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11.7. The CM Cocycle of a Dirac Spectral Triple

In this section, we explain how to compute. computation of the CM cocycle of
a Dirac spectral triple given in [Po].

Let (M™,g) be an even dimensional compact oriented Riemannian spin man-
ifold with spinor bundle § = 8% @ $~ and Dirac operator P,, : C®(M,$) —
C>(M,$). We shall use the same notation as in Chapter 8 without any further
notice.

Let us explain why the Dirac spectral triple (C*°(M), L*(M, $),]0,,) satisfies
the assumptions of the local index formula in noncommutative geometry.

AsD,, is a ¥DO of order —1, the results of Chapter 7 show that the charac-

teristic values of ﬁ;j satisfy
- _1
@y ) = O(k™7),

that is, the spectral triple (C°>°(M), L?(M, $),]0,,) is n-summable.
Consider the derivation 6(7") := [P, T] with domain

dom 6 := {T € L(LA(M,8); Py, T) € L(L*(M, $)}.

LEMMA 11.7.1. ¥°(M, $) is contained in domd and
5 (U0(M, 8)) C WM, $).
PrROOF. By the results of Chapter 6 on the complex powers of an elliptic ¥DO,

sl = o1 (VP ) = /o).

Recall that o1(D,,)(z, &) = ic(€) (cf. Chapter 8), so we have
2 (P)(,€) = (01 (Py)(3,€))” = (ie(€))* = (&,€)g = [£];,

where (-,-)4 and |- |4 are the inner product and norm on the fibers of 7% M defined
by the Riemmanian metric g. Thus,

a1 (P ) (@, €) = \Jo2(P2) (@, €) = [€]-

The above formula shows that oy (|P,,])(z,€) is scalar, and hence commutes
with all principal symbols. Therefore, if P € WO(M,$), then the commutator
Dy, Pl =Dy | P — PPy, is a ¥DO of order < 1 whose symbol of order 1 is equal
to

o1({ParDoo(P) — oo(P)ar(IP ) = 0.
In other words, [P,,, P] is a zeroth order ¥DO. As the zeroth order YDOs are
bounded, this implies that W°(M,$) is contained in domd and & (¥°(M,$)) is
contained in WO(M, $). The lemma is proved. O

It follows from Lemma 11.7.1 that W9(M,$) is contained in Nj>; dom 8’ and
(11.1) & (¥°(M,$)) c9%(M,$) VjeN.

Observe that if f € C*(M), then both f and [D, f] = c(df) are zeroth or-
der ¥DOs, and hence belong to Ndomé’. This shows that the spectral triple
(C=(M), L*(M,$),0,,) is regular.
Define
Y:={keZk<n}.
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It follows from (11.1) that the algebra B constructed in the previous section is con-
tained in WO(M, $). If P € UO(M, §), then by the results of Chapter 6 the function
z — Tr [P|D,,|?] has a meromorphic continuation to C which is holomorphic on
C\X and on ¥ has at worst simple pole singularities. We then deduce that the spec-
tral triple (C°°(M),L*(M,$),)0,,) has a simple and discrete dimension spectrum
contained in X.

In addition, it can be shown that, for all m € C, the space \IIE}M(C’OO(M)),

introduced in the previous section, is contained in ¥ (M, §) and, with the notation
of the previous section, for all P € vy (C>(M)),

][P = Res.—o Tr [P|P,,|~*] = Res P,

where Res P is the noncommutative residue of P (cf. Chapter 6).

As the Dirac spectral triple (C°°(M), L?(M, $),],,) satisfies the assumptions
of the local index formula in noncommutative geometry, its CM cocycle ocm =
(p2r) makes sense and is given by the following formulas:

- If k = 0, then, for all f© € C>(M),
©0o(fY) = Res.—o {F(z) Str [fo(llDM|_Z + HO)] } ,

where IIj is the orthogonal projection onto ker]),,.
- If k > 1, then, for all f7 € C*>°(M),

OM)mwwﬁ%:Z%#WWﬂWWWfWW%WWW

where I'(Jo| + k)c,;}l =2(=1)llal(ay +1)--- (a1 4 - - + agp +2k) and the
symbol TU) denotes the j-th iterated commutator with lD?V[
In order to compute the cochains ys;, we will need a differentiable version of
the local index theorem as follows.

