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CHAPTER 8

The Atiyah-Singer Index Theorem

The main reference for this chapter is the monograph [BGV]. We also refer
to [Sh, §8] for the section on Fredholm operators. The proof of the Atiyah-Singer’s
local index formula given in Section 8.12 is taken from [Po].

We refer to the scans on the course’s website for the notes of Sections 1-9 about
Clifford algebras, spin structures, Dirac operators and Fredholm operators, and for
the notes of the appendix on characteristic classes.

8.10. The Local Index Formula of Atiyah-Singer

Let (M™, g) be an even dimensional compact oriented Riemannian manifold and
let E = E*® E~ be a Clifford-module bundle equipped with a Clifford connection
VE. We shall denote by Dg : C*®°(M,E) — C>®(M,E) the associated Dirac
operator as defined in Section 8.

As we saw in Section 8, the operator D is elliptic and takes the form,

0 Dy s o
DE:<DE 0E>, D% : C®(M,E*) — 0> (M, E*).

Moreover, the selfadjointness of D implies that (DE)* = DF.

As Dg is elliptic, the results of Section 9 show that Dg is Fredholm. However,
as Dpg is selfadjoint its index must be zero. However, the ellipticity of Dg implies
that DE is elliptic, and hence is Fredholm. We then define the index of Dg to be

ind Dg := ind DE = dim ker DE —dimker D,

where we have used the fact that D is the adjoint of DE.
Let us denote by Strg /g the relative supertrace on the fibers of Homey, () (E, E).
Recall that

Strp/g(T) = 272 Strp(I'T) VT € C*(M,Homey. () (E, E)),

where we have denoted by I' the chirality operator (or, more precisely, the section
End E given by the pointwise action of chirality operator on the fibers of F).

In the sequel, we denote by FZ/# the twisted curvature of the Clifford connec-
tion VE (see Section 8 for its precise definition).

DEFINITION 8.10.1. The relative Chern form of the twisted curvature FE/# is
Ch(FE/%) = Strp g [e—FW] € O (M, A“T*M).

For instance, suppose that M is spin and let W = W+ @ W~ be a Zg-graded
Hermitian vector bundle with Hermitian connection VW preserving its Z,-grading.

1



Then we can we form the twisted Clifford-bundle module E = ,§ @ W and equipped
with the twisted Clifford connection,
VE=V o1y +150 V7.

As alluded to in Section 8, the twisted curvature of this twisted connection is just
g ® FW. Therefore, its relative Chern form is equal to

Ch(FP/?) = Strp g [1$ ® e_FW} = Strw {B_FW}

= Try+ {e‘FWq — Try- {B_Fw_]
= Ch(F"") = Ch(F""),

where FW™ is the curvature of the connection on W¥ induced by VW and Ch(F Wi)
is its usual Chern form. R
In addition, as explained in the appendix on characteristic classes, the A-form of

the Riemann curvature R of M (i.e., the curvature of the Levi-Civita connection
on TM) is
. RM /2
ARM) :=det 2 | — 2 1.
(E7) ¢ [sinh(RM/2)]
We are now in a position to state the index formula of Atiyah-Singer.

THEOREM 8.10.2 (Atiyah-Singer). We have

(8.1) ind Dp = (2im)~ % / [A(RM) ACh(FE/ﬂ ("),
M

where [A(RM) A Ch(FE/ﬂ " denotes the n-th degree component of the even form
A(RM) A Ch(FE/#),

REMARK 8.10.3. The local index formula of Atiyah- Singer continue to hold
even M is non-orientable. Notice that the integrand {A(RM ) A Ch(FE/# ™ defines

a density, namely,
A (n)
(8.2) ([A(RM) A Ch(FE/ﬂ war)ug (),

where wyy is the volume form and vy(z) is the Riemannian density. The integral

S [A(RM) A Ch(FE/ﬂ " then is the integral of this density.

The above process allows us to identify n-the degree forms and densities, but it
depends on a choice of orientation. Observe that the definition of the relative Chern
form Ch(F®/# depends on the definition of relative supertrace which involves the
chirality operator, hence depends on the choice of the orientation (see Eq. (8.6).
However, if at a point x € M, we reverse the orientation of T, M then it only affects
by a change of sign the values at x of the chirality operator I' and relative Chern
form Ch(F®/#. Since this similarly affects the value at 2 of the volume form, we see
that the value at x of the density (8.2) is actually independent of the orientation of
T, M. Therefore (8.2) defines a density even M is non-orientable. Then the index
of Dg continue to be given by the formula (8.1), where the r.h.s. is interpreted as
a multiple of the integral of the density (8.2).
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The above index formula is often referred to as the local index formula of
Atiyah-Singer. It is not a mere special case of the full index theorem of Atiyah-
Singer [AS] for general elliptic ¥DOs. In many respects, the local index formula is
equally important, if not even more important, than the full index theorem.

As it turns out, K-theoretic arguments show that the local index formula is
actually equivalent to the full index theorem (see, e.g., [ABP]). More importantly,
its only the case of Dirac operators on Clifford-module bundles that the Atiyah-
Singer’s index theorem reaches its true geometric contents. Therefore, the local
index formula for Dirac operators is often confused with the full index theorem of
Atiyah-Singer.

We shall describe some of the geometric applications of the Atiyah-Singer’s
local index formula in the next section. Before doing this let us briefly outline of
the proof this formula.

As D% is a selfadjoint operator with non-negative spectrum, the Borel func-
tional calculus allows us to define the heat semi-group e~*P 2;9, t >0, as a family of
bounded operators on L?(M, E) (cf. Chapter II). Indeed, if (&)x>0 is an orthonor-
mal basis of eigenvectors such that D%&;, = A\, (D%)& for all k > 0, then

e tPhg = e M DR)g Wk > 0.
In addition,we denote by Str the supertrace on the Zs-graded Hilbert space
L*(M,E) = L*(M,E") ® L*(M, E~), that is,

sw( 4 ) — Trace(A) — Te(B)

A B
C D

Let t > 0. The ellipticity of D% ensures us that, for ¢ > 0, the operator e~tDE
is smoothing, and hence has a smooth Schwartz kernel, i.e., a section k¢(z,y) in
C>®(M x M,EX (E* @ |A|(M))), which is called the heat kernel of D% (see Sec-
tion 8.12 on this point). It then follows that e~*" ® is trace-class and its supertrace
is given by

for any trace-class operator T' = ( ) on L3(M,E) = L*(M,E*)oL*(M,E™).

Stre Pk :/ Strglk:(x, )],
M
where Strg[ki(x,x)] is defined as a density on M.

THEOREM 8.10.4 (McKean-Singer Formula). For all t > 0,
ind Dg = Str e tDE — / Strg|k:(x, )]
M
PROOF. We know that the Dirac operator Dg is of the form,
_( 0 Dg
pe=( oz V).
where DL : C°(M, E*) — C®(M, E*) and (D%)* = DF. Thus,

p2_ ( PeDE 0 '
E 0 DEDy



Let t > 0. Then
oD% _ e~tPEDE 0+ )
0 e—tDEDE
Therefore,

_n2 _+D=Dp+ _iptp-
Stre *PE = Trace {e tDEDE} — Trace {e tDEDE}

= Z e~ dim Ej\' — Z e~ dim Ey

xeC AeC
=dimEf —dimE; + Y e " (dim Ef — dim E}),
AEC\0

where, for all A € C, we have set
Ef :==ker(DzD} — ) and Ejy :=ker(DjDy — \).
Notice that, as (D%)* = D, we have

EF =ker D}, DE = ker(D%)* Dy = ker DE.

