CHAPTER 1

Spectrum and
Duality Between Spaces and Algebras

I.1. Banach algebras and C*-algebras

In the sequel all the vector spaces and algebras are vector spaces or algebras
over C. Unless otherwise mentioned all the topological spaces are assumed to be
Hausdorff.

DEFINITION I.1. A Banach algebra is an algebra A endowed with a Banach
norm ||.|| such that
leyll < llzllllyll  V=z,y € A.

DEFINITION 1.2. A C*-algebra is a Banach algebra A together with an antilinear
involution x — x* such that
(I.1.1) (zy)" =y =z~ Va,y € A,
(I1.1.2) lz*|| = ||| and |z*z| = ||z|? Vr € A.

DEFINITION 1.3. Let A and B be C*-algebras.

(1) A x-homomorphism ¢ : A — B is a continuous homomorphism of algebras
such that ¢(z*) = x* for all x € A.
(2) A x-isomorphism ¢ : A — B is x-homomorphism which is bijective.

Recall that by the open mapping theorem any bijective continuous linear map
between Banach spaces has a continuous inverse, so the inverse of any *-isomorphism
is continuous. As we will see later any *-isomorphism between C*-algebras is iso-
metric (cf. Proposition 1.5).

ExaMPLE 1.4. Let M, (C) be the algebra of n x n-matrices with complex entries.
It is equipped with the involution A — A*, where A* := A’ is the adjoint of A. A
C*-algebra norm is given by the norm defined by
|A]| := sup{||Az||; z € C*, |z| =1} VA € M,(C).

EXAMPLE 1.5. Let H be a Hilbert space and let £(H) be the algebra of con-
tinuous linear operators T : H — H. The algebra £(H) comes equipped with the
involution T" — T™, where T* is the adjoint of T, i.e., the unique linear operator
on ‘H such that

(T*¢n) =(n) VE&EneH.
The C*-algebra norm of L£(H) is given by

1T} := sup [[T€]|
leli=1

More generally, any closed involutive subalgebra of £(H) is a C*-algebra.
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DEFINITION 1.6. A x-representation of a C*-algebra in a Hilbert space H is a
x-homomorphism from A to L(H).

THEOREM L1 (Gel'fand-Naimark; see [GVF, pp. 29-31]). Any C*-algebra A
admits an isometric x-representation m into some Hilbert space H.

Recall the following.

LEMMA 1.1. Let T : E1 — E5 be a linear map between Banach spaces which is
isometric, 1i.e.,
IT2||p, = [[#lle, Vo€ Ey.
Then the image T(E7) is a closed subspace of Es and T gives rise to an isometric
isomorphism from Ey onto T(Ey).

Proor. Exercise! O

Using this lemma we see that in Gel’fand-Naimark’s theorem, w(A) is a closed
involutive subalgebra of £(H), and hence is a C*-algebra. Moreover, the represen-
tation 7 provides with an isometric *-isomorphism of A onto m(A). Therefore, we
see that any C*-algebra can be represented as sub-C*-algebra of some L(H).

EXAMPLE 1.7. Let X be a compact (Hausdorff) space and let C(X) be its alge-
bra of continuous complex-valued functions. The algebra has the natural involution
f — f, where f denotes the complex conjugate of f. The C*-algebra norm of C(X)
is the usual norm of C(X), i.e.,

I fllecx) == sup | f(z)] vf e O(X).
rxeX

Notice that the constant function 1 is a unit for C'(X), so C(X) is a unital com-
mutative C*-algebra.

ExAaMPLE 1.8. Let X be a compact topological space and let Cy(X) be its
algebra of continuous functions “vanishing at infinity”. Recall that a function
f € C(X) vanishes at infinity if, for all € > 0, there exists a compact K C X such
that |f(z)| < efor allz € X\ K. Asin the previous example Cy(X) has the natural
involution given by taking complex conjugates and its C*-algebra is its usual norm,

[fllcox) = sup [f(z)]  Vf e Co(X).
rzeX

The C*-algebra Cy(X) is commutative, but as it does not contain the constant
function 1 this is not a unital C*-algebra.

As we will see later in Section 1.4 the previous two examples are essentially the
only examples of commutative C*-algebras.

Finally, there are some notions Banach algebras (e.g. spectrum; see below) that
requires the Banach algebra to have a unit. However, there is a way to add a unit
to any Banach algebra A. This can be explained as follows. Define

At =AsC.
This is a vector space. We turn it into a Banach algebra by means of the product
and norm defined by
(Il, )\1).(1‘2, /\2) = (171332 + )\11‘2 + )\21‘1, /\1)\2) V(JTJ‘, )\j) S A+,
Iz, Mla+ = mf{llzy + Aylla; y € A, flylla =1} V(2,\) € AT
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In particular AT has unit
14+ :=(0,1).
The map x — (z,0) provides us with an isometric embedding of A into A™.
This allows us to identify A with the closed ideal A ® {0} of AT. Using this
identification we can write any element of AT as

(2, A) =2+ Al g+, zecA, MeC.
If Ais C*-algebra we further endow AT with the involution
(z,\) — (z*, ).
This turns A% into a C*-algebra and then A embeds into A1 as a C*-algebra.

1.2. Spectrum

In this section we let A be a Banach algebra with a unit 14 such that ||14] = 1.
This latter condition is always satisfied when A is a (unital) C*-algebra (exercise!).

In the sequel we denote by A~! the group of invertible elements of A. This is
an open subset of A.

DEFINITION 1.9. Let x € A. The spectrum of x is

Spa(z) :={\€C; z— g A1}

The complement of Sp 4(x) is called the resolvent set of x.

REMARK 1.10. When A is not unital, we define the spectrum of z € A to
its spectrum in AT, i.e., Sps(x) := Spu+(z). Notice that 0 is always contained

in Sp 4+ (z) because as A is a non-trivial ideal of AT none of its elements can be
invertible in AT. In particular, when A is unital Sp 4+ (z) = Sp4(x) U {0}.

ProprosITION 1.1. Let x € A. Then

(1) The spectrum Sp 4(x) is a non-empty compact subset of C.
(2) The resolvent A\ — (x — X\)~! is an analytic map from C\ Sp4(z) to A.

DEFINITION 1.11. Let xz € A. The spectrum radius of x is
p(z) =sup{|A[; A € Spy(z)}.
PROPOSITION 1.2 (Gel’fand-Mazur; see [Ar, Thm. 1.7.3]). For all x € A,
pla) = lim /o] < [l

ProroSITION 1.3. Suppose that A is a C*-algebra and let © € A be normal
(i.e. z*x = za*). Then

px) = [|lz].
PROOF. As A is a C*-algebra and z*z = xz*, we have
1 o vk 1
22 = l|(2?)*2?(|7 = [[(z"2)"(z"2) ]| = [Ja"]| = [|=]|.
An induction then shows that
Iz*"| = l|l=]**  VneN.
Combining this with Proposition 1.2 gives
. ny 1
pla) = lim 2| = |al]
proving the proposition. [



In the sequel if A is a Banach algebra equipped with an antilinear, we called
C*-norm a Banach norm satisfying (I.1) and (I.1.2).

PRrROPOSITION 1.4. If A is a C*-algebra then its norm is its unique C*-norm.

PROOF. Possibly by embedding A into AT we may assume that A is unital.
Assume that ||.||" is another C*-norms on A. The spectrum of an element z € A
is independent of the choice of the norm. Therefore, if x € A is normal, then from
Proposition 1.3 we get

2]l = p2) = [l=[I"

In general, even if x is not normal, z*z is. Therefore, using the fact that ||.|| and
Il are C*-norms we get

2
l]|* = o™l = [la"=|| = [l
Thus the norms ||.|| and ||| agree, proving the proposition. O

PROPOSITION 1.5. Every x-isomorphism between C*-algebras is isometric.

PROOF. If ¢ : Ay — As is a *-isomorphism between C*-algebras A; and As,
then [|¢(x)]|a, is & C*-norm on A;. Therefore, by Proposition 1.4 it agrees with
the original norm of Ay, i.e., ¢ is an isometry. (|

1.3. Holomorphic Functional Calculus

Let A be a Banach algebra with a unit 14 such that ||14]]. Let z € A and set
S = Spy(x). In addition, let ©Q be an open subset of C containing S and denote
by Hol(€2) the algebra of holomorphic functions on Q. As usual we endow Hol(£2)
with the topology of uniform convergence on compact subsets of €.

Let f € Hol(€2). Then by Cauchy’s formula, for all z € S, we have

RN
1) = 3= [ £25an

where I is any continuous and piecewise-C'! bounded contour contained in € such
that indp(A) =1 for all A € S.

Recall that the map A — (XA — x)~! is analytic from C\ S to A. Therefore, we
can define

)

(L.3.1) f@) = Q;T/F{(_Aldx

where T' is as above and the integral is defined as a limit of Riemann sums in A.
This integral does not depend on the choice of T'.

THEOREM 1.2 (Holomorphic Functional Calculus; see [Yo, pp. 226-228]). Let
Q be an open containing S = Sp 4 .

(1) The map f — f(x) is a continuous unital homomorphism of algebras from
Hol(Q2) to A.

(2) If f and g are elements of Hol(Q) that agree on S, then f(z) = g(x).

(3) For all f € Hol(Q) we have

Spa f(x) = f(S).
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ExaMPLE 112, Let f(z) = > -, be a power series with convergence radius
R > ||z||, and let T' be a (direct-oriented) circle about the origin with radius r,
lz]| < r < R. Then

o1y an ney _ =1
(13.2) flz)= 227T/ (Zan ) )" tdA ;m AT\ — z) "L
If |A| > ||| then [[A71z|| < 1, and so we have

A—z)"t=2"11 -2 "la) Z)\ (k+1)gn

where the series converges normally. Therefore, for n=20,1,... we have

1 ney 1 1 n—(k+1) n
(1.3.3) P F)\ A —xz)"tdr = Z <2m/)\ d\) & = 2"

Combining this with (I.3.2) shows that

oo
= E apz".
n=0

Notice that for n = 0 Eq. (1.3.3) shows that when f(z) is the constant function 1
we have f(z) =1, that is, ® is a unital homomorphism of algebras.

This result has a couple of important applications.

PROPOSITION 1.6. Let B be a closed subalgebra of A containing the unit 14.

(1) If x € B is invertible in A, then x=1 belongs to B.
(2) For all x € B we have
Spp(x) = Spa(x).

PROOF. Let € B be invertible in A. By Proposition 1.2 both Sp,(z) and
Spp(z) are contained in the disk D(0,||z|). Let I'" be a (direct-oriented) circle
about the origin with radius r > ||z||. By assumption 0 is not contained in Sp 4 (),
so i(z) = 27! is a holomorphic function near Sp 4(x). Therefore the holomorphic
functional calculus allows to define i(z) as an element of A. Since the holomorphic

functional calculus for x is a homomorphism of algebras from Hol(C \ 0) to = and
2.i(z) = 1 on C\ 0, we see that xi(z) = 1, that is, i(x) = =1, Thus,

-1y _L/ A
x —z(a:)—%7T F)\—;vd/\'

As mentioned above Spg(z) too is contained in D(0, ||z||), so A —z is invertible
in B for all A € C\ D(0, ||=]]). Thus A=Y(A — )~ ! is an element of B for all A € T.
Since B is a closed subspace of A it follows that the integral in (I.3) converges in
B, proving that 2~ is contained in B.

It follows from this that B~' = A~' N B. Therefore, if x € B then, for all
A € C, we have

t—AeEBle=s - NcA'NBeaz—-Nec A,
proving that Spz(z) and Sp4(x) agree. The proof is complete. O
In the sequel we denote by S! the unit sphere of C.
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ProrosITION 1.7. Assume that A is a C*-algebra.

