
































































































CHAPTER 8

The Atiyah-Singer Index Theorem

The main reference for this chapter is the monograph [BGV]. We also refer
to [Sh, §8] for the section on Fredholm operators. The proof of the Atiyah-Singer’s
local index formula given in Section 8.12 is taken from [Po].

We refer to the scans on the course’s website for the notes of Sections 1–9 about
Clifford algebras, spin structures, Dirac operators and Fredholm operators, and for
the notes of the appendix on characteristic classes.

8.10. The Local Index Formula of Atiyah-Singer

Let (Mn, g) be an even dimensional compact oriented Riemannian manifold and
let E = E+⊕E− be a Clifford-module bundle equipped with a Clifford connection
∇E . We shall denote by DE : C∞(M,E) → C∞(M,E) the associated Dirac
operator as defined in Section 8.

As we saw in Section 8, the operator DE is elliptic and takes the form,

DE =
(

0 D−E
D+
E 0

)
, D±E : C∞(M,E±)→ C∞(M,E±).

Moreover, the selfadjointness of DE implies that (D±E)∗ = D∓E .
As DE is elliptic, the results of Section 9 show that DE is Fredholm. However,

as DE is selfadjoint its index must be zero. However, the ellipticity of DE implies
that D±E is elliptic, and hence is Fredholm. We then define the index of DE to be

indDE := indD+
E = dim kerD+

E − dim kerD−E ,

where we have used the fact that D−E is the adjoint of D+
E .

Let us denote by StrE//S the relative supertrace on the fibers of HomClC(M)(E,E).
Recall that

StrE//S(T ) = 2−
n
2 StrE(ΓT ) ∀T ∈ C∞(M,HomClC(M)(E,E)),

where we have denoted by Γ the chirality operator (or, more precisely, the section
EndE given by the pointwise action of chirality operator on the fibers of E).

In the sequel, we denote by FE//S the twisted curvature of the Clifford connec-
tion ∇E (see Section 8 for its precise definition).

Definition 8.10.1. The relative Chern form of the twisted curvature FE//S is

Ch(FE//S) = StrE//S
[
e−F

E//S
]
∈ C∞(M,ΛevT ∗M).

For instance, suppose that M is spin and let W = W+ ⊗W− be a Z2-graded
Hermitian vector bundle with Hermitian connection ∇W preserving its Z2-grading.
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Then we can we form the twisted Clifford-bundle module E = /S⊗W and equipped
with the twisted Clifford connection,

∇E = ∇/S ⊗ 1W + 1/S ⊗∇W .

As alluded to in Section 8, the twisted curvature of this twisted connection is just
1/S ⊗ FW . Therefore, its relative Chern form is equal to

Ch(FE//S) = StrE//S
[
1/S ⊗ e−F

W
]

= StrW
[
e−F

W
]

= TrW+

[
e−F

W+
]
− TrW−

[
e−F

W−
]

= Ch(FW
+

)− Ch(FW
−

),

where FW
±

is the curvature of the connection onW± induced by∇W and Ch(FW
±

)
is its usual Chern form.

In addition, as explained in the appendix on characteristic classes, the Â-form of
the Riemann curvature RM of M (i.e., the curvature of the Levi-Civita connection
on TM) is

Â(RM ) := det
1
2

[
RM/2

sinh(RM/2)

]
.

We are now in a position to state the index formula of Atiyah-Singer.

Theorem 8.10.2 (Atiyah-Singer). We have

(8.1) indDE = (2iπ)−
n
2

∫
M

[
Â(RM ) ∧ Ch(FE//S

](n)

,

where
[
Â(RM ) ∧ Ch(FE//S

](n)

denotes the n-th degree component of the even form

Â(RM ) ∧ Ch(FE//S).

Remark 8.10.3. The local index formula of Atiyah- Singer continue to hold

evenM is non-orientable. Notice that the integrand
[
Â(RM ) ∧ Ch(FE//S

](n)

defines
a density, namely,

(8.2) 〈
[
Â(RM ) ∧ Ch(FE//S

](n)

, ωM 〉vg(x),

where ωM is the volume form and vg(x) is the Riemannian density. The integral∫
M

[
Â(RM ) ∧ Ch(FE//S

](n)

then is the integral of this density.
The above process allows us to identify n-the degree forms and densities, but it

depends on a choice of orientation. Observe that the definition of the relative Chern
form Ch(FE//S depends on the definition of relative supertrace which involves the
chirality operator, hence depends on the choice of the orientation (see Eq. (8.6).
However, if at a point x ∈M , we reverse the orientation of TxM then it only affects
by a change of sign the values at x of the chirality operator Γ and relative Chern
form Ch(FE//S . Since this similarly affects the value at x of the volume form, we see
that the value at x of the density (8.2) is actually independent of the orientation of
TxM . Therefore (8.2) defines a density even M is non-orientable. Then the index
of DE continue to be given by the formula (8.1), where the r.h.s. is interpreted as
a multiple of the integral of the density (8.2).
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The above index formula is often referred to as the local index formula of
Atiyah-Singer. It is not a mere special case of the full index theorem of Atiyah-
Singer [AS] for general elliptic ΨDOs. In many respects, the local index formula is
equally important, if not even more important, than the full index theorem.

As it turns out, K-theoretic arguments show that the local index formula is
actually equivalent to the full index theorem (see, e.g., [ABP]). More importantly,
its only the case of Dirac operators on Clifford-module bundles that the Atiyah-
Singer’s index theorem reaches its true geometric contents. Therefore, the local
index formula for Dirac operators is often confused with the full index theorem of
Atiyah-Singer.

We shall describe some of the geometric applications of the Atiyah-Singer’s
local index formula in the next section. Before doing this let us briefly outline of
the proof this formula.

As D2
E is a selfadjoint operator with non-negative spectrum, the Borel func-

tional calculus allows us to define the heat semi-group e−tD
2
E , t ≥ 0, as a family of

bounded operators on L2(M,E) (cf. Chapter II). Indeed, if (ξk)k≥0 is an orthonor-
mal basis of eigenvectors such that D2

Eξk = λk(D2
E)ξk for all k ≥ 0, then

e−tD
2
Eξk = e−tλk(D2

E)ξk ∀k ≥ 0.

In addition,we denote by Str the supertrace on the Z2-graded Hilbert space
L2(M,E) = L2(M,E+)⊕ L2(M,E−), that is,

Str
(
A B
C D

)
= Trace(A)− Tr(B)

for any trace-class operator T =
(
A B
C D

)
on L2(M,E) = L2(M,E+)⊕L2(M,E−).

Let t > 0. The ellipticity of D2
E ensures us that, for t > 0, the operator e−tD

2
E

is smoothing, and hence has a smooth Schwartz kernel, i.e., a section kt(x, y) in
C∞(M ×M,E � (E∗ ⊗ |Λ|(M))), which is called the heat kernel of D2

E (see Sec-
tion 8.12 on this point). It then follows that e−tD

2
E is trace-class and its supertrace

is given by

Str e−tD
2
E =

∫
M

StrE [kt(x, x)],

where StrE [kt(x, x)] is defined as a density on M .

Theorem 8.10.4 (McKean-Singer Formula). For all t > 0,

indDE = Str e−tD
2
E =

∫
M

StrE [kt(x, x)].

Proof. We know that the Dirac operator DE is of the form,

DE =
(

0 D−E
D+
E 0

)
,

where D±E : C∞(M,E±)→ C∞(M,E±) and (D±E)∗ = D∓E . Thus,

D2
E =

(
D−ED

+
E 0

0 D+
ED
−
E

)
.
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Let t > 0. Then

e−tD
2
E =

(
e−tD

−
ED

+
E 0

0 e−tD
+
ED
−
E

)
.

Therefore,

Str e−tD
2
E = Trace

[
e−tD

−
ED

+
E

]
− Trace

[
e−tD

+
ED
−
E

]
=
∑
λ∈C

e−tλ dimE+
λ −

∑
λ∈C

e−tλ dimE−λ

= dimE+
0 − dimE−0 +

∑
λ∈C\0

e−tλ(dimE+
λ − dimE−λ ),

where, for all λ ∈ C, we have set

E+
λ := ker(D−ED

+
E − λ) and E−λ := ker(D+

ED
−
E − λ).

Notice that, as (D±E)∗ = D∓E , we have

E±0 = kerD∓ED
±
E = ker(D±E)∗D±E = kerD±E .

Thus,
dimE+

0 − dimE−0 = dim kerD+
E − dim kerD−E = indDE ,

and hence

(8.3) Str e−tD
2
E = indDE +

∑
λ∈C\0

e−tλ(dimE+
λ − dimE−λ ).

