.

@ That is, A;q is an infinitesimal of order 2gn—1.
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Example: Riemannian Manifolds

For g = n/2, we get:

In other words the NC integral recaptures the Riemannian volume.
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Semiclassical Weyl's Law

e (M", g) = compact Riemannien manifold.
o Ag: C®(M) — COO(M) is the Laplacian.

@ vg(x) 1= 4/det(g(x))d"x is the Riemannian measure.

o V(x)= real—valued C°°—potent|al, ie, Ve C®(M,R).

@ The Schrodinger operator A, + V' is bounded from below and
has discrete spectrum.

@ In particular, it has finitely many negative eigenvalues.

Definition

N~(Agz + V) is the number of negative eigenvalues counted with
multiplicity.
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Semiclassical Weyl's Law

Theorem (Semiclassical Weyl's Law)
Under the semiclassical limit h — 01, we have

lim "N~ (RPAg + V) = c(n)/M\v_(x)\Zdug(x),

h—0*t

where V_(x) = max(0, —V/(x)) is the negative part of V.

Remark (Birman-Solomyak, Cwikel, Rozenblum)

The above asymptotics continue to hold provided one of the
following conditions hold:

e n>3and Ve LY} (M).
e n=2and Ve LE(M), p>1.
en=1and Ve Lé(M).
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Semiclassical Weyl's Law

The previous results also hold for Schrodinger operators on R” and
bounded domains Q C R" with Dirichlet or Neumann conditions.
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Counting Functions of Compact Operators

Let A= A* be compact. For A > 0, we set
NE(A;X) = #{j; AT (A) > A}

In other words, N*(A; \) is the number of positive/negative
eigenvalues (counted with multiplicity) that are > A.




Counting Functions of Compact Operators

If A >0, then F£(A; \) is the class of subspaces F C H such that
£ (AgIE) > A(ElE) Ve e F\O.

A\

Lemma (Glazman’'s Lemma)

For all X\ > 0, we have
NE(A; \) = max {dim F; F € FE(A;\)} .
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Counting Functions of Compact Operators

@ We always have

liminf A’NE(A; A) = lim |nfjx\i(A)

A—0t Jj—o0
lim sup APN*(A; A) = limsup jA;(A)P.
A—0t j—o0

@ In particular, we have

lim APNE(A;N) = <J||m J”)\i(A)>pa

A—0+t —00

provided any of the above limits exist.
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Birman-Schwinger Principle

e H = selfadjoint (unbounded) operator with non-negative
spectrum.

o V = selfadjoint operator such that (1 + H)~1/2V(1 4+ H)~1/2
is compact.

Facts

@ The operator Hy := H + V is selfadjoint.

@ The negative part of its spectrum is discrete, i.e., it consists of
isolated eigenvalues with finite multiplicity.

V.

Definition

N~ (Hy) is the number of negative eigenvalues counted with
multiplicity.
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Birman-Schwinger Principle

@ The quadratic form of H is

Qu(E, &) = (HEIE) = (HY2€|HY?¢).

e Its domain is dom(Qy) = dom(1 + H)'/2.
@ Hy is the (selfadjoint) operator whose quadratic form is

QHv(fvf) = QH(fag) + QV(&E)
= Qn(&,€) + (VE[g) -

@ It has same domain as Qp.




Birman-Schwinger Principle

@ F (Hy) consists of all subspaces E C dom( Q) such that
Qn,(£,6) <0 VEe€ ENO.

@ F, (Hv) consists of all subspaces E C dom(Qp) such that
Qny(§,6) =0 VEEE.

Lemma (Glazman's Lemma)
We have

N~ (Hv) = max{dimE; E € F~(Hy)},
= min {codim E; E € Fy (Hv)} .

\
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Birman-Schwinger Principle

Theorem (Birman-Schwinger Principle)
Assume 0 ¢ Sp(H), and set Hy = H=1/2VH=1/2. Then,
N_(Hv) = N_(K\/; 1)

Proof.
@ By Glazman’s lemma,
N~ (Hy) = max{dim E; E € F~(Hv)},
N~ (Kv;1) = max {dim F; F € F (Kv;1)}.

@ Here 7~ (Hy) consists of subspaces £ C dom(Qp) such that
Qu, (£,€) <0 on E\DO.

e F(Ky;1) consists of subspaces F C # such that
— (Kvnln) > (nln) on F\O0.
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Birman-Schwinger Principle

Proof (Continued).
o Let £ € dom(Qy) and set n = HY/2¢ (ie., € = H1/?p).