DEFINITION 11.7.2. We say that an operator Q € Wi (M x R,8) has Getzler
order m when, for allzg € M, in any normal coordinates centered at xg the operator
Q has Getzler order m in the sense of Definition 8.12.13.

PROPOSITION 11.7.3. Let PP : C>*°(M,$) — C>*(M, ) be a differential operator
of Getzler order m and, for t > 0, let us denote by h(x,y) the kernel ofﬂ’e_“p?vr.
Then, as t — 0T, there is an asymptotics in C°°(M,|A|(M)) of the form
o(t=—%") if m is odd,
t=" Bo(D3,, ) (x) + O(t =) if m is even,

where, in normal coordinates centered at xg,

Strg hi(z,z) = {

BoP.P) o) = (~20)% [P Grl0.1)] ",

where P(m) is the model operator of P and Ggr(x,t) is the fundamental solution of
Hp + 0; given by Lemma 8.12.21.

PROOF. As in the proof of Proposition 8.12.12,

ht(.’l’,‘,y) = KB)(IZ)?VI+8t)71<.'I;,y7t).
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By Lemma 8.12.18 and Lemma 8.12.19, in normal coordinates, P(ID%V + 0;)~! has
Getzler order m — 2 and its model operator is

Qm—2) =P (m)(Hr + FV +9,)7 1.
Thus,
K2y (@0,8) = Pya K it s00)1 (2,0,8) = (P oy Gr) (@:1):
The proposition then follows from Proposition 8.12.12 and Lemma 8.12.17. (]

THEOREM 11.7.4. The CM cocycle oom = (par) is given by
(11.3)

902k(f07~~af2k) _ (27’7T))'g /]V[ fodfl A---Ad 2’6/\A(RM)(n72k), fj c COO(M),

(2k)!
where A(RM) is the A-form of the Riemann curvature RM .

PRrOOF. Let k € Nand f°,--- | f2* in C°°(M). For all a € N3* we set

Do = £ FI g, f2H)0) = foe(df i) e(df )i,
Then

(11.4) oo (f0, ..., f2F) = Z ck@][ AP D |20,
Observe also that
(11.5) ][WDQUDMrﬂIaHk) — 2Res._q Tr {VPQWMFQQMM)_WM‘,QZ}
= 2Res.o Str [P I, | 720014+

CLAIM. For ¢t > 0 let ho(x,y) be the kernel of Eae*ﬂ%, Then, as t — 0T,
there is an asymptotics in C°° (M, |A|(M)) of the form

(11.6)
Ot~ (tlah+1) if o # 0,
s fel:2) = <§[§% Jar Fodft A AN ARM) 20 4 Ot i o= 0.

PROOF OF THE CLAIM. In synchronous normal coordinates ¢(df?) and J)* have
respective Getzler orders 1 and 2 and respective model operators df’(0) and Hr =
—>(0; — R%(O)xj)z. Therefore, by Lemma 8.12.18 the operator J?, has Getzler
order < 2(k + |a|) and

Py = clfP0)dfH (0) A AdfPH(0) =] + O (2(k + Jal) — 1),

where TU! is the j-th iterated commutator of T' with Hp.