Next, let λ ∈ C \ 0 and let ξ be in E+
λ = ker(D−ED

+
E − λ). Then

D+
ED
−
E(D+

Eξ) = D+
E(D−ED

+
Eξ) = λD+

Eξ,

that is, D+
Eξ is contained in E−λ = ker(D+

ED
−
E −λ). Thus D+

E induces a linear map
from E+

λ to E−λ .
Similarly, the operator D−E induces a linear map from E−λ and E+

λ . As by the
very definitions of E+

λ and E−λ we have(
D−ED

+
E

)
|E+
λ

= λ idE+ and
(
D+
ED
−
E

)
|E−λ

= λ idE− ,

we see that D+
E induces a linear isomorphism from E+

λ onto E−λ . Thus,

dimE+
λ = dimE−λ ∀λ ∈ C \ 0.

Combining this with (8.3) yields the the McKean-Singer formula. �

Now, the local index formula of Atiyah-Singer is proved by combining the
McKean-Singer formula with the following:

Theorem 8.10.5 (Patodi, Gilkey, Atiyah-Bott-Patodi). In C∞(M, |Λ|(M)),

StrE [kt(x, y)] −→
[
Â(RM ) ∧ Ch(FE//S)

](n)

as t→ 0+.

Theorem 8.10.5 is often referred to as the local index theorem. In the above
general form, it was first proved by Atiyah-Bott-Patodi [ABP] by making use of
Riemannian invariant theory (see also [Gi]). The first purely analytical proofs were
produced by Getzler [Ge1] and Bismut [Bi] by means of different approaches. These
proofs were further simplified by the celebrated“short proof” of Getzler [Ge2],
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where was introduced the use of the so-called “Getzler’s rescaling”. This proof
paved the way for many generalizations of the local index formula of Atiyah-Singer’.

In Section 8.12, we reproduce the proof of the local index theorem given
in [Po]. This proof is especially relevant for applications in noncommutative geom-
etry (cf. Chapter 11).

Notice, that it can be shown that in C∞(M, |Λ|(M)⊗ EndE),

kt(x, x) ∼ t−n2
∑
j≥0

tjaj(D2
E)(x) as t→ 0+,

where a0(D2
E)(x) is the positive multiple of the Riemannian density (cf. Section 8.12).

Therefore, it is a very striking fact that under the supertrace all the divergent terms
in the above asymptotics vanish and we obtain a convergent quantity.

It should also be stressed out that this phenomenon is really specific to Dirac
operators coming from Clifford connections; in general the local index theorem does
not occur for other operators.

8.11. Geometric Applications

Let (Mn, g) be an even-dimensional oriented compact Riemannian manifold.
Depending on the existence of an additional structure (e.g.spin structure, complex
structure) the Atiyah-Singer index formula has various striking consequences. We
give here a brief overview of them, referring to the book of Berline-Getzler-Vergne
for a more detailed treatment, including proofs of the results stated here.

8.11.1. Dirac Operators on Spin Manifolds. Assume that M is spin and
let us denote by /S its spinor bundle. In addition, let W = W+⊗W− be a Hermitian
Z2-graded vector bundle equipped with a Hermitian connection ∇W preserving the
Z2-grading of W .

We denote by DW : C∞(M,/S ⊗W ) → C∞(M,/S ⊗W ) the associated twisted
Dirac operator, that is, DW is the Dirac operator associated to the twisted Clifford
connection ∇/S⊗W := ∇/S ⊗ 1 + 1⊗∇W , where ∇/S is the spin connection.

As shown before, the twisted curvature of ∇/S⊗W is 1⊗ FW , where FW is the
curvature of the connection ∇W , and its relative Chern form agrees with the Chern
form Ch(FW ) of FW . Therefore, we the local index formula of Atiyah-Singer gives

Theorem 8.11.1 (Atiyah-Singer). We have

ind /DW = (2iπ)−
n
2

∫
M

[
Â(RM ) ∧ Ch(FW )

](n)

.

In particular, in the case of the Dirac operator /DM of M acting on spinors (i.e.,
when W is the flat trivial line bundle over M) we get

Theorem 8.11.2 (Atiyah-Singer). We have

ind /DM = (2iπ)−
n
2

∫
M

Â(RM )(n).

As an immediate corollary we obtain:

Corollary 8.11.3. If the Â-number of M , i.e.,

Â(M) :=
∫
M

[
Â(RM )

](n)

,

is not an integer, then M does not admit a spin structure.
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In the sequel, we denote by κM the scalar curvature of M .

Theorem 8.11.4 (Lichnerowicz). Suppose that κM (x) > 0 for all x ∈M . Then
the null space of /DM is reduced to {0}.

Proof. This is a direct consequence of the Lichnerowicz’s formula,

/D
2
M = (∇/S)∗∇/S +

1
4
κM .

It implies that, for all u ∈ C∞(M,/S),

〈/DMu, u〉 = 〈∇/Su,∇/Su〉+
1
4
〈κMu, u〉 ≥

1
4

∫
κM (x)‖u(x)‖2/Sxvg(x) ≥ c‖u‖2L2(M,/S),

where vg(x) is the Riemannian density and we have set c := infx∈M κM (x).
As M is compact and κM is positive, the constant c is positive. Therefore, no

non-zero smooth section of /S can be contained in ker /D2
M . As /DM is elliptic and

selfadjoint, ker /D2
M = ker /DM ⊂ C∞(M,/S), so we see that ker /DM is trivial. �

If /DM has a trivial null space, then, obviously, ind /DM = 0. Therefore, combin-
ing Theorem 8.11.2 and Theorem 8.11.4 gives

Theorem 8.11.5. If M carries a metric of positive scalar curvature, then its
Â-number Â(M) vanishes.

8.11.2. The Chern-Gauss-Bonnet Theorem. The (complexified) exterior-
algebra bundle Λ∗CT

∗M carries the Z2-grading,

Λ∗T ∗ − C∞(M) = ΛevT ∗M ⊕ ΛoddT ∗M.

This is a Clifford-module bundle with respect to the natural action of ClC(M) seen
as a sub-bundle of End(Λ∗CT

∗M). Because we can define another Z2-grading by
means of the chirality operator (see next subsection), we shall denote by Λev/oddT ∗CM ,
or simplyΛev/odd the Clifford-module bundle defined by means of the above Z2-
grading.

As it turns out, the Levi-Civita connection∇Λ∗CT
∗M on Λev/odd

C T ∗M is a Clifford
connection and the associated Dirac operator agrees with the de Rham operator,

d+ d∗ : C∞(M,Λ∗T ∗M) −→ C∞(M,Λ∗T ∗M),

where d is the usual exterior differential and d∗ is its adjoint (see [BGV]).
The index of d+ d∗ has an important topological interpretation as follows. For

j = 0, . . . , n let us denote by Hk(M) the (k+ 1)-th de Rham cohomology group of
M , that is,

Hk(M) = ker dk/ im dk−1,

where dk : C∞(M,ΛkT ∗M) → C∞(M,Λk+1T ∗M) is the de Rham differential on
forms of degree k. The Euler characteristic of M then is

χ(M) :=
n∑
k=0

(−1)k dimHk(M).

In addition, let ∆ := (d + d∗)2 = dd∗ + d∗d be the Laplace-Beltrami operator
and let us denote by ∆k := dk−1d

∗
k+1 + d∗kdk its restriction to forms of degree k.
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Proposition 8.11.6 (Hodge; see [BGV]). We have an orthogonal splitting,

ker dk = im dk−1 ⊕ ker ∆k,

and hence
Hk(M) ' ker ∆k.

That is, any class in Hk(M) can be represented by a unique harmornic form of
degree k.

It follows from this that dimHk(M) = dim ker ∆k, and hence

χ(M) =
n∑
k=0

(−1)k dim ker ∆k

= dim ker ∆|ΛevT∗M − dim ker ∆|ΛoddT∗M(8.4)

= dim ker(d+ d∗)|ΛevT∗M − dim ker(d+ d∗)|ΛoddT∗M

= ind(d+ d∗).

In the sequel, we denote by Eul(RM ) the Euler form of the curvature RM of
M . Regarding RM as a section of (Λ2T ∗M)⊗End(TM), the Euler form is the form
of degree of n on M such that, for any local orthonormal frame {ei} of TMwith
dual coframe {ei}, we have

1
(n/2)!

(
−1

4

∑
i,j,k,l

RMijkl(dx
i ∧ dxj)⊗ (ek ∧ el)

)n
2

= Eul(RM )⊗ (e1 ∧ . . . ∧ en),

where we have set RMijkl := 〈RM (∂i, ∂j)ek, el〉.
Lemma 8.11.7 (See [BGV]).

(1) The twisted curvature F (Λev/odd)//S of the Levi-Civita connection on Λev/odd
C T ∗M

is such that, for any local orthonormal frame {ei} of TM with dual coframe
{ei}, we have

F (Λev/odd)//S = −1
4

∑
i,j,k,l

RMijkl(dx
i ∧ dxj)⊗

(
ε(ek) + ι(ek)

) (
ε(el) + ι(el)

)
.