@ We have

QHV(f? 5) = QH(&: E) A QV(S’ f)
= (HY2¢|HY2¢) + (VE[g) .

o Here (HY2¢|H'/2¢) = (n|n), and
(VElg) = (VHY 2y H2) = (H=Y2VH=Y2q|n) = (Kynln) -
e Thus, Qu,(§,€) = (nln) + (Kvn|n), and hence

@y (€,6) < 0 <= (nln) + (Kvnln) <0
< — (Kvnln) > (nln) .




Birman-Schwinger Principle

Proof (Continued).

o As H'/? is a bijection from dom(Qp) = dom(H/?) onto H,
we get
E € F~(Hy) < HY?(E) € F~(Ky;1).

o Thus, H/2 yields a one-to-one correspondence between
.F‘i(Hv) and ~Fi(l<\/; 1)
@ As this preserves the dimension, we get
N~ (Hy) = max {dim E; E € F(Hv)}
= max {dim HY2(E) E € ]-"_(HV)}
= max {dimF; F € F~(Ky; 1)}
= N_(K\/; 1).

The proof is complete.
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Birman-Schwinger Principle

Definition
If A <0, then N=(Hy; \) is the number of eigenvalues counted
with multiplicity that are < .

N=(Hy; \) = N~ (Hy — A).

Applying the previous result to H — X\ we get:

Theorem (Birman-Schwinger Principle)

Let A\ < 0, and set Ky(\) = (H — \)"Y2V(H — X\)~Y2. Then,
N=(Hy; ) = N~ (Ky(\); 1).
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Birman-Schwinger Principle

@ The above proof is due to Birman-Solomyak.

@ It is much simpler than various other proofs in the literature.
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Birman-Schwinger Principle

Theorem (Borderline Birman-Schwinger Principle)

Assume 0 is an isolated eigenvalue of H with finite multiplicity. Set
Ky = H"Y2VH=1/2. Then:

N~ (Ky;1) < N"(Hy) < N (Ky;1) + dimker H.

Proof.
Set Hy = (ker H). Let My be the orthoprojection onto Hj. Set

_1 _1
Hy = Hy,, Vi=MVI, Hy, =H+Wi, Ky =H; ?ViH, 2.

@ With respect to the splitting H = ker H & H1, we have

- * * o 71/2 71/2_ O O
HV_<* Hv1>’ Ky = HY2vH _<0 Ky,

@ In particular, Qu, = QHV1 on Hi, and Ky and Ky, have the
same no non-zero eigenvalues with same multiplicity. 0
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Birman-Schwinger Principle

Proof (Continued).
@ As 0 ¢ Sp(H1), by the Birman-Schwinger principle,
N_(H\/l) = N_(K\/l; 1).

e As Ky and Ky, have the same non-zero eigenvalues,

/Vi(K\/l; 1) = Ni(K\/; 1).
e By Glazman's Lemma,
N~ (Hy) = max{dimE; E € F~(Hv)},

where F~(Hy) consists of subspaces E C dom(Qp) such that
QH, <0on E\DO.

® As Qu, = Qn,, on H1, we have F~(Hy,) C F~(Hv).
@ Thus,

N~ (Hy) > max {dim E; E € F~(Hy,)} = N~ (Hw,).

B4 /50




Birman-Schwinger Principle

Proof (Continued).

@ By Glazman's Lemma we also have

N~ (Hyv) = min {codimy F; F € FS (Hv)},
where F(Hy) consists of subspaces F C H such that
QHV >0on F.

@ Once again Qy, = QHV1 on H1, and so ]-'J(H\/l) C ]-'J(HV).
@ Moreover, if F C H1, then

codimy F = codimy, F +dimker H.

@ Therefore, we have
N~ (Hy) < min {codimy F; F € F§ (Hv,)}

< min {codimy, F; F € Fy (Hv,)} + dimker H
< N7 (Hy,) + dim ker H.

Ol
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Birman-Schwinger Principle

Proof (Continued).

@ To sum up, we have

N_(H\/l) = N_(K\/l; ].) = N_(K\/; 1),
N=(Hy,) < N=(Hy) < N~ (Hy,) + dim ker H.

@ Thus,

N~ (Ky;1) < N"(Hy) < N~ (Ky;1) + dimker H.

The proof is complete. O
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Birman-Schwinger Principle

Corollary (Semiclassical BSP)
Assume that
@ 0 is an isolated eigenvalue of H with finite multiplicity.
o HY/2VH=1/2 s 3 Weyl operator in LP>°, p > 0.
Then, we have

P
lim K2PN~ (RH+ V) = ( lim jeA7 (H-3VH 2
_/Hooj J

h—07F j

- 7[ (H—%VH—%)i.
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Birman-Schwinger Principle

Set Ky = H1/2\VH=1/2; this is a Weyl operator in £P:>°

@ Reminder:

lim APN™(Ky; \) = (Jllm JP)\ (K\/)>p,

A—0+ —00
@ The limit in the r.h.s. exists, since Ky, is a Weyl operator.

