
















































11.7. The CM Cocycle of a Dirac Spectral Triple

In this section, we explain how to compute. computation of the CM cocycle of
a Dirac spectral triple given in [Po].

Let (Mn, g) be an even dimensional compact oriented Riemannian spin man-
ifold with spinor bundle /S = /S

+ ⊕ /S
− and Dirac operator /DM : C∞(M,/S) →

C∞(M,/S). We shall use the same notation as in Chapter 8 without any further
notice.

Let us explain why the Dirac spectral triple (C∞(M), L2(M,/S), /DM ) satisfies
the assumptions of the local index formula in noncommutative geometry.

As /DM is a ΨDO of order −1, the results of Chapter 7 show that the charac-
teristic values of /D−1

M satisfy

µk(/D−1
M ) = O(k−

1
n ),

that is, the spectral triple (C∞(M), L2(M,/S), /DM ) is n-summable.
Consider the derivation δ(T ) := [|/DM |, T ] with domain

dom δ :=
{
T ∈ L(L2(M,/S); [|/DM |, T ] ∈ L(L2(M,/S)

}
.

Lemma 11.7.1. Ψ0(M,/S) is contained in dom δ and

δ
(
Ψ0(M,/S)

)
⊂ Ψ0(M,/S).

Proof. By the results of Chapter 6 on the complex powers of an elliptic ΨDO,

σ1(|/DM |) = σ1

(√
/D

2
M

)
=
√
σ2(/D2

M ).

Recall that σ1(/DM )(x, ξ) = ic(ξ) (cf. Chapter 8), so we have

σ2(/D2
M )(x, ξ) = (σ1(/DM )(x, ξ))2 = (ic(ξ))2 = 〈ξ, ξ〉g = |ξ|2g,

where 〈·, ·〉g and | · |g are the inner product and norm on the fibers of T ∗M defined
by the Riemmanian metric g. Thus,

σ1(|/DM |)(x, ξ) =
√
σ2(/D2

M )(x, ξ) = |ξ|g.

The above formula shows that σ1(|/DM |)(x, ξ) is scalar, and hence commutes
with all principal symbols. Therefore, if P ∈ Ψ0(M,/S), then the commutator
[/DM , P ] = |/DM |P −P |/DM | is a ΨDO of order ≤ 1 whose symbol of order 1 is equal
to

σ1(|/DM |)σ0(P )− σ0(P )σ1(|/DM |) = 0.
In other words, [/DM , P ] is a zeroth order ΨDO. As the zeroth order ΨDOs are
bounded, this implies that Ψ0(M,/S) is contained in dom δ and δ

(
Ψ0(M,/S)

)
is

contained in Ψ0(M,/S). The lemma is proved. �

It follows from Lemma 11.7.1 that Ψ0(M,/S) is contained in ∩j≥1 dom δj and

(11.1) δj
(
Ψ0(M,/S)

)
⊂ Ψ0(M,/S) ∀j ∈ N.

Observe that if f ∈ C∞(M), then both f and [D, f ] = c(df) are zeroth or-
der ΨDOs, and hence belong to ∩ dom δj . This shows that the spectral triple
(C∞(M), L2(M,/S), /DM ) is regular.

Define
Σ := {k ∈ Z; k ≤ n} .
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It follows from (11.1) that the algebra B constructed in the previous section is con-
tained in Ψ0(M,/S). If P ∈ Ψ0(M,/S), then by the results of Chapter 6 the function
z → Tr [P |/DM |−z] has a meromorphic continuation to C which is holomorphic on
C\Σ and on Σ has at worst simple pole singularities. We then deduce that the spec-
tral triple (C∞(M), L2(M,/S), /DM ) has a simple and discrete dimension spectrum
contained in Σ.