(2) The relative Chern form of the twisted curvature F (Λev/odd)//S is given by

(8.5) Ch
(
F (Λev/odd)//S

)
= i

n
2 Eul(RM ).

As the zeroth-degree component of the even form Â(RM ) is equal to 1, from (8.5)
we get [

Â(RM ) ∧ Ch(FE//S)
](n)

=
[
Â(RM )

](0)

Eul(RM ) = Eul(RM ).

Therefore, by using (8.4) and applying the local index formula of Atiyah-Singer we
obtain

Theorem 8.11.8 (Chern-Gauss-Bonnet Theorem). We have

χ(M) = ind(d+ d∗) = (2π)−n
∫
M

Eul(RM ).
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In the above form, the Chern-Gauss-Bonnet theorem is originally due to S.S. Chern.
This is the most classical index theorem. When n = 2 we recover the well-known
Gauss-Bonnet theorem,

χ(M) =
1

2π

∫
M

κM (x)vg(x),

where vg(x) is the Riemannian density.

8.11.3. Hirzebruch Signature Theorem. Recall that the chirality operator
is defined by

(8.6) Γ := i
n
2 c(ωM ) ∈ C∞(M,ClC(M)) ⊂ C∞(M,End(ΛCT

∗M)),

where ωM =
√

det g(x)dx1∧· · ·∧dxn is the volume form of M . As Γ2 = 1 it defines
an alternative Z2-grading on Λ∗CT

∗M given by

(8.7) Λ∗CT
∗M = Λ+T ∗CM ⊗ Λ−T ∗CM, Λ±T ∗CM := ker(Γ∓ 1).

This Z2-grading is preserved by the action of ClC(M), and so we get a new Clifford-
module bundle structure on Λ∗CT

∗M . We shall denote by Λ+/−
C T ∗M the Λ∗CT

∗M
equipped with this Clifford-module bundle structure.

The Levi-Civita connection on Λ+/−
C T ∗M is a Clifford connection (cf. [BGV]),

and so the associated Dirac operator is again the de Rham operator d+ d∗. Notice
that, as we are using a different Z2-grading, the index differs from that in (8.4). As
we shall now explain the index that we get is intimately related to the signature of
the manifold.

Let ? ∈ C∞(M,End Λ∗T ∗M) be the Hodge operator, i.e.,

α ∧ ?β = 〈α, β〉ωM ∀α, β ∈ C∞(M,Λ∗T ∗M),

Lemma 8.11.9 (See [BGV]). We have

Γ = (−1)
k(k−1)

2 i
n
2 ? on ΛkCT

∗M,

d∗ = − ? d?

It follows from this lemma that d + d∗ = d − ?d?. In the sequel, in order to
distinguish with the index in (8.4), we shall denote by ind(d − ?d?) the index of
d+ d∗ when using the Z2-grading defined by the chirality operator. That is,

ind(d− ?d?) := dim ker(d+ d∗)|Λ+T∗CM
− dim ker(d+ d∗)|Λ−T∗CM

= dim ker(d− ?d?)|Λ+T∗CM
− dim ker(d− ?d?)|Λ−T∗CM .

It also follows from Lemma 8.11.9 that the Hodge ?-operator descends to a
linear map,

(8.8) ? : Hk(M) −→ Hn−k(M),

which is an isomorphism since ?2 = (−1)k on ΛkT ∗M . Using this isomorphism we
can prove the nondegeneracy of the bilinear pairing,

Hk(M)×Hn−k(M) 3 (α, β) −→
∫
M

α ∧ β.

When n is divisible by 4 this pairing is symmetric on H
n
2 (M)×H n

2 (M), and
hence it gives rise to a nondegenerate quadratic form on H

n
2 (M). The signature

of this quadratic form is called the signature of M and is denoted σ(M). This is a
topological invariant of M .
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Lemma 8.11.10 (See [BGV]). If n is divisible by 4, then

σ(M) = ind(d− ?d?).
Because of this lemma, the operator d− ?d? is often called signature operator.
Next, the twisted curvature of the Levi-Civita on Λ+/−T ∗CM is continue to be

given by (1). As we shall now see, since we are using a different Z2-grading, we
obtain a different relative Chern form, which we shall denote by Ch(F (Λ+/−)//S).

Recall that L-form L(RM ) is the of the curvature RM is defined by

L(RM ) := det
1
2

(
RM/2

tanh(RM/2)

)
.

Lemma 8.11.11 (See [BGV]). We have

Ch(FE//S) = 2
n
2 det

1
2

(
sinh(RM/2)
RM/2

)
∧ L(RM ).

Observe that Â(RM ) ∧ det
1
2

(
sinh(RM/2)
RM/2

)
= 1. Thus,

Â(RM ) ∧ Ch(FE//S) = 2
n
2 L(RM ).

Therefore, using the Atiyah-Singer index formula we obtain:

Theorem 8.11.12 (Atiyah-Singer). We have

ind(d− ?d?) = (iπ)−
n
2

∫
M

[
L(RM )

](n)
.

Combining this with Lemma 8.11.10, we immediately get

Theorem 8.11.13 (Hirzebruch Signature Theorem). If dimM is divisible by
4, then

σ(M) = ind(d− ?d?) = (iπ)−
n
2

∫
M

[
L(RM )

](n)
.

Since
[
L(RM )

](4) = − 1
96π2 Tr[(RM )2], we see that in dimension 4,

σ(M) = − 1
24π2

∫
M

Tr[(RM )2].

More generally, let W be a Hermitian vector bundle equipped with a Hermitian
connection∇W . Then we can form the twisted Clifford-module bundle Λ+/−T ∗CM⊗
W , where the fiberwise action of ClC(M) is such that, above all x ∈M ,

a(ξ ⊗ w) = (aξ)⊗ w, ∀a ∈ Clx(M) ∀(ξ, w) ∈ Λ∗T ∗xM ×Wx.

The twisted connection ∇Λ+/−T∗CM⊗W = ∇Λ∗T∗M ⊗ 1 + 1 ⊗ ∇W is a Clifford
connection on Λ+/−T ∗CM⊗W . We shall denote by (d−?d?)W the associated Dirac
operator. Its index is denoted σ(M,W ) and is called the twisted signature with
coefficients in W . It depends only on the topology of the manifold M and the
vector bundle W .

The twisting curvature F (Λ+/−T∗CM⊗W )//S is equal to

F (Λ+/−)//S ⊗ 1 + 1⊗ FW ,
where FW is the curvature of ∇W . Thus, its relative Chern form is given by

Ch(F (Λ+/−T∗CM⊗W )//S) = Ch(FE//S) ∧ Ch(FW ).

Therefore, we obtain:

9



Theorem 8.11.14 (Twisted Signature Theorem). We have

σ(M,W ) = (d− ?d?)W = (iπ)−
n
2

∫
M

[
L(RM ) ∧ Ch(FW )

](n)
.

The twisted signature theorem was originally proved by Atiyah-Singer. It is
important because it can be used to prove the full Atiyah-Singer index theorem,
i.e., the index theorem for general elliptic ΨDOs on compact manifolds.

8.11.4. The Hirzebruch-Riemann-Roch Formula. In this subsection, we
assume that M is a complex manifold of complex dimension n. This means that the
tangent bundle TM is thus endowed with a complex structure J ∈ C∞(M,EndR TM),
J2 = −1, so that the holomorphic tangent bundle T1,0M := ker(J − i) is integrable
in Fróbenius’ sense, i.e., [Z,W ] ∈ C∞(M,T1,0M) for all Z,W ∈ C∞(M,T1,0M).

In addition, we assume that the orientation of M is the orientation defined by
its complex structure and the Riemannian metric on g TM is the real part of a
Hermitian metric h on TCM with respect to which J is unitary.

The complexified tangent bundle TCM := TM ⊗ C admits the orthogonal
decomposition,

TCM = T1,0M ⊕ T0,1M, T0,1M := T1,0M.

By duality this gives rise to orthogonal splittings,

T ∗CM = Λ1,0T ∗M ⊕ Λ0,1T ∗M, Λ∗CT
∗M =

n⊕
q=0

Λp,qT ∗M,

where Λp,qT ∗M :=
(
Λ1,0T ∗M

)p ∧ (Λ0,1T ∗M
)q is the bundle of (p, q)-covectors.

If α ∈ C∞(M,Λ0,q), then

dα = ∂α+ ∂α,

where ∂α is a (1, q)-form and ∂α is a (0, q+1)-form. Furthermore, the integrability
of T1,0 implies that ∂

2
= 0. We thus get a chain complex,

∂ : C∞(M,Λ0,•T ∗M) −→ C∞(M,Λ0,•+1T ∗M).