(1) If z € A is unitary (i.e. x*z = zz* = 1), then Sp4(z) C S*.
(2) If x € A is selfadjoint (i.e. x* = x), then Sp,(x) C R.

PROOF. Let x € A be unitary. As ||z||? = ||z*z|| = ||14]| = 1, using Proposi-
tion 1.3 we see that Sp,4(z) is contained in the closed unit disk D(0,1). Similarly
Sp x* is contained in D(0, 1) too. By assumption 2* = 27!, so using Theorem 1.2
we deduce that Sp 4 2* = Sp(271) = (Sp, )~ !. Therefore (Sp, )~! is contained
in D(0,1), and hence Sp 4 x is contained in C\ D(0,1). Thus Sp4 = is contained in
D(0,1)N(C\ D(0,1)) = S*.

Let z € A be selfadjoint. Set u = exp(iz). Here exp(iz) is defined by holomor-
phic functional calculus but, as shown in Example 1.12,

(L3.4) expliz) = > ()"

n!
n=0

Thus,

= ((i2)") _ & (i)
ut = Z} = z% = exp(—ix).

As the holomorphic functional calculus for x is an algebra homomorphism and
exp(—iz)exp(iz) = 1 for all z € C, we deduce that u*u = exp(—iz)exp(iz) = 1.
Similarly uu* =1, so u is unitary. It then follows from the first part that Sp 4 u is
contained in S'.

By Theorem 1.2 we know that Sp,(u) = Sp,exp(iz) = exp(iSpy x), so we
see that exp(i)) is contained in S! for all A\ € Sp, . This implies that Sp 4 = is
contained in R. The proof is complete. (I

I.4. The Gel’fand Transform
In this section we let A be a unital commutative C*-algebra.
DEFINITION 1.13. A character of A is a linear map x : A — C such that
(L4.1) x(zy) = x(@)x(y)  Vr,y €A,
(1.4.2) x(1a) =1.
The set of characters of A is called the Gel’fand spectrum of A and is denoted Sp A.

It can be shown that the characters of A are in one-to-one correspondence with
maximal ideals of A (see [GVF, p. 7).

ExAMPLE 1.14. Let X be a compact space and consider the C*-algebra C(X)
of continuous functions X. For any = € X the evaluation by = defines a linear form
on C(X), namely,

(1.4.3) X (f) = f(z)  VfeCX).
Then ¥, is a character of C(X). Furthermore, it can be shown (cf. [GVF, pp. 9-10])
that

(I.4.4) SpC(X) ={xa; z € X}
Thus the characters of C(X) are in one-to-one correspondence with the points of X.

The connection between the spectrum of A and the spectra of its points is given
by the following.



PROPOSITION 1.8. For all x € A we have
Spa(®) = {x(x); x € Sp A}.
ProoF. For all A € C\ Spy(z) and all x € Sp A we have
X (@ =N (x(@) = A) =x (e =Nz -N) =x(1) =1,
and hence x(x) # A. This shows that C\ Sp 4(x) is contained in the complement of

S = {x(z); x € Sp A}, that is, S is contained in Sp4(z). The converse inclusion
is the content of Lemma 1.3 of [GVF]. O

This result has a few important consequences.
PrOPOSITION 1.9. Let x € Sp A. Then
x(z*) = x(z) Vo € A.

PROOF. Let x € A. Assume first that x is selfadjoint. By Proposition 1.8 we
know that x(x) is contained in Sp,(z). Since z is selfadjoint Proposition 1.7 tells
us that Sp, = is contained in R. Therefore we see that x(z) is real number.

In general, set z1 = 3(z + 2*) and z2 = & (z — x*). Then 21 and x5 both are
selfadjoint and = = x1 + ix2. By linearity,

x(#) = x(21 +iz2) = x(z1) + ix(22).
Similarly,

x(@") = x(z1 —iz2) = x(z1) — ix(z2).
As 1 and x5 are selfadjoint both y(z1) and x(x2) are real numbers. Therefore
x(x1)—ix(x2) = x(z1) + ix(x2), that is, x(z*) = x(x), proving the proposition. [

In the sequel we denote by A* the topological dual of A. This is a Banach
space equipped with the norm,
lellar = Sup, [(p,z)]  Vpe A

We denote by ) the unit sphere of A*.
The weak-* topology on A* is given by the topology of pointwise convergence.
By the Banach-Alaoglu theorem {2 is compact with respect to the weak-* topology.

PRrOPOSITION 1.10. Sp A is contained in €.

PROOF. Let x € Sp A and let x € A. Thanks to Proposition 1.8 we know that
Xx(x) is contained in Sp4(x), and so using Proposition 1.3 we get

X(@)] < plz) < |lz].
This shows that y is a continuous linear form on A and we have |x|lar < 1.
Moreover, as x(1a) = 1 and [[14]] = 1 (since A is a C*-algebra), we see that
lIx|lax = 1, that is, x belongs to 2, proving the proposition. |

Notice that the maps x — x(zy)—x(x)x(y), z,y € A, and x — x(1) are contin-
uous on A* with respect to the weak-* topology. Therefore the conditions (I.4.1)—
(1.4.2) defining Sp A imply that Sp A is a closed subset of A* with respect to weak-x
topology. Since by the previous proposition Sp A is contained €2, which is compact
with respect to the weak-* topology, we obtain:

PROPOSITION 1.11. Equipped with the weak-x topology Sp A is a compact space.
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In particular we can consider the C*-algebra C'(Sp A). This a unital commu-
tative C*-algebra.

DEFINITION L.15. The Gel’fand transform of A is the map G : A — C(Sp A)
defined by
G(z) =z, Z(x) == x(z) Ve e AVx e SpA.

It is immediate to check that G is a homomorphism of algebras.

THEOREM 1.3 (Gel'fand-Naimark). The Gel’fand transform is an (isometric)
x-isomorphism from A onto C(Sp A).

ProoF. Let x € A. Using Proposition 1.9 we see that, for all x € Sp A,

G(z")(x) = x(=*) = x(z) = G(2) (%),

that is, G(z*) = G(x), proving that G is a *-homomorphism.
By Proposition 1.8 we have

Spa(z) = {x(z); x € SpA} = {G(2)(x); x € SP A} = Spc(sp a) G(2),

and hence p(x) = p(G(z)). In particular, if  is normal, then so is G(z) and using
Proposition 1.3 we get

1G(@)]| = p(G(z)) = p(z) = [l]|.
In general, as A is a C*-algebra we have
|z]* = [la*z|| = |G(z"2)|| = [|G(2)G(2)]| = |G ()|,

proving that G is an isometry. It then follows from Lemma I.1 that G(A4) is a
closed subalgebra C'(Sp A) and G gives rise to an isometric isomorphism from A
onto G(A).

To complete the proof we need to show that G is onto. As we have just seen
G(A) is sub-C*-algebra of C'(Sp A). It contains the constant function 1 = G(14).
Moreover, if x; and x2 are two distinct elements of Sp A, then there exists x € A
such that xi(x) # x2(x), that is, G(z)(x1) # G(z)(x2). Thus G(A) separates the
points of Sp A. We then can apply the Stone-Weierstrass theorem (as in its version
in [Fo, 4.51]) to conclude that G(A) = C(Sp A), completing the proof. O

Combining this with Example 1.14 shows that the Gel’fand transform provides
us with an equivalence,

{Compact Hausdorff spaces} {Unital commutative C*-algebras}
X — C(X)
SpA — A

This actually gives rise to an equivalence of categories (cf. [GVF, pp. 9-16]). Thus
general unital C*-algebras can be seen as the noncommutative analogue of compact
spaces.

When A is not unital we defined its characters as the non-zero homomorphisms
X :— C (when A is unital any non-zero homomorphism x : A — C is unital;
exercise!). Denote by Sp A the Gel'fand spectrum of A, that is, its set of characters.
Then Sp A is contained in the (closed) unit ball B4-(0,1) of A* and it can be shown
to be a locally compact space. Indeed, consider

K = {x € Ba-(0,1); x(zy) = x(z)x(y)Vz,y € A}.
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Then Sp A = K \ {0}. Noticing that K is a closed subset of B4-(0,1), and hence
is compact with respect to the weak-* topology of A*, we see that Sp A becomes a
locally compact once endowed with the weak-* topology of A*.

The Gel'fand transform G : A — C(Sp A) is defined as in Definition 1.15. It can
be shown to give rise to an isometric *-isomorphism G : A — Cy(Sp A). Therefore,
in this case again, the Gel’fand transform provided us with an equivalence,

{Locally compact Hausdorff spaces} {Commutative C*-algebras}
Sp A — A

1.5. Continuous Functional Calculus

In this section we let A be a C*-algebra and we let € A be normal (i.e.,
x*x = xz*). Possibly by embedding A into A* we may assume that A is unital. In
addition we denote by S the spectrum of x.

Let P be the space of polynomials f(z) = Zm Cmnz™Z" in the variables z and
z. We shall regard P as an involutive subalgebra of C(S). If f =3 cnnz"2™
is an element of P we set

flz) = Z Crnn ™ (x*)™.

The map f — f(x) is a unital *-homomorphism of algebras from P to A. Let us
denote by B its image. This is an involutive unital subalgebra of A, so its closure
B := B is a unital C*-algebra. The latter is the C*-algebra generated by z. As x
is normal this a commutative C*-algebra.

Since B is a unital commutative C*-algebra, the Gel’'fand transform G : B —
C(Sp B) is an isometric unital isomorphism of C*-algebras. Set a = G(x); this is
an element of C(SpB). If f =3 ¢nmn2"2™ is an element of P, then

G(f(l‘» =G (Z Cmnxm($*>n> = ZcmnG(x)m@n = foa.

Thus,
(I1.5.1) f(z) :G_l(foa) VfeP.

Since G is an isomorphism a(Sp B) = Sp¢(s, g G(*) = Spp ¥, so using Propo-
sition 1.6 we see that a(Sp B) = Spy « = S. This means that for all f € C(S5) the
composite f o a is a well-defined element of C'(Sp B).

DEFINITION 1.16. For all f € C(S) we define
f(z):==G (foa) € A

THEOREM I.4 (Continuous Functional Calculus). The following holds.

(1) The map ® : x — f(x) is an isometric x-homomorphism from C(S) to A,
whose image is the C*-algebra generated by x.
(2) If f =2, o Cmn2 2™ is an element of P, then

(1.5.2) flx) = Zcmnxm(x*)".
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(3) For all f € C(S) we have
(15.3) Spa /() = ().

ProoF. First, (1.5.2) immediately follows from (I.5.1). In particular we see
that the algebra B is contained in the image of ®.

Observe that the map ¥ : f — foa is a unital *-homomorphism from C(S) to
C(Sp B). In addition, using the fact that a(Sp B) = S we see that, for all f € C(S5),

[foallcspry = sup [fla(x))l = sup [f(2)] =sup[f(2)] = [[fllccs)-
X€ESp B 2€a(Sp B) z€S

Therefore W is an isometric unital *-homomorphism. Since G is an isometric unital
*-isomorphism from B to C(Sp B), we deduce that ® = G~ o ¥ is an isometric
unital s-homomorphism from C(S) to B. In particular its image is closed. As
we know that ®(C(S)) is contains the dense subalgebra B of B it follows that
®(C(S)) = B, i.e., ® maps onto C*-algebra generated by x.

