
Differentiable Manifolds
§11. The Rank of a Smooth Map

Sichuan University, Fall 2021

1 / 32



Constant Rank Theorem

Reminder

Let N be a manifold of dimension n and M a manifold of
dimension m.

The rank at p ∈ N of a smooth map f : N → M is the rank of
its differential f∗,p : TpN → Tf (p)M.

The rank is always ≤ min(m, n).
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Constant Rank Theorem

Theorem (Constant Rank Theorem; Theorem B.4)

Let f : U → Rm be a C∞ map, where U ⊂ Rn is open. Assume
that f has constant rank k near p ∈ U. Then there are:

A diffeomorphism F from a neighborhood of p onto a
neighborhood of 0 ∈ Rn with F (p) = 0,

A diffeomorphism G from a neighborhood of f (p) onto a
neighborhood of 0 ∈ Rm with G (f (p)) = 0,

in such a way that

F ◦ f ◦ G−1(r1, . . . , rn) = (r1, . . . , rk , 0, . . . , 0).

Remark

If k = m, then(
ψ ◦ f ◦ φ−1

)
(r1, . . . , rn) = (r1, . . . , rm).
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Constant Rank Theorem

Theorem (Constant Rank Theorem for Manifolds; Theorem 11.1)

Suppose that M is a manifold of dimension m and N is a manifold
of dimension n. Let f : N → M be a smooth map that has
constant rank k near a point p ∈ N. Then, there are a chart
(U, φ) centered at p in N and a chart (V , ψ) centered at f (p) in
M such that, for all (r1, . . . , rn) ∈ φ(U), we have(

ψ ◦ f ◦ φ−1
)

(r1, . . . , rn) = (r1, . . . , rk , 0, . . . , 0).
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Constant Rank Theorem

Proof of Theorem 11.1.

Let (U, φ) and (V , ψ) be charts around p and q = f (p).

Apply the constant rank theorem to ψ ◦ f ◦ φ−1 to get

A diffeomorphism F : W →W ′ from a neighborhood W of
φ(p) onto a neighborhood of 0 ∈ Rn with F (φ(p)) = 0,
A diffeomorphism G : X → X ′ from a neighborhood X of ψ(q)
onto a neighborhood of 0 ∈ Rm with G (ψ(q)) = 0,

in such a way that

(F ◦ ψ) ◦ f ◦ (G ◦ φ)−1(r1, . . . , rn) = F ◦
(
ψ ◦ f ◦ φ−1

)
◦ G−1(r1, . . . , rn)

= (r1, . . . , rk , 0, . . . , 0).

Set U = φ
−1

(W ) and V = ψ
−1

(X ). Then (U,G ◦ φ) and
(V ,F ◦ ψ) are charts centered p and q with the required
property.
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Constant Rank Theorem

Remark

Suppose that (U, φ) = (U, x1, . . . , xn) is a chart centered at p and
(V , ψ) = (V , y1, . . . , ym) is a chart centered at f (p) such that(

ψ ◦ f ◦ φ−1
)

(r1, . . . , rn) = (r1, . . . , rk , 0, . . . , 0).

For any q ∈ U, we have φ(q) =
(
x1(q), . . . , xn(q)

)
and

ψ
(
f (q)

)
=
(
y1 ◦ f (q), . . . , ym ◦ f (q)

)
.

Thus,(
y1 ◦ f (q), . . . , ym ◦ f (q)

)
= ψ

(
f (q)

)
=
(
ψ ◦ f ◦ φ−1

) (
φ(q)

)
=
(
ψ ◦ f ◦ φ−1

) (
x1(q), . . . , xn(q)

)
=
(
x1(q), . . . , xk(q), 0, . . . , 0

)
.

Therefore, relative to the local coordinates (x1, . . . , xn) and
(y1, . . . , ym) the map f is such that

(x1, . . . , xn) −→ (x1, . . . , xk , 0, . . . , 0).
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Constant Rank Theorem

A consequence of the constant rank theorem is the following
extension of the regular level set theorem (Theorem 9.9).

