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C> Bump Functions

Reminder (Support of a function)

If f: X — R is a (continuous) function on a topological space X,
then its support, denoted supp(f), is the closure in X of the points
at which f is non-zero. That is,

supp(f) = {x € X; f(x) # 0}.

We say that f is compactly supported when supp(f) is compact.

Remark
@ The complement X \ supp(f) is the interior of the zero-set of
f. Thatis, x & supp(f) if and only if f = 0 near x.

@ Thus, if f =0 on an open set U, then U C X \ supp(f), and
hence supp(f) C X \ U.




C> Bump Functions

Definition

Given a point g in a manifold M and an open neighborhood U of g
in M a bump function at g supported in U is any continuous
function p : M — R such that:

0<p<l, p =1 near q, supp(p) C U.




C> Bump Functions

We are more especially interested in smooth bump functions. Our
aim is to establish the following result:

Proposition (Exercise 13.1)

For every point g € M and any neighborhood U of p in M, there
exists a C*° bump function at q supported in U.

We shall first construct a C* bump functions on R, and then we
are going to extend the construction to R” and manifolds.




C> Bump Functions

Step 1 (Example 1.3 and Problem 1.2)
Let f : R — R be defined by

e Yt fort >0,
f(t)_{o for t <0.

By definition 0 < f <1 and f(t) = 0 if and only if t < 0. It can
also be shown that f is smooth (see Problem 1.2).

Fig. 13.3. The graph of f(z).




C> Bump Functions

Let g : R — R be given by

_ f(t)
g(t) = O fI-1 teR.

@ Here g(t) is well defined, since f(t) + f(1 —t) > 0. Indeed:
o f >0, and so f(t) + (1 —t) > max{f(t),f(1—t)}.
o f(t)>0fort>0,and f(1—¢t)>0forl—t>0,ie,t<]l
o Thus, f(t)+ f(1—1t)>0on (0,00)U(—00,1) =R.

@ The function g is C*, since f is C* and f(t) + f(1 —t) is

C* and > 0.
@ As f >0, we have 0 < g < 1. Furthermore:
g(t) =0« f(t) =0t <0,
gt)=1<—=f(1-t)=0<=1-t<0<=t>1
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C> Bump Functions

Step 2

We have constructed a C* function g : R — R such that
0<g<li,
g 1(0) =(-o0,0], g (1) =[1,00).




C> Bump Functions

Let 0 < a < b, and define p: R — R by

x? — 22
@ p(x) is a C* function, since g is C*.

@ As0<g<1 andhence 0<1—g<1 wehave 0 <p<1.

@ We have

2 2 2 2
X a Xc —a 2 2
p(X):1<:>g<b2_az>:0<:>b2_a2S0<:>X Sa,

2 32 X2_22 5 5

p(x)=1<|x| < a, p(x) =0<|x| > b.




C> Bump Functions

Step 3

We have constructed a C* function p : R — R such that
0<p<1,
p~ (1) = [~a, 4], p~1(0) = (o0, —b] U [b, 0).

In particular, p is a C* bump function at the origin on R.




C> Bump Functions

If g € R" and r > 0, then B(q, r) is the open ball about g with
radius r in R” and B(q, r) is its closure.

Step 4
Let g € R”, and define 0 : R” — R by

o) =pllix-al) =1-(FZIZ), xem

p2 _ 32
o As g and x — ||x — g||? are C functions, o is C> as well.
0 As0<p<1 wehave 0 <o <1
o As p~1(1) = [~a,a] and p1(0) = (—o0, —b] U[b, ), we get
o (1) =B(g,a), o '(0)=R"\ B(q,b).
Thus, o is a C> bump function at g supported in B(q, b).
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C> Bump Functions

Suppose that M is a manifold. Let U be an open set in M and
{ : U — R a smooth function with compact support. Define
f:M— R by

f=rfonU and f=0o0n M\ U.

@ Asf=f on U,weseethatfisCooon U.

@ Set K = supp(f). This is a compact in U. As the inclusion of
U into M is continuous, this is a compact in M as well.

@ Here f =0on M\ Uand f =f =0on U\K.NThus,f:O
on (M\ U)u(U\ K)= M\ K. In particular, f is C*> on the
open set M\ K.

@ As f is C* on the open sets U and M \ K, it is C° on
UU(M\K)=M.
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C> Bump Functions

Step 5 (continued)

o As f =0 on the open set M \ K, it follows that supp fcK
(cf. remark on slide 2).

o If pe K =supp(f) C U, then E: f near p and p is not an
interior point of f~(0) = UN f~%(0). Thus p isin the
interior of £~1(0), and hence p € supp(f). Thus K C supp(f)

o It follows that supp(f) = K.

Therefore, we have proved the following result:

Let U be an open set in M and f : U — R a smooth function with

compact support. Then f uniquely extends to a smooth function
f: M — R such that

f=0onM\U and supp(f) = supp(f).
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C> Bump Functions

Let p € M and U an open in M containing p. Set n = dim M.