As for the last part, combining Proposition 1.6 with the fact that ® is an
isomorphism of algebras from C(S) onto B shows that, for all f € C(S),

Spa f(z) = Spp f(z) = SpC(S) f=f(9).
The proof is complete. ([l

REMARK I1.17. The continuity of the map f — f(z) from C(S) to A implies
that if a sequence (fx) C P converges uniformly on S to f, then

(L5.4) fw) = T fi(a)

Together with (I1.5.2) this provides us with an alternative, and somewhat more
concrete, definition of f(x).

REMARK [.18. Notice that the selfadjoint elements of C(S) are exactly the
continuous functions on S that are real-valued. Therefore, the fact that the con-
tinuous functional calculus is a *-homomorphism implies that, for any real-valued
continuous function f(z) on S, the element f(x) is selfadjoint.

1.6. Examples of Noncommutative Quotients

1.6.1. Crossed-product algebra. Let A be a C*-algebra and let G be a
locally compact group together with a continuous action (g, z) — a4(z) of G on A.

A covariant representation of (A, G, «) in a Hilbert space H is a pair (74, 7g)
such that:

- ma: A— L(H) is an isometric *-representation of A in H;

- m¢ : G — L(H) is a unitary representation of G in H, i.e., w(g) is unitary
for all g € G;

- Forall x € A and all g € G,

ma(g)ma(@)ma(g) ™" = malog(x)).

The covariant representation is said to be isometric when 74 is isometric. There
always exists an isometric covariant representation of (A,G,«). For instance,
given an isometric *-representation w : A — L(H) of A into a Hilbert H as
given by Theorem I.1, then we have an isometric covariant representation (74, 7¢)

10



of (A,G,a) into the Hilbert space L*(G,H), with 74 : A — L(L?*(G,H)) and
ng: G — L(L*(G,H)) given by

[ra(x)E] (h) := [m(ap—12)E] (h) Vo € AVE e L*(G,H) Yh € G,
[t (9)€] (h) ==&(g™h)  Vg,h € G VE € L*(G,H).
Consider the algebra C.(G, A) of continuous functions f : G — A with compact
supports. We endow it with the convolution product,

fr % folg L/fl Yo [£2(h~1g)] dMg)  Vf; € Cu(G, A) Vg € G

where d\ is a left-invariant Haar measure on G (such a measure is unique up to
constant multiple). We also equip C.(G, A) with the involution f — f* given by

) =4~ flg™")  VfelG A)Vgel
where A(g) is the modular function of G. The latter is uniquely determined by the
relation dA\(gh™!) = A(h)d\(g) Vh € G or, equivalently, d\(g~1) = A(g) ~1dA(g).

REMARK 1.19. If u(x) is a Borel measure on G and ¢ : G — G is a Borel
function, then we denote by pe(z) = p(é(x)) the Borel measure on G defined by

pe(B) = p(o(B)) for any Borel set B.

For instance, if G = R, the measure u(z) is the Lebesgue measure dx and the
function ¢(x) is differentiable, then we have d(¢(z)) = ¢'(x)dx

Let (74, mq) be a covariant representation of (4, G, ). We define a *-representation
7 : C.(G, A) — L(H) by letting

(16.1) w() = [ T @)mel@)iNg)  Vf € C(G.A).
Then 7(C.(G, A)) is an involutive subalgebra of L(H).

DEFINITION 1.20. The C*-algebra obtained as the closure of n(C.(G,A)) in
L(H) is called the (reduced) crossed-product algebra of A by G and is denoted Ax,.G.

Up to *-isomorphism the reduced crossed-product algebra does not depend on
the choice of the covariant representation (74, 7g) to define 7.

1.6.2. Dual of a locally compact group. An important special case of the
previous construction is the reduced C*-algebra of the group G obtained when
A = C and the action of G is trivial, i.e., ay(z) = x. This C*-algebra is denoted
C#(G). Tt can be realized by using the left-regular representation of G in L*(G),
i.e., the unitary representation 7g : G — L?(G) defined by

[ra(9)€] (h) =&(g™'h)  Vg,h € G VE € L*(G).
The representation (1.6.1) then is the representation of C,.(G) in L?(G) such that,
for all f € C.(G) and all ¢ € L*(G) and h € G, we have

f(g)ra(g F(9)E(g™ n)dN(g) = [+ &(h),
0=, 0= [,10

where * is the convolution for functions on G. Thus 7 is the representation of C.(G)
in L?(G) by left-convolution operators. Its closure in £(L?(G)) is the C*-algebra
CrHG).
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Assume now that G is Abelian, and let G be its Pontryagin dual. As G is
Abelian G is set of characters of I, i.e., G consists of all continuous morphisms
X : G — S'. Equipped with the pointwise product and the topology of convergence
on compact sets, Gisa locally compact group. The Fourier transform on G is the
linear map f — f from L'(G) to C(G) defined by

0= [ HoN@iNe  ferE) e
For instance when GG = R the characters are exactly those of the forms y(t) = e™!
for some x € R, so we recover the usual Fourier transform on R.

The range of the Fourier transform is contained in C;(G). Moreover it extends
to an isometric isomorphism from L?(G) onto L?(G) under which the convolution
of functions on G corresponds to the pointwise product of functions on G. In
particular, for f € C.(G) and ¢ € L?(G), we have

(& = (f )" = f.£.
Thus under the Fourier transform the representation 7 of C. ( ) coincides with the

representation of Co(@) by multiplication operatorb on L?(G). Since the latter is
isometric we get an isometric *-homomorphism ¢ : 7(C,(G)) — Co(G) such that

S(x(f)=Ff Vfe Cc(G)-

By definition C#(@) is the closure of 7(Co(G)) in L(L2(G)), so ¢ immediately
extends to an isometric -homomorphism ¢ : C*(G) — Co(G). This homomorphism
is onto. Indeed, for y € G denote by py the multiplication by x~ ! on G. This gives
rise to an action (x, f) — f o py of G on C.(G). This action preserves ¢(Ce(QG)),
for we have

Foatxe) = 0ah" (o) VfeCu(G) Yy, €G.
This implies that é(CC(G)) separates the points of . Thus, we may use the Stone-
Weierstrass theorem as in its version of [Fo, 4.52] to deduce that ¢(C..(G)) is dense
in Co(G), and hence ¢(C*(G)) = Co(G). Therefore, we obtain:

PrOPOSITION 1.12. The Fourier transform on G gives rise to a x-isomorphism
from C}(G) onto Cy(G).

When G is not Abelian the Pontryagin dual G is defined in terms of irreducible
unitary representations. Its topology may not even be Hausdorff, so in general we
cannot make use of techniques of classical topology to obtain much information on
G. However, the C*-algebra C(G) always makes sense and its representations are
intimately related to the unitary representations of G. This motivates the study of
the C*-algebra C}(G) to gain information on G and its unitary representations.

1.6.3. Action of a Lie group on a manifold. Let G be a Lie group acting
smoothly on a smooth manifold M. We write the action of G on M as a left-action
(9,2) — g.x. Then G acts continuously on the C*-algebra Cy(M) by

(gaf> _)ag(f)a Oég(f)(af) = f(g_l.ac) Vo € M.

We equip M with a smooth measure p(z) (in the terminology of (the forthcom-
ing) Chapter 4 this is a density). We form the Hilbert space L?(M) using dp(z).
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We then have a natural isometric *-representation 1 : Co(M) — L(L?*(M) given
by the action of Cy(M) on L?(M) by multiplication operators, i.e.,

m(f)€=fE  VfeCo(M)VEe L*(M).

In addition, a unitary representation mo : G — L?(M) is given by
[m2(9)€] (z) = ky(x)2E(g~ ) Vg€ GVEe L¥(M) Vo € M,

where, for g € G, we denote by x4 (z) the positive smooth function on M such that
dp(g.z) = kg(x)dp(z).

The pair (7, m2) forms a covariant representation of (Co(M), G, &), using which
we can define an isometric *-representation 7 : C.(G,Co(M)) — L(L*(M)) as
in (I.6.1). It is useful to consider the dense subalgebra C.(G, C.(M)) and to identify
it with C.(G x M). Then for f € C.(G x M) the operator «(f) € L(L*(M)) is
simply given by

[w(£)E] (x) = /Gf(97x)ﬁ(gfl-z)%g(x)%dA(g) VE € L*(M) Yz € M.

Then the crossed-product algebra Co(M) X, G is the C*-algebra obtained as the
closure in £(L?(M)) of m(C.(Gx M)), where 7 : C.(Gx M) — L(L*(M)) is defined
as above.

The action of G on M is said to be free if every g € G \ 1 has no fixed points,
and it is said to be proper if the map (g, z) — (z, g.x) is a proper map from G x M
to M x M. If the action is free and proper then the quotient topology of the
orbit space M/G is Hausdorff and M /G can be endowed with the unique smooth
manifold structure such that the canonical surjection M — M/G is a smooth map
(see, e.g., [Ca, Thm. 23.4]).

Assuming the action of G to be free and proper, we denote by H the bundle
of Hilbert spaces over M/G whose fiber at w = G is the L%-space L?(Gx) formed
by pushing-forward to Gz the left-Haar measure d\(g) under the map g — g.z.
Denoting by K(H) the bundle of C*-algebras over M /G whose fiber at w € M/G is
the C*-algebra K(H,,) of compact operators on H,,, the space Co(M/G,K(H)) of
continuous sections of K(H) vanishing at oo is a C*-algebra; this is the C*-algebra
generated by the bundle H.

PrOPOSITION 1.13 (Green [Gr]). If the action of G on M is free and proper,
then we have an (isometric) x-isomorphism,

(1.6.2) Co(M) %, G ~ Co(M/G, K(H)).

While Cy(M /G, K(H)) may be complicated to describe, a consequence of Green’s
result is the strong Morita equivalence,

Two algebras A and B are said to be Morita equivalent if there is an (A — B)-
bimodule M; and a (B — A)-bimodule M, such that as an A-module isomorphism
M1 ® My ~ A and a B-module isomorphism My ® 4 M ~ B. The notion of
strong Morita equivalence between C*-algebras, due to Rieffel, is the equivalent
notion in terms of C*-bimodules over C*-algebras. We refer to [Co, Appendix A,
Chap. 2] and to [GVF, Sect. 4.5] for the main definitions and properties regarding
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strong Morita equivalence of C*-algebras. For instance, the strong Morita equiva-
lence between Co(M/G) and Co(M /G, K(H)) is realized by Co(M /G, H) seen as a
Co(M/G) — Co(M/G,K(H)) C*-bimodule.

Although strong Morita equivalence is a weaker notion of equivalence than
that provided by *-isomorphisms, many properties of the latter continue to hold
for Morita equivalence. For instance two Morita-equivalent C'*-algebras have same
representation theory, and anticipating the second half of the course, they have
same K-theory and cyclic cohomology.

When the action of G is not free the quotient space M/G need not even be
Hausdorff, and so we cannot make use of classical differential geometry to study
it. However, the crossed-product always makes well sense, so you can study it to
get geometric information on the action of G on M. This simple example is of
one of the main motivation for extending the tools of differential geometry into the
operator theoretic framework of noncommutative geometry.

1.6.4. Noncommutative torus. Consider the 1-dimensional torus,
T=S'={2€C; |2| =1}
We represent the C*-algebra A = C(T) by multiplication operators on L?(T), that
is, by using the representation mo ) : C(T) — L(L?(T)) given by
m(f)g=rfg  VfeC(T)vge L*(T).
Let # € R. This defines an action of Z on T by

(1.6.3) k.z := e 270, V(k,z) € Z x T.
This yields an action of Z on C(T) by
(1.6.4) (k) = a(f), lew(DI(z) = f(e**77).