This complex is called the Dolbeault complex of M and its cohomology groups are
denoted H0,q(M), q = 0, . . . , n.

Let W be a holomorphic vector bundle over M . This means that M can be
covered by open subsets Uα over which there are local trivializations τα : W|Uα →
Uα × Cr in such way that the transition maps are holomorphic maps. Then, for
q = 0, . . . , n, there exists a unique operator

∂W : C∞(M, (Λ0,qT ∗M)⊗W ) −→ C∞(M, (Λ0,q+1T ∗M)⊗W )

such that, for all local holomorphic frames e1, . . . , er of W and sections ω =
∑
ωj⊗

ej of (Λ0,qT ∗M)⊗W ,

∂W (
∑

ωj ⊗ ej) =
∑
j

(∂ωj)⊗ ej .

Since (∂W )2 = 0 this gives rise to a chain complex, called the Dolbeault complex
of M with coefficients in W . Its cohomology groups are denoted H0,q(M,W ),
q = 0, . . . , n.

Let us also endow W with a Hermitian metric 〈., .〉W . Together with the Her-
mitian metric on Λ0,∗T ∗M this defines a Hermitian metric on (Λ0,∗T ∗M)⊗W and
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an inner inner products on C∞(M, (Λ0,∗T ∗M) ⊗ W ), using which we define the
formal adjoint ∂

∗
W : C∞(M, (Λ0,∗T ∗M) ⊗W ) → C∞(M, (Λ0,∗T ∗M) ⊗W ). The

Dolbeault Laplacian then is

�W := (∂W + ∂
∗
W )2 = ∂

∗
W∂W + ∂W∂

∗
W .

Notice that �W maps C∞(M, (Λ0,qT ∗M)⊗W ) to itself. We then denote by �0,q
W

its restriction to (Λ0,qT ∗M)⊗W .
In addition, by looking at its expression in local coordinates, it is not difficult to

check that �W has same principal symbol as a Laplacian and hence is elliptic. As
by assumption M is compact, it follows that ker �W is a finite dimensional subspace
of C∞(M, (Λ0,∗T ∗M) ⊗W ). We then define the holomorphic Euler-characteristic
of M with coefficients in W to be

χ(M,W ) :=
n∑
q=0

(−1)q dimH0,q(M,W ).

This is a holomorphic invariant of M and W .

Proposition 8.11.15 (Hodge, see [BGV]). For q = 0, . . . , n,

H0,q(M,W ) ' ker �0,q
W .

Since the operators ∂W +∂
∗
W and 2W have same kernel, it follows from Proposi-

tion 8.11.15 that H0,q(M,W ) is isomorphic to the kernel of the Dolbeault operator
∂W + ∂

∗
W on (0, q)-forms. Thus,

(8.9) χ(M,W ) = ind
(
∂W + ∂

∗
W

)
,

where the index of ∂W + ∂
∗
W is defined to be

dim ker
(
∂W + ∂

∗
W

)
|(Λ0,evT∗M)⊗W

− dim ker
(
∂W + ∂

∗
W

)
|(Λ0,oddT∗M)⊗W

.

Let ∇ : C∞(M,W ) → C∞(M,T ∗CM ⊗W ) be a connection on W . Using the
splitting T ∗CM = Λ1,0T ∗M ⊕ Λ0,1T ∗M we can split ∇ as

∇ = ∇1,0 +∇0,1,

where ∇1,0 (resp., ∇0,1) maps to sections of (Λ1,0T ∗M) ⊗ W (resp., sections of
(Λ0,1T ∗M)⊗W ). We then say that∇ is a holomorphic connection when∇0,1 = ∂W .
If ∇ is a holomorphic connection, then its curvature FW is actually an (1, 1)-form
with values in EndW .

Proposition 8.11.16. There is a unique holomorphic connection ∇W on W
that preserves its Hermitian metric, i.e.,

〈∇WX w1, w2〉W+〈w1,∇WX w2〉 = X(〈w1, w2〉W ) ∀wj ∈ C∞(M,W ) ∀X ∈ C∞(M,TM).

The connection ∇W in Proposition 8.11.16 is called the Chern connection of
W .

Let Ω be the imaginary part of the Hermitian metric h of TM . This is a 2-form
on M since, for all X,Y ∈ C∞(M,TM),

Ω(Y,X) = =h(Y,X) = =h(X,Y ) = −=h(X,Y ) = −Ω(X,Y ).

We then say that M is a Kähler manifold when Ω is a closed form, i.e., dΩ = 0.
Recall that by assumption the Riemannian metric of M is the real part of the

Hermitian metric h.
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Proposition 8.11.17 (See [BGV]). The manifold M is Kähler if and only if
the Levi-Civita connection ∇TM on TM is a holomorphic connection, i.e., it agrees
with the Chern connection of TM .

From now on, we assume that M is a compact Kähler manifold. Then ∇TM
preserves the complex structure, and hence it can be lifted to a Hermitian connec-
tion on Λ0,qT ∗M for each q = 0, 1, . . . , n.

In addition, in the very same way as we constructed the spinor representation,
we can endow the bundle Λ0,∗T ∗M with a Clifford-module bundle structure as
follows.

The Z2-grading of Λ0,∗T ∗M is simply given by the splitting,

Λ0,∗T ∗M = Λ0,evT ∗M ⊕ Λ0,oddT ∗M.

The action of ClC(M) is such that, above all x ∈M ,

c(ξ).ω =
√

2
(
ε(ξ1,0)− ı(ξ1,0)

)
ω ∀ξ ∈ T ∗C,xM ∀ω ∈ Λ0,∗T ∗M,

where ε(ξ1,0) is the exterior by the component ξ0,1 of ξ in Λ0,1T ∗xM and ı(ξ1,0) is
the interior product by its component ξ1,0 in Λ1,0T ∗xM .

This allows us to realize the spinor bundle of M as the bundle Λ0,∗T ∗M
equipped with the above Clifford-module structure. We then endow the bundle
(Λ0,∗T ∗M) ⊗ W with its twisted Clifford-module bundle structure. Namely, its
Z2-grading is given by

(Λ0,∗T ∗M)⊗W =
(

(Λ0,evT ∗M)⊗W
)
⊕
(

(Λ0,∗T ∗M)⊗W
)
,

and the action of ClC(M) is such that, for all x ∈M ,

a.(ω ⊗ w) = (a.ω)⊗ w ∀a ∈ Clx(M) ∀(ω,w) ∈ Λ0,∗T ∗xM ×Wx.

In addition, we equipped (Λ0,∗T ∗M)⊗W with the twisted connection,

∇(Λ0,∗T∗M)⊗W := ∇Λ0,∗T∗M ⊗ 1 + 1⊗∇W ,

where ∇W is the Chern connection of W .

Lemma 8.11.18 (See [BGV]). If M is Kähler, then ∇(Λ0,∗T∗M)⊗W is a Clifford
connection on the Clifford-module bundle (Λ0,∗T ∗M)⊗W and its associated Dirac
operator is equal to

√
2(∂W + ∂

∗
W ).

In the sequel, we denote by RT
1,0M the curvature of the Levi-Civita connection

of T 1,0M .
Lemma 8.11.19 (See [BGV]).

(1) The twisted curvature of ∇(Λ0,∗T∗M)⊗W is given by

(8.10) F (Λ0,∗T∗M)⊗W//S =
1
2

Tr
[
RT

1,0M
]

+ 1⊗ FW .

(2) We have

(8.11) Â(RM ) = det

[
RT

1,0M

e
1
2R

T1,0M − e− 1
2R

T1,0M

]
.
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It follows from (8.10) that the relative Chern form of F (Λ0,∗T∗M)⊗W//S equals

exp
(
−1

2
Tr
[
RT

1,0M
])
∧ Ch(FW ) = det

[
e−

1
2R

T1,0M
]
∧ Ch(FW ).

Combining this with (8.11) shows that Â(RM ) ∧ Ch(F (Λ0,∗T∗M)⊗W//S) is equal to

det

[
RT

1,0M

e
1
2R

T1,0M − e− 1
2R

T1,0M

]
∧det

[
e−

1
2R

T1,0M
]
∧Ch(FW ) = Td(RT

1,0M )∧Ch(FW ),

where Td(RT
1,0M ) is the Todd form of RT

1,0M , i.e.,

Td(RT
1,0M ) = det

[
RT

1,0M

eRT
1,0M − 1

]
.

Therefore, by applying the local index formula for Atiyah-Singer and using (8.9)
we obtain

Theorem 8.11.20 (Hirzebruch-Riemann-Roch). If M is Kähler, then

χ(M,W ) = ind(∂W + ∂
∗
W ) = (2iπ)−

n
2

∫
M

[
Td(RT

1,0M ) ∧ Ch(FW )
](n)

.