@ We have
N=(FPH+V)=N"(H+h2V) =N (Hyo2y),
N~ (Kp-2y; 1) = N"H(h2Ky; 1) = N~ (Ky; h?).
@ By the Borderline Birman-Schwinger Principle, we have
N~ (Kp-—2v;1) < N (Hp—2y) < N (Kp-2y; 1) + dim ker H.
@ Thus,
N~ (Ky; h?) < N (h*H + V) < N™(Ky; h*) + dim ker H. -
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Birman-Schwinger Principle

@ The previous inequalities implies that
N~ (Ky; h?) < N~ (h*H + V) < N~ (Ky; h?) + dim ker H.
@ Thus,
lim 2PN~ (hPH+ V) = lim h*’N~(Ky; h?
im (h*H + V) = lim, (Kv: h7)

h—0+

= lim A’N™(Ky; A
A AN (Rvi )

1 P
= <|im ij.—(KV)) .
j—0o0 J
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Birman-Schwinger Principle

o As A (Kv)P = Ni((Kv)?), we get

im 3y (Kv)2) = fim 37 (k) = (Jim 757 (k)

Jj—o0

o Therefore, (K\/)” is strongly measurable, and we have

£ (ke = (jgrgo JoA7 (Kv))p-
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Birman-Schwinger Principle

@ The previous result provides a semiclassical interpretation of
the NC integral.

@ This draws a link between NC geometry and semiclassical
analysis.
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Example: Riemannian Manifolds

° (M”,g) = compact Riemannien manifold.
: C®(M) — COO(M) is the Laplacian.
° ug(x = /det(g(x))d"x is the Riemannian measure.

In what follows c(n) = (27)~"|B"|.
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Example: Riemannian Manifolds

Theorem (Birman-Solomyak '70s)
Let g >0 and f € C®(M).

o A;q/4fA;q/4 and ,Ag*q/“ng*q/“y are Weyl operators in
£ oo (and hence are infinitesimals of order gn™!).
@ We have

a q
jiToj%Mj<A “fA*Z < /!f | dvg(x ))

@ If f(x) is real-valued, then

4+ _9 _9q n n
lim jn )\ (Ag“ng“) = (c(n)/ fi(x)qdyg(x)> ,
J—)OO M
where fi.(x) = max(0, £f(x)) are the positive/negative parts
of f.

2
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Example: Riemannian Manifolds

Corollary

Ifqg>0and V € C>*(M,R), then

Jim "N (FPIAT + V) = c(n) /M V_(x)2 dg(x)

n

_ 7[ (A;%A;%)? .
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Example: Riemannian Manifolds

@ Apply the semiclassical version of the Birman-Schwinger
principle to H = A to get

lim AN~ (RPIAL + V) = lim (h9)* 2N~ ((h9)20g + V)

h—0+ h—0~+

_(im #am (actvach))®
= <j|_|>rgoj )‘j (Ag VA, ))
—c(n) [ V- ()Fdrg()

M

@ The limits are also equal to JC(Ag_Q/2 VAg_q/z)'lpq.
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Example: Riemannian Manifolds

Theorem (Connes’ Integration Formula)

For every f € C*°(M), the operator A;"MfA;"M is strongly
measurable, and we have

fA;ZfA;‘n‘ - c(n)/Mf(x)dyg(x).
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Example: Riemannian Manifolds

@ By linearity it is enough to prove the result for f > 0.

e If f > 0, then by Birman-Solomyak'’s result for g = n we have

|Im J)‘ (A;£fA;£) = ||m J/\+ (A;£fA;£)

) /M )

o It follows that A;"*fA;"* is strongly measurable, and

][A FAZ = c(n )/ F(x)dvg(x).

3
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Example: Riemannian Manifolds

e Connes (CMP '88) established the formula and showed
measurability.

e Strong measurability was later proved by
Lord-Potapov-Sukochev (Adv. Math. '13).

@ It was only recently realized that the result can be deduced
from Birman-Solomyak’s results.
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Example: Riemannian Manifolds

Birman-Solomyak’s results further allow us to get an integration
formula for absolute values.

For every f € C*°(M), the operator |A;"/4fA;"/4| is strongly
measurable, and we have

£ astragt = co [ 1Coldve.
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Example: Riemannian Manifolds

@ By Birman-Solomyak’s result for singular values for g = n we
get

Jim iy (Ag*FAg*) = c(n)/M|f(x)|dVg(x).

o It follows that |A;"/4fA;"/4] is strongly measurable, and

jf‘Ag‘ng‘Z

= c(n) [ 1F(ldvg ().
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