This also gives rise the unitary representation 7z : Z — L(L?(T)) defined by
mo(f)(2) = f(2*™2) Vfe L*(T)Vz eT.
Then the pair (71, 72) is an isometric covariant representation of (C(T),Z,a) in
L3(T).
DEFINITION 1.21. The noncommutative torus, denoted Ag, is the crossed-product
C*-algebra C(T) %, Z, where the action of Z on C(T) is given by (1.6.4).

Let us now work out explicitly the construction of C(T) %, Z. Since Z is
discrete, C.(Z,C(T)) consists of finite sequences (fx)rez with values in C(T). Let
f = (fr)rez be such a sequence and let us further assume that each function f is
a Fourier polynomial on T, i.e., fx = >,y ap?', ar € C, where the sum is finite.

Since Z is discrete, as left-Haar measure we can take the counting measure.
Then Eq. (1.6.1) becomes
(1.6.5)

w(f) = Zm(fk)m(k) = Zﬂ'l (Z aklzl> mo(k.1) = Zaklm(z)lﬂ'g(l)k.
k k 1 k.l

Set U = m1(2) and V = m(1). These are the unitaries of L?(T) given by
Uf(z) = zf(2) and Viz) = f(eQi’T"z),

Moreover, we have

VU = 2mpv.
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From (L.6.5) we see that w(f) = Y_, ; anU"V'. Using the density of polynomials in
zand z = 271 in C(T) we obtain:

PROPOSITION 1.14. Ay is the sub-C*-algebra of L(L*(T)) generated by the uni-
taries U and V with relation VU = e*™UV.

It can be shown that any C*-algebra generated by unitaries u and v with
relation vu = e2™yv is *-isomorphic to Ay (see [GVF, Prop. 12.1]). In particular,
if 6 € Z then there is an isometric *-isomorphism,

Ag >~ O(T2)
In fact, the following holds.

PropoSITION 1.15 (Rieffel; see [GVF, Prop. 12.2]). If 0 = g, where p and ¢
are relatively prime integers, then there is an isometric *-isomorphism,

Ap ~ C(T?,€).

where € is a bundle of algebras over T? with typical fiber M,(C). In particular Ag
is Morita equivalent to C(T?).

For 6§ ¢ Q the noncommutative torus is one of the most basic examples of a
truly noncommutative space. We refer to [Co, Sect. 8, Chap. 2] and to [GVF,
Sect. 12] for more detailed accounts on it.
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CHAPTER II

Operators on a Hilbert Space

This chapter is a review of basic results concerning operators on a Hilbert space.
The main reference for this chapter is the book of Reed-Simon [RS].

Throughout this chapter we let H be a separable Hilbert space and we denote
by L(H) its C*-algebra of continuous endomorphisms.

I1.1. Polar Decomposition

DEFINITION II.1. An operator T € L(H) is said to be positive if can be wrilten
in the form T = S*S with S € L(H).

We denote by £(H)4 the set of positive elements of L(H).

ProroOSITION II.1. For T € L(H) the following are equivalent:
(i) T is positive.
(ii) There exists S € L(H) selfadjoint such that T = S2.
(i) T is selfadjoint and SpT C [0, 00).
(iv) (T&, &) >0 for all § € H.
PrOOF. We shall prove the implications (i) = (iv), (ii) = (i), (iii) = (ii) and
(iv) = (iii), which will give the proposition.
o (i) = (iv): f T = S*S for some S € L(H) then, for all £ € H,

(T¢,€) = (578¢,€) = (3¢, 9¢) = |I5¢]* = 0,

proving that (i) = (iv).

o (ii) = (i): If T = S? with S € L(H) selfadjoint, then T = S*S and hence T is
positive. Thus (ii) = (i).

e (iii) = (ii): Assume that T is selfadjoint and SpT C [0,00). Then the function
V1 is defined and continuous on Sp T, and so we can define S := /T by functional
continuous calculus. Notice that, as v/t takes real values on Sp T, it follows from
Remark 1.18 that S is selfdajoint. Recall that the continuous functional calculus
f — f(T) is a homomorphism of algebrs from C(SpT) to £(H). Since (v/t)2 =t on
SpT, it follows that S? = (v/T)? = T, and hence T satisfies (ii). Thus (iii) = (ii).
o (iv) = (iii): Assume that (T¢,&) > 0 for all £ € H. Then T is selfadjoint. Indeed,
for all £, in H, we have

UTEm) = (T(E4n), &+n) —(T(E—n), E—n) —i{T(&+in), E4in) +i(T(E—in), § —in),

from which we see that (T'¢,n) = (T'n, &), and hence (T¢,n) = (£,Tn).
Let us now show that SpT C [0, 00). Since T is selfadjoint, and hence SpT C R
by Proposition 1.7, we only need to show that T'— X is invertible for all A < 0. Thus
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let A € (—00,0) and let £ € H. As (T¢,&) > 0 we have

NN = =M, €) < (T = N)E,8) < (T — NENNIE]]-
Thus,
(IL1.1) (T =NEN < IA[IEIN V€ eH.

This implies that ker(T'— A) = {0}. As T — X is selfadjoint we then see that
im(T — \) = (ker(T — \))* = H.

In fact, the inequality (II.1.1) also implies that im(7 — A) is closed. Indeed, if
n = lm(T — \)&,, then (IL.1.1) implies that the sequence (&,),>0 is Cauchy in H,
and hence &,, converges to some £ in H. Then n = lim(T — )&, = TE, showing that
7 is contained in im(7 — A). Thus ker(T'— A) = 0 and im(T — \) = H, ie,, T — A
is bijective. Recall that by the open mapping theorem any bijective continuous
linear map of H onto H has a continuous inverse (see [Fo, p. 162]), so T — X is an
invertible element of £(H). Thus SpT C [0, 00), and hence T satisfies (iii), showing
that (iv) implies (iii). The proof is complete. O

COROLLARY IL.1. The set of positive operators L(H)y is a positive cone of
L(H), i.e.,
MTy + XT5 € ,C(H)+ VTJ c ﬁ(H)+ V)\J > 0.

PROOF. For j =1,2let T; € L(H)4 and let \; € [0,00). Using the character-
ization (iv) of Proposition II.1, we see that, for all £ € H,

(AT + AT2)E, &) = M(T1€,€) + Ao (T12€,6) > 0,
proving that AT + A2T% is a positive operator. O

COROLLARY II.2. Let T € L(H) be normal and let f € C(SpT) be non-
negative. Then the operator f(T) is positive.

PROOF. Since f is real-valued it follows from Remark I.18 that f(T") is selfad-
joint. Moreover, by (1.5.3) we have Sp f(T) = f(SpT) C [0, 00), so it follows from
Proposition II.1 (iii) that f(T) is positive. O

Let T € L(H). Then T*T is a positive operator, so by the previous proposition
T*T is selfadjoint and its spectrum is contained in [0, 00). Therefore, by continuous
functional calculus we can define its square root vT*T as an element of £(H). It
follows from Corollary I1.2 that |T'| is a positive operator.

DEFINITION I1.2. For all T € L(H) the operator VT*T is denoted |T| and is
called the modulus of T'.

LEMMA II.1. Let T € L(H). Then

() |T| is the unique element of L(H)+ whose square is T*T.
(ii) We have

(IL1.2) ITIEN =Tl VEe™H,
and hence ker |T| =ker T

PROOF. The continuous functional calculus f — f(T*T) is a *-homomorphism
from C(SpT*T) to L(H). As (vt)? =t on [0, 00) it follows that |T'|? = (VT*T)? =
T*T.



Let S € L(H)y be such that S? = T. Since S is positive, by Proposition II.1
its spectrum is contained in [0,00), and hence V2 =t on SpS. Therefore, by
continuous functional calculus S = v S%2 = VT*T = |T|. Thus |T| is the unique

element of £L(H); whose square is T*T.
As |T| is selfadjoint |T|*|T'| = |T|?> = T*T. Therefore, for all £ € H,

IITIEl? = (|TIE TNl = (|TI*|T1E, &) = (T7T€, &) = (T€, T€) = |T€|,
proving (II.1.2). This immediately implies that |T'| and 7" have same kernel. O

PRrROPOSITION I1.2 (Polar Decomposition). Let T € L(H). Then there exists a
unique U € L(H), called the phase of T, such that
(i) T=UIT|;
(ii) ker U = ker|T].

PROOF. Since |T is selfadjoint (ker |T'|)* = im |T’|, and hence || is a bijection
from im |T'| onto itself. Let |T|~! : im |T| — im |T| be its inverse and denote by U
the linear map T|T|~! : im |T'| — H. Then, for any £ € im |T|, we have

IUEI* = (T|T|71&, TIT|71) = (T*T|T|7'€, T 71¢) = (ITIP|TI7'E, T 77¢)
= (Tl IT|7*¢) = (&, |TIITI~"€) = ll€]”.

Thus U uniquely extends to an isometric linear map U : im |T| — H. Extending U
to be 0 on ker |T| = (im |T'|)* we then get a continuous endomorphism U : H — H
whose null space is ker |T).

If £ € im [T, then U|T|¢ = T|T|7YT|¢ = &, and hence T = U|T| on im |T| by
continuity. Moreover, as by Lemma II.1 ker |T'| = ker T', we have U|T|{ = 0 = T¢
for all £ in ker |T'| = (im|T|)*. Therefore, we see that T = U|T| on H, showing
that U satisfies the conditions (i) and (ii) of the proposition.

Let V € L(H) be such that T'= V|T'| and ker V' = ker |T'|. If £ € ker |T|, then
obviously V& =0 =U¢. If £ € im|T|, then V¢ = V|T||T|1¢ = T|T|7¢ = UE, so
by continuity V' = U on im |T|. It follows from this that V = U on H, and hence
U is the unique element of £(H) such that T' = U|T| and ker U = ker |T|, giving
the proposition. |

PRrOPOSITION I1.3. Let T € L(H) have polar decomposition T = U|T| and
denote by Io(T) (resp. Io(T*)) the orthogonal projection onto ker T' (resp. ker T™* ).

(i) The range of U is imT.
(ii) We have

U'U=1-T0,(T)  and UU* =1—Ty(T*),

so that U is a partial isometry and has norm 1 unless T = 0.
(iii) If T is injective and has dense range, then U is unitary.

(iv) We have
T|=UT, T*=UTU*, |T*|=TU*=U|T|U".
(v) The phase of T* is U*.

PROOF. As U vanishes on ker |T'| we see that imU = U (ker |T|). Notice that
by its construction in the proof of Proposition I1.2 the operator U is isometric
on (ker |T|)* and agrees with T|T|~! on im|T|. In particular, it follows from
Lemma L.1 that U((ker |T|)*) is closed and U induces a unitary operator from

3



(ker |T))* onto U((ker |T|)*) = imU. As (ker|T|)* = imT we then see that
imU = U(im|T|). Since U = T|T|7! on im |T| we have U(im|T|) C im 7T, and
hence imU C im 7. However, as T = U|T'| we also have imT C im U, and as im U
is closed we see that im 7 is contained is im U, and so the range of U is im 7.

As abovementioned U induces a unitary operator from (ker |T'|)* onto im U =
imT. Since by Lemma IL.1 ker |T'| = ker T this shows that U is a unitary endo-
morphism of H when T is injective and has dense range. In any case, as we have
imT = (kerT*)* we see that U induces a unitary operator from (kerT)® onto
(ker T*)L. Since ker U = ker |T'| = ker T' we then deduce that U*U is the orthogo-
nal projection onto (ker 7')* and UU* is the orthogonal projection onto (ker T)*,
that is, U*U = 1 —Io(T) and UU* = 1 — U(T*). In particular, if T # 0 then
JUIP = |0+U] = 1 - To(T)| = 1, k., U] = 1.

