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Cotangent Space and Differential 1-Forms

Definition (Cotangent Space)
Let M be a smooth manifold.
@ The cotangent space of M at p, denoted T, M or T (M), is
the dual of the tangent space TpM. That is,

T:M = Hom(T,M,R).

@ An element of T ;M is called a covector at p.

In other words, a covector at p is just a linear map w : T,M — R.




Cotangent Space and Differential 1-Forms

Definition (Differential 1-Forms)

A differential 1-form (or a 1-form or a covector field) is the
assignment to each p € M of a covector w, € T, M.

If wis a 1-form and X is a vector field on M, then we denote by
w(X) the function on M defined by

w(X)(p) = wp(Xp),  peM.




Cotangent Space and Differential 1-Forms

Definition (Differential of a Function)
Let f € C*°. lts differential is the 1-form df on M defined by

(df)p(Xp) = Xpf, Xp € ToM, pe M.

Proposition (Proposition 17.2)
Iff : M — R isa C* function and p € M, then
d

f*,p(Xp) = (df)p(Xp)aT

Ele(p)
Thus, under the identification T¢,)R ~ R, we have

(df)P = f;k7p'

VX, € T,M.




Cotangent Space and Differential 1-Forms

Let (U,x%,...,x") be a local chart near p € M. Then

i 6 8Xi i
CONEC ) = ()=l

Therefore, we obtain:

Proposition (Proposition 17.3)

Let (U,x',...,x™) be a local chart near p € M. Then
{(dx")p,...,(dx"),} is the basis of T;M which is dual to the
basis {0/0x}|,,...,0/0x"|,} of T,M.




Cotangent Space and Differential 1-Forms

Consequences

e Every covector w, € T;M, can be uniquely written as

wp = Z a;(dxi)p, with a’ = wp(aaxj

)
@ Every 1-form on U can be uniquely written as
w=Y adx',  witha' =w(9/0x).

o If f € C>°(M), then on U we have

of - i
o dx', since (df)(9/0x") =

of

df = —
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The Cotangent Bundle

@ The cotangent bundle is

T*M=| | M ={(pw); pEM, we T;M}.
peEM

@ The canonical map m: T*M — M is given by
W((p,w)) =[5, peM, weT,M.

If U is an open set of M, then T*U = I_IPGUT;‘M.




The Cotangent Bundle

Let (U,¢) = (U,x*,...,x") be a chart for M. Set V = ¢(U).
e Every covector wp, € T;M, can be uniquely written as

d ,,)'

bfy = Z ai(dx'),, with a' = w, <8xi

o We thus get a natural bijection ¢ : T*U — V x R" such that,
forall pe M and w € T;I\/I, we have

d(p,w) = (xl(p), o ,x"(p),w(a/axl‘p), . ,w(@/@x”‘p)) :

Remark

In the same way as with the construction of the tangent bundle
TM, the maps ¢~> allow us to define a topology and a smooth
structure on T*M.




The Cotangent Bundle

Definition

Let (U, ¢) be a chart for M and set V = ¢(U). We endow T*U
with the topology such that

W C T*U is open <= ¢(W) is open in V x R".

Proposition
Let {(Uq, ¢a)} be the maximal atlas of M.
o Define

B = U{W; W is an open in T*U,} .

(6%
Then £ is the basis for a unique topology on T*M.

o The collection {(T* Uy, da)} is a C> atlas on T*M, and
hence T*M is a smooth manifold.

e T*M 5 M is a smooth vector bundle over M.




Characterization of C* 1-Forms
A 1-form on M is a section of the tangent bundle T*M.

Definition

@ We say that 1-form is C*° when it is C* as a section of T*M.

o We denote by Q'(M) the space of smooth 1-forms on M.

In other words, Q(M) is the space of smooth sections of T*M. In
particular, this is a module over the ring C>°(M).
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Characterization of C* 1-Forms

Let (U, ¢) = (U,x%,...,x") be a chart for M. Set V = ¢(U).

o Let ¢: T*U — V x R be the corresponding chart of T*M.
For all p € U, we have

gEo dxi(p) = qﬂﬁ(p, (dxi)p) = (¢(p), dxi(8/8xl), s, dxi(ﬁ/ax"))
= (8(p), 81, - - -, 65,)
= (¢(p)7ei)7
1

where (e*,...,e") be the canonical basis of R".