In addition, it can be shown that, for all m ∈ C, the space Ψm
/DM

(C∞(M)),
introduced in the previous section, is contained in Ψm(M,/S) and, with the notation
of the previous section, for all P ∈ Ψm

/DM
(C∞(M)),

−
∫
P = Resz=0 Tr

[
P |/DM |

−z] = ResP,

where ResP is the noncommutative residue of P (cf. Chapter 6).
As the Dirac spectral triple (C∞(M), L2(M,/S), /DM ) satisfies the assumptions

of the local index formula in noncommutative geometry, its CM cocycle ϕCM =
(ϕ2k) makes sense and is given by the following formulas:

- If k = 0, then, for all f0 ∈ C∞(M),

ϕ0(f0) = Resz=0

{
Γ(z) Str

[
f0(|/DM |

−z + Π0)
]}
,

where Π0 is the orthogonal projection onto ker /DM .
- If k ≥ 1, then, for all f j ∈ C∞(M),

(11.2) ϕ2k(f0, . . . , f2k) =
∑
α

ck,α−
∫
γf0[D, f1][α1] . . . [D, f2k][α2k]|/DM |

−2(|α|+k),

where Γ(|α|+k)c−1
k,α = 2(−1)|α|α!(α1 + 1) · · · (α1 + · · ·+α2k + 2k) and the

symbol T [j] denotes the j-th iterated commutator with /D
2
M .

In order to compute the cochains ϕ2k we will need a differentiable version of
the local index theorem as follows.

Definition 11.7.2. We say that an operator Q ∈ Ψ∗v(M × R, /S) has Getzler
order m when, for all x0 ∈M , in any normal coordinates centered at x0 the operator
Q has Getzler order m in the sense of Definition 8.12.13.

Proposition 11.7.3. Let /P : C∞(M,/S)→ C∞(M,/S) be a differential operator
of Getzler order m and, for t > 0, let us denote by ht(x, y) the kernel of /Pe−t/D

2
M .

Then, as t→ 0+, there is an asymptotics in C∞(M, |Λ|(M)) of the form

Str/Sx ht(x, x) =

{
O(t

−m+1
2 ) if m is odd,

t
−m
2 B0(/D2

M , /P )(x) + O(t
−m
2 +1) if m is even,

where, in normal coordinates centered at x0,

B0(/D2
M , /P )(x0) = (−2i)

n
2

[
/P (m)GR(0, 1)

](n)

,

where /P (m) is the model operator of /P and GR(x, t) is the fundamental solution of
HR + ∂t given by Lemma 8.12.21.

Proof. As in the proof of Proposition 8.12.12,

ht(x, y) = K/P (/D2
M+∂t)−1(x, y, t).
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By Lemma 8.12.18 and Lemma 8.12.19, in normal coordinates, /P (/D2
W + ∂t)−1 has

Getzler order m− 2 and its model operator is

Q(m−2) = /P (m)(HR + FW + ∂t)−1.

Thus,
KQ(m−2)(x, 0, t) = /P (m)xK(HR+∂t)−1(x, 0, t) = (/P (m)GR)(x, t).

The proposition then follows from Proposition 8.12.12 and Lemma 8.12.17. �

Theorem 11.7.4. The CM cocycle ϕCM = (ϕ2k) is given by
(11.3)

ϕ2k(f0, . . . , f2k) =
(2iπ)−

n
2

(2k)!

∫
M

f0df1 ∧ · · · ∧ df2k ∧ Â(RM )(n−2k), f j ∈ C∞(M),

where Â(RM ) is the Â-form of the Riemann curvature RM .

Proof. Let k ∈ N and f0, · · · , f2k in C∞(M). For all α ∈ N2k
0 we set

/Pα = f0[/DM , f
1][α1] · · · [/DM , f

2k][α2k] = f0c(df1)[α1] · · · c(df2k)[α2k].

Then

(11.4) ϕ2k(f0, . . . , f2k) =
∑

ck,α−
∫
γ/Pα|/DM |

−2(|α|+k).

Observe also that

(11.5) −
∫
γ/Pα|/DM |

−2(|α|+k) = 2 Resz=0 Tr
[
γ/Pα|/DM |

−2(|α|+k).|/DM |
−2z
]

= 2 Resz=0 Str
[
/Pα|/DM |

−2(|α|+k+z)
]
.