Theorem (Constant-Rank Level Set Theorem; Theorem 11.2)

Let N :→ M be a smooth map and c ∈ M. If f has constant rank
k in a neighborhood of the level set f −1(c) in N, then f −1(c) is a
regular submanifold of codimension k.

Remark

A neighborhood of a subset A ⊂ N is an open set containing A.
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Constant Rank Theorem

Example (Orthogonal group O(n); Example 11.3)

The orthogonal group O(n) is the subgroup of GL(n,R) of
matrices A such that ATA = In (identity matrix),

This is the level set f −1(In), where f : GL(n,R)→ GL(n,R),
A→ ATA.

It can be shown that f has constant rank (in fact it has rank
k = 1

2n(n + 1)).

Therefore, by the constant-rank level set theorem O(n) is a
regular submanifold of GL(n,R) (of codimension 1

2n(n + 1)).
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The Immersion and Submersion Theorems

Reminder

Suppose that M is a manifold of dimension m and N is a manifold
of dimension n, and let f : N → M be a smooth map.

f is an immersion at p if f∗,p : TpN → Tf (p)M is injective.

f is a submersion at p if f∗,p : TpN → Tf (p)M is surjective.

Remark

Equivalently,

f is an immersion at p ⇐⇒
(
n ≤ m and rk f∗,p = n

)
,

f is a submersion at p ⇐⇒
(
n ≥ m and rk f∗,p = m

)
.

As we always have rk f∗,p ≤ min(m, n), we see that

f is an immersion/submersion at p ⇐⇒ f∗,p has maximal rank.
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The Immersion and Submersion Theorems

Facts

Set k = min(m, n), and denote by Rm×n
max the set of m × n matrices

A ∈ Rm×n of maximal rank.

An m × n-matrix has maximal rank if and only if it has a
non-zero k × k-minor.

The minors are polynomials in the coefficients of matrices,
and hence are continuous functions.

Thus, if a matrix A has a non-zero k × k-minor, then this
minor is non-zero for any matrix that is sufficiently close to A,
and so those matrices have maximal rank.

It follows that Rm×n
max is a neighbourhood of each of its

elements, and hence is an open set in Rm×n.
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The Immersion and Submersion Theorems

Facts

Suppose that f : N → M is a smooth map. Let (U, x1, . . . , xn) be
chart about p in M and (V , y1, . . . , ym) a chart about f (p) in M.
Set Umax = {q ∈ U; f∗,q has maximal rank}.

If q ∈ U, then f∗,q : TqM → Tf (q) is represented by the

matrix J(q) :=
[
∂f i/∂x j(q)

]
, with f i = y i ◦ f , and hence

rk f∗,q = rk J(q). Thus,

Umax = {q ∈ U; J(q) ∈ Rm×n
max } = J−1

(
Rm×n
max

)
.

It can be shown that q → J(F )(q) is C∞, and hence is
continuous.

As Rm×n
max is open, it follows that Umax is open as well.

In particular, if f∗ has maximal rank at p, then it has maximal
rank near p.
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The Immersion and Submersion Theorems

As a consequence we obtain:

Proposition (Proposition 11.4)

If a smooth map f : N → M is a immersion (resp., a submersion)
at a point p ∈ N, then it is an immersion (resp., submersion) near
p. In particular, it has constant rank near p.
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The Immersion and Submersion Theorems

Combining the previous proposition with the Constant Rank
Theorem gives the following result.

Theorem (Theorem 11.5)

Let f : N → M be a smooth map.

1 Immersion Theorem. If f is an immersion at p, then there
are a chart (U, φ) centered at p in N and a chart (V , ψ)
centered at f (p) in M such that near φ(p) we have(

ψ ◦ f ◦ φ−1
)

(r1, . . . , rn) = (r1, . . . , rn, 0, . . . , 0).