Notice that [Hg,df?(0)] = 0, so if a # 0 then P Q has Getzler order < 2(k +
la[) — 1. Moreover, the model operator of Py is o,y = FP0)dfL(0) A ... Adf?F(0),
and so we have

(Poary Gr)(0,1) = (4m) 7% fO(0)df (0) A ... A df**(0) A A(RM(0)).
Applying Proposition 11.7.3 then gives the claim. (]
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By the Mellin’s formula, for Rs > 1 we have
A7) Py = @) =TT [ e e P

where Il is the orthogonal projection onto kerl)fw = ker),,. The above integral
converges in £ (L?(M, $)) because

(11.8) (1 = To)e || = e~ vt >0,

where £ is the smallest non-zero eigenvalue of JD?W
It is useful to rewrite (11.7) in the form

1
(11.9) D, = I‘(s)*l/ tsfle*ﬂp?‘fdt—i—R(s),
0
where we have set

1 o0
R(s) :=— F(s)fl/ 5 e~ P dt + I‘(s)*l/ 11 — Ho)e*ﬂpifdt
0 1
(11.10)
1

— S_IF(S)_ln(] + F(s)—le_ipﬁf </ (t + 5)S—l(]_ o Ho)e_tpfudt> e_ilp?vl.
%

The projection Il is a smoothing operator, as is e~ 1P Moreover, the function

s71(s)~! is entire and using (11.8) we see that s — [~ (t+3)*~1(1— Ho)e’ta)ifdt
2

is a holomorphic map from C to £ (L*(M, $)). It then follows that (R(s)), ¢ is a

holomorphic family of smoothing operators.

In addition, as the principal symbol ole?w is scalar (it is equal to idg_ £12), it
commutes with all principal symbols. Therefore, by arguing as in (?7?) we see that
it P € ¥™(M,$), then the commutator [ZD?V[,P] is a YDO of order < m + 1. An
immediate induction then shows that

PUl e o™Hi(M,$)  VjeN.

In particular, we see that the operator I, = fOc(df!)lodl ... c(df?#)leze] is a WDO
of order < ay + -+ + agr = |a.

Bearing all this in mind and using (11.9), we see that, for Rz > —(k + 1|a]),
(11.11)

1
PD |20 leh =22 - F(k+|a|+z)’1/0 tk+‘a|+z’1ﬁ’ae’t¢?\4dt+FQR(k+|a\+z).

The convergence of the above integral is ensured by the equality
k+ —1p —tP3 _
(11.12) ¢hflaltz==lp =Py —
Lol
(R T et 71 () E (1= Thp)er P,

and the following facts:

- The operators P IIy and P_|D,,|~1* are bounded, since the former is
smoothing and the latter is a zeroth order ¥DO.
- For all t > 0,

I#P3)F (1= To)e™ P < sup A% e,
A>p
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Actually, for all € > 0, we can rewrite (11.12) in the form,
k -1 —tp?
thtlal+z P e Dy —
feHlal==1p 1 4 tk-‘r%\a|+z—1+n+eﬂ)aWIVI|—|a|—n—e.(tp§v[)7‘al+2"+s (1— Ho)e‘ﬂz’%.

Here both P Iy and P |ID,,|~1*I="~¢ are trace-class operators, since the former
is a smoothing operator and the latter is a DO of order —n — ¢ < —n. There-
fore, if Rz > —(k + %|a| + n), then the integral in (11.11) actually converges in
L' (L*(M,$)), and hence we may write

(11.13) Str {yagpM|—2(/~c+|a\)_21 _
1

ol 27 [ 4100 St [p =Pt Sin Rk + o+ ).
0

Observe that, as {’, R(k + |a| + z)}.ec is a holomorphic family of smoothing
operators, the function z — Str [’ | R(k + || + z)] is entire. Therefore, using (11.5)
and (11.13) we get