Thus,

dim Ef — dim E; = dimker D}, — dimker D, = ind Dp,
and hence
(8.3) Stre™PE =ind Dp + Y e (dim BY — dim Ey).

AEC\O
Next, let A € C\ 0 and let £ be in EY = ker(DzDf;, — A). Then
Dy D(Dpt) = Dp(DpDp€) = ADgE,
that is, D}¢ is contained in E = ker(Df Dy — A). Thus D}, induces a linear map
from E:\*' to EY .
Similarly, the operator Dy, induces a linear map from £ and E)T As by the
very definitions of E;\' and Ey we have

(DpDE) jpr =Aidge  and  (DEDy) = Nidg-

we see that DE induces a linear isomorphism from Ej\“ onto Ey . Thus,
dimE} =dimE, VA€ C\O0.
Combining this with (8.3) yields the the McKean-Singer formula. O

Now, the local index formula of Atiyah-Singer is proved by combining the
McKean-Singer formula with the following:

THEOREM 8.10.5 (Patodi, Gilkey, Atiyah-Bott-Patodi). In C*®(M, |A|(M)),
N (n)
Strp ke (a, y)] — [A(RM) A Ch(FE/$)} ast — 0%,

Theorem 8.10.5 is often referred to as the local index theorem. In the above
general form, it was first proved by Atiyah-Bott-Patodi [ABP] by making use of
Riemannian invariant theory (see also [Gi]). The first purely analytical proofs were
produced by Getzler [Gel] and Bismut [Bi] by means of different approaches. These
proofs were further simplified by the celebrated “short proof” of Getzler [Ge2],
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where was introduced the use of the so-called “Getzler’s rescaling”. This proof
paved the way for many generalizations of the local index formula of Atiyah-Singer’.
In Section 8.12, we reproduce the proof of the local index theorem given
in [Po]. This proof is especially relevant for applications in noncommutative geom-
etry (cf. Chapter 11).
Notice, that it can be shown that in C*°(M, |A|(M) ® End E),

ky(z,z) ~t7% thaj(D%)(x) ast — 0T,
720

where ag(D%)(x) is the positive multiple of the Riemannian density (cf. Section 8.12).
Therefore, it is a very striking fact that under the supertrace all the divergent terms
in the above asymptotics vanish and we obtain a convergent quantity.

It should also be stressed out that this phenomenon is really specific to Dirac
operators coming from Clifford connections; in general the local index theorem does
not occur for other operators.

8.11. Geometric Applications

Let (M™,g) be an even-dimensional oriented compact Riemannian manifold.
Depending on the existence of an additional structure (e.g.spin structure, complex
structure) the Atiyah-Singer index formula has various striking consequences. We
give here a brief overview of them, referring to the book of Berline-Getzler-Vergne
for a more detailed treatment, including proofs of the results stated here.

8.11.1. Dirac Operators on Spin Manifolds. Assume that M is spin and
let us denote by § its spinor bundle. In addition, let W = W QW ~ be a Hermitian
Zso-graded vector bundle equipped with a Hermitian connection V' preserving the
Zo-grading of W.

We denote by Dy : C*(M,3 @ W) — C>*°(M,$ @ W) the associated twisted
Dirac operator, that is, Dyy is the Dirac operator associated to the twisted Clifford
connection V#®W := V¥ © 14 1® VW, where V# is the spin connection.

As shown before, the twisted curvature of V#®W is 1 ® FW | where FW is the
curvature of the connection V', and its relative Chern form agrees with the Chern
form Ch(FW) of FW. Therefore, we the local index formula of Atiyah-Singer gives

THEOREM 8.11.1 (Atiyah-Singer). We have

n

. - (n)
indp,, = (2im)" % / [ArM) A e
M
In particular, in the case of the Dirac operator JZ)M of M acting on spinors (i.e.,

when W is the flat trivial line bundle over M) we get
THEOREM 8.11.2 (Atiyah-Singer). We have

indp,, = (2ir)"2 / A(RM)™),
M
As an immediate corollary we obtain:

COROLLARY 8.11.3. If the A-number of M, i.e.,
. . (n)
Aoy = [ awn] "
M

is not an integer, then M does not admit a spin structure.
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In the sequel, we denote by ks the scalar curvature of M.

THEOREM 8.11.4 (Lichnerowicz). Suppose that kpr(x) > 0 for alla € M. Then
the null space of I, is reduced to {0}.

PrOOF. This is a direct consequence of the Lichnerowicz’s formula,
1
P2, = (VH VP 4 LR
It implies that, for all u € C* (M, §),

1 1
Py u) = (VPu, VPu) + s, u) > E/W(év)l\U(fE)lly%xvg(x) > cllullZzarg),

where v, (z) is the Riemannian density and we have set ¢ := inf,cp kar(2).

As M is compact and k; is positive, the constant ¢ is positive. Therefore, no
non-zero smooth section of $ can be contained in kerlD?W. As D, is elliptic and
selfadjoint, ker@if =ker),, C C*(M,$), so we see that ker]D,, is trivial. O

If D), has a trivial null space, then, obviously, ind?,, = 0. Therefore, combin-
ing Theorem 8.11.2 and Theorem 8.11.4 gives

THEOREM 8.11.5. If M carries a metric of positive scalar curvature, then its
A-number A(M) vanishes.

8.11.2. The Chern-Gauss-Bonnet Theorem. The (complexified) exterior-
algebra bundle AZT*M carries the Zo-grading,

AT* — C®(M) = AT*M @ AT M.

This is a Clifford-module bundle with respect to the natural action of Clg(M) seen
as a sub-bundle of End(AZT*M). Because we can define another Z,-grading by
means of the chirality operator (see next subsection), we shall denote by A®"/ odde ),
or simplyA®¥/°44 the Clifford-module bundle defined by means of the above Zj-
grading.

As it turns out, the Levi-Civita connection VAT ™M o AEV/ oddps 0 is a Clifford
connection and the associated Dirac operator agrees with the de Rham operator,

d+d*: C®(M,AN*T* M) — C° (M, \*T*M),

where d is the usual exterior differential and d* is its adjoint (see [BGV]).

The index of d + d* has an important topological interpretation as follows. For
j=0,...,n let us denote by H*(M) the (k + 1)-th de Rham cohomology group of
M, that is,

H*(M) = kerdy,/imdy_1,

where dj, : C°(M, A¥T*M) — C>(M,A*1T*M) is the de Rham differential on
forms of degree k. The FEuler characteristic of M then is

X(M) := (=1)* dim H*(M).
k=0

In addition, let A := (d + d*)? = dd* + d*d be the Laplace-Beltrami operator
and let us denote by Ay := dk_ld,jH + djdy, its restriction to forms of degree k.
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PROPOSITION 8.11.6 (Hodge; see [BGV]). We have an orthogonal splitting,
kerd, = imd,_1 D ker Ay,
and hence
Hk(M) ~ ker Ay.

That is, any class in H*(M) can be represented by a unique harmornic form of
degree k.

It follows from this that dim H*(M) = dimker Ay, and hence

n

x(M) = Z(—l)k dim ker A

k=0
(8.4) = dimker A|pevp+ps — dimker Ajpodaqe s
= dimker(d + d*)|pevy+pr — dimker(d + d*)|podarpepg
= ind(d + d%).

In the sequel, we denote by Eul(RM) the Euler form of the curvature RM of
M. Regarding RM as a section of (A2T*M)®End(T M), the Euler form is the form
of degree of n on M such that, for any local orthonormal frame {e;} of TMwith
dual coframe {e'}, we have

/2 ( Z R”kl dxiAd;vj)@(ekAel)) =EBul(RM)®@ (e' A...Ae™),
(n
4,7,k,1

where we have set R}, := (RM(9;,0;)ex, er).
LEMMA 8.11.7 (See [BGV]).