2 Submersion Theorem. If f is a submersion at p, then there
are a chart (U, φ) centered at p in N and a chart (V , ψ)
centered at f (p) in M such that near φ(p) we have(

ψ ◦ f ◦ φ−1
)

(r1, . . . , rm, rm+1, . . . , rn) = (r1, . . . , rm).
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The Immersion and Submersion Theorems

Remark

The immersion theorem implies that if f : N → M is an
immersion then, for every p ∈ N, there are a chart
(U, x1, . . . , xn) centered at p in N and a chart (V , y1, . . . , ym)
centered at f (p) in M relative to which f is such that

(∗)
(
x1, . . . , xn

)
−→

(
x1, . . . , xn, 0, . . . , 0

)
.

Conversely, If f satisfies (∗), then, setting f i = y i ◦ f , we have[
∂f i/∂x j

]
=

[
∂x i/∂x j

0m−n

]
=

[
In

0m−n

]
.

In particular,
[
∂f i/∂x j

]
has maximal rank, which implies that

f is an immersion near p.
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The Immersion and Submersion Theorems

Remark

The submersion theorem implies that if f : N → M is a
submersion then, for every p ∈ N, there are a chart
(U, x1, . . . , xn) centered at p in N and a chart (V , y1, . . . , ym)
centered at f (p) in M relative to which f is such that(

x1, . . . , xm, xm+1, . . . , xn
)
−→

(
x1, . . . , xm

)
.

The projection (x1, . . . , xm, xm+1, . . . , xn
)
→ (x1, . . . , xm) is

an open map (see Problem A.7). This implies that f maps
any neighborhood of p onto a neighborhood of f (p).

As this is true for every p ∈ N, we see that f is an open map.
Therefore, we obtain:

Corollary (Corollary 11.6)

Every submersion f : N → M is an open map.
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Images of Smooth Maps

Let us look at some examples of smooth maps f : R→ R2.

Example (Example 11.7)

Let f (t) = (t2, t3).

This is a one-to-one map, since t → t3 is one-to-one.

As f ′(0) = (0, 0) the differential f∗,0 is zero, and so f is not an
immersion at 0.

The image of f is the cuspidal cubic y2 = x3.

120 §11 The Rank of a Smooth Map

showing that in the chart (U,x1, . . . ,xn), the level set f−1(c) is defined by the vanish-
ing of the m coordinate functions x1, . . . ,xm. Therefore, (U,x1, . . . ,xn) is an adapted
chart for N relative to f−1(c). This gives a second proof that the regular level set
f−1(c) is a regular submanifold of N.

Since the submersion theorem is a special case of the constant rank theorem,
it is not surprising that the regular level set theorem is also a special case of the
constant-rank level set theorem. On a regular level set f−1(c), the map f : N→ M

has maximal rank m at every point. Since the maximality of the rank of f is an open
condition, a regular level set f−1(c) has a neighborhood on which f has constant
rank m. By the constant-rank level set theorem (Theorem 11.2), f−1(c) is a regular
submanifold of N, giving us a third proof of the regular level set theorem.

11.3 Images of Smooth Maps

The following are all examples of C∞ maps f : N→M, with N = R and M = R2.

Example 11.7. f (t) = (t2, t3).
This f is one-to-one, because t #→ t3 is one-to-one. Since f ′(0) = (0,0), the

differential f∗,0 : T0R→ T(0,0)R2 is the zero map and hence not injective; so f is not

an immersion at 0. Its image is the cuspidal cubic y2 = x3 (Figure 11.2).

1−1

1

−1

x

y

Fig. 11.2. A cuspidal cubic, not an immersion.

Example 11.8. f (t) = (t2−1, t3− t).
Since the equation f ′(t) = (2t,3t2− 1) = (0,0) has no solution in t, this map f

is an immersion. It is not one-to-one, because it maps both t = 1 and t = −1 to the
origin. To find an equation for the image f (N), let x = t2− 1 and y = t3− t. Then
y = t(t2−1) = tx; so

y2 = t2x2 = (x + 1)x2.

Thus the image of f is the nodal cubic y2 = x2(x + 1) (Figure 11.3).