Notice that, as ker |T| = ker T, we have |T'|(1 —IIo(T)) = (1 =Io(T))|T| = |T,
and hence U*T = U*U|T| = (1 — IIo(T))|T| = |T|. Moreover,

U|T\U*)?* = U|T|U*UIT|U* = UIT|(1 - Oo(T)|T|U* = (UIT)(U|T])* = TT™.
As |T| is positive, for any £ € H, we have (U|T|U*¢, &) = (|T|U*¢,U*€) > 0, and
hence U|T|U* is positive. Thus U|T|U* is a positive operator whose square is equal
to TT*, so using Lemma II.1 we see that U|T|U* = |T*|. Since T = U|T| this also
shows that |T*| = TU*.

Notice that ker U* = (imU)+ = (imT)+ = ker T* = ker |T*|. Moreover,

UT*| = UUITIU" = (1~ TL(T)|TIU* = [TIU* = (UIT])* = T,

so by Proposition I1.2 the phase of T is U*. Notice that the above equalities include
the equality T* = |T|U*. As |T| = U*T we see that T* = U*TU*, completing the
proof. O

I1.2. Spectral Theorem and Borel Functional Calculus

Let T € L(H) be a normal operator (i.e., T*T = TT*) and set S = SpT.

THEOREM II.1 (Spectral Theorem; see [RS, Thm. VIL3]). There exist a fi-
nite measure space (X, p), a unitary operator U : H — Li(X), and a bounded
measurable function f on X, in such way that

(I1.2.1) UTU*¢ = f¢  VEe L(X).

For F € L£>(X) denote by Tr the multiplication operator by F, i.e., the
operator Tp € L(L?,(X)) defined by

Tpé=F¢ e L2(X).

For instance, Eq. (II.2.1) says that UTU* = T.
The essential range of F' consists of all A € C such that

pA—e<F<A+e)>0 Ve>0.

It can be shown that Sp Tr agrees with the essential range of F'. In particular, we
see that the essential range of Ty is §. Thus, without any loss of generality, we may
assume that the range of f is S.

We endow L*°(X) with its usual norm, i.e.,

| FlLo=(x) = {A; A in the essential range of |F|} VF € L*(R).
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We also endow L>°(X) with the involution F' — F given by complex conjugation.
This turns L*°(X) into a commutative unital C*-algebra. Then it is not difficult
to check that the map F' — T is a *-homomorphism from L*(X) to L(L2(X)).
Moreover, as Tr is a normal operator, we have

[Trll = sup [A] = [|F| Lo (s)-
AESP TR

If g € C(S) then g o f is again a bounded measurable function on X. In fact,
the continuous functional calculus for f is just ¢ — go f. Since the maps F — Tp
(resp., F — U*TrU) is an isometric *-homomorphisms from L>(X) to L(L (X))
(resp., L(H)), it follows that, for all g € C(S5),

(1I1.2.2) g(T) = g(U*TsU) = U g(Trp)U = U*Tyo s U.
We then can extend the definition of g(T') for any any bounded Borel function g
on Sp T by letting
g(T) == U"T4o4U.
This defines a bounded operator on H.

THEOREM II.2 (Borel Functional Calculus; see [RS, Thm. VIL.2]). The follow-
ing hold.

(1) The map g — g(T) is a x-homomorphism from L*(S) to L(H) such that
(IL.2.3) lg(D) < llgllL=(s)y Vg € L>(S).

(2) If (gn)n>0 s a sequence of (bounded) Borel functions on S such that g, —
g a.e. and there exists C > 0 such that ||g,| =) < C for all n € Ny,
then gn(T) — g(T) strongly (i.e., gn(T)§ — g(T)E for all § € H).

(3) If g € L™=(S) is real-valued (resp., non-negative), then g(T) is selfadjoint
(resp., positive).

The spectral theorem and the Borel functional calculus can be extended to
unbounded operators as follows.

DEFINITION I1.3. An (unbounded) operator on H is a linear operator T :
D(T) — H, where the domain D(T) is a subspace of H. T

An operator T on H is said to be densily defined when its domain D(T) is a
dense subspace of H. An operator S is said to be an extension of T', and we write
T CS,if D(T) C D(S) and S agrees with T on D(T).

The graph of an operator T is defined to be

G(T)={(&n) e H®&H; n="T¢E}.

The graph of T is a subspace of H & H. We say that T is closed when G(T) is a
closed subspace of H & H.
If T is densily defined, then its adjoint is the operator T* with graph

G(T7) ={(&n) e HOH; (TC, &) = (¢n) V¢ € D(T)}.

Since G(T™) is a closed subspace, we see that T* is always a closed operator.
The resolvent set of T consists of all A € C such that
(i) T— A : D(T) — H is a bijection.
(ii) The inverse (T'— \)~! : H — D(T) is bounded.
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The spectrum of T, denoted Sp T', is the complement of the resolvent set.

It can be shown that SpT is a closed subset of C (which may be empty) and
the resolvent A — (T — \)~! is analytic from C\ Sp T to L(H) (provided we regard
the inverses (T'— \)~! as elements of L(H)).

A densily defined operator T is said to be symmetric is T C T*. It is said to
be selfadjoint if T = T*.

ProposITION 114 ([RS, Thm. VIIL3]). Let T be a symmetric operator on H.
Then the following are equivalent:

(i) T is selfadjoint.
(ii) T is closed and ker(T +1i) = {0}.
(ifi) im(T £ 1) = H.

Let T be a selfadjoint (unbounded) operator on H.

THEOREM I1.3 (Spectral Theorem; see [RS, Thm. VIIL.4]). There exist a finite
measure space (X, u), a unitary operator U : H — Li(X), and an a.e. bounded
measurable real-valued function f on X, in such way that

U(D(T)) = {¢ € Li(X); f€ € Li(X)},
UTU¢ = f§&  §eU(D(T)).

If g is a bounded Borel function on R, then we define g(T') as the bounded
operator on L£(H) given by

g(T) :=U"TyosU.
THEOREM II.4 (Borel Functional Calculus; [RS, Thm. VIIL5]). The following
hold.
(1) The map g — g(T) is a x-homomorphism from L (R) to L(H) such that

(IL.2.4) lg(Dl < llglle® Vg€ LZ(R).

(2) If (gn)n>0 s a sequence of bounded Borel functions on R such that g, — g
a.e. and there exists C' > 0 such that ||gy| L~ ®) < C for all n € Ny, then
6u(T) — g(T) strongly.

(3) If g € L*=(R) is real-valued (resp., non-negative), then g(T) is selfadjoint
(resp., positive).

More generally, if g is a possibly unbounded Borel function on R, then ¢(7')
makes sense as an unbounded operator as follows. The domain of g(T') is

D(o(r)) = (1€ € L2CX): (90 e € L0,
and we define g(7T') by the formula

g(T)E:=U"((go )UE) V&€ D(g(T)).

For instance, if g(t) = ¢, then g(T) = T. In addition, it is not hard to check that,
if (g5,) be a sequence of Borel functions on R such that g, — g and |g,| < |g|, then
as n — oo we have

gn(T)E — g(T)§ V& € D(g(T)).
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EXAMPLE IL4. Let A = —(92 +... 492 ) be the (positive) Laplacian on R™.
We shall regard A as an operator on the space S'(R™) of tempered distributions on
R™. Denoting by v — @ the Fourier transform on S&’(R™), we have
(I1.2.5) (Auw)* = |¢€Pa Yue S'(R™).

Thus, we can regard A as an unbounded operator on the Hilbert space H = L?(R™)
with domain,

D(A) = {ue L*R"); |¢]*a € L*(R™)}.
Notice that D(A) agrees with the Sobolev space W22(R"). As such A is a selfad-
joint operator with spectrum [0, 00).
Denote by U the unitary operator on L?(R") defined by
Uv=(2n)"%0  VYuve L*R").
Then it follows from (I1.2.5) that
Av=U"Tg:Uv Vv e W*R").

Therefore, we see that in this example the spectral theorem follows from elementary
Fourier-analytic considerations.
If g is a bounded Borel function on R, then g(A) is given by

9(A)v(@) = (U Ty(e2)Uv)(z) = (QW)_”/ei’”'fg(lé\g)ﬁ(@dé Vo € L*(R").

The following operators are of special interest:

- The heat semigroup e **, ¢t > 0.
- The wave group €2, t € R.
- The complex powers A%, Rz > 0.

These operators can be similarly defined by Borel functional calculus for any self-
adjoint unbounded operators with nonnegative spectrum.

I1.3. Compact Operators

In the sequel for any r > 0 we denote by B(0,r) the (open) unit ball of H of
radius r about the origin.

DEFINITION IL5. An operator T € L(H) is said to be compact when T(B(0,1)
is compact in H.

We denote by K the space of compact operators.
The following lemma will be useful to study compact operators.

PrOPOSITION IL.5. Let T € L(H). Then the following are equivalent:

(i) T is a compact operator.
(ii) For any bounded sequence (&n)n>0 C H there is a subsequence (&n, )k>0
such that the sequence (T, )k>0 converges in norm.
(i) For any sequence (&,)n>0 C H converging weakly to 0 the sequence (T'€,)n>0
converges to 0 in norm.
(iv) There is an orthonormal basis (§n)n>0 of H such that

Jim [T =0,
where we have denoted by En the span of &y, ..., EN_1-
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(v) For any orthonormal basis (&,)n>0 of H,
Jim ([T =0,
where we have denoted by En the span of &y, ..., EN_1.

ProOF. Taking into account that the implication (v) = (iv) is immediate, to
prove the proposition we only need to prove the implications (i) = (i), (iii) = (ii),
(iv) = (iii) and (i) = (v).

e (ii) = (i): Assume that T sastifies the condition (ii). Then for any sequence
(€n)n>0 C B(0,1) the sequence (T&,)n,>0 admits a convergent subsequence. By
virtue of the Bolzano-Weierstrass criterion this proves that 7(B(0, 1)) is compact,
i.e.,, T is a compact operator. Thus (ii) implies (i).

e (iii) = (ii): Suppose that T satisfies the condition (iii). Let (§,)n>0 C H be a
bounded sequence, i.e., there exists r > 0 such that &, € B(0,r) for all n. By
Alaoglu theorem (see [Fo, pp. 169-170]) the ball B(0, ) is precompact with respect
to the weak topology and, as H is separable, the weak topology is metrizable
(see [Fo]), so by the Bolzano-Weierstrass criterion there is a subsequence (&, )k>0
converging weakly to some £ in H. Then &,, — £ converges weakly to 0, so by (iii)
the sequence T'(&,, — &) converges to 0 in norm, i.e., T¢,, — T& in norm. This
shows that (iii) implies (ii).

e (iv) = (iil): Suppose that T satisfies (iv). Thus there exists an orthonormal basis
(&n)n>0 of H such that if, for any NV € N, we denote by En the span of &,...,E{n_1
then |71 — 0as N — oco. In addition, we denote by Iy the orthogonal projection
onto Ey.

Let (nk)k>0 C H be a sequence converging weakly to 0. In particular (n)g>0
is weakly bounded, and hence is bounded in norm by the uniform boundedness
principle and the fact H is isometrically isomorphic to its dual (see [Fo, pp. 163,
174-175]). Thus there exists C' > 0 such that ||n|| < C for all k € Ny.