(1114 ][ P D] ) = 9 Res—o St [P, 2042
1
= 20 (k + [al) ! ReSZ:O/ A S [p et
0

Furthermore, the potential singularity at z = 0 of fol thtlal+2=1 gty [E’ae_twﬁﬂ} dt

only depends on the behavior of Str [J}Dae_w)if} ast — 0T,
If a # 0, then by (11.6) we have

ool =1 Gy [Fae_ﬂp%d} = 0(1),

and hence fol thtlal+2—1 gty [Fae*tmvz} dt is regular at z = 0. Thus,

(11.15) ][Waw)Mr?(‘aHk) =0 ifa#0.
If & =0, then (11.6) gives
=1 Str V’Oe*@ﬂ =718, + O(1),

n

where we have set B, := (2im)~% [, fOdf* A ... Adf?* A A(RM)=2K) . Thus,

1 1
/ te—1 gy [Eaefupi,} dt = / 1 Bedt + h(2) = 271 By, + h(z),
0 0

where h(z) is a function which is regular near z = 0. Combining this with (11.14)
then gives

(11.16) ][WFOLZDMI_% = 2T (k) ™! By
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Combining (11.4) with (11.15) and (11.16) we obtain

eau(£eos ) = cnarf DI = ST 20

= (2(1272)' /M FOdft A NP A ARM) (2R

This proves (11.3) when k > 1.
It remains to compute . Let fO € C°(M). As I'(z) ~ 27! near z = 0, we
have

(11.17)  @o(f”) = Res.—o {T'(2) Str [f°(IP,,|7% + o) }
= 2Res.—o {T'(22) Str [f21D,,17**] } + Res.—o {T'(2) Str [ f°TIo] }
= Res.—o {T'(2) Str [f°IP,,|7>*] } + Str [ f°TIo] .
As in (11.13), for Rz > n we have
(11.18)  T'(2)Str [fOI0,, 1] = /1 t*~1 Str [f%*ﬂp?w} dt +T'(2) Str [f°R(2)] .

0
The local index theorem (i.e., Theorem 8.10.5) implies that

t~! Str {foe_tmvf} =¢! / fO(z) Strg ky(z,2) =t By + O(1),
M

where we have set 8y = (2im)” 7 Jur fOA(RM)("). Therefore, by using similar
arguments as those for proving (11.16) we get

Res._o /01 =1 Str [f%*t%] dt = fo.
Furthermore, as (11.10) shows that R(0) = —IIy, we have
Res.—o {T'(2) Str [f°R(2)] } = Str [f°R(0)] = — Str [ f°TIo] .
Therefore, taking residues at z = 0 of both sides of (11.18) yields
(11.19) Res.—o {I'(z) Str [f°|P ;1 %]} = Bo — Str [f°Ilo] .
Combining (11.17) with (11.19) gives

@o(f°) = Bo — Str [f°Io] + Str [f°ILo] = Bo = (2im)~ 2 / fPA(RM)™),
M
This is Eq. (11.3) when k& = 0. The proof is thus complete. O

Let e € M,(C>®(M)), e = e* = e and let us denote by E the vector bundle
im e; this is a subbundle of the trivial Hermitian bundle M x C?. We endow F with
the induced Hermitian metric and the Grassmanian connection V% := e(d ® 1,).

Let Dy : C®(M,$ ® E) — C>®(M,$ ® E) be the twisted Dirac operator
associated to VO, that is,

Pp=Py®lg+(c1lp)(lg®@ V).
As we are using the Grassmanian connection, we know that
Dp=Wy)e=ely ®1g).

Thus,
(11.20) indPp =indP,,)e = indp le] = {pcm, €).
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Observe that (11.3) exactly means that the CM cocycle ponm agrees with the
even cocycle ¢ associated to the even de Rham current C' defined by

(11.21)  (C,w) = (2im)" 2 /M

That is, C' is the Poincaré dual of the even form (2ir)~% A(RM). Therefore, by the
results of Chapter 10,

" (n)
[A(RM) A w] Yw € C%(M, AT M).

(pom, e) = {pc,e) = (C, Ch(F0)>7
where FC is the curvature of VY and Ch(F?) its Chern form. Combining this
with (11.20) and (11.21) then gives

indp, = (2ir)"2 /

M
This is the local index formula of Atiyah-Singer for [ .

[A(RM) A Cn(F©)] "
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