Example 11.9. The map f in Figure 11.4 is a one-to-one immersion but its image,
with the subspace topology induced from R2, is not homeomorphic to the domain
R, because there are points near f (p) in the image that correspond to points in R far
away from p. More precisely, if U is an interval about p as shown, there is no neigh-
borhood V of f (p) in f (N) such that f−1(V )⊂U ; hence, f−1 is not continuous.
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Images of Smooth Maps

Example (Example 11.8)

Let f (t) = (t2 − 1, t3 − t).

As f ′(t) = (2t, 3t2 − 1) 6= (0, 0) the differential f∗ is
one-to-one everywhere, and hence f is an immersion.

However, f is not one-one since f (1) = f (−1) = (0, 0).

The image of f is the nodal cubic y2 = x2(x + 1) (see Tu’s
book). 11.3 Images of Smooth Maps 121

1

−1

1−1 x

y

Fig. 11.3. A nodal cubic, an immersion but not one-to-one.

f

f (p)p

U

( )

Fig. 11.4. A one-to-one immersion that is not an embedding.

Example 11.10. The manifold M in Figure 11.5 is the union of the graph of y =
sin(1/x) on the interval ]0,1[, the open line segment from y = 0 to y = 1 on the
y-axis, and a smooth curve joining (0,0) and (1,sin1). The map f is a one-to-one
immersion whose image with the subspace topology is not homeomorphic to R.

f

N = R
M

Fig. 11.5. A one-to-one immersion that is not an embedding.

Notice that in these examples the image f (N) is not a regular submanifold of
M = R2. We would like conditions on the map f so that its image f (N) would be a
regular submanifold of M.

Definition 11.11. A C∞ map f : N→M is called an embedding if

(i) it is a one-to-one immersion and
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Image of Smooth Maps

Example (The Figure-eight; Example 11.12)

Set I = (−π/2, 3π/2), and let f : I → R2, t → (cos t, sin 2t).

122 §11 The Rank of a Smooth Map

(ii) the image f (N) with the subspace topology is homeomorphic to N under f .
(The phrase “one-to-one” in this definition is redundant, since a homeomor-
phism is necessarily one-to-one.)

Remark. Unfortunately, there is quite a bit of terminological confusion in the liter-
ature concerning the use of the word “submanifold.” Many authors give the image
f (N) of a one-to-one immersion f : N→M not the subspace topology, but the topol-
ogy inherited from f ; i.e., a subset f (U) of f (N) is said to be open if and only if U

is open in N. With this topology, f (N) is by definition homeomorphic to N. These
authors define a submanifold to be the image of any one-to-one immersion with the
topology and differentiable structure inherited from f . Such a set is sometimes called
an immersed submanifold of M. Figures 11.4 and 11.5 show two examples of im-
mersed submanifolds. If the underlying set of an immersed submanifold is given the
subspace topology, then the resulting space need not be a manifold at all!

For us, a submanifold without any qualifying adjective is always a regular sub-
manifold. To recapitulate, a regular submanifold of a manifold M is a subset S of
M with the subspace topology such that every point of S has a neighborhood U ∩ S
defined by the vanishing of coordinate functions on U , where U is a chart in M.
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Fig. 11.6. The figure-eight as two distinct immersed submanifolds of R2.

Example 11.12 (The figure-eight). The figure-eight is the image of a one-to-one im-
mersion

f (t) = (cos t,sin2t), −π/2 < t < 3π/2

(Figure 11.6). As such, it is an immersed submanifold of R2, with a topology and
manifold structure induced from the open interval ]−π/2,3π/2[ by f . Because of
the presence of a cross at the origin, it cannot be a regular submanifold of R2. In
fact, with the subspace topology of R2, the figure-eight is not even a manifold.

f ′(t) = (− sin t, 2 cos 2t) 6= (0, 0), and so f is an immersion.

f is one-to-one, and so f is a bijection onto its image f (I ).

The inverse map f −1 : f (I )→ I is not continuous: if
t → (3π/2)−, then f (t)→ (0, 0) = f (π/2), but

f −1(f (t)) = t → 3π/2 6∈ I .