@ Let (V, ) be chart near p. Possibly by replacing (V, ¢) by
(VN U, ¢vny) we may assume that V C U.

@ Set g = ¢(p). Here ¢ : V — ¢(V) is a homeomorphism. In
particular, ¢(V) is an open in R" containing q.

@ Let 0 < a < b be such that B(q, b) C (V). Define
o :R" — R asin Step 4. Thus, o is a C* function such that
0<o0<1,071)=B(g,a) and c71(0) = R"\ B(0, b).
@Setp=00¢:V —>R. Thenis C* and 0 <o < 1.
o We have
pH1) = (009) (1) =97 (07H(1) = ¢ (B(g,a))-
Thus, ¥ =1 on ¢_1(B(q, a)), which is an open containing

#~%(q) = p. Hence ¢ = 1 near p.
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C> Bump Functions

Step 6 (continued)
@ The zero set ¢~ 1(0) = (0 0 ¢)~1(0) is equal to
¢ (77(0) = 67" (R"\ B(q, b)) = V\ ¢"'(B(q, )).
e Set K = ¢~1(B(q, b)). This is a compact subset of V since
B(q, b) is compact and ¢ is a homeomorphism.
o As V\ K C V\¢ 1 (B(q,b)) =1 1(0), we see that ¢) =0
on the open set V' \ K, and hence supp(¢)) C K.

@ By Step 5 we can extends ¢ to a smooth function v:M=R
such that » =0 on M\ V and supp(?)) = K. In particular:
0<¢ <1, ¢ =1 =1nearp, supp(@Z)CKC vV cUu.
Thus, ¢ is a C° bump function at p with support in U.

o Note also that ) has compact support, since supp(7)) is a
closed subset of the compact K.
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C> Bump Functions

To sum up we have proved:

Proposition

Suppose that M is a smooth manifold. For any p € M and any
open neighborhood U of p in M there exists a C* bump function
at p with compact support in U.
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C> Bump Functions

Let f : U — R be a C* function on an open U of a manifold M.
e If f is constant outside some compact set (or even some
closed set in M contained in U), then in a similar way as in
Step 5 we may extend f into a C* on the whole manifold M.

@ In general this is not possible. However, we still have the
following result:

Proposition (Proposition 13.2; Extension of smooth functions)

Let p € M and let U be an open neighborhood of p. Then, for
every smooth functioan U — R, there existsN a smooth function
f : M — R such that f = f near p and supp(f) C U.
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C> Bump Functions

Proof of Proposition 13.2.
Let ¢ : M — R be a C* bump function at p whose support is
compact and contained in U. Then:
@ The product ¥ f is a smooth function on U whose support is
contained in supp(?), and hence is compact.

@ By Step 5 it extends to a smooth function f : M — R such

that supp(f) = supp(yf) C U.

o As f =14f on U> pand =1 near p, it follows that
f =f = f near p.

This proves the result.

17 /30



Partitions of Unity

Definition

A family of subsets (Y )aca of a topological space X is called
locally finite when, for every p € X, there is a neighborhood V' of
p such that meets at most finitely many of the Y,, i.e., the index
subset {av € A; Y, NV #£ 0} is finite.

Lemma (see Problem 13.7)

Let (Ya)aca be a locally finite family in a topological space X.

Then
UYacl Ve
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Partitions of Unity

Facts

Let (fy)aca be a family of smooth (real-valued) functions on a
manifold M such that the family of supports (supp(fy))aca is
locally finite.
@ Let p € M and V an open neighborhood of p such that
J:={a; V Nsupp(fy) # 0} is finite.
@ Then J(p) := {a; p € supp(fa)} C J is finite. In particular,
fa(p) =0 for a & J(p).
@ We then set

a€cA acd(p)

This defines a function ) 4 fo : M — R. Such a function is
called a locally finite sum.
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Partitions of Unity

Facts (continued)
e If g€ V, then J(q) C Jand f,(q ):0 if € J\ J(q). Thus,

> fala Z fu(@) = Y fa(q)

a€A a€d(q ac)

Thatis, >~ cafa = peyfaon V.

® As ) ., fais a finite sum of C*° function, we deduce that
ZaeAf is C*° on V, and hence is C*° near p.

@ As this is true for every p € M, it follows that ZaeA fo is C®
function on M.
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Partitions of Unity

Lemma (see also Lemma 13.5)

Let " f, be a locally finite sum of C*> functions on M. Then

supp <Z fa) C Usupp(fa).

21/30



Partitions of Unity

Proof of the lemma.
Set f = > f,. Recall that supp(f) = f~1(R\ 0).
o If f,(p) =0 for all o, then f(p) =>_ f,(p) =0. Thus, if
f(p) # 0, then f,(p) # 0 for some a. That is,
FI®R\0) C AR\ 0).