(1) The twisted curvature FA /8 of the Levi-Civita connection on Ag’/(’ddT*M
is such that, for any local orthonormal frame {e;} of TM with dual coframe
{e'}, we have

e/o 1 j j
(Aot /g -3 > RN (da' Ada?) @ (e(eF) + u(ek)) (e(e') + u(eh)) -
ikl

(2) The relative Chern form of the twisted curvature FA™ N/ G given by

(8.5) Ch (F<Ae”/°dd>/$) =i% Eul(RM).

As the zeroth-degree component of the even form A(RM) is equal to 1, from (8.5)
we get

(0)

ARM) A Ch(FE/$)] " {A(RM)} Eul(RM) = Eul(RM).

Therefore, by using (8.4) and applying the local index formula of Atiyah-Singer we
obtain

THEOREM 8.11.8 (Chern-Gauss-Bonnet Theorem). We have
X(M) = ind(d + d*) = (277)*”/ Eul(RM).
M
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In the above form, the Chern-Gauss-Bonnet theorem is originally due to S.S. Chern.

This is the most classical index theorem. When n = 2 we recover the well-known

Gauss-Bonnet theorem,
1
A0 = 5= [ ooy (a),
T JM

where v, (z) is the Riemannian density.

8.11.3. Hirzebruch Signature Theorem. Recall that the chirality operator
is defined by

(8.6) [ :=i2c(wy) € C®(M,Cle(M)) C C°°(M,End(AcT*M)),

where wyr = \/det g(z)dz! A-- - Adx™ is the volume form of M. As T'? = 1 it defines
an alternative Zo-grading on AZT™*M given by

(8.7) AT*M = ATTEM @ A"TgM,  AETEM :=ker(I' F 1).

This Zs-grading is preserved by the action of Clc (M), and so we get a new Clifford-
module bundle structure on AFT*M. We shall denote by Ag /=T*M the ALT*M
equipped with this Clifford-module bundle structure.

The Levi-Civita connection on A /=T*M is a Clifford connection (cf.  BGV)),
and so the associated Dirac operator is again the de Rham operator d + d*. Notice
that, as we are using a different Zs-grading, the index differs from that in (8.4). As
we shall now explain the index that we get is intimately related to the signature of

the manifold.
Let x € C*°(M,End A*T*M) be the Hodge operator, i.e.,

« /\*/6 = <a7ﬂ>wM VOé,B S COO(M7 A*T*M)a
LEMMA 8.11.9 (See [BGV]). We have

k(k—1) |

D=(-1)"2 i%x% on AET*M,
d* = —xdx

It follows from this lemma that d + d* = d — xdx. In the sequel, in order to
distinguish with the index in (8.4), we shall denote by ind(d — xdx) the index of
d + d* when using the Zs,-grading defined by the chirality operator. That is,

ind(d — *dx) :=dimker(d + d")|a+7: 0 — dimker(d + d*)ja-1x
= dlm ker(d — *d*)|A+TC*M — dlm ker(d — *d*)lA—TEM.

It also follows from Lemma 8.11.9 that the Hodge *-operator descends to a

linear map,

(8.8) x: HF(M) — H" % (M),

which is an isomorphism since x? = (—1)k on AFT*M. Using this isomorphism we
can prove the nondegeneracy of the bilinear pairing,

H*(M) x H" % (M) 3 (o, B) —>/ a A B.
M

When n is divisible by 4 this pairing is symmetric on H (M) x H? (M), and
hence it gives rise to a nondegenerate quadratic form on H 3 (M). The signature
of this quadratic form is called the signature of M and is denoted o(M). This is a
topological invariant of M.



LEMMA 8.11.10 (See [BGV]). If n is divisible by 4, then
o(M) = ind(d — xdx).
Because of this lemma, the operator d — xdx is often called signature operator.

Next, the twisted curvature of the Levi-Civita on A/~ T, &M is continue to be
given by (1). As we shall now see, since we are using a different Zs-grading, we

obtain a different relative Chern form, which we shall denote by Ch(F A*/7)/8 ).
Recall that L-form L(RM) is the of the curvature R is defined by

(wanca7s)
tanh(RM/2) )
LEMMA 8.11.11 (See [BGV]). We have
sinh(RM /2)
RM /2

Observe that A(RM) A det? (%) = 1. Thus,

N

L(RM) := det

Ch(FE/#) = 2% det? ( ) A L(RM).

A(RM) A Ch(FE/#) = 25 L(RM).
Therefore, using the Atiyah-Singer index formula we obtain:
THEOREM 8.11.12 (Atiyah-Singer). We have

ind(d — xdw) = (im)~% /M [L(RM)™.

Combining this with Lemma 8.11.10, we immediately get

THEOREM 8.11.13 (Hirzebruch Signature Theorem). If dim M is divisible by
4, then

o(M) = ind(d — *dx) = (ir)~% /M (L))"

Since [L(RM)] “ _ —gazz Tr[(RM)?], we see that in dimension 4,
1

o(M) = -5 /M Tr[(RM)?].

More generally, let W be a Hermitian vector bundle equipped with a Hermitian
connection VW. Then we can form the twisted Clifford-module bundle At/ “TEM®
W, where the fiberwise action of Clc(M) is such that, above all x € M,

a6 @w) = (af) @ w, Va € Cl,(M) V(& w) € N Ty M x W,.

The twisted connection VA" "TEMEW — A T"M @ 1 4 1 g VW ig a Clifford
connection on AT/~TM @ W. We shall denote by (d —*dx)y the associated Dirac
operator. Its index is denoted o(M, W) and is called the twisted signature with
coefficients in W. It depends only on the topology of the manifold M and the

vector bundle W. »
The twisting curvature F(A " TeMOW)/E g equal to

F(A+/7)/$ R1+1® FW’
where FW is the curvature of V. Thus, its relative Chern form is given by
Ch(FW/"TeMeW)/8) — Cp(FE/#) A Ch(FW).

Therefore, we obtain:



THEOREM 8.11.14 (Twisted Signature Theorem). We have

o (M, W) = (d — xdx)w = (im)~% / [L(RM) A Ch(FW)] ™.
M
The twisted signature theorem was originally proved by Atiyah-Singer. It is
important because it can be used to prove the full Atiyah-Singer index theorem,
i.e., the index theorem for general elliptic ¥DOs on compact manifolds.

8.11.4. The Hirzebruch-Riemann-Roch Formula. In this subsection, we
assume that M is a compler manifold of complex dimension n. This means that the
tangent bundle T'M is thus endowed with a complex structure J € C*° (M, Endg T M),
J? = —1, so that the holomorphic tangent bundle Ty oM := ker(J —i) is integrable
in Frébenius’ sense, i.e., [Z,W] € C*°(M,T1 o M) for all Z,W € C°°(M,T1,,M).

In addition, we assume that the orientation of M is the orientation defined by
its complex structure and the Riemannian metric on g TM is the real part of a
Hermitian metric A on Tc M with respect to which J is unitary.

The complexified tangent bundle TeM := TM ® C admits the orthogonal
decomposition,

T(CM = TL()M (o) TQJM, To’lM = Tl,(]M.
By duality this gives rise to orthogonal splittings,

TeM = AYOT* M @ A T*M,  ALT*M = @ APIT* M,
q=0

where AP4T*M = (Al’OT*M)p A (Ao’lT*M)q is the bundle of (p, ¢)-covectors.

If o € C°°(M, A%9), then

da = da + Oa,
where da is a (1, q)-form and da is a (0, ¢+ 1)-form. Furthermore, the integrability
of Ty o implies that 3" = 0. We thus get a chain complex,
0: C®(M,A**T* M) — C>(M, A>T T*M).