Let € > 0. Since Hnynr = >, o v (6n, k) En We have

(I1.3.1)
Tl < 1Tl + 170 =T mell <> 1 md I T€nll + 71 =TIy ) ||l

n<N

<ATI D s m)l + ClIT 4 -

n<N
Since [|Tip. || — 0 as N — oo by choosing N large enough we have
(I1.3.2) IT(1—TN)| < e

As n, converges weakly to 0 we see that )\ [(§n,7k)| goes to 0 as k — oo, and
hence there exists ky € Ny such that, for any & > ko,

(IL.3.3) D )l <

n<N
Combining (I1.3.1), (I1.3.2) and (I1.3.3) we see that, for all & > ko, we have

[T < (o + C)e.
This shows that Tn, — 0 in norm as k — oco. Thus (iv) implies (iii).
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o (i) = (v): Suppose that T is a compact operator. Let (£,)n>0 be an orthonormal
basis of H. For any N € N we denote by Ey the span of &y, ...,{n_1. Assume that
the sequence (|7} [)n>1 does not converge to 0 as N — 0. Since this is a non-
increasing sequence of non-negative numbers there is ¢ > 0 such that [|Tjp. || > ¢

for all N € N. Therefore, for every N € N, there is a unit vector ny € Ex such
that | Tnn|| > c.
Let £ € H. As ny is contained in Ey;, and hence ny = Y., < v (&ny N )&, We
have B
2 2
&< 3 How &€&l < (32 lawenll?) (X H6.67) -

n>N n>N n>N

Since Zn2N|<nNa£n>|2 = [lnn]* = 1 and anN‘<£7£n>|2 — 0as N — oo, it
follows that (n,,£) — 0 as N — oco. Thus ny converges weakly to 0 as N — co. As
T is continuous with respect to the weak topology it follows that Tny converges
weakly to 0 as N — oo.

On the other hand, the sequence (T'nx)yn>1 is contained in the image by T of the
unit sphere, which is precompact since 7' is compact. Therefore, by the Bolzano-
Weierstrass criterion there is a subsequence (), )k>0 such that Ty, converges in
norm to some ¢ as k — oco. As T'ny, converges weakly to 0 we must have { = 0,
i.e., Tnn, converges to 0 in norm. This contradicts the fact that ||Tnn| > ¢ for all
N € N. Therefore, it is not possible for the sequence ([|T}p.[|)n>1 to not converge
to 0. This proves that [|TjpL || — 0 as N — oco. Thus (i) implies (v). The proof is
complete. [l

PROPOSITION I1.6. K is a closed two-sided ideal of L(H).

PRrROOF. Let (&,)n>0 be any sequence converging weakly to 0.

For j = 1,2 let T; € K and A; € C. By Proposition IL5 (iii) the sequences
(T1én)n>0 and (Th€,)n converge to 0 in norm, and so (M71 + A2T%)En)n>0 toO
converges to 0 in norm. It then follows from Proposition IL.5 (iii) that A;T1 + A2T%
is a compact operator. Thus K is a subspace of L(H).

Let T € K and let A, B € L(H). Since B is continuous with respect to the
weak topology the sequence (Bg, )n>0 converges weakly to 0. Since T is compact
Proposition IL.5 (iii) insures us that (T'B&,)n>0 converges to 0 in norm. Then
(AT B¢&,)n>0 converges to 0 in norm too. Thanks to Proposition IL.5 (iii), this
shows that AT B is a compact operator. Therefore, we see that K is a two-sided
ideal of L(H).

It remains to show that K is closed. Thus, let (T;)r>0 C K be a sequence such
that Ty, — T in L(H) and let us show that T is compact. Let ¢ > 0. Then for
k large enough ||T" — Ty|| < e. Since T} is compact by Proposition IL.5 (iii) the
sequence (Tip&n)n>0 converges to 0 in norm, and hence there exists N € N, such
that ||Tx&.|| < € for all n > N. Then, for any n > N, we have

[TEn || < [ Tknll + (T = Ti)&nll < [[Tinll + [T — Till[|&n] < 2e.

Thus (T¢€,,)n>0 converges to 0 in norm, which by Proposition IL.5 (iii) shows that
T is compact. This proves that I is closed, completing the proof. ([

PROPOSITION IL.7. For any T € L(H),
(I1.3.4) TeK—=TeK<|T|ek.
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PROOF. Let T € L(H) and let T = U|T| be its polar decomposition. The
fact that K is a two-sided ideal then implies that if |T'| is compact, then so is T'.
Likewise, as by Proposition I1.3 we have |T'| = U*T, if T is compact, then so is |T|.

Proposition I1.3 also tells us that T* = UTU*. Therefore, we also see that if T
is compact then so is T*. Upon substituting 7™ for T, we see that if T is compact,
then T is compact too. The proof is complete. O

PROPOSITION I1.8. K is a sub-C*-algebra of L(H), and hence is a C*-algebra.

PROOF. Since Proposition I1.6 tells us that K is a closed two-sided ideal, we
see that I is a closed subalgebra of £(H). As by Proposition I1.7 K is closed under
the involution of £L(H) it follows that K is a sub-C*-algebra of L(H). O

THEOREM IL.5 (Riesz-Schauder; see [RS, Thm. VI.15]). Let T € K.

(1) T always contains 0 in its spectrum.

(2) If A e SpT\ 0, then X is an eigenvalue with finite multiplicity.

(3) SpT is either finite or consists of a sequence of complex numbers converg-
ing to 0.

In the sequel, for any vectors £ and n in ‘H, we denote by £ ® n* the element of
L(H) defined by
(IL.3.5) @)= (¢  Y(eH.
Thus in ketbra notation £ ® n* is just the operator |£)(n|. This is an operator of
rank 1. If £ is a unit vector then £ ® £* is the orthogonal projection onto C&.

THEOREM I1.6 (Hilbert-Schmidt; see [RS, Thm. VI.16]). Let T € K be normal.
Then T diagonalizes in an orthonormal basis, i.e., there exists an orthonormal basis
(&n)n>0 of H and a sequence (A\,)n>0 C C such that

(11.3.6) TAp = Anbn  VneNg.

This result allows us to reinterpret the Borel functional calculus for normal
compact operators as follows.

PROPOSITION I1.9. Let T € K be normal and let (&,)n>0 be an orthonormal
basis of H respect to which T is diagonal, i.e., TA, = A\p&n for allm € Ny. In
addition, let f be bounded function on SpT = {A,; n € No}.

(1) We have
(IL3.7) HT) = fOn) e ®€),
n>0
where the series converges strongly.

(2) f(T) is a compact operator if and only if
lim f(A,) =0.

n—oo

Furthermore, in this case the series (I1.3.7) converges in norm.

PRrOOF. For any n € Ng we have TE,, = \y&,. Since (§,)n>0 is an orthonormal
basis we deduce that T*¢,, = \,&, for all n € Ny. Let n € Ng. For any polynomial
f(2) =3 ajx29Z", we have

FT) =" appT(T) 6 = ap,(An)fén = F(An)én.
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It then follows from (I.5.4) that, for any f € C(SpT), we have
(11.3.8) f(D)én = Mién Vn € Np.

Since SpT = {An;n € Ny} any function on Sp T is a Borel function. Moreover,
by Theorem II.5 0 is always in Sp7T" and the non-zero eigenvalues of T" have finite
multiplicities, i.e., each non-zero eigenvalue A appears at most finitely many times
in the sequence (A)n>0. Thus A\, — 0 as n — oo, and hence a function f(X) on

SpT is continuous iff lim, . f(An) = f(0). Let f be a bounded function on SpT
and, for N € N, let fn be the function on SpT defined by

v\ = f) A=)\, withn <N,
N F(0) ifA=0o0r A# )\, foralln < N.

As lim, .o fn(An) = f(0) = fn(0), we see that fy is a continuous function on
SpT, and hence it satisfies (II.3.8). Moreover, for all n € N,

Thus (fn)n>1 is a bounded sequence in L (SpT') which converges pointwise to f.
It then follows from Theorem II.2 and (11.3.8) that, for all n € Ny,

(1L39)  f(D)& = Jm fu(D) = lim fx(hn)én = fn)én.

Let £ € H. Since § =3, (&, §)&n and f(T) is continuous, using (I1.3.9) we
get

FT)E =S (6 01 (E) = S e FOnlen = 3 FO)(n ® E1)E,
n>0 n>0 n>0
which proves (I1.3.7).
Next, for N € N let En the span of &y,...,¢n, and denote by IIy be the
orthogonal projection onto Ex. Then by Proposition I1.5 (iv) the operator f(7T) is
compact if and only if

(I1.3.10) If(D)esll=1f(T)(A-TN)| —0  as N —0.
Set vy = sup,,>n [f(An)|. Since f(T)E, = f(An)&n for all n € Ny, we see that
vn S N f(T)pLll = [ F(T)(1 —TIn)||. Conversely, let £ € H. Since (£n)n>0 is an

orthonormal basis, from (I1.3.7) we get

AT =INEN = D K OPIF ORI < v D 1, O = v i€l

n>N n>0
Thus || f(T)(1 —IIy)|| < vn. Thefore, we have
(IL.3.11) I Dl = 1ADA =Tl = sup [f(An)]

Combining this with the condition (II.3.10) then shows that f(T) is compact if and
only if lim,, o f(An) = 0.
Finally, using (I1.3.7) we get
FO)(=TIN) = > fa)(En ® &),
n>N
where the series converges strongly. Thus,

D FOE @& = IIF(T)(1 =TIn)| = sup |f(An)].

n>N n2N
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Therefore, if lim, o f(An) = 0, then the series (I1.3.7) converges to f(T) in norm.
The proof is complete. ([

ExaMPLE I1.6. Let T € K be normal. Then, with the notation of Proposi-
tion I1.9, we have

(I1.3.12) T=> M&®E),
An 0

where the series converges in norm. Moreover, if we let T = U|T| be the polar
decomposition, then

U= Z |/\n|_1/\n(€n ® 5;;) and ‘T| = Z |An|(&n ® E:L)’
An#0 n>0

where the first series converges strongly (unless T" has finite rank, in which case it
is a finite sum), and the second series converges in norm.
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CHAPTER III

Characteristic Values and Operator Ideals

In this chapter we present basic results on characterstic values and ideals of
compact operators. Part of the material of this chapter is succinctly presented
in [Co, pp. 439-443] and [GVF, 310-317]. A thorough account on ideals of compact
operators is given in the book of Gohberg-Krein [GK] (see also [Si]).

Throughout this chapter we let H be a separable Hilbert space.

ITI.1. Characteristic Values

DEFINITION III.1 (Characteristic Values). Let T € L(H). For every n € Ny
the (n + 1)-th characteristic value of T is

pin(T) := nf{| T} g+ ||; dim E'=n}.
It immediately follows from this definition that, for any T' € L(H),
(T11.1.1) tn(AT) = | A |pn(T) VA e CVn e Np.
In the sequel we denote by R,, the space of operators T' € L(H) of rank < n.
PROPOSITION IIL.1. Let T € L(H). Then
(I11.1.2) pn(T) = dist(T, Ry,) Vn € N,
(I11.1.3) tm(T) < pn(T) Ym,n € Ng, m > n.

PRrROOF. Let n € Ny. By definition dist(T,R,) = inf{||T — R||; R € R,}. Let
FE be an n-dimensional subspace of H and denote by IIg the orthogonal projection
onto E. Then rkTIlg < rkIlg = n, i.e., T1lg is contained in R,,. Thus,

dist(T, Rp) < ||T = Tlgl| = |T(1 = Hg)|| = [|Tjp- I

from which we deduce that dist(T, R,,) < pn(T).

Conversely, let R € R,,. As rk R* = rk R < n there exists an n-dimensional
subspace E of H containing im R*, so that E* is contained in (im R*)* = ker R.
Thus,

IT—R[ = sup [(T—R)|= sup |TE||= sup ||T¢]| =Tl = pn(T).
£€ker R ¢cker R ceE*
=1 llgl=1 lil=1

This implies that dist(T, R,) > un(T), and hence p,(T) = dist(T, R,,).