In particular, f : I → f (I ) is not a homeomorphism.
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Image of Smooth Maps

Summary

As the previous examples show:

A one-to-one smooth map need not be an immersion.

An immersion need not be one-to-one.

A one-to-one immersion need not be a homeomorphism onto
its image.

Definition

A smooth map f : N → M is called an embedding if f is an
immersion and a homeomorphism onto its image f (N) with respect
to the subspace topology.

Remark

A one-to-one immersion f : N → M is an embedding if and only if
it is an open map.
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Image of Smooth Maps

The importance of embeddings stems from the following result.

Theorem (Theorem 11.13)

If f : N → M is an embedding, then its image f (N) is a regular
submanifold in M.
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Image of Smooth Maps

Proof of Theorem 11.13.

As f is an immersion, by the immersion theorem, for any
p ∈ N, there are a chart (U, x1, . . . , xn) centered at p in N
and a chart (V , y1, . . . , ym) centered at f (p) relative to which
f is such that

(
x1, . . . , xn

)
−→

(
x1, . . . , xn, 0, . . . , 0

)
. Thus,

f (U) = {q ∈ V ; yn+1(q) = · · · = ym(q) = 0}

As f : N → f (N) is a homeomorphism, f (U) is an open set in
f (N) with respect to the subspace topology. That is, there is
an open V ′ in M such that f (U) = V ′ ∩ f (N).

Thus,

V ∩V ′∩ f (N) = V ∩ f (U) = f (U) = {yn+1 = · · · = ym = 0}.
That is, (V ∩ V ′, y1, . . . , ym) is an adapted chart relative to
f (N) near f (p) in M.

This shows that f (N) is a regular submanifold.
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Image of Smooth Maps

We have the following converse of the previous theorem.

Theorem (Theorem 11.14)

If N is a regular submanifold in M, then the inclusion i : N → M is
an embedding.
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Image of Smooth Maps

Proof of Theorem 11.14.

Let N be a regular submanifold in M.

As N has the subspace topology, the inclusion i : N → M is a
homeomorphism onto its image.

As N is a regular submanifold, near every p ∈ N, there is an
adapted chart (U, x1, . . . , xm) near p in M such that
(U ∩ N, x1, . . . , xn) is a chart in N near p and
U ∩ N = {xn+1 = · · · = xm = 0}.
Therefore, relative to the charts (U ∩ N, x1, . . . , xn) and
(U, x1, . . . , xm) the inclusion i : N → M is such that(

x1, . . . , xn
)
−→

(
x1, . . . , xn, 0, . . . , 0

)
.

By a previous remark, it follows that the map i : N → M is an
immersion near p.
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Image of Smooth Maps

Remarks

1 The images of smooth embeddings are called embedded
submanifolds.

2 The previous two results show that the regular submanifolds
and embedded submanifolds are the same objects.

3 The images of one-to-one immersions are called immersed
submanifolds.

Example

The figure-eight is an immersed submanifold in R2 (but this is not
a regular submanifold).

122 §11 The Rank of a Smooth Map

(ii) the image f (N) with the subspace topology is homeomorphic to N under f .
(The phrase “one-to-one” in this definition is redundant, since a homeomor-
phism is necessarily one-to-one.)

Remark. Unfortunately, there is quite a bit of terminological confusion in the liter-
ature concerning the use of the word “submanifold.” Many authors give the image
f (N) of a one-to-one immersion f : N→M not the subspace topology, but the topol-
ogy inherited from f ; i.e., a subset f (U) of f (N) is said to be open if and only if U

is open in N. With this topology, f (N) is by definition homeomorphic to N. These
authors define a submanifold to be the image of any one-to-one immersion with the
topology and differentiable structure inherited from f . Such a set is sometimes called
an immersed submanifold of M. Figures 11.4 and 11.5 show two examples of im-
mersed submanifolds. If the underlying set of an immersed submanifold is given the
subspace topology, then the resulting space need not be a manifold at all!