8.12. Proof of the Local Index Theorem

In this section we reproduce the proof of the local index theorem (i.e., Theo-
rem 8.10.5) given in [Po]. As mentioned in Section 8.10, this theorem yields the
local index formula of Atiyah-Singer. The proof here is given for twisted Dirac
operators on spin manifolds, but the argument can be extended to more general
Dirac operators on Clifford-module bundle coming from a Clifford connection.

The argument is based on combining the rescaling of Getzler [Ge2] with the
approach to the heat kernel asymptotics of Greiner [Gr].

8.12.1. Greiner’s approach of the heat kernel asymptotics. In this sec-
tion we recall Greiner’s approach of the heat kernel asymptotics as in [Gr] and
[BGS].

Let E be a Hermitian vector bundle overM and let ∆ : C∞(M,E)→ C∞(M,E)
be a selfadjoint elliptic second order differential operator with positive principal
symbol.

If we regard ∆ as an unbounded operator on L2(M,E) with domain the Sobolev
space L2

2(M,E), then ∆ is selfadjoint and bounded from below. Therefore, by
standard Borel functional calculus we can define the heat semi-group e−t∆, t ≥ 0,
as a family of selfadjoint bounded operators on L2(M,E).

Furthermore, the ellipticity of ∆ implies that, for all t > 0, the operator e−t∆ is
smoothing. That is, its Schwartz kernel kt(x, y) is contained in C∞(M,E)⊗̂C∞(M,E∗⊗
|Λ|(M)), where |Λ|(M) is the density bundle of M . The kernel kt(x, y) is called the
heat kernel of ∆.

Recall that the heat semigroup allows us to invert the heat equation. Namely,
consider the operator Q0 : C∞c (M × R, E)→ D′(M × R, E) defined by

(8.12) Q0u(x, s) :=
∫ ∞

0

e−s∆u(x, t− s)dt ∀u ∈ C∞c (M × R, E).
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Then Q0 maps continuously C∞c (M × R, E) to C0(R, L2(M,E)) ⊂ D′(M × R, E)
and satisfies

(∆ + ∂t)Q0u = Q0(∆ + ∂t)u = u ∀u ∈ C∞c (M × R, E).

Notice that the operator Q0 has the Volterra property in the sense of [Pi], i.e.,
it has a Schwartz kernel of the form KQ0(x, y, t − s), where KQ0(x, y, t) vanishes
on the region t < 0. In fact,

KQ0(x, y, t) =
{
kt(x, y) if t > 0,
0 if t < 0.

These equalities are the main motivation for using pseudodifferential techniques
to study the heat kernel kt(x, y). The idea is to consider a class of ΨDOs, the
Volterra ΨDOs([Gr], [Pi], [BGS]), taking into account

(i) The aforementioned Volterra property.
(ii) The parabolic homogeneity of the heat operator ∆ + ∂t, i.e., the homo-

geneity with respect to the dilations λ.(ξ, τ) = (λξ, λ2τ), (ξ, τ) ∈ Rn+1,
λ 6= 0.

In the sequel, for g ∈ S ′(Rn+1) and λ 6= 0, we denote by gλ the element of
S ′(Rn+1) defined by

(8.13) 〈gλ(ξ, τ), u(ξ, τ)〉 := |λ|−(n+2)〈g(ξ, τ), u(λ−1ξ, λ−2τ)〉 ∀u ∈ S(Rn+1).

Definition 8.12.1. A distribution g ∈ S ′(Rn+1) is (parabolic) homogeneous of
degree m, m ∈ Z, when

gλ = λmg ∀λ ∈ R \ 0.

In the sequel, we denote by C− the complex halfplane {=τ > 0} with closure
C−. Then:

Lemma 8.12.2 ([BGS, Prop. 1.9]). Let q(ξ, τ) ∈ C∞((Rn×R)\0) be a parabolic
homogeneous symbol of degree m such that:

(i) q(x, ξ, τ) extends to a continuous function on (Rn × C−) \ 0 in such way
to be holomorphic in the last variable when the latter is restricted to C−.

Then there is a unique g ∈ S ′(Rn+1) agreeing with q on Rn+1 \ 0 so that:

(ii) g is homogeneous of degree m.
(iii) The inverse Fourier transform ǧ(x, t) vanishes for t < 0.

Remark 8.12.3. If m ≤ −(n+ 2), then (ii) need not hold for symbols that do
not satisfy (i).

Let U be an open subset of Rn. We define Volterra symbols and Volterra
ΨDOson U × Rn+1 \ 0 as follows.

Definition 8.12.4. Smv (U × Rn+1), m ∈ Z, consists of smooth functions
q(x, ξ, τ) on U×Rn×R with an asymptotic expansion q(x, ξ, τ) ∼

∑
j≥0 qm−j(x, ξ, τ),

where

- ql(x, ξ, τ) ∈ C∞(U × [(Rn × R) \ 0]) is a homogeneous Volterra symbol
of degree l, i.e. ql is parabolic homogeneous of degree l and satisfies the
property (i) in Lemma 8.12.2 with respect to the last n+ 1 variables.
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- The sign ∼ means that, for all compacts K ⊂ U , integers N and k and
multi-orders α and β, there is a constant CNKαβk > 0 such that

(8.14) |∂αx ∂
β
ξ ∂

k
τ (q −

∑
j<N

qm−j)(x, ξ, τ)| ≤ CNKαβk(|ξ|+ |τ |1/2)m−N−|β|−2k,

for all (x, ξ, τ) ∈ K × Rn × R with |ξ|+ |τ | 12 ≥ 1.

In the sequel, for any symbol q(x, ξ, τ) ∈ Smv (U ×R) we denote by q(x,Dx, Dt)
the operator from C∞c (U × R) to C∞(U × R) defined by

q(x,Dx, Dt)u(x, t) := (2π)−(n+1)

∫∫
ei(x·ξ+tτ)q(x, ξ, τ)û(ξ, τ)dξdτ ∀u ∈ C∞c (U×R).

Definition 8.12.5. Ψm
v (U×R), m ∈ Z, consists of continuous linear operators

Q : C∞c (Ux × Rt)→ C∞(Ux × Rt) such that

(i) Q has the Volterra property.
(ii) Q can be put in the form,

Q = q(x,Dx, Dt) +R,

for some symbol q(x, ξ, τ) ∈ Smv (U × R) and some smoothing operator R.

If Q is a Volterra ΨDO we shall denote by KQ(x, y, t−s) its distribution kernel,
so that the distribution KQ(x, y, t) vanishes for t < 0.

Example 8.12.6. Let P be a differential operator of order 2 on U and let
p2(x, ξ) denote the principal symbol of P . Then the heat operator P + ∂t is a
Volterra ΨDO of order 2 with principal symbol p2(x, ξ) + iτ .

Other examples of Volterra ΨDOsare given by the homogeneous operators de-
fined below.

Definition 8.12.7. Let qm(x, ξ, τ) ∈ C∞(U × (Rn+1 \ 0)) be a homogeneous
Volterra symbol of order m and let gm ∈ C∞(U)⊗̂S ′(Rn+1) denote its unique ho-
mogeneous extension given by Lemma 8.12.2. Then:

- q̌m(x, y, t) is the inverse Fourier transform of gm(x, ξ, τ) in the last n+ 1
variables.

- qm(x,Dx, Dt) is the operator with kernel q̌m(x, y − x, t).

Proposition 8.12.8 ([Gr], [Pi], [BGS]). The following hold.

(1) Composition. Let Qj ∈ Ψmj
v (U×R), j = 1, 2, have symbol qj and suppose

that Q1 or Q2 is properly supported. Then Q1Q2 lies in Ψm1+m2
v (U × R)

and has symbol q1#q2 ∼
∑

1
α!∂

α
ξ q1D

α
ξ q2.

(2) Parametrices. An operator Q ∈ Ψm
v (U × R) admits a parametrix in

Ψ−mv (U × R) if, and only if, its principal symbol is nowhere vanishing
on U × [(Rn × C− \ 0)].

(3) Invariance. Let φ : U → V be a diffeomorphism onto another open subset
V of Rn and let Q be a Volterra Ψ on U × R of order m. Then Q =
(φ⊕ idR)∗Q is a Volterra Ψ on V × R of order m.

In addition, the following property shows the relevance of Volterra ΨDOs for
deriving small times asymptotics.
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Lemma 8.12.9 ([Gr, Chap. I], [BGS, Thm. 4.5]). Let Q ∈ Ψm
v (U × R) have

symbol q ∼
∑
qm−j. Then ,in C∞(U),

(8.15) KQ(x, y, t) ∼ t−(n2 +[m2 ]+1)
∑
l≥0

tlq̌2[m2 ]−2l(x, 0, 1) as t→ 0+,

where the notation q̌k has the same meaning as in Definition 8.12.7.