Next, let m € Ng, m > n. Then R,, D R, and so dist(T, R,,) < dist(T, R,,).
Since pim, (T') = dist(T, Ry, ) and p, (T') = dist(T, R,,), the inequality (II1.3) follows.
The proof is complete. O



PROPOSITION II1.2. Let T € L(H) and let n € Nog. Then

(I11.1.4) (1) = pn(T7) = pn(|T1),
(I1.1.5) pn(ATB) < [[Apn(T)IBI VA, B € L(H),
(II1.1.6) wn(UTU) = pn(T) VU € L(H), U unitary.

PRrROOF. Let A and B be in L(H), and let R € R,,. Then ARB is contained in
R.. too, and hence
pin(ATB) = dist(AT B, Ryn) < |ATB — ARB| = ||A(T — R)B|| < || A[|[|T — RI|[| B].
Thus pn (AT B) < || Al dist(T, Rn) || B|| = [[Allwn (T)[| B, proving (IIL5).
If U is unitary and we take A = U* and B = U in (IIL5), then we get
pin (U TU) < U | pn (DU = pan(T).

The above inequalities for U*TU and U* yield pu,(T) < pn (U*TU). Thus p,, (U*TU)
agrees with p, (T), proving (IIL.6).

It remains to prove (II1.4). Let T' = U|T| be the polar decomposition of T'. As
JUIl = 1 from (IIL3) we get 10 (T) = jin(UIT]) < [Ulln(IT]) = pn((T]). Simce
|T| = U*T we similarly have p,(|T]) < pn(T), and hence p,, (T) = pn(|T)).

Finally, as |T%| = U*|T|U and |T| = U|T*|U*, arguing as above shows that
n(IT1) = on(|T]). Since p(IT*]) = 10(T*) this implies that un(|T]) = pn(T*),
completing the proof. O

REMARK II1.2. Let H' be a separable Hilbert space, let A € L(H’,H) and let
B € L(H,H'). Then by arguing as above we can show that, for any T € L(H),

pn(ATB) < [|All g 1y (D) Bll e (3,7 ¥ € No.
In particular, if U € £L(H,H’) is unitary, then we can show that, for any T € L(H),
wn(U*TU) = pn (T) vn € Npy.

Thus the characteristic values of T are invariant under the action of unitary iso-
morphisms.

PropoOSITION II1.3. Let S,T € L(H) and let m,n € Ny. Then

(IILL.7) Honn (S +T) < f10(S) + 1a(T),
(ITL.1.8) 1 (S) = ()] < |8 — T,
(ITL.1.9) o (ST) < piom (S) 1 (T).

PROOF. Let R € R, and let R’ € R,,. Then R+ R’ is contained in R, m,
and hence

fmn (S + T) = dist(S + T, Rynn) < [S+T = (R+ R)|| < ||S = Rl + T — RJ|.

Thus pmn(S+T) < dist(S, Ry,) + dist(T, Ry) = pm (S) + pn(T'), proving (IIL.7).
If in (II1.7) we substitute S — T for S and we take m = 0, then we obtain

pn(S) < po(S = T) + pn(T) = 1S = T|| + pn(T),
that is, 1, (S) — pn(T) < ||S — T||. Interchanging S and T yields
pn(T) = pn(S) < |15 =T,
so we see that |, (S) — pun(T)] < ||S =T, i-e., (II1.8) holds true.
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It remains to prove (I11.9). To this end let R € R,,, and let R’ € R,,. Then
(S—R)(T—-R)=ST-R', R":=SR' + R(T - R).

Observe that SR’ is contained in R,, and R(T — R') is contained in R,,, so R” is
contained in Ry,4y. Thus,

fin4m (ST) < [|ST = R”|| = ||(S = R)(T — R))|| < [|S = RII|T — R'||.

From this we deduce that piy,,(ST) < dist(S, Ry) dist(T, Ry) = pim (S)pn(T),
completing the proof. (I

PROPOSITION I11.4. Let T € L(H). Then the following are equivalent:

(i) T is a compact operator.
(ii) T is the norm-limit of finite-rank operators.

(iii) pn(T) — 0 asn — 0.

(iv) For any e > 0 there exists a finite-dimensional subspace E of H such that

ITip- |l <e.

PrOOF. The implication (i) = (iv) follows from Proposition IL5 (iv)—(v).
Therefore, to show that the conditions (i)—(iv) are equivalent it is enough to prove
the implications (ii) = (i), (iii) = (ii), (iv) = (iii).

e (ii) = (i): As any finite rank operator is compact and K is closed, any norm-limit
of finite rank operators remains in K. Thus (ii) implies (i).

e (iii) = (ii): Suppose that lim,_,oc pin(T) = 0. Let k& € N. Then there exists
ni € No such that dist(T, R, ) = n, (T') < k~'. Thus there exists Ry € R,, such
that ||T'— Ry|| < 2k~'. Then the sequence (Rj)x>1 converges to T in norm, so T’
is a norm-limit of finite rank operators. This proves that (iii) implies (ii).

e (iv) = (iii): Assume that (iv) holds. Let ¢ > 0. Then there exists a finite-
dimensional subspace ' C ‘H such that [|Tjg.| < e. Set ng = dim E. Then we
have fi,,(T') < || Tjg+ || < €. Since by (II1.3) the sequence (f1,,(T))n>0 is decreasing,
we see that p,(T) < € for all n > ng. This proves that p,(T) — 0 as n — 0. Thus
(iv) implies (iii). The proof is complete. O

THEOREM III.1 (Min-Max Principle). Let T € K. Then, for all n € Ny,
(I11.1.10) pn(T) = (n+ 1)-th eigenvalue of |T| counted with multiplicity.

ProOOF. Since p,(T) = pn(|T]) it enough to prove the result for |T'|, which
allows us to assume T positive. For any k € Ny let A be the (k + 1)-th eigenvalue
of T' counted with multiplicity and let (£)x>0 be an orthonormal basis of H such
that T¢, = A&y for all £ € Ny.

For k € N denote by Fj be the k-dimensional subspace of H spanned by the
vectors &g, . ..,&k—1. Then by (II.11) we have

k>n

Thus, by the very definition of w,(T) we have
(I.1.11) in(T) < [ Tiss | = An.

Conversely, let E be an n-dimensional subspace of H and denote by II the
orthogonal projection onto E. Since Ilg, ., maps the (n + 1)-dimensional space
E,, 11 to the n-dimensional subspace F, it cannot be one-to-one. Therefore, there
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exists a unit vector ¢ which is contained in £, and in ker IT = E*. In particular
£ = pen kb with 37, |ag[? = 1. Thus,

2
> arTél|| =
k<n

Since A, < A for all k < n, we deduce that

1T l? 2 A Y lonl? = A

k<n

2
::§:|akPA%

k<n

1T 1 > |1 TE|1* =

> i

k<n

As the inequality ||Tjg.| > A, is valid for any n-dimensional subspace of H, it
follows that g, (T) > A,. Together with (II1.11) this shows that A, = u,(T). The
proposition is thus proved. O

Let us now look at some interesting consequences of the min-max principle.
First, in the light of (II1.10) the inequality (III.8 ) shows the continuity of the
eigenvalues of positive compact operators.

Another interesting consequence is the following.

ProproSITION IIL5. Let T € K have polar decomposition T = U|T| and let
(&n)n>0 be an orthonormal family such that |T\&, = un(T)Ey, for all n € Ny.

(1) We have
T=> un(T)U&) @&,
n>0

where the series converges in norm.
(2) Let f be a non-negative non-decreasing function on [0,00) which is con-
tinuous and vanishes at 0. Then

(I11.1.12) pn(F(T]) = f(un(T))  ¥n €Ny,
(II1.1.13) FUT) = flun(D)én @ &5,
n>0

where the series converges in norm.

PROOF. Let FE be the closed subspace spanned by all the vectors &,. Observe
that F contains all the eigenvectors of |T| associated to a non-zero eigenvalue.
Therefore, E contains (ker |T|)*, and hence Et is contained in ker |T|. Thus if
we let (nk)resr be an orthonormal basis of EL, then {ng}lrer U {&n}nen, is an
orthonormal basis of H which respect to which |T| is diagonal, namely,

(I11.1.14) |Tinek =0 Vkel and IT\én = pn(T)E,  Vn € Np.
Then by I1.12 we have

(IIL.1.15) T =Y 0m@np+ > (D @& =D in(T)én @&,

kel n>0 n>0

where the series converge in norm. Since T' = U|T| this gives
T=U> pn(T)en @€ = ZMT)U(@L@&;) > (T (U&) @&,

n>0 n>0 n>0

where the series converge in norm.



Let f be a non-negative non-decreasing function on [0, 0o) which is continuous
and vanishes at 0. Then using (II1I.14) and Proposition I1.9 we see that f(|T) is
compact and we have

FAT) =" FOme @ nf + D Flun(@)én @& = > F(1a(T))én @ €,
kel n>0 n>0

where the series converges in norm. Since f is nondecreasing it follows from this
that the (n + 1)-th eigenvalue of f(|T) is f(un(T)). Therefore, using the min-max
principle we deduce that

Mn(f('TD = f(,un(T)) Vn € No,
which completes the proof. ([l

ExamMpPLE II1.3. Let p > 0 and let T € K. Applying the above lemma to
f(t) = t? (with the convention that 0” = 0) shows that

pin(|IT17) = pn(T)? - Vn € No.

II1.2. Trace-class operators
For all T € L(H) we set
Il ==Y pa(T).
n>0
We then define
(IIL.2.1) LY = {T € L(H); |T||) < oo}

The elements of £! are called trace-class operators.

Observe that if > p,(T) < oo, then p,(T) — 0 as n — oo, and so using
Proposition I11.4 we see that T is a compact operator. Thus any trace-class operator
is compact. Moreover,

(I11.2.2) 1T = po(T) <|IT1 VT € L(H).
Notice also that it follows from (III.1), (II1.4) and (II1.5) that
(I1.2.3) 1Tl = [T" = [Tl VT € L(H),
(II1.2.4) IAT||1 = AT 1 VI e L(H) VA eC,
(IL.2.5) IATB|ly < [AITIh][BI VAT, B € L(H).

As an immediate consequence of (IT1.3) we see that, for all T' € L(H),
Tell=Tecl' = |T| L

In the sequel we denote by L(H); the cone of operators in L(H) that are
positive.

LEMMA IIL.1. Let T € L(H)y+ . Then, for any orthonormal basis (&,)n>0, we
have

(I11.2.6) 1T = (s Tn)-

n>0
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PROOF. Let us first assume that T is compact. By Theorem I1.6 and Theo-
rem III.1 there exists an orthonormal basis (7,)n>0 such that Tn, = p,(T)n, for
all n € Ng. Then

1T = 3" 1) =3 (e, T} = > (T, Top) = Y || T, |2,

n>0 n>0 n>0 n>0

Since (&,,)>0 is an orthonormal basis, we also have

Sl = 3 (e hnl ) = 303 1Tt em?)

n>0 n>0 “k>0 k>0 “\n>0
1
=D IT2&l% =D (& Té),
k>0 k>0

proving the lemma when T' is compact.

Suppose now that T is not compact. Then T is not trace-class, and hence
IT]]1 = oco. For N € N denote by Ex the span of &, ...,&{n—1. Moreover, since T is
positive we have T = (T'2)(T'z), and so as K is a two-sided ideal T2 cannot be com-
pact. It then follows from Proposition I1.5-(v) that the sequence (H(T%)|E§, NN>1
does not converge to 0. Since it is a non-increasing sequence of non-negative num-
bers this means there is ¢ > 0 such that ||(T%)‘Eﬁ || > ¢ for all N € N.