@ By assumption the family of subsets {supp(f,)} is locally
finite in M, and so {f; (R \ 0)} is locally finite as well.

@ Thus, by the lemma of slide 18 we have

FIR\0) c [ &R\ 0) c | &R\ 0).

That is,
supp(f) C | Jsupp(fa)

This proves the lemma. [




Partitions of Unity

An open cover of M is a family of open sets (U )aca such that
M = UaeAUa.

Definition
A C partition of unity on M is a family (pa)aca of real-valued
functions on M such that
(i) pa >0 for all a € A.
(ii) The family of supports {supp(pa)}aca is locally finite.
(i) Y2 pa=1on M.
If (Ua)aca is an open cover of M such that supp(ps) C U,, then
we say that the partition of unity is subordinate to (U, )aca-
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Partitions of Unity

Proposition (Proposition 13.6)

Suppose that M is a compact manifold, and let (Uy)aeca be an
open cover of M. Then there exists a (finite) C> partition of unity
(Pa)aca subordinate to (Uy)aca-
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Partitions of Unity

Proof of Proposition 13.6 (Part 1)

@ Given g € M, let o € A be such that g € U,. Let 94 be a
C°° bump function at g supported in U,. In particular,
0<1vg<1and g =1 near q.

@ For each g € M set W, = {t¢og > 0}. Then W is an open
neighborhood of g, and we have M = Ugepn Wy

@ As M is compact there are g1, ...,qm in M such that
M = U, Wy,
@ Set ¢p = > ", 1g. Thisis a C> function on M.
e If g € M, then there i such that g € W, = {zbq,. > 0}. Thus,

quj > wq )
Hence ¢¥» > 0 on M.
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Partitions of Unity

Proof of Proposition 13.6 (Part 1, continued)

@ Fori=1,..., m, set
_ Yq g,
Pi = =xm -
This is a well defined C*° function on M since 1 > 0.
@ We have ¢; > 0, and
3 o= & , i1 %a _
J 1¢qj

1<i<m

o For each i there is 7(i) € A such supp 4 C Uy, and hence

supp(wi) C supp(vq;) C Uq(j)-

Thus, (i)™ is a (finite) C partition of unity such that, for
each i there is « = 7(i) in A so that supp p; C U,.
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Partitions of Unity

Proof of Proposition 13.6 (Part 2)

@ Set | ={1,...,m}. We have a map 7 :i — 7(i) from / to A
such that supp ¢; C Uy(j). If a € 7(1), set

Z @i

er—1(a)
Otherwise, set p, = 0. In an’y case po € C*°(M) and p, > 0.

@ Here supppy # 0 < po # 0 < a € 7(1). As 7(1) is finite,
this means that all but finitely of the supports supp p,, are
empty, and so the family {supp pa }aca is locally finite.

0 As | = Uyer(ym H(a) and po = 0 if o & 7(/), we have

Yopa= D pa= Y, D, wi= ) ¢i=L

acA aer(l) aer(l)iet(a) 1<i<m




Partitions of Unity

Proof of Proposition 13.6 (Part 2, continued).

o If a & 7(l), then p, = 0, and hence supp po, = 0 C U,.

o If e 7(/) and i € 71(i), then supp ¢; C U,(jy = Ua. Thus,
by using the lemma of slide 21 we get

SUpP Pa = supp( Z <,0i) C U supp(¢;) = Ua.

ier—1(a) ier—1(a)

Therefore, {pa}aca is a C-partition of the unity subordinate to
{Us}aca. The proof is complete. O
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Partitions of Unity

In general, we have the following result (see Appendix C of Tu's
book for a proof).

Theorem (Theorem 13.7; Existence of C*° partition of unity)

Let {U}nca be an open cover of M.

(i) There is a C* partition of unity (¢x)k>1 Ssuch that, for each
integer k > 1, the support of @) is compact and contained in
some U,,.

(i) If we do not require compact support, then there is a
C*-partition of the unity {pa}aca subordinate to {Uy}aca-

© Part (i) is the substitute for Part 1 of the proof of
Proposition 13.6 in the noncompact case.

@ We deduce part (ii) from part (i) in a similar way as in Part 2
of Proposition 13.6 by using locally finite sums instead of
finite sums. Bo / 30




Partitions of Unity

We shall use partitions of unity throughout the rest of the course.

Here is a couple of direct applications.

Proposition (Smooth Urysohn Lemma; Problem 13.3(a))

If A and B are disjoint closed sets in M, then there is f € C>°(M)
such that f =1 on A and f =0 on B.

Theorem
Every closed set in M is the zero set of some non-negative smooth
function on M.

| A

Remark

A proof of the above theorem can be found in Chapter 2 of
J.M. Lee's book " Introduction to Smooth Manifolds”.

30/30