Proof. As the Fourier transform relates the decay at infinity to the behavior
at the origin of the Fourier transform the distribution q̌−

∑
j≤J q̌m−j lies in CN (Ux×

Rny×Rt) as soon as J is large enough. Since Q−q(x,Dx, Dt) is smoothing it follows
that RJ(x, t) := KQ(x, x, t)−

∑
j≤J q̌m−j(x, 0, t) is of class CN . As RJ(x, y, t) = 0

for t < 0 we see that

∂ltRJ(x, 0) = 0 for l = 0, 1, . . . , N.

Thus RJ(., t) = O(tN ) in CN (U) as t→ 0+. This proves that, in C∞(U),

(8.16) KQ(x, x, t) ∼
∑

q̌m−j(x, 0, t) as t→ 0+.

Let j ∈ N0. Observe that, for all λ 6= 0,

(q̌m−j)λ = |λ|−(n+2)(qm−j,λ−1)∨ = |λ|−(n+2)λj−mq̌m−j .

Thus, setting λ =
√
t with t > 0, we get

q̌m−j(x, 0, t) = t
j−n−m

2 −1q̌m−j(x, 0, 1).

Furthermore, if we take λ = −1 and m− j is odd, then

q̌m−j(x, 0, 1) = (−1)m−jqm−j(x, 0, 1) = −qm−j(x, 0, 1) = 0.

Combining all this with (8.16) shows that, in C∞(U),

(8.17) KQ(x, x, t) ∼t→0+

∑
m−j even

t
j−n−m

2 −1q̌m−j(x, 0, 1),

that is, (8.15) holds. The lemma is thus proved. �

The invariance property in Proposition 8.12.8 allows us to define Volterra ΨDOs
on M × R acting on the sections of the vector bundle E. Then all the preceding
properties hold verbatim in this context. In particular, the heat operator ∆ + ∂t
has a parametrix Q in Ψ−2

v (M,×R, E).
In fact, comparing the operator (8.12) with any Volterra parametrix for ∆ +∂t

allows us to prove

Theorem 8.12.10 ([Gr], [Pi], [BGS, pp. 363-362]). The differential operator
∆ + ∂t is invertible and its inverse (∆ + ∂t)−1 is a Volterra ΨDO of order −2.

Combining this with Lemma 8.12.9 gives the heat kernel asymptotics below.

Theorem 8.12.11 ([Gr, Thm. 1.6.1]). In C∞(M, |Λ|(M)⊗ EndE) we have

(8.18) kt(x, x) ∼t→0+ t
−n
2

∑
l≥0

tlal(∆)(x), al(∆)(x) = q̌−2−2l(x, 0, 1),

where the equality on the right-hand side shows how to compute the densities al(∆)(x)
in local trivializing coordinates by means of the symbol q(x, ξ, τ) ∼

∑
q−2−j(x, ξ, τ)

of any Volterra parametrix for ∆ + ∂t.
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This approach to the heat kernel asymptotics present several advantages. First,
as Theorem 8.12.11 is a purely local statement we can easily localize the heat
kernel asymptotics. In fact, given a Volterra parametrix Q for ∆ + ∂t in some
local trivializing coordinates around x0 ∈ M , comparing the asymptotics (8.15)
and (8.18) we get

(8.19) kt(x0, x0) = KQ(x0, x0, t) + O(t∞) as t→ 0+.

Therefore in order to determine the heat kernel asymptotics (8.18) at x0 we only
need a Volterra parametrix for ∆ + ∂t near x0.

Second, we have a genuine asymptotics with respect to the C∞-topology and
it can be differentiated as follows.

Proposition 8.12.12. Let P : C∞(M,E)→ C∞(M,E) be a differential oper-
ator of order m and let us denote by ht(x, y) the Schwartz kernel of Pe−t∆. Then,
in C∞(M, |Λ| ⊗ EndE),

(8.20) ht(x, x) ∼t→0+ t[
m
2 ]−n2

∑
l≥0

tlbl(x), bl(x) = ř2[m2 ]−2−2l(x, 0, 1),

where the equality on the right-hand side gives a formula for computing the densities
bl(x) in local trivializing coordinates by means of the symbol r ∼

∑
rm−2−j of

R = P (∆ + ∂t)−1 (or of R = PQ, where Q is any Volterra parametrix for ∆ + ∂t).

Proof. Observe that

ht(x, y) = Pxkt(x, y) = PxK(∆+∂t)−1(x, y, t) = KP (∆+∂t)−1(x, y, t).

Therefore, the result follows by applying Lemma 8.12.9 to P (∆ + ∂t)−1 (or to PQ,
where Q is any Volterra parametrix for ∆ + ∂t). �

Finally, in local trivializing coordinates the densities aj(∆)(x)’s can be ex-
plicitly computed in terms of the symbol p = p2 + p1 + p0 of ∆. To see this
let q ∼

∑
q−2−j be the symbol of a Volterra parametrix Q for ∆ + ∂t. As

q#p ∼ q(p+ iτ) +
∑

1
α!∂

α
ξ qD

α
xp ∼ 1 we get q−2 = (p2 + iτ)−1 and

(8.21) q−2−j = −(
∑

k+l+|α|=j

1
α!
∂αξ q−2−kD

α
xp2−l)(p2 + iτ)−1, j ≥ 1.

Therefore, combining with (8.18) we deduce that, as in [Gi], the densities aj(∆)(x)’s
are universal polynomials in the the jets at x0 of the symbol of ∆ with coefficients
depending smoothly on its principal symbol.

Similarly, in local trivializing coordinates the densities bl(x)’s in (8.20) can be
expressed universal polynomials in the the jets at x0 of the symbols of ∆ and P
with coefficients depending smoothly on the principal symbol of ∆.

8.12.2. Proof of the Local Index Theorem. In this subsection, we shall
prove the local index theorem. We shall use the same notation as in Section 8.10.
In particular, E is a Clifford-module bundle with Clifford connection ∇E and as-
sociated Dirac operator DE . In addition, we denote by kt(x, y) the heat kernel of
D2
E .

It follows from Theorem 8.12.11 that, in C∞(M, |Λ|(M)),

StrE [kt(x, x)] ∼ t−n2
∑
j≥0

tj StrE [aj(D2
E)(x)] as t→ 0+.
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We thus have an asymptotics in C∞(M, |Λ|(M)). Therefore, in order to prove the
local index theorem it is enough to show that, near any given point x0, in some
local coordinates centered at x0 and local trivialization of E near x0E,

(8.22) StrE [kt(0, 0)] = (2iπ)−
n
2

[
Â(RM ) ∧ Ch(FE//S

](n)

(0) + O(t).

Furthermore, if follows from (8.19) that in order to so we may replace the heat
kernel kt(x, x) by the kernel KQ(x, y, t) of any Volterra-ΨDO parametrix for D2

E+∂t
defined near x = 0. Indeed, we then have

(8.23) kt(0, 0) = KQ(0, 0, t) + O(t∞) as t→ 0+.

This enables use to reduce to the case where M is a neighborhood of the origin in
Rn and E is a trivial vector bundle.

As we have total freedom on the choice of the local coordinates and the trivi-
alizations of E, we may choose to use local Riemannian coordinates and introduce
a synchronous orthonormal tangent frame {e1, · · · , en} such that ej = ∂j . Using
this frame to construct the spinor representation, near x = 0 we may realize E as a
trivial twisted Clifford bundle with fiber §n⊗W , where /Sn is the spinor space of Rn
and W is a Z2-graded vector space. Notice that the Clifford connection ∇E then is
a twisted Clifford connection ∇/Sn ⊗ 1 + 1⊗∇W , where ∇/Sn is the spin connection
on the trivial vector bundle M ×§n and ∇W is a Hermitian connection on M ×W .
Incidentally, if we denote by FW the curvature of ∇W , then the twisted curvature
FE//S and its relative Chern form are given by

FE//S = 1⊗ FW and Ch(FE//S) = Ch(FW ).

In addition, as we are using normal coordinates, near x = 0 the coefficients
gij = g(∂i, ∂j) of the metric g are such that

(8.24) gij(x) = δij + O(|x|2), ωikl(x) = −1
2
RMijkl(0)xj + O(|x|2),

A proof of this asymptotics can be found for instance in [BGV].
Let us also introduce the coefficients of the Levi-Civita connection ∇TM and

the curvature tensor RM defined in terms of the synchronous orthonormal tangent
frame {ei} by

ωikl = 〈∇TMi ek, el〉 and RMijkl = 〈RM (∂i, ∂j)ek, el〉.
Then, near x = 0,

(8.25) ωikl(x) = −1
2
RMijkl(0)xj + O(|x|2).

See, e.g., [BGV] for a proof of this asymptotics.
Recall that the quantification and symbol maps are linear isomorphisms,

(8.26) Λ∗CRn c−→ ClC(Rn) and ClC(Rn) σ−→ Λ∗CRn.