This complex is called the Dolbeault complex of M and its cohomology groups are
denoted H*4(M), ¢ =0,...,n.

Let W be a holomorphic vector bundle over M. This means that M can be

covered by open subsets U, over which there are local trivializations 7, : Wiy, —
U, x C" in such way that the transition maps are holomorphic maps. Then, for

q=0,...,n, there exists a unique operator
Ow : C(M, (AT*M) @ W) — C=(M, (A>T T*M) @ W)
such that, for all local holomorphic frames e1, ..., e, of W and sections w = ) w; ®

e;j of (A™T*M)@ W,
5W(ij ®e;) = Z(gw]) R e;.

J

Since (0w )? = 0 this gives rise to a chain complex, called the Dolbeault complex
of M with coefficients in W. Its cohomology groups are denoted H%4(M,W),
q=0,...,n.

Let us also endow W with a Hermitian metric (.,.)y. Together with the Her-
mitian metric on A%*T* M this defines a Hermitian metric on (A%*T*M)® W and
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an inner inner products on C°(M, (A®*T*M) ® W), using which we define the
formal adjoint 8y, : C(M, (A>*T*M) @ W) — C°°(M, (A>*T*M) @ W). The
Dolbeault Laplacian then is

Ow := (5W + E*W)2 = E;VEW + EWE;V
Notice that Oy maps O (M, (A%9T*M) @ W) to itself. We then denote by CI%?
its restriction to (A%4T*M) @ W.

In addition, by looking at its expression in local coordinates, it is not difficult to
check that (y, has same principal symbol as a Laplacian and hence is elliptic. As
by assumption M is compact, it follows that ker Oy is a finite dimensional subspace
of C°(M, (A%*T*M) @ W). We then define the holomorphic Euler-characteristic
of M with coefficients in W to be

X(M, W) =Y "(~1)"dim H*¢(M, W).
q=0
This is a holomorphic invariant of M and W.
ProPOSITION 8.11.15 (Hodge, see [BGV]). For ¢ =0,...,n,
HO(M, W) =~ ker (I}

Since the operators Oy —&—5;, and Oy have same kernel, it follows from Proposi-
tion 8.11.15 that H%9(M, W) is isomorphic to the kernel of the Dolbeault operator
Ow + Oy on (0, g)-forms. Thus,

(8.9) Mhﬂqunm(ay+5;),
where the index of dy + 5;[, is defined to be

dlm ker (6W T 8W> |(A0,CVT*]\/I)®W B dlm ker (aW + aW) ‘(AO’OddT*M)Q@W :
Let V: C®(M,W) — C®(M,T¢M @ W) be a connection on W. Using the
splitting T¢M = AYCT*M @ A%IT*M we can split V as
V=vilp vl
where V10 (resp., V%1) maps to sections of (AL0T*M) ® W (resp., sections of
(A%YT*M)@W). We then say that V is a holomorphic connection when V%! = 9y .

If V is a holomorphic connection, then its curvature F" is actually an (1,1)-form
with values in End W.

PROPOSITION 8.11.16. There is a unique holomorphic connection VWV on W
that preserves its Hermitian metric, i.e.,
(V¥ w1, wa)w+{wy, Vi wa) = X ((wy, wa)w) Yw; € C®(M,W) VX € C®(M,TM).

The connection VW in Proposition 8.11.16 is called the Chern connection of
w.

Let Q be the imaginary part of the Hermitian metric A of T M. This is a 2-form
on M since, for all X,Y € C°>°(M,TM),

Q(Y, X) = Sh(Y, X) = Sh(X,Y) = ~Sh(X,Y) = —Q(X,Y).

We then say that M is a Kdhler manifold when 2 is a closed form, i.e., d2 = 0.
Recall that by assumption the Riemannian metric of M is the real part of the
Hermitian metric h.
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PROPOSITION 8.11.17 (See [BGV]). The manifold M is Kahler if and only if
the Levi-Civita connection V™ on TM is a holomorphic connection, i.e., it agrees
with the Chern connection of T M.

From now on, we assume that M is a compact Kéhler manifold. Then V7™
preserves the complex structure, and hence it can be lifted to a Hermitian connec-
tion on A%4T*M for each ¢ =0,1,...,n.

In addition, in the very same way as we constructed the spinor representation,
we can endow the bundle A%*T*M with a Clifford-module bundle structure as
follows.

The Zs-grading of A%*T*M is simply given by the splitting,

AO,*T*M — A07evT*M P AO’OddT*M.
The action of Clg(M) is such that, above all z € M,
(&) w=V2(EE") -y w  VEETE,M YweAT*M,

where £(¢£19) is the exterior by the component £%! of ¢ in A®YT* M and 2(£M0) is
the interior product by its component £1:0 in ALOT M.

This allows us to realize the spinor bundle of M as the bundle A%*T*M
equipped with the above Clifford-module structure. We then endow the bundle
(A>*T*M) @ W with its twisted Clifford-module bundle structure. Namely, its
Zs-grading is given by

(A*T*M) W = ((AO’EVT*M) ® W) ® ((AO’*T*M) ® W),

and the action of Clg(M) is such that, for all z € M,
a.(w@w)=(aw)@w  VYac Cl,(M) Y(w,w)e AT M x W,.
In addition, we equipped (A%*T*M) @ W with the twisted connection,
VATTTIMEW  — gATTM g1 4 10 VY,
where V' is the Chern connection of W.

LEMMA 8.11.18 (See [BGV)). If M is Kihler, then VA" T"MSW s o Clifford
connection on the Clifford-module bundle (A°*T*M)®@ W and its associated Dirac

operator is equal to /2(Ow + 5;/)

In the sequel, we denote by RT "M the curvature of the Levi-Civita connection
of TWOM.
LEMMA 8.11.19 (See [BGV]).

(1) The twisted curvature of VAT M)@W 4o given by

(8.10) FASTTMW/E %Tr {RTLOM} +1eFY,
(2) We have
) RT'M
(8.11) A(RM) = det [G;RTI’OM _ 6_%RT1,0N1
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It follows from (8.10) that the relative Chern form of FA” " T"M@W/$ oquals
1 1, 1,0
exp (—2 Tr [RT °MD A Ch(FW) = det [e*%RT M] A Ch(FW).

Combining this with (8.11) shows that A(RM) A Ch(F(AO'*T*M)@’W/ﬂg) is equal to

M 1 1,0 1,0
det [ 1 ] Adet [e—ﬁRT ] ACh(FW) = Td(RT"*M)ACh(F"),

1pTl0M _1pTloMm
s R —e s R

where Td(RT"*M) is the Todd form of RT""M ..,

L T M
TA(RT M) = det | 2 1] .

71,0 M
el —

Therefore, by applying the local index formula for Atiyah-Singer and using (8.9)
we obtain

THEOREM 8.11.20 (Hirzebruch-Riemann-Roch). If M is Kdhler, then

X(M, W) = ind(@w + dyy) = (2im) "% / [Td(RTl'OM) A Ch(FW)} "

M

8.12. Proof of the Local Index Theorem

In this section we reproduce the proof of the local index theorem (i.e., Theo-
rem 8.10.5) given in [Po]. As mentioned in Section 8.10, this theorem yields the
local index formula of Atiyah-Singer. The proof here is given for twisted Dirac
operators on spin manifolds, but the argument can be extended to more general
Dirac operators on Clifford-module bundle coming from a Clifford connection.

The argument is based on combining the rescaling of Getzler [Ge2] with the
approach to the heat kernel asymptotics of Greiner [Gr].