Claim. For t > 0 let hα,t(x, y) be the kernel of /Pαe
−t/D2

M . Then, as t → 0+,
there is an asymptotics in C∞(M, |Λ|(M)) of the form
(11.6)

Str/S hα,t(x, x) =

{
O(t−(k+|α|)+1) if α 6= 0,
t−k

(2iπ)
n
2

∫
M
f0df1 ∧ . . . ∧ df2k ∧ Â(RM )(n−2k) + O(t−k+1) if α = 0.

Proof of the claim. In synchronous normal coordinates c(df j) and /D2 have
respective Getzler orders 1 and 2 and respective model operators df j(0) and HR =
−
∑

(∂i − RMij (0)xj)2. Therefore, by Lemma 8.12.18 the operator /Pα has Getzler
order ≤ 2(k + |α|) and

/Pα = c[f0(0)df1(0)[α1] ∧ · · · ∧ df2k(0)[α2k]] + OG(2(k + |α|)− 1),

where T [j] is the j-th iterated commutator of T with HR.
Notice that [HR, df

j(0)] = 0, so if α 6= 0 then /PαQ has Getzler order ≤ 2(k +
|α|)− 1. Moreover, the model operator of P0 is /P 0(2k) = f0(0)df1(0)∧ . . .∧df2k(0),
and so we have

(/P 0(2k)GR)(0, 1) = (4π)−
n
2 f0(0)df1(0) ∧ . . . ∧ df2k(0) ∧ Â(RM (0)).

Applying Proposition 11.7.3 then gives the claim. �
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By the Mellin’s formula, for <s > 1 we have

(11.7) |/DM |
−2s = (/D2

M )−s = Γ(s)−1

∫ ∞
0

ts−1(1−Π0)e−t/D
2
Mdt,

where Π0 is the orthogonal projection onto ker /D2
M = ker /DM . The above integral

converges in L
(
L2(M,/S)

)
because

(11.8) ‖(1−Π0)e−t/D
2
M ‖ = e−µt ∀t ≥ 0,

where µ is the smallest non-zero eigenvalue of /D2
M .

It is useful to rewrite (11.7) in the form

(11.9) |/DM |
−2s = Γ(s)−1

∫ 1

0

ts−1e−t/D
2
Mdt+R(s),

where we have set

R(s) :=− Γ(s)−1

∫ 1

0

ts−1Π0e
−t/D2

Mdt+ Γ(s)−1

∫ ∞
1

ts−1(1−Π0)e−t/D
2
Mdt

=− s−1Γ(s)−1Π0 + Γ(s)−1e−
1
4/D

2
M

(∫ ∞
1
2

(t+
1
2

)s−1(1−Π0)e−t/D
2
Mdt

)
e−

1
4/D

2
M .

(11.10)

The projection Π0 is a smoothing operator, as is e−
1
4/D

2
M . Moreover, the function

s−1Γ(s)−1 is entire and using (11.8) we see that s→
∫∞

1
2

(t+ 1
2 )s−1(1−Π0)e−t/D

2
Mdt

is a holomorphic map from C to L
(
L2(M,/S)

)
. It then follows that (R(s))s∈C is a

holomorphic family of smoothing operators.
In addition, as the principal symbol of /D2

M is scalar (it is equal to id/Sx |ξ|
2
g), it

commutes with all principal symbols. Therefore, by arguing as in (??) we see that
if P ∈ Ψm(M,/S), then the commutator [/D2

M , P ] is a ΨDO of order ≤ m + 1. An
immediate induction then shows that

P [j] ∈ Ψm+j(M,/S) ∀j ∈ N.

In particular, we see that the operator /Pα = f0c(df1)[α1] · · · c(df2k)[α2k] is a ΨDO
of order ≤ α1 + · · ·+ α2k = |α|.