Thus, - . .
M Jodxogl(q) = (g.€))  VgeV.

In particular, ¢odx’'op~ is a smooth map from V to V x R”".

e It follows that dx’ is a smooth map from U to T*U, and
hence this is a smooth 1-form.
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Characterization of C* 1-Forms

Consequence

If (U,x,...,x")is a chart for M, then {dx},..., dx"} is a
C°°-frame of T*U over U.

Reminder (Proposition 12.2)

Let {s1,...,s} be a C* frame of a vector bundle E over U. A
section s = >_ c's; of E over U is smooth if and only if c,... c
are smooth functions on U.

r

We immediately obtain:

Lemma (Lemma 17.5)

Let (U,x',...,x") be a chart for M. A 1-form w =" a;dx’ on U
is smooth if and only if the coefficients a1, ..., a, are smooth
functions on U.

12 /19



Characterization of C* 1-Forms

In the same way as in Section 14, from the previous lemma we
obtain:

Proposition (Proposition 17.6)

Let w be a I-form on M. Then TFAE:
@ w is a smooth 1-form.

@ M has an atlas such that, for every chart (U,x*,...,x") of

this atlas, we may write w = 5 _ a;jdx’, where the coefficients
a' are smooth functions on U.

© For every chart (U,x*,...,x") of M, we may write
w =Y ajdx’, where the coefficients a' are smooth functions
on U.

Corollary (Corollary 17.7)
If f € C>°(M), then its differential df is a smooth I-form.
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Characterization of C* 1-Forms

Proposition (Proposition 17.8)

Let w be a I-form on M. If X is a vector field on M and f is a

function on M, then w(fX) — fw(X).

Proposition (Proposition 17.9)
Let w be a 1-form on M. Then TFAE:

@ w is a smooth 1-form.

@ For every smooth vector field X on M the function w(X) is
smooth on M.
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Characterization of C* 1-Forms

Reminder (see Section 14)

The space 2 (M) of smooth vector fields on M is a module over
the ring C>°(M).

Every smooth 1-form w on M defines a C°°(M)-module
homomorphism,

w: (M) — C®(M), X — w(X).
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Pullbacks of 1-Forms

Reminder (Pullback by a linear map)

Let f : V — W be a linear maps between vector spaces.

@ By duality we have a linear map,

. W — V*, p—>pof.

o If o € W*, we call f*¢o = pof the pullback of ¢ by f.

v
Consequence

Let F: N — M be a smooth map and let p € .

o The differential F. ,: T,N — Tg,)M is a linear map.
o We thus get a pullback map (F, p)* : T,’_E(P)I\/I — TyN.
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Pullbacks of 1-Forms

Definition (Pullback of 1-forms)

Let F: N — M be a smooth map. If w is a 1-form on M, then its
pullback F*w is the 1-form on N defined by

(Frw)p = (F*,p)*wp(p) = WF(p) © Fi.p; peEN.

In other words, for all X, € T,N, we have

(F w)p(Xp) = WE(p) © Fip(Xp) = wF(P)(F*vp(Xp))-

Smooth functions can be pullbacked as well: if h € C*>°(M), then
F*h=hoF.

17 /19



Pullbacks of 1-Forms

Proposition (Proposition 17.10)

Let F : N — M be a smooth map. If h € C>°(M), then
F*(dh) = d(F*h).

Proposition (Proposition 17.11)

Let F: N — M be a smooth map. If w,7 € Q*(M) and
g € C>*(M), then

Fflw+7)=F'w+ F*r,
F*(gw) = (F'g)(F'w).

Proposition (Proposition 17.12)

Let F: N — M be a smooth map. If w is a smooth 1-form on M,
then its pullback F*w is a smooth 1-form as well.
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Restriction to an Immersed Submanifold

Facts
Let S be an immersed submanifold in M.

@ The inclusion i : S — M is an immersion, and so its
differential ix , : T,S — T,M is an injection for every p € S.

@ This allows us to identify T,S with a subspace of T,M.

Definition

If wis a 1-form on M, its restriction to S, denoted wis, is the
1-form on S defined by

(w|5)p(v) = wp(v) forall pe Sand v € T,S.

Proposition

Ifi : S — M is the inclusion of S into M and w is a 1-form on M,
then wis = i*w.
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