8.12.1. Greiner’s approach of the heat kernel asymptotics. In this sec-
tion we recall Greiner’s approach of the heat kernel asymptotics as in [Gr] and
[BGS].

Let E be a Hermitian vector bundle over M and let A : C*°(M, E) — C*(M, E)
be a selfadjoint elliptic second order differential operator with positive principal
symbol.

If we regard A as an unbounded operator on L?(M, E) with domain the Sobolev
space L3(M, E), then A is selfadjoint and bounded from below. Therefore, by
standard Borel functional calculus we can define the heat semi-group e *2, t > 0,
as a family of selfadjoint bounded operators on L?(M, E).

Furthermore, the ellipticity of A implies that, for all ¢ > 0, the operator e~ *2 is
smoothing. That is, its Schwartz kernel k; (z, y) is contained in C>° (M, E)®C> (M, E*®
|A|(M)), where |A|(M) is the density bundle of M. The kernel k;(z,y) is called the
heat kernel of A.

Recall that the heat semigroup allows us to invert the heat equation. Namely,
consider the operator Qg : C°(M x R, E) — D'(M x R, E) defined by

(8.12) Qou(z,s) == / e *Bu(z,t — s)dt Yu e C°(M x R, E).
0
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Then Qo maps continuously C2°(M x R, E) to C°(R,L*(M,E)) C D'(M x R, E)
and satisfies

(A4 0)Qou = Qo(A+d)u=mu Yu € C°(M x R, E).

Notice that the operator Qg has the Volterra property in the sense of [Pi], i.e.,
it has a Schwartz kernel of the form Kq (z,y,t — s), where Kqg,(x,y,t) vanishes
on the region ¢ < 0. In fact,

ki(z,y if t >0,
KQo(zvyat) = { Ot( ) ift <.

These equalities are the main motivation for using pseudodifferential techniques
to study the heat kernel k;(x,y). The idea is to consider a class of WDOs, the
Volterra ¥DOs([Gr], [Pi], [BGS]), taking into account

(i) The aforementioned Volterra property.

(ii) The parabolic homogeneity of the heat operator A + 0y, i.e., the homo-
geneity with respect to the dilations \.(£,7) = (A, \27), (§,7) € R*HL,
A #0.

In the sequel, for g € S'(R"*!) and X\ # 0, we denote by g the element of
S'(R™+1) defined by

(8.13)  (ga(&,7),u(&, 7)) == A" (g(&, 1), u(ATTENT2T)) Vu e S(R™MHY).

DEFINITION 8.12.1. A distribution g € S'(R"*1) is (parabolic) homogeneous of
degree m, m € Z, when

g =A"g  VYAER\O.

In the sequel, we denote by C_ the complex halfplane {37 > 0} with closure

C_. Then:

LEMMA 8.12.2 ([BGS, Prop. 1.9]). Let g(§,7) € C((R"xR)\0) be a parabolic
homogeneous symbol of degree m such that:

(i) q(x,&,7) extends to a continuous function on (R™ x C_) \ 0 in such way
to be holomorphic in the last variable when the latter is restricted to C_.
Then there is a unique g € S'(R"™1) agreeing with ¢ on R" ™\ 0 so that:

(ii) g is homogeneous of degree m.
(iii) The inverse Fourier transform §(x,t) vanishes for t < 0.

REMARK 8.12.3. If m < —(n + 2), then (ii) need not hold for symbols that do
not satisfy (i).

Let U be an open subset of R”. We define Volterra symbols and Volterra
UDOson U x R*™1\ 0 as follows.

DEFINITION 8.12.4. S™(U x R"1), m € Z, consists of smooth functions
q(z,&,7) on UxR"XR with an asymptotic expansion q(z,&,T) ~ Zj>0 Gm—j(2,&,7),
where

- qz,&,7) € C°(U x [(R™ x R) \ 0]) is a homogeneous Volterra symbol
of degree l, i.e. q; is parabolic homogeneous of degree I and satisfies the
property (i) in Lemma 8.12.2 with respect to the last n + 1 variables.
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- The sign ~ means that, for all compacts K C U, integers N and k and
multi-orders o and 3, there is a constant Cngagr > 0 such that

(8.14) Iaﬁafaf(q - Z Gm—3)(@,&,7)| < Onrapr(|€] + |7|/2)mN=181=2k,
J<N

for all (z,€,7) € K x R" x R with |¢] +|7]7 > 1.

In the sequel, for any symbol ¢(x,&,7) € ST (U x R) we denote by ¢(x, D, D;)
the operator from C°(U x R) to C*°(U x R) defined by

q(x, Dy, Dy)u(a, t) = (2m)~ (D) / / TN g (2, & T)A(E, T)dédT  Yu € C(UxR).

DEFINITION 8.12.5. (U xR), m € Z, consists of continuous linear operators
Q:CP (U, xRy) — C®°(U, x Ry) such that
(i) Q has the Volterra property.
(ii) @ can be put in the form,

Q = q($7 Da:th) + R7
for some symbol q(x,&,7) € ST(U x R) and some smoothing operator R.

If @ is a Volterra YDO we shall denote by K¢ (z,y,t—s) its distribution kernel,
so that the distribution K¢ (x,y,t) vanishes for ¢ < 0.

ExAMPLE 8.12.6. Let P be a differential operator of order 2 on U and let
pa2(x, &) denote the principal symbol of P. Then the heat operator P + 9; is a
Volterra ¥DO of order 2 with principal symbol pa(z,§) + 7.

Other examples of Volterra ¥DOsare given by the homogeneous operators de-
fined below.

DEFINITION 8.12.7. Let g (x,&,7) € C®(U x (R"*1\ 0)) be a homogeneous
Volterra symbol of order m and let g,, € C°(U)®S'(R™"*1) denote its unique ho-
mogeneous extension given by Lemma 8.12.2. Then:

- Gm(x,y,t) is the inverse Fourier transform of gm(x,&,7) in the last n+ 1
variables.
- gm(x, Dy, Dy) is the operator with kernel G, (x,y — x,t).

PRrROPOSITION 8.12.8 ([Gr], [Pi], [BGS]). The following hold.

(1) Composition. Let Q; € ¥y (U xR), j = 1,2, have symbol q; and suppose
that Q1 or Qo is properly supported. Then Q1Qz lies in ¥+ m2 (U x R)
and has symbol q1#qa ~ > i@?qlD?qQ.

(2) Parametrices. An operator @ € V(U x R) admits a parametric in
U_™(U x R) if, and only if, its principal symbol is nowhere vanishing
on U x [(R™ x C_\ 0)].

(3) Invariance. Let ¢ : U — V be a diffeomorphism onto another open subset
V of R"™ and let Q be a Volterra ¥ on U X R of order m. Then @Q =
(¢ ®idRr).Q is a Volterra ¥ on V x R of order m.

In addition, the following property shows the relevance of Volterra YDOs for
deriving small times asymptotics.
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LEMMA 8.12.9 ([Gr, Chap. I], [BGS, Thm. 4.5]). Let Q € 7 (U x R) have
symbol ¢ ~ > gm—;. Then ,in C>(U),

(8.15) Kqo(z,y,t) ~ t=GHEED N "ty 5(2,0,1) ast — 07,
1>0

where the notation §i has the same meaning as in Definition 8.12.7.

PRrROOF. As the Fourier transform relates the decay at infinity to the behavior
at the origin of the Fourier transform the distribution q—2j<J Gm—; lies in CN(Ux X
R} xR;) as soon as J is large enough. Since Q —q(z, Dy, Dy) is smoothing it follows
that Rj(z,t) := Kg(z,z,t) — ZJSJ Gm—;j(2,0,t) is of class CN. As Ry(z,y,t) =0
for t < 0 we see that

OlR;(x,00=0  forl=0,1,...,N.
Thus R;(.,t) = OtY) in CN(U) as t — 0T. This proves that, in C>=(U),
(8.16) Kq(,2,t) ~ > Gm—;(2,0,t) ast— 0"
Let j € Ny. Observe that, for all A # 0,
(dm—i)x = N7 (g ja1)¥ = ATOFINT .