As n is even the spinor representation ρ : ClC(Rn) → End /Sn is an algebra iso-
morphism which allows us to identify ClC(Rn) with End /Sn. Bearing in mind this
identification, we shall also denote by c and σ the linear isomorphisms,

(8.27) Λ∗CRn c−→ End /Sn and End /Sn
σ−→ Λ∗CRn,

which are obtained by composing the linear isomorphisms (8.26) with ρ or its
inverse.
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As E is a trivial bundle with fiber /Sn⊗W , we can regard the Volterra ΨDOs on
M×R acting on the sections of E as elements of Ψ∗v(M×R)⊗(End /Sn)⊗(EndW ).
Using the linear maps (8.27), we then get linear maps,

Ψ∗v(M × R)⊗ (Λ∗CRn)⊗ (EndW ) c−→ Ψ∗v(M × R, E),

Ψ∗v(M × R, E) σ−→ Ψ∗v(M × R)⊗ (Λ∗CRn)⊗ (EndW ).

We get similar linear maps at the level of symbols and Schwartz kernels.
As E is the trivial Z2-graded bundle with fiber /Sn ⊗W , its supertrace is just

Str/Sn ⊗StrW , where Str/Sn is the supertrace on the trivial bundle M×/Sn and StrW
is the supertrace on W . Notice that, as the metric on M varies on the fibers of
TM , so does the supertrace on the fibers of M ×End(/Sn). However, thanks (8.24)
at x = 0 the metric g(x) agrees with the standard Euclidean metric, and hence we
may use Proposition 4.8 to get

Str/Sn [T (0)] = (−2i)
n
2 σ[T (0)](n) ∀T ∈ C∞(M,End /Sn),

where σ[T (0)](n) is the n-the degree component of σ[T (0)] ∈ Λ∗CRn.
It follows from all this that, for all P ∈ Ψ∗v(M × R, E),

StrE [KP (0, 0, t)] = (−2i)
n
2 (σ ⊗ StrW )[KP (0, 0, t)](n) ∀t > 0.

Combining this with (8.23) then shows that

(8.28) kt(0, 0) = (−2i)
n
2 (σ ⊗ StrW )[KP (0, 0, t)](n) + O(t∞) as t→ 0+.

Therefore, the proof of (8.22) boils down to showing the existence of a small-time
limit of (σ ⊗ StrW )[KP (0, 0, t)](n) and identifying it.

In order to study the small-time behavior of (σ⊗StrW )[KP (0, 0, t)](n) we shall
implement the rescaling of Getzler [Ge2] as a filtration on Ψ∗v(M ×R, E). Roughly
speaking this rescaling aims at assigning the following degrees:

(8.29) deg ∂j =
1
2

deg ∂t = deg c(dxj) = −deg xj = 1,

while degB = 0 for any B ∈ EndW . We then obtain a filtration on Ψ∗v(M ×R, E)
as follows.

Let Q ∈ Ψ∗v(M×R, E) have symbol q(x, ξ, τ) ∼
∑
k≤m′ qk(x, ξ, τ). Then taking

components in each subspace ΛjT ∗CRn(n) and then using Taylor expansions at x = 0
gives formal expansions

(8.30) σ[q(x, ξ, τ)] ∼
∑
j,k

σ[qk(x, ξ, τ)](j) ∼
∑
j,k,α

xα

α!
σ[∂αx qk(0, ξ, τ)](j).

According to (8.29) the symbol x
α

α! ∂
α
x σ[qk(0, ξ, τ)](j) is Getzler homogeneous of de-

gree k + j − |α|. Therefore, we can expand σ[q(x, ξ, τ)] as

(8.31) σ[q(x, ξ, τ)] ∼
∑
j≥0

q(m−j)(x, ξ, τ), q(m) 6= 0,

where q(m−j) is a Getzler homogeneous symbol of degree m− j.

Definition 8.12.13. Using (8.31) we make the following definitions:
- The integer m is the Getzler order of Q.
- The symbol q(m) on Rn × Rn × R is the principal Getzler homogeneous

symbol of Q.
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- The operator Q(m) = q(m)(x,Dx, Dt) on Rn × R is the model operator of
Q.

Remark 8.12.14. The model operator Q(m) is well defined according to defi-
nition 8.12.7.

Remark 8.12.15. By construction we always have Getzler order ≤ order + n,
but this is not an equality in general.

Example 8.12.16. Let A = Aidx
i be the connection one-form on W . Then

by (8.25) the covariant derivative ∇Ei = ∂i + 1
4ωikl(x)c(ek)c(el) + Ai on /Sn ⊗W

has Getzler order 1 and model operator

(8.32) ∇Ei(1) = ∂i −
1
4
RMij (0)xj , RMij (0) := RMijkl(0)dxk ∧ dxl.

The interest to introduce Getzler orders stems from the following.

Lemma 8.12.17. Let Q ∈ Ψ∗v(M × R,M) have Getzler order m and model
operator Q(m). Then, as t→ 0+,

σ[KQ(0, 0, t)](j) =

{
O(t

j−m−n−1
2 ) if m− j is odd,

t
j−m−n

2 −1KQ(m)(0, 0, 1)(j) + O(t
j−m−n

2 ) if m− j is even.

In particular, if m = −2, then

(8.33) σ[KQ(0, 0, t)](n) = KQ(−2)(0, 0, 1)(n) + O(t).

Proof. Let q(x, ξ, τ) ∼
∑
qk(x, ξ, τ) be the symbol of Q and let q(m)(x, ξ, τ)

be its principal Getzler-homogeneous symbol. By Lemma 8.12.9 we have

(8.34) σ[KQ(0, 0, t)](j) ∼t→0+

∑
t−

n+2+m−j
2 σ[q̌k(0, 0, 1)](j),

and we know that q̌k(0, 0, 1) = 0 if k is odd. Moreover, the symbol σ[qk(0, ξ, τ)](j)

is Getzler homogeneous of degree k + j, and so it must be zero if k + j > m since
otherwise Q would not have Getzler order m. Therefore,
(8.35)

σ[KQ(0, 0, t)](j) =

{
O(t

j−m−n−1
2 ) if m− j is odd,

t
j−m−n

2 −1σ[q̌m−j(0, 0, 1)](j) + O(t
j−m−n

2 ) if m− j is even.

In addition, the symbol σ[q(m)(0, ξ, τ)](j) is equal to

(8.36)
∑

k+j−|α|=m

(
xα

α!
∂αx σ[qk(0, ξ, τ)](j)

)
x=0

= σ[qm−j(0, ξ, τ)](j).

As KQ(m)(x, y, t) = (q(m))∨(x, y, t), we deduce that

σ[q̌m−j(0, 0, 1)](j) = (q(m))∨(0, 0, 1)(j) = KQ(m)(0, 0, 1)(j).

Combining this with (8.35) proves the lemma. �

In the sequel, we say that a symbol or a ΨDO is OG(m) if it has Getzler
order ≤ m.

Lemma 8.12.18. For j = 1, 2 let Qj ∈ Ψ∗v(M×R, E) have Getzler order mj and
model operator Q(mj). In addition, assume that Q1 or Q2 is properly supported.
Then

(8.37) Q1Q2 = c
[
Q(m1)Q(m2)

]
+ OG(m1 +m2 − 1).
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Proof. Let qj be the symbol of Qj and let q(mj) be its principal Getzler
homogeneous symbol. By Proposition 8.12.8 the operator Q1Q2 has symbol q1#q2.

Moreover, for N large enough, the symbol q1#q2 −
∑
|α|≤N

1
α!∂

α
ξ q1D

α
x q2 has

order < m1 + m2 − n, and hence has Getzler order < m1 + m2. As ∂αξ q1.D
α
x q2 −

c[∂αξ q(m1) ∧Dα
xf(m2)] has Getzler order ≤ m1 +m2 − |α| − 1 it follows that, for N

large enough,

(8.38) q1#q2 =
∑
|α|≤N

1
α!
c(∂αξ qm1 ∧Dα

x qm2) + OG(m1 +m2 − 1).

Observe that
∑

1
α!∂

α
ξ q(m1)∧Dα

x q(m2) is exactly the symbol of Q(m1)Q(m2) since
q(m2)(x, ξ, τ) is polynomial in x and thus the sum is finite. Therefore, taking N
large enough in (8.38) shows that the symbols of σ[Q1Q2] and Q(m1)Q(m2) coincide
modulo a symbol of Getzler order ≤ m1 +m2 − 1. This proves the lemma. �

Recall that by the Lichnerowicz formula,

D2
E = (∇E)∗∇E + FE//S +

1
4
κM ,

where

FE//S =
1
2

∑
FE/S(ei, ej)c(ei)c(ej) =

1
2

∑
FW (ei, ej)c(ei)c(ej).