Bearing all this in mind and using (11.9), we see that, for <z > −(k + 1
2 |α|),

(11.11)

/Pα|/DM |
−2(k+|α|)−2z = Γ(k+ |α|+z)−1

∫ 1

0

tk+|α|+z−1/Pαe
−t/D2

Mdt+/PαR(k+ |α|+z).

The convergence of the above integral is ensured by the equality

(11.12) tk+|α|+z−1/Pαe
−t/D2

M =

tk+|α|+z−1/PαΠ0 + tk+
1
2 |α|+z−1/Pα|/DM |

−|α|.(t/D2
M )

|α|
2 (1−Π0)e−t/D

2
M ,

and the following facts:
- The operators /PαΠ0 and /Pα|/DM |−|α| are bounded, since the former is

smoothing and the latter is a zeroth order ΨDO.
- For all t > 0,

‖(t/D2
M )

|α|
2 (1−Π0)e−t/D

2
M ‖ ≤ sup

λ≥µ
λ
|α|
2 e−λ.
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Actually, for all ε > 0, we can rewrite (11.12) in the form,

tk+|α|+z−1/Pαe
−t/D2

M =

tk+|α|+z−1/PαΠ0 + tk+
1
2 |α|+z−1+n+ε/Pα|/DM |

−|α|−n−ε.(t/D2
M )

|α|+n+ε
2 (1−Π0)e−t/D

2
M .

Here both /PαΠ0 and /Pα|/DM |−|α|−n−ε are trace-class operators, since the former
is a smoothing operator and the latter is a ΨDO of order −n − ε < −n. There-
fore, if <z > −(k + 1

2 |α| + n), then the integral in (11.11) actually converges in
L1
(
L2(M,/S)

)
, and hence we may write

(11.13) Str
[
/Pα|/DM |

−2(k+|α|)−2z
]

=

Γ(k + |α|+ z)−1

∫ 1

0

tk+|α|+z−1 Str
[
/Pαe

−t/D2
M

]
dt+ Str [/PαR(k + |α|+ z)] .

Observe that, as {/PαR(k + |α|+ z)}z∈C is a holomorphic family of smoothing
operators, the function z → Str [/PαR(k + |α|+ z)] is entire. Therefore, using (11.5)
and (11.13) we get

(11.14) −
∫
γ/Pα|/DM |

−2(|α|+k) = 2 Resz=0 Str
[
/Pα|/DM |

−2(k+|α|)−2z
]

= 2Γ(k + |α|)−1 Resz=0

∫ 1

0

tk+|α|+z−1 Str
[
/Pαe

−t/D2
M

]
dt.

Furthermore, the potential singularity at z = 0 of
∫ 1

0
tk+|α|+z−1 Str

[
/Pαe

−t/D2
M

]
dt

only depends on the behavior of Str
[
/Pαe

−t/D2
M

]
as t→ 0+.

If α 6= 0, then by (11.6) we have

tk+|α|−1 Str
[
/Pαe

−t/D2
M

]
= O(1),

and hence
∫ 1

0
tk+|α|+z−1 Str

[
/Pαe

−t/D2
M

]
dt is regular at z = 0. Thus,

(11.15) −
∫
γ/Pα|/DM |

−2(|α|+k) = 0 if α 6= 0.

If α = 0, then (11.6) gives

tk−1 Str
[
/P 0e
−t/D2

M

]
= t−1βk + O(1),

where we have set βk := (2iπ)−
n
2
∫
M
f0df1 ∧ . . . ∧ df2k ∧ Â(RM )(n−2k). Thus,∫ 1

0

tk+z−1 Str
[
/Pαe

−t/D2
M

]
dt =

∫ 1

0

tz−1βkdt+ h(z) = z−1βk + h(z),

where h(z) is a function which is regular near z = 0. Combining this with (11.14)
then gives

(11.16) −
∫
γ/P 0|/DM |

−2k = 2Γ(k)−1βk.
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Combining (11.4) with (11.15) and (11.16) we obtain

ϕ2k(f0, . . . , f2k) = ck,0−
∫
γ/P 0|/DM |

−2k =
1
2

Γ(k)
(2k)!