Thus, setting A = v/t with ¢ > 0, we get

jm—n—m g

QWL—j(ZE7O7t) =t 2 Q'm—](z7071)

Furthermore, if we take A = —1 and m — j is odd, then

Gm—j(2,0,1) = (=1)""gp—(2,0,1) = —gm—;(z,0,1) = 0.
Combining all this with (8.16) shows that, in C*(U),

(817) Ko(e,wt) ~vor D 7 5 ny(,0,1),
m—j even
that is, (8.15) holds. The lemma is thus proved. O

The invariance property in Proposition 8.12.8 allows us to define Volterra WDOs
on M x R acting on the sections of the vector bundle E. Then all the preceding
properties hold wverbatim in this context. In particular, the heat operator A + 0,
has a parametrix Q in ¥;2(M, xR, E).

In fact, comparing the operator (8.12) with any Volterra parametrix for A + 9,
allows us to prove

THEOREM 8.12.10 ([Gr], [Pi], [BGS, pp. 363-362]). The differential operator
A + 0y is invertible and its inverse (A + 9;)~1 is a Volterra WDO of order —2.

Combining this with Lemma 8.12.9 gives the heat kernel asymptotics below.

THEOREM 8.12.11 ([Gr, Thm. 1.6.1]). In C*°(M, |A|(M) ® End E) we have
(8.18) ky(z, ) ~pgr £ Ztlal(A)(x), ai(A)(x) = G—2-2(x,0,1),
1>0

where the equality on the right-hand side shows how to compute the densities a;(A)(x)
in local trivializing coordinates by means of the symbol q(x,&,7) ~ > q_o_;(x,§,T)
of any Volterra parametriz for A + 0.
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This approach to the heat kernel asymptotics present several advantages. First,
as Theorem 8.12.11 is a purely local statement we can easily localize the heat
kernel asymptotics. In fact, given a Volterra parametrix @ for A + J; in some
local trivializing coordinates around zy € M, comparing the asymptotics (8.15)
and (8.18) we get

(8.19) ki(xo, z0) = Kg(xo, zo,t) + O(t™) ast — 0F.

Therefore in order to determine the heat kernel asymptotics (8.18) at xo we only
need a Volterra parametrix for A + 0; near zg.

Second, we have a genuine asymptotics with respect to the C'"*°-topology and
it can be differentiated as follows.

PROPOSITION 8.12.12. Let P : C*(M,E) — C>*(M, E) be a differential oper-
ator of order m and let us denote by hy(x,y) the Schwartz kernel of Pe *®. Then,
in C®(M,|A| ® End E),

(8.20) ho(2,2) ~por 12175 " #ih(2),  by(x) = Foppy_a-u(x,0,1),

1>0
where the equality on the right-hand side gives a formula for computing the densities
bi(z) in local trivializing coordinates by means of the symbol r ~ > rp_o_; of
R=P(A+0;)7 ! (or of R = PQ, where Q is any Volterra parametriz for A+ 0;).

PrROOF. Observe that
hi(z,y) = Poki(2,y) = PeK(ayo,) -1 (7,y,1) = Kpato,)—1(2,y,1).

Therefore, the result follows by applying Lemma 8.12.9 to P(A + ;)= (or to PQ,
where @ is any Volterra parametrix for A + ;). |

Finally, in local trivializing coordinates the densities a;(A)(z)’s can be ex-
plicitly computed in terms of the symbol p = py + p1 + po of A. To see this
let ¢ ~ > g_2_; be the symbol of a Volterra parametrix @ for A + ;. As
q#p ~ q(p+ i) + 3 508qDgp ~ 1 we get ¢_5 = (p2 +47)"" and

1
(8.21) -2-j = —( —08q-2-1kDypa—1)(p2 +iT) !, j>1.
k+l;xl—ja! ‘

Therefore, combining with (8.18) we deduce that, as in [Gi], the densities a;(A)(z)’s
are universal polynomials in the the jets at xo of the symbol of A with coefficients
depending smoothly on its principal symbol.

Similarly, in local trivializing coordinates the densities b;(z)’s in (8.20) can be
expressed universal polynomials in the the jets at xg of the symbols of A and P
with coefficients depending smoothly on the principal symbol of A.

8.12.2. Proof of the Local Index Theorem. In this subsection, we shall
prove the local index theorem. We shall use the same notation as in Section 8.10.
In particular, E is a Clifford-module bundle with Clifford connection V¥ and as-
sociated Dirac operator Dg. In addition, we denote by k:(z,y) the heat kernel of
D2,

It follows from Theorem 8.12.11 that, in C*° (M, |A|(M)),

Strplki(z,2)] ~ 3 > 1/ Strpla;(Dy)(x)]  ast— 0"
j=0
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We thus have an asymptotics in C°°(M,|A|(M)). Therefore, in order to prove the
local index theorem it is enough to show that, near any given point xg, in some
local coordinates centered at xg and local trivialization of E near zoF,

(8.22) Strg[k:(0,0)] = (2im)~ % [A(RM) A Ch(FE/ﬂ ™ (0) + O(t).

Furthermore, if follows from (8.19) that in order to so we may replace the heat
kernel k;(, z) by the kernel Kq(z,y,t) of any Volterra-WDO parametrix for D% +0;
defined near x = 0. Indeed, we then have

(8.23) k:(0,0) = K(0,0,) + O(t™)  ast— 0.

This enables use to reduce to the case where M is a neighborhood of the origin in
R™ and F is a trivial vector bundle.

As we have total freedom on the choice of the local coordinates and the trivi-
alizations of E, we may choose to use local Riemannian coordinates and introduce
a synchronous orthonormal tangent frame {ei,--- ,e,} such that e; = 0;. Using
this frame to construct the spinor representation, near x = 0 we may realize F as a
trivial twisted Clifford bundle with fiber §, ® W, where 8 is the spinor space of R™
and W is a Zs-graded vector space. Notice that the Clifford connection V¥ then is
a twisted Clifford connection V#» ® 141 ® VW, where V#» is the spin connection
on the trivial vector bundle M x §,, and V" is a Hermitian connection on M x W.
Incidentally, if we denote by F'" the curvature of VW, then the twisted curvature
FFP/# and its relative Chern form are given by

FEF =19 F"  and  Ch(FE/?)=cCn(F"Y).
In addition, as we are using normal coordinates, near x = 0 the coefficients
9ij = g(0;, 0;5) of the metric g are such that
1 .
(8.24) gij(x) = 05 + O(|21*),  win(w) = =5 Ru(0)27 + O(|*),

A proof of this asymptotics can be found for instance in [BGV].

Let us also introduce the coefficients of the Levi-Civita connection and
the curvature tensor RM defined in terms of the synchronous orthonormal tangent
frame {e;} by

wiry = (VIMep e)  and Rf\fkl = (RM(0;,0;)ex, e1).

Then, near x = 0,

vTM

1 .
(8.25) win(7) = =5 Rija(0)2” + O(|ef?).
See, e.g., [BGV] for a proof of this asymptotics.
Recall that the quantification and symbol maps are linear isomorphisms,
(8.26) ALR™ -5 Cle(R™) and  Cle(R™) % ALR™.