Moreover, as explained in [BGV, p. 66],

(∇E)∗∇E = −gij(∇Ei ∇Ej − Γ k
ij∇k),

where the gij are the coefficients of the inverse metric g−1 and the Γkij are the
Christoffel symbols of g so that ∇TMi ∂k = Γ l

ik∂l.
Combining this with Lemma 8.12.18 and the equations (8.24), (8.25) and (8.32)

shows that D2
E has Getzler order 2 and model operator,

D2
E(2) = −δij∇i(1)∇j(1) +

1
2
FW (∂i, ∂j)(0)dxi ∧ dxj

= HR + FW (0), HR := −
n∑
i=1

(
∂i −

1
4
RMij (0)xj

)2

.
(8.39)

Lemma 8.12.19. Let Q be a Volterra parametrix for D2
E + ∂t. Then

(1) Q has Getzler order −2 and its model operator is (HR + FW (0) + ∂t)−1.
(2) We have

(8.40) K(HR+FW (0)+∂t)−1(0, x, t) = GR(x, t) ∧ e−tF
W (0),

where GR(x, t) is the fundamental solution of HR + ∂t, i.e., the solution
of the equation, (HR + FW (0) + ∂t)GR(x, t) = δ(x, t), where δ(x, t) is the
Dirac function on Rn × R.

(3) As t→ 0+,

(8.41) σ[KQ(0, 0, t)](2j) = tj−
n
2 [GR(0, 1) ∧ e−F

W (0)](2j) + O(tj−
n
2 +1).

Proof. Note that (3) follows by combining (1) and (2) with Lemma 8.12.17.
Therefore, we only need to prove the first two assertions.

Let p(x, ξ) =
∑
pj(x, ξ) be the symbol of /D2 and let q ∼

∑
q−2−j be the symbol

of Q. As /D2 is elliptic and has Getzler order 2 we have p(2)(0, ξ)(0) = p2(0, ξ) 6= 0.
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Hence q−2 = (p2 + iτ)−1 has Getzler order −2. It then follows from (8.21) that
each symbol q−2−j has Getzler order ≤ −2, and hence Q has Getzler order −2.

Notice also that, as (/D2 +∂t)Q−1 is smoothing, it follows from Lemma 8.12.18
the operator (HR+FW (0) +∂t)Q(−2)−1 has Getzler order ≤ −1. As it is Getzler-
homogeneous of degree 0 it must be zero, and hence Q(−2) = (HR + FW (0) +
∂t)−1. It is not difficult to check that, at the level of Schwartz kernels, the equality
Q(−2)(HR + FW (0) + ∂t) = 1 means that

(HR,y + FW (0) + ∂s)T
[
KQ(−2)(x, y, t− s)

]
= δ(x− y, t− s),

where (HR,y + FW (0) + ∂s)T = HR,y + FW (0) − ∂s is the transpose of HR,y +
FW (0) + ∂s. This implies that

(HR,y + FW (0) + ∂s)
[
KQ(−2)(0, y, s)

]
= δ(y, s),

that is, KQ(−2)(0, x, t) is the fundamental solution of HR + FW (0) + ∂t.
Observe that if we denote by GR(x, t) be the fundamental solution of HR + ∂t,

then GR,F (x, t) := GR(x, t) ∧ e−tFW (0) too is the fundamental solution of HR +
FW (0)+∂t. Thus KQ(−2)(0, x, t) = GR(x, t)∧e−tFW (0). The proof is complete. �

At this stage observe that HR is the harmonic oscillator associated to the
skew-symmetric matrix RM (0) = (RMij (0)). We shall now make use of a version
of the Melher’s formula to determine the fundamental solution of HR + ∂t (com-
pare [BGV]).

Lemma 8.12.20 (Melher Formula). Let a > 0 and consider the harmonic os-
cillator Ha := − d

dx2 + 1
4a

2x2 on R. Then the fundamental solution of Ha + ∂t
is

Ga(x, t) := χ(t)(4πt)−
1
2

(
at

sinh at

) 1
2

exp
(
− 1

4t
x2 at

tanh at

)
,

where χ(t) is the characteristic function of the interval (0,∞).

Proof. For (x, t) ∈ R× (0,∞) define

(8.42) Sa(x, t) := (4πt)−
1
2

(
at

sinh at

) 1
2

exp(− 1
4t
x2 at

tanh at
), t > 0.

Observe that Sa(x, t) is integrable on all products R× (0, c) with c > 0 and

(Ha + ∂t)Sa(x, t) = 0 ∀(x, t) ∈ R× (0,∞).

Notice further that, as t→ 0+,

Ŝx→ξ(ξ, t) = cosh−
1
2 (at) exp(−ξ2t

tanh at
at

) −→ 1,

uniformly on compact sets of R. Thus, as t→ 0+,

S(x, t) −→ δ(x) in S ′(R).
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It follows from this that, for all u and v in C∞c (R),

〈(Ha + ∂t)Ga(x, t), u(x)v(t)〉 =
∫ ∞

0

∫ ∞
−∞

Sa(x, t)(Ha − ∂t) (u(x)v(t)) dxdt

=
∫ ∞

0

∫ ∞
−∞

((Ha + ∂t)Sa(x, t))u(x)v(t)dxdt

+ lim
t→0+

{
v(t)

∫ ∞
−∞

Sa(x, t)u(x)dx
}

= v(0)u(0).

This shows that (Ha + ∂t)Ga(x, t) = δ(x, t), that is, Ga(x, t) is the fundamental
solution of Ha + ∂t. The lemma is thus proved. �

Lemma 8.12.21. The fundamental solution HR + ∂t is given by

GR(x, t) = χ(t)(4πt)−
n
2 det

1
2

(
tRM (0)/2

sinh(tRM (0)/2)

)
exp
(
− 1

4t
〈 tRM (0)/2
tanh(tRM (0)/2)

x, x〉
)
.

Proof. Let A ∈Mn(R) be a skew-symmetric matrix and set B = −A2. Then
an elaboration of Lemma 8.12.20 shows that the fundamental solution of the heat
operator −

∑
j ∂

2
j + 1

4 〈Bx, x〉+ ∂t on Rn × R is given by

(8.43) GA(x, t) = χ(t)(4πt)−
n
2 det

1
2

(
iAt

sinh(iAt)

)
exp
(
− 1

4t
〈 iAt

tanh(iAt)
x, x〉

)
.

To see this we can notice that the O(n)-invariance of GA(x, t) enables us to
reduce to the case where A is in normal form, i.e., it is a block-diagonal matrix of
2× 2-matrices, (

0 −aj
aj 0

)
, aj > 0,

so that the eigenvalues of A are ±iaj and B is a diagonal matrix with the a2
j as

entries.
A further consequence of the O(n)-invariance of GA(x, t) is its invariance under

rotations in the (xj , xk)-planes j < k. As the infinitesimal generator of the 1-
parameter group of rotations in the (xj , xk)-plane is xj∂k − xk∂j , it follows that

(8.44) (xj∂k − xk∂j)GA(x, t) = 0.

Consider the harmonic oscillator on Rn ×R associated to A, i.e.,

HA := −
∑
j

(
∂j −

∑
k

i

2
Ajkx

k

)2

,

and observe that

HA = −
∑
j

∂2
j − i

∑
j,k

Ajkx
k∂j +

1
4

∑
jkl

AjkAjlx
kxl

= −
∑
j

∂2
j + i

∑
j<k

Ajk(xj∂k − xk∂j) +
1
4
〈Bx, x〉.

Therefore, in view of (8.44) we that GA(x, t) is also the fundamental solution of
HA + ∂t. This means that, for all u(x, t) ∈ C∞c (Rn × R),

u(0, 0) = 〈(HA + ∂t)GA(x, t), u(x, t)〉) = 〈GA(x, t), (HA − ∂t)u(x, t)〉.
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Observe that 〈GA(x, t), (HA−∂t)u(x, t)〉 is an analytic function of A. Therefore,
substituting −iRM (0)/2 for A in the formula (8.43) yields the fundamental solution
of HR + ∂t. The proof is complete. �

Combining Lemma 8.12.19 and Lemma 8.12.21 we get

σ [KQ(0, 0, t)](n) =
[
GR(0, 1) ∧ e−F

W (0)
](n)

+ O(t)

= (4π)−
n
2

[
det

1
2 (

RM (0)/2
sinh(RM (0)/2)

) ∧ e−F
W (0)

](n)

+ O(t)

= (4π)−
n
2

[
Â(RM (0)) ∧ e−F

W (0)
](n)

+ O(t).

Combining this with (8.28) and observing that FW (0) = FE//S(0), we deduce that

(8.45) Str kt(0, 0) = (2iπ)−
n
2 [Â(RM (0)) ∧ Ch(FE//S(0))](n) + O(t) as t→ 0+.

This proves (8.23) and completes the proofs of the local index theorem and local
index formula of Atiyah-Singer.
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