For us, a submanifold without any qualifying adjective is always a regular sub-
manifold. To recapitulate, a regular submanifold of a manifold M is a subset S of
M with the subspace topology such that every point of S has a neighborhood U ∩ S
defined by the vanishing of coordinate functions on U , where U is a chart in M.
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Fig. 11.6. The figure-eight as two distinct immersed submanifolds of R2.

Example 11.12 (The figure-eight). The figure-eight is the image of a one-to-one im-
mersion

f (t) = (cos t,sin2t), −π/2 < t < 3π/2

(Figure 11.6). As such, it is an immersed submanifold of R2, with a topology and
manifold structure induced from the open interval ]−π/2,3π/2[ by f . Because of
the presence of a cross at the origin, it cannot be a regular submanifold of R2. In
fact, with the subspace topology of R2, the figure-eight is not even a manifold.
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Smooth Maps into a Submanifold

Question

Suppose that f : N → M is smooth map such that f (N) is
contained in a given subset S ⊂ M. If S is manifold, then is the
induced map f : N → S smooth as well?

Theorem (Theorem 11.15)

Suppose that f : N → M is a smooth map whose image is
contained in a regular submanifold S in M. Then the induced map
f : N → S is smooth.

Remarks

1 The above result does not hold if S is only an immersed
submanifold (see Tu’s book).

2 The converse holds. As S is a regular submanifold, the
inclusion i : S → M is smooth. Thus, if f : N → S is a
smooth map, then i ◦ f : N → M is a C∞ map that induces f .
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Smooth Maps into a Submanifold

Proof of Theorem 11.15.

Set m = dimM and s = dimS , and let p ∈ N.

As S is a regular submanifold and f (p) ∈ S , there is an
adapted chart (V , ψ) = (V , y1, . . . , ym) near f (p) in M. Then
(V ∩ S , ψS) = (V ∩ S , y1, . . . , y s) is a chart near f (p) in S .

As f is a C∞-map, the functions y i ◦ f are C∞ on
U := f −1(V ) (which is an open neighbourhood of p in N
since f is continuous).

On f −1(V ) we have ψS ◦ f = (y1 ◦ f , . . . , y s ◦ f ), and so
ψS ◦ f : f −1(V )→ Rs is a smooth map.

As (V ∩ S , ψS) is chart for S , it follows from Proposition 6.15
that the induced map f : f −1(V )→ S is smooth, and hence
is smooth near p.
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Smooth Maps into a Submanifold

Example (Multiplication map of SL(n,R); Example 11.16)

SL(n,R) is the subgroup of GL(n,R) of matrices of determinant 1.

This is a regular submanifold in GL(n,R) (Example 9.11), and
so the inclusion ι : SL(n,R) ↪→ GL(n,R) is a smooth map.

By Example 6.21 we have a smooth multiplication map,

µ : GL(n,R)× GL(n,R) −→ GL(n,R).

We thus get a smooth map,

µ ◦ (ι× ι) : SL(n,R)× SL(n,R) −→ GL(n,R).

As it takes values in SL(n,R), and SL(n,R) is a regular
submanifold in GL(n,R), we get a smooth multiplication map,

SL(n,R)× SL(n,R) −→ SL(n,R).
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Smooth Maps into a Submanifold

Theorem 11.5 and its converse are especially useful when M = Rm.
In this case we have:

Corollary

Let S be a regular submanifold in Rm and f : N → Rm a map such
that f (N) ⊂ S. Set f = (f 1, . . . , f m). Then TFAE:

(i) f is smooth as a map from N to S.

(ii) f is smooth as a map from N to Rm.

(iii) The components f 1, . . . , f m are smooth functions on N.
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The Tangent Space to a Submanifold in Rm

Facts

Let f : Rn+1 → R be a smooth function with no critical points on
its zero set N = f −1(0).

By the regular level set theorem N is a regular submanifold in
Rn+1 of dimension n.

Then the inclusion i : N → Rn+1 is an embedding, and so, for
every p ∈ N, the differential i∗ : TpN → TpRn+1 is injective.