As n is even the spinor representation p : Clg(R™) — End$, is an algebra iso-
morphism which allows us to identify Clc(R™) with End$,. Bearing in mind this
identification, we shall also denote by ¢ and ¢ the linear isomorphisms,

(8.27) AfR™ 5 End$, and End§, -2 ALR™,

which are obtained by composing the linear isomorphisms (8.26) with p or its
inverse.
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As FE is a trivial bundle with fiber 8, ® W, we can regard the Volterra ¥DOs on
M xR acting on the sections of E as elements of ¥} (M xR)® (End/§, ) ® (End W).
Using the linear maps (8.27), we then get linear maps,

UM x R) ® (ALR™) @ (End W) - Ui (M x R, E),
UH(M xR, E) 2 U (M x R) ® (ALR™) @ (End W).

We get similar linear maps at the level of symbols and Schwartz kernels.

As E is the trivial Zy-graded bundle with fiber 8, @ W, its supertrace is just
Strg ® Stry, where Strg is the supertrace on the trivial bundle M x 8, and Stry
is the supertrace on W. Notice that, as the metric on M varies on the fibers of
TM, so does the supertrace on the fibers of M x End($,, ). However, thanks (8.24)
at = 0 the metric g(x) agrees with the standard Euclidean metric, and hence we
may use Proposition 4.8 to get

Strg [T(0)] = (—2i)2o[T(0)]™ VT € C°°(M,End§$,,),

(
where o[T(0)]™ is the n-the degree component of ¢[T(0)]
It follows from all this that, for all P € U¥(M x R, E),
Strg [Kp(0,0,t)] = (—2i) % (0 @ Strw ) [Kp(0,0,)]™ ¥t > 0.
Combining this with (8.23) then shows that
(8.28)  ky(0,0) = (—2i)% (0 @ Stry ) [Kp(0,0,8)]™ +O(t>)  ast— 0F.
Therefore, the proof of (8.22) boils down to showing the existence of a small-time
limit of (o ® Stry )[Kp(0,0,)]™ and identifying it.
In order to study the small-time behavior of (o ® Stry )[Kp(0,0,t)]™) we shall

implement the rescaling of Getzler [Ge2] as a filtration on ¥% (M x R, E). Roughly
speaking this rescaling aims at assigning the following degrees:

€ ALR™.

1 . )
(8.29) deg9; = 5 deg 0; = dege(da’?) = —dega? =1,

while deg B = 0 for any B € End W. We then obtain a filtration on Ui (M x R, E)
as follows.

Let Q € U} (M xR, E) have symbol ¢(z,&,7) ~ >, o, qk(2,&, 7). Then taking
components in each subspace AJTER™(n) and then using Taylor expansions at z = 0
gives formal expansions

(8.30) olg(w, &) ~ > olg(@, &) ~ Y %Ta[asqk<o,£m>1<”
g,k gk

According to (8.29) the symbol %aﬁ‘a[qk(o, ¢,7)]Y) is Getzler homogeneous of de-
gree k + j — |a|. Therefore, we can expand olq(z, &, 7)] as

(831) l‘ 57 qu ]) T 57 ) q(m) 7é 0,
7>0

where q(,,,—j) is a Getzler homogeneous symbol of degree m — j.

DEFINITION 8.12.13. Using (8.31) we make the following definitions:

- The integer m is the Getzler order of Q.
- The symbol q(m) on R™ x R™ x R is the principal Getzler homogeneous

symbol of Q.
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- The operator Q(m) = q(m)(x, Dz, D) on R™ x R is the model operator of
Q.
REMARK 8.12.14. The model operator Q(,,) is well defined according to defi-
nition 8.12.7.

REMARK 8.12.15. By construction we always have Getzler order < order + n,
but this is not an equality in general.

ExXAMPLE 8.12.16. Let A = A;dz* be the connection one-form on W. Then
by (8.25) the covariant derivative VZ = 9; + fwip(x)c(e¥)c(e!) + A; on §, @ W
has Getzler order 1 and model operator

1 .

(8.32) Vi =0 — ZRf‘f 027,  RY(0) := R, (0)da* A da'.

The interest to introduce Getzler orders stems from the following.

LEMMA 8.12.17. Let Q € Ui(M x R, M) have Getzler order m and model
operator Q). Then, ast — 0r,

j—m—-n—1

o 0,0, 1)1 = { ) sy T odd
t = Qumy (0,0, 1)V + O —=27") if m—j is even.

In particular, if m = —2, then

(833) U[KQ(O’ 0, t)](n) = KQ(72) (Oa 0, 1)(n) + O(t)

PROOF. Let q(x,&,7) ~ > qr(x,&,7) be the symbol of Q and let g(,,)(z,§, 7)
be its principal Getzler-homogeneous symbol. By Lemma 8.12.9 we have
(8:34) o[Kq(0,0,6)]9 ~gr Y7 0[4(0,0,1)],
and we know that G (0,0,1) = 0 if k is odd. Moreover, the symbol o[gx(0, £, 7))
is Getzler homogeneous of degree k + j, and so it must be zero if k + j > m since

otherwise @@ would not have Getzler order m. Therefore,
(8.35)

j—m-—mn—1 . -
oKq(0,0,6)]) = { A g odd,

“1o[Gm—;(0,0, 1))@ + O(tjﬂgin) if m — j is even.

In addition, the symbol o|g(,)(0,¢, 7)]0) is equal to

(8.36) > (ja;"a[qk(O,&,T)}m) = 0lgm—(0,&,7)]Y).

k+j—|al=m 2=0

As Kqi (z,y,t) = (q(m))v(x,y,t), we deduce that
o [Gm—3(0,0, ]9 = (g(m)) ¥ (0,0, )Y = K¢, (0,0,1)19).
Combining this with (8.35) proves the lemma. O

In the sequel, we say that a symbol or a ¥DO is Og(m) if it has Getzler
order < m.

LEMMA 8.12.18. Forj =1,2let Q; € Ui(M xR, E) have Getzler order m; and
model operator Q(m;). In addition, assume that Q1 or Q2 is properly supported.
Then

(8.37) Q1Q2=c [Q(ml)Q(m”} + Og(mi +mg —1).
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PROOF. Let g; be the symbol of @; and let () be its principal Getzler
homogeneous symbol. By Proposition 8.12.8 the operator @J1Q2 has symbol q; #q¢s.

Moreover, for N large enough, the symbol g1 #qs — Z\&ISN %agqlpng has
order < mi + mo — n, and hence has Getzler order < mi + mo. As agql.ngQ —
c[@?q(ml) A Dg f(m,)] has Getzler order < mjy 4+ ma — |a| — 1 it follows that, for N
large enough,

(8.38) Q1#Ge = Z 56(8?%”1 A DS ¢m,) + Og(my +mg — 1).
la]<N
Observe that > i@?q(ml) A D q(m.,) is exactly the symbol of Q)@ (m,) since
Q(ms)(x,&,7) is polynomial in z and thus the sum is finite. Therefore, taking N
large enough in (8.38) shows that the symbols of o[Q1Q2] and Q(,,)Q (m,) coincide
modulo a symbol of Getzler order < mj + ms — 1. This proves the lemma. O

Recall that by the Lichnerowicz formula,

1
D3} = (VE)'VE + FEIS 4 2y,

where
FEIS = 03 PP en, el el ) = 5 S0 F (eis el el ).
Moreover, as explained in [BGV, p. 66],
(VEYVE = g9 (VEVT =T Vi),

where the ¢¥/ are the coefficients of the inverse metric g~' and the T}; are the
Christoffel symbols of g so that VIM 9, = ri,gal.