Let N € N and let £ € E% be such that ||£]| = 1 and ||T2¢]| > ¢. Notice that

< Yo oliriel < (X |<§n,§>|2)é<z Il

n>N n>N n>N

1
2

1
IT=¢|| =

> (€. )R,

n>N

Since 3,5 n (€. O = [I€]? = 1 and |T3&,)? = (T3, T5&,) = (60, &), it
follows that

A <|ITE* < > (6n. TE) YN N
n>N

Therefore, the series Y - (&n, T'En) diverges, ie., Y <o (&n, TEn) = 0o = ||T1.
The proof is complete. B O

DEFINITION II1.4. Let T € L(H)4+. Then the trace of T is defined to be
(I11.2.7) Trace T := Y (&0, Tén),

n>0
where (£,)n>0 s any orthonormal basis.
Using (I11.4) we see that, for all T € L(H),
170l = [[IT][lx = Trace|T.

In particular,
T € L' <= Trace|T| < cc.

We shall now extend the definition of Trace T to all operators T' € L.
LEMMA II1.2. Let T € L(H). Then, for any orthonormal basis (§,)n>0,

n>0



PROOF. Let T'= U|T| be the polar decomposition of T. Then

(s TER)| = (s UITIER)| = [(IT|2U*En, |ITI2€0) < |ITIEU*EI|T]2 .
Thus,

(IL2.8) Y |{(€ns TEa) < D IITIPUGIINITI 2l

n>0 n>0
< (Z |||T|%U*sn||2) (Z |||T|%sn|2) |

n>0 n>0
Using Lemma I11.1 and (II1.2) we get
D MNTIEEl? =D (T2, ITIZ60) = Y (6n, ITén) = Trace|T| = | T
n>0 n>0 n>0
Similarly, we have
STNTEU €2 =Y (TP U 6, ITIPU ) = > (€, UIT|U*,).
n>0 n>0 n>0
Proposition I1.3) tells us that U*|T|U = |T™*|, and so using Lemma III1.1 and (I11.2)
we get
1% * * *
(I12.9) Y TIPU G = D (Ens IT*|€0) = Trace |T*| = | Tl = || T
n>0 n>0
Combining (II1.8) with (III.2) and (II1.9) gives
Lo
D&, T&) <ITIFITIE = 1T,
n>0

proving the lemma. [l
LEMmMA TI1.3. We have
(I11.2.10) IS+ Tl < ISl + 1T VS, T € L(H).

PROOF. Let S,T € L(H) and let S+T = U|S+T| be the polar decompositions
of S+ T. Let (£,)n>0 be an orthonormal basis of H. Upon writing

|[S+T|=U"(S+T)=U*S+U"T
and using Lemma III.1 and Lemma II1.2 we get

IS+ Tl =D (&ns [S +T1én) < Y [, USEDN + Y 16n, UTE)]

n>0 n>0 n>0
< |US|1 + 1T T |1
Combining this with (II1.5) gives
1S+ Tl < (OIS T + 1T < WS+ 1T

proving the lemma. O

ProrosiTION II1.6. The following hold.
(1) L' is a two-sided ideal of L(H).
(2) |I.Il1 is @ morm on L' with respect to which L' is a Banach space.
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PRrOOF. It follows from (II1.2), (IIL.4), (IIL5) and (IIL.10) that £! is a two-sided
ideal and ||.||; is a seminorm on £1.

It remains to show that £! is complete with respect to the norm ||.|;. Thus,
let (T,,)n>0 be a sequence with values in £! which is Cauchy with respect to |[|.||1.
Since by (IIL.2) ||T,, — Tp|| < [|T, — Th|l1 we see that (T5,)n>0 is a Cauchy sequence
in L(H), and hence converges to some operator T in L(H).

Let € > 0. Then there exists N € N such that ||T,, — T,|| < € for all n,p > N.
By (IIL8), for all k € N,

k(T = T) = puie (T = Tp)| < [T, = T

Since ||T, — T|| — 0 as p — oo, we see that pup(T,, — T) = limy_ o0 (T, — T)).
Therefore,

M M

E e (T —T) = lim E pr (T, = T) VM € N.
p—o0

k=0 k=0

Since for n,p > N we have

M o)
YT =T) <Y u(To = T) = | T = Ty s <,
k=0 k=0

we deduce that, if n > N, then Yo px(T;, — T) < € for all M € N. Thus, for all
n > N, we have

(I1.2.11) T =Tl = (T = T) < e,

k=0
Therefore T, — T is in £ and, as £' is a subspace containing T},, we see that T is
trace-class. Then (III.11) shows that T, converges to T with respect to the norm
[|-lli. Thus £ is complete with respect to the norm ||.||1, completing the proof. O

REMARK IIL5. Tt follows from (IIL.2) that the inclusions of £! into K and £(H)
are continuous.

LEMMA II1.4. Any T € L' can be written in the form
T =T, — Ty +iT3 — iTy, T; € LN L(H)4.

PROOF. Let T € £'. Then T = Sy +iS_ with Sy = (T +T*). The operators
S, are selfadjoint and are contained in £! by (II1.2). Therefore, the proof reduces
to proving that any selfadjoint trace-class operator can be written as the difference
of two positive trace-class operators.

Let T € L' be selfadjoint. Then T' =Ty — T_ with Ty = 1(|T| £ T). Observe
that by (III.2) the operators Ty are trace-class. In addition, observe that T4 =
f+(T) where f1(t) = (|t| & ¢). As the functions fi are nonnegative on SpT C R,
the operators Ty are positive by Corollary I1.2. We deduce from this that T can
be written as the difference of two positive trace-class operators. This completes
the proof. (Il

We are now ready to prove the following.

PROPOSITION IIL.7. Let T € L. For any orthonormal basis (£,)n>0 the series

D (e, T

n>0



is absolutely convergent and the value of its sum does not depend on the choice of
the orthonormal basis (§,)n>0-

PRrROOF. Let (&,)n>0 be an orthonormal basis of H. It follows from Lemma III.2
that the series an()({n,Tfn} is absolutely convergent. Moreover, Lemma III.4

allows us to write T' = T — T + 13 — i1 with T} € LY N L(H),. Then using
Lemma III.1 we get

Z<§naT£n> = Z<§naT1§n> - Z<£n7T2£n> +i Z<§naT3§n> -1 Z<§n,T4§n>

n>0 n>0 n>0 n>0 n>0
= TraceT} — TraceTs + i Trace T3 — i Trace Ty.

Therefore the value of the sum an()(ﬁn, T¢,,) does not depend on the orthonormal
basis (£,,)n>0, proving the proposition. O

DEFINITION II1.6. The trace of an operator T € L' is defined to be
Trace(T) := Z(fn,T§n>,
n>0
where (§n)n>0 45 any orthonormal basis of H.

LeMMA IIL5. Any A € L(H) is linear combination of 4 unitaries.

ProOF. Upon writing A = ||A||(Ty +iT-) with Ty = m(T:&T*) we see that
the proof reduces to showing that any selfadjoint operator A € L(H) with ||A]| <1
is a linear combination of two unitaries.

Let A € L(H) be selfadjoint and such that ||A|| < 1. Then the spectrum of A

is contained in [—1, 1], and so we can write
1
A:§(U+U*), U:=A+iV1-— A%

Observe that U = f(A) with f(t) = 1+iv1 — 12 and f(t)f(t) =1, so by continuous
functional calculus U*U = UU* = f(A)f(A) =1, i.e., U is unitary. Thus A is the
linear combination of two unitaries. This completes the proof. ([l

PROPOSITION II1.8. The map T — Trace(T) is a linear form on L' such that,
for any T € L', we have

(I11.2.12) | Trace(T)| < ||IT||1,
(I11.2.13) Trace(T*) = Trace(T),
(I11.2.14) Trace(AT) = Trace(TA) VA € L(H).

PRrOOF. It is immediate from its definition that the map 7' — Trace(T) is
linear. Moreover, if T € L', then by Lemma III.2, for any orthonormal basis

(gn)’rLZOa
| Trace(T)| = | Z(fmTan < Z |(&n, TEn)| < |IT]1-

n>0 n>0
Moreover, by (II1.2) the adjoint T is trace-class. Then, for any orthonormal basis
(&€n)n>0, we have

Trace(T™) = Z<§naT*§n> = Z <£n7T£n> = Trace(T').

n>0 n>0




Let U € L(H) be unitary. Then

Trace(U*TU) = Y (&, U TUE,) = > (U, TUS,).

n>0 n>0

Since U is unitary (U&,)n>0 is an orthonormal basis of H. Therefore, in view
of the definition of Trace(T) we see that > (U, TUE,) = Trace(T). Thus
Trace(U*TU) = Trace(T). Upon replacing T by UT we deduce that

Trace(TU) = Trace(UT) VU € L(H) unitary.

As by Lemma IIL.5 any A € L£(H) is the linear combination of 4 unitaries, it follows
that

Trace(AT) = Trace(TA) VA e L(H).
This shows that 7' — Trace(T') is a trace on £!. The proof is complete. ([l

ExaMmpLE IIL.7. Let £ and n be nonzero vectors in H. Let (&,)n>0 be an
orthonormal basis of H such that & = ||£]|71¢. Then, for any n € Ny,

<§n7 (5 by n*)€n> = <£n7£> <777§n> = 5n,0||§‘|_1<n7€0> = 6n,0<777§>'

Therefore, we get

(I11.2.15) Trace({ @ %) = Y (&, (E®@0")&) = (1)

n>0

EXAMPLE II1.8. Let T' € £! be normal. Let (£,),>0 be an orthonormal basis
of H in which T diagonalizes, i.e., T\, = \,&, forall n € Ny. Then

(II1.2.16) TraceT = Y (£, T&) = Y (& Ankn) = D A,

n>0 n>0 n>0

that is, Trace T is the sum of the eigenvalues of T' counted with multiplicity.

I11.3. Duality between £! and L(H)

The Banach space £! is in duality with the Banach spaces £(H) and K. This
can be seen as follows.
If S and T are in £(H) and one of these operators is trace-class, we set

(S,T) := Trace(ST).
Thanks to (IIL5) and (I11.12) we see that, if S € £! and T € L(H), then
(IL.3.1) (T, 8)| = [(S,T)| = | Trace(ST)| < [|STlx < [|S[L[[T]-

From this we deduce the following;:

- For any S € £L(H) the map (S,.) : L' 5 T — Trace(ST) is a continuous
linear form on L.

- For any S € £! the map (S,.) : L(H) € T — Trace(ST) gives rise to a
continuous linear form on L(H).

LEMMA II1.6. For any & and 7 in 'H, we have
I€@n*ll = lI€®n*[lx = lI€lInll-

10



PROOF. First, in view of the definition (IL.5) of £ ® n* we have

I€@n*[l = sup [[(€@n")Cll = sup [[{n,¢)¢ll = (sup [(n, ODIEI = lInlllI€]l-
lcl=1 llcl=1 lcl=1

Moreover, for any (; and (s in ‘H we have

(€1, (€@n")C) = (0, )G, ) = (& C)n, @) = (n® &), G),
which shows that
(111.3.2) E@n) =n®".
We then have

(€@n) Een)=mee)Een) =Elmhen).
Notice that ||n||=2(n ® n*) is the orthogonal projection onto Cn, and hence, as any
orthogonal projection, ||n||=2(n ® n*) is a positive operator which agrees with its
square root, i.e., 7 ® n* is positive and (n ® n*)2 = ||| ~1