We thus can identify the tangent space TpN with a subspace
of TpRn+1 ' Rn+1. More precisely, we regard it as a subspace
of Rn+1 through p.

Thus, any v ∈ TpN, is identified with a vector 〈v1, . . . vn+1〉,
which is then identified with the point x = p + (v1, . . . , vn+1).
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Fig. 11.8. Tangent plane to a surface N at p.

At t = 0,

0 =
3

∑
i=1

∂ f

∂xi
(c(0))(ci)′(0) =

3

∑
i=1

∂ f

∂xi
(p)vi.

Since the vector v = 〈v1,v2,v3〉 represents the arrow from the point p = (p1, p2, p3)
to x = (x1,x2,x3) in the tangent plane, one usually makes the substitution vi = xi− pi.
This amounts to translating the tangent plane from the origin to p. Thus the tangent
plane to N at p is defined by the equation

3

∑
i=1

∂ f

∂xi
(p)(xi− pi) = 0. (11.5)

One interpretation of this equation is that the gradient vector 〈∂ f/∂x1(p),∂ f/∂x2(p),
∂ f/∂x3(p)〉 of f at p is normal to any vector in the tangent plane.

Example 11.17 (Tangent plane to a sphere). Let f (x,y,z) = x2 + y2 + z2−1. To get
the equation of the tangent plane to the unit sphere S2 = f−1(0) in R3 at (a,b,c)∈ S2,
we compute

∂ f

∂x
= 2x,

∂ f

∂y
= 2y,

∂ f

∂ z
= 2z.

At p = (a,b,c),

∂ f

∂x
(p) = 2a,

∂ f

∂y
(p) = 2b,

∂ f

∂ z
(p) = 2c.

By (11.5) the equation of the tangent plane to the sphere at (a,b,c) is

2a(x−a)+ 2b(y− b)+2c(z− c)= 0,

or

ax + by + cz = 1,

since a2 + b2 + c2 = 1.
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Facts

Set p = (p1, . . . , pn+1) and x = (x1, . . . , xn+1). Let
c : (−ε, ε)→ Rn+1 be a smooth curve such that c(0) = p,
c ′(0) = v , and c(t) ∈ N, i.e., f (c(t)) = 0. Then

0 =
d

dt

∣∣∣∣
0

f
(
c(t)

)
=
∑

(c i )′(0)
∂f

∂x i
(
c(0)

)
=
∑

v i
∂f

∂x i
(p).

As v i = x i − pi , we see that (x1, . . . , xn+1) satisfies,

(∗)
∑ ∂f

∂x i
(p)(x i − pi ) = 0.

As p is a regular point, ∂f
∂x i

(p) 6= 0 for some i , and so the
solution set of (∗) has dimension n.

As dimN = n, the tangent space TpN has dimension n, and
so it is identified with the full solution set of (∗).
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Therefore, we obtain the following result:

Proposition

Let f : Rn+1 → R be a smooth function with no critical points on
its zero set N = f −1(0). If p = (p1, . . . , pn+1) is a point in N,
then the tangent space TpN is defined by the equation,

(∗)
∑ ∂f

∂x i
(p)(x i − pi ) = 0.

Remark

Equivalently, TpN is identified with the hyperplane through p that
is normal to the gradient vector 〈∂f /∂x1(p), . . . , ∂f /∂xn+1(p)〉.
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Example (Tangent plane to a sphere)

The sphere S2 ⊂ R3 is the zero set of

f (x , y , z) = x2 + y2 + z2 − 1.

We have
∂f

∂x
= 2x ,

∂f

∂y
= 2y ,

∂f

∂z
= 2z .

Thus, at p = (a, b, c) ∈ S2 the tangent plane has equation,

∂f

∂x
(p)(x − a) +

∂f

∂y
(p)(y − b) +

∂f

∂z
(p)(z − c) = 0,

⇐⇒ a(x − a) + b(y − b) + c(z − c) = 0,

⇐⇒ ax + by + cz = a2 + b2 + c2,

⇐⇒ ax + by + cz = 1.

32 / 32