Combining this with Lemma 8.12.18 and the equations (8.24), (8.25) and (8.32)
shows that D% has Getzler order 2 and model operator,

1 . )
D) = —05;Vi) V) + §FW(32‘7 9;)(0)dx" A da’
(8.39) n 1 2
:HR+FW(O), HRZ—Z(al—ZlRZI\J/I(O)J)J) .
i=1
LEMMA 8.12.19. Let Q be a Volterra parametriz for D% + ;. Then

(1) Q has Getzler order —2 and its model operator is (Hr + F™ (0) + ;) 1.
(2) We have

W
(8.40) Kttt 5 0)100)-1(0,2,t) = Grlz,t) e,

where Gr(x,t) is the fundamental solution of Hgr + 0O, i.e., the solution
of the equation, (Hg + FW (0) 4+ 0;)GR(x,t) = 0(x,t), where §(x,t) is the
Dirac function on R™ x R.

(3) Ast— 07,

(8.41) o[Ko(0,0,8)] ) =13 [GRr(0,1) Ae P O]@) 4 oi=5+1),

PRrOOF. Note that (3) follows by combining (1) and (2) with Lemma 8.12.17.
Therefore, we only need to prove the first two assertions.

Let p(z, &) = > pj(z, §) be the symbol of P* and let ¢ ~ 3 g—2—; be the symbol
of Q. As JDQ is elliptic and has Getzler order 2 we have p(y) (0,6 = py(0,€) # 0.
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Hence q_o = (p2 + i7)~! has Getzler order —2. It then follows from (8.21) that
each symbol q_s_; has Getzler order < —2, and hence @ has Getzler order —2.

Notice also that, as (@2 +0;)Q — 1 is smoothing, it follows from Lemma 8.12.18
the operator (Hg + F'" (0) + 0:)Q(—2) — 1 has Getzler order < —1. As it is Getzler-
homogeneous of degree 0 it must be zero, and hence Q(_oy = (Hg + FY(0) +
0;)~ L. Tt is not difficult to check that, at the level of Schwartz kernels, the equality
Q—2)(Hgr + F(0) + 0;) = 1 means that

(HR>Z! + FW(O) + aS)T [KQ(fz) (‘Tayat - S)} = 5($ - yat - 8)7

where (Hg, + FV(0) + 95)7 = Hg, + FV(0) — 9; is the transpose of Hp, +
FW(0) + 9,. This implies that

(HR,y + FW(O) + 0s) [KQ(—Q) (0,9, 5)] =4(y, ),

that is, Kq _, (0,,1) is the fundamental solution of Hp + FW(0) + 0;.

Observe that if we denote by Gr(x,t) be the fundamental solution of Hg + 0,
then Gg r(z,t) := Ggr(z,t) A e~tF"(0) {00 is the fundamental solution of Hp +
FW(0)+8;. Thus Kq _, (0,z,t) = Gr(z,t) Ae=F" () The proof is complete. [

At this stage observe that Hp is the harmonic oscillator associated to the
skew-symmetric matrix R (0) = (RZAJ/I (0)). We shall now make use of a version
of the Melher’s formula to determine the fundamental solution of Hp + 0; (com-
pare [BGV]).

LEMMA 8.12.20 (Melher Formula). Let a > 0 and consider the harmonic os-
cillator H, = —# + ianQ on R. Then the fundamental solution of H, + O
18

1
1 at 2 1 at
alz,t) == x(t)(4mt)” 2 ——z? )
Go(z,t) X(t)(4nt)™2 <sinhat) eXp< 4tx tanhat)

where x(t) is the characteristic function of the interval (0,00).

ProoOF. For (z,t) € R x (0,00) define

Nl

1 at 1 at
A2 t) := (4mt) "> ——z? .
(842) Sal@,t) := (4mt) ™2 (sinhat> exp( at” tanhat)’ >0

Observe that S, (z,t) is integrable on all products R x (0, ¢) with ¢ > 0 and
(Hg + 01)Sq(x,t) =0 V(x,t) € R x (0,00).
Notice further that, as t — 07,

SﬂHE (€ 1) = cosh—% (at) eXp(—§2t tanh at

)—>1»
at

uniformly on compact sets of R. Thus, as t — 07,
S(x,t) — &(x) in S'(R).
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It follows from this that, for all u and v in C°(R),
(o + 00GuloOuleyo) = [~ [ a6 00 ~ 00) (ulo)o(0) dadt
_ /OOO /OO (Ho + 0,)Sa (2, 1)) u(z)o(t)dzdt
+ lim, {v(t) [ Z Sa(x,t)u(x)dx} — u(0)u(0),
This shows that (Ho + 8)Ga(zt) = 6(x,1), that is, Ga(z,1) is the fundamental
solution of H, + . The lemma is thus proved. 0

LEMMA 8.12.21. The fundamental solution Hg + 0y is given by

B noL tRM(0)/2 1 tRM(0)/2
Gr(x,t) = x(t)(4mt) "= det (mh(tRM(O)/2)> exp (_4t<‘mh(tR1‘/f(O)/2)x’x>>'

PROOF. Let A € M, (R) be a skew-symmetric matrix and set B = —A?. Then
an elaboration of Lemma 8.12.20 shows that the fundamental solution of the heat
operator — >, 6]2 + $(Bwz,z) + 8; on R" x R is given by

n 1At 1 1At
8.43 G t) = t4t_7dtl7 —— .
(843) Al 8) = x(#)(4mt) ™% det 2 (sinh(iAt)) exp( 4t<tanh(iAt)x’x>)
To see this we can notice that the O(n)-invariance of G4(z,t) enables us to
reduce to the case where A is in normal form, i.e., it is a block-diagonal matrix of

2 X 2-matrices,
0 —aj
( aj 0 > % >0

so that the eigenvalues of A are +ia; and B is a diagonal matrix with the a
entries.

A further consequence of the O(n)-invariance of G 4(x, t) is its invariance under
rotations in the (z7,z%)-planes j < k. As the infinitesimal generator of the 1-
parameter group of rotations in the (27, 2¥)-plane is 270, — xk8j7 it follows that

(8.44) (270 — 279;)G a(z,t) = 0.

2

Jas

Consider the harmonic oscillator on R™ x R associated to A, i.e.,
. 2
i
Hy=-Y (aj B QAjkxk> 7
J k
and observe that
. 1
HA = — Z 8? —1 Z Ajkxkaj + Z Z AjkAjl:Ekxl
J Ji.k jkl
. ; 1
=— Zaf +i ZAjk(xJak — 2*8;) + 4Bz, x).
J i<k
Therefore, in view of (8.44) we that G4(z,t) is also the fundamental solution of
H 4 + 0,. This means that, for all u(x,t) € C°(R™ x R),

u(0,0) = (Ha + 0)Ga(x, 1), u(z,1))) = (Ga(z,t), (Ha — Or)u(z, 1)).
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Observe that (G a(z,t), (Ha—0;)u(x,t)) is an analytic function of A. Therefore,
substituting —i R (0)/2 for A in the formula (8.43) yields the fundamental solution
of Hr + 0;. The proof is complete. O

Combining Lemma 8.12.19 and Lemma 8.12.21 we get
(n)
o [Kq(0,0,)]™ = [Gr(0,1) Ae P @] 1 0(1)

RYM(0)/2

= (4m)" 2 [det %(W

IO
yAe F <O>] +0(t)

_n

) (n)
= (47)"% [A(RM(O)) A e*FW<0>] +O().

Combining this with (8.28) and observing that F"W (0) = F¥/#(0), we deduce that

(8.45)  Strk,(0,0) = (2im) "2 [A(RM(0)) A Ch(FE/#(0))]™ + O(t) ast— 07,

This proves (8.23) and completes the proofs of the local index theorem and local
index formula of Atiyah-Singer.
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