.2Γ(k)−1βk

=
(2iπ)−

n
2

(2k)!

∫
M

f0df1 ∧ · · · ∧ df2k ∧ Â(RM )(n−2k).

This proves (11.3) when k ≥ 1.
It remains to compute ϕ0. Let f0 ∈ C∞(M). As Γ(z) ∼ z−1 near z = 0, we

have

(11.17) ϕ0(f0) = Resz=0

{
Γ(z) Str

[
f0(|/DM |

−z + Π0)
]}

= 2 Resz=0

{
Γ(2z) Str

[
f0|/DM |

−2z
]}

+ Resz=0

{
Γ(z) Str

[
f0Π0

]}
= Resz=0

{
Γ(z) Str

[
f0|/DM |

−2z
]}

+ Str
[
f0Π0

]
.

As in (11.13), for <z > n we have

(11.18) Γ(z) Str
[
f0|/DM |

−2z
]

=
∫ 1

0

tz−1 Str
[
f0e−t/D

2
M

]
dt+ Γ(z) Str

[
f0R(z)

]
.

The local index theorem (i.e., Theorem 8.10.5) implies that

t−1 Str
[
f0e−t/D

2
M

]
= t−1

∫
M

f0(x) Str/S kt(x, x) = t−1β0 + O(1),

where we have set β0 = (2iπ)−
n
2
∫
M
f0Â(RM )(n). Therefore, by using similar

arguments as those for proving (11.16) we get

Resz=0

∫ 1

0

tz−1 Str
[
f0e−t/D

2
M

]
dt = β0.

Furthermore, as (11.10) shows that R(0) = −Π0, we have

Resz=0

{
Γ(z) Str

[
f0R(z)

]}
= Str

[
f0R(0)

]
= −Str

[
f0Π0

]
.

Therefore, taking residues at z = 0 of both sides of (11.18) yields

(11.19) Resz=0

{
Γ(z) Str

[
f0|/DM |

−2z
]}

= β0 − Str
[
f0Π0

]
.

Combining (11.17) with (11.19) gives

ϕ0(f0) = β0 − Str
[
f0Π0

]
+ Str

[
f0Π0

]
= β0 = (2iπ)−

n
2

∫
M

f0Â(RM )(n).

This is Eq. (11.3) when k = 0. The proof is thus complete. �

Let e ∈ Mq(C∞(M)), e2 = e∗ = e and let us denote by E the vector bundle
im e; this is a subbundle of the trivial Hermitian bundle M×Cq. We endow E with
the induced Hermitian metric and the Grassmanian connection ∇0 := e(d⊗ 1q).

Let /DE : C∞(M,/S ⊗ E) → C∞(M,/S ⊗ E) be the twisted Dirac operator
associated to ∇0, that is,

/DE := /DM ⊗ 1E + (c⊗ 1E)(1/S ⊗∇0).

As we are using the Grassmanian connection, we know that

/DE = (/DM )e = e(/DM ⊗ 1q).

Thus,

(11.20) ind /DE = ind(/DM )e = ind/DM [e] = 〈ϕCM, e〉.
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Observe that (11.3) exactly means that the CM cocycle ϕCM agrees with the
even cocycle ϕC associated to the even de Rham current C defined by

(11.21) 〈C,ω〉 = (2iπ)−
n
2

∫
M

[
Â(RM ) ∧ ω

](n)

∀ω ∈ C∞(M,Λev
C T
∗M).

That is, C is the Poincaré dual of the even form (2iπ)−
n
2 Â(RM ). Therefore, by the

results of Chapter 10,

〈ϕCM, e〉 = 〈ϕC , e〉 = 〈C,Ch(F 0)〉,
where F 0 is the curvature of ∇0 and Ch(F 0) its Chern form. Combining this
with (11.20) and (11.21) then gives

ind /DE = (2iπ)−
n
2

∫
M

[
Â(RM ) ∧ Ch(F 0)

](n)

.

This is the local index formula of Atiyah-Singer for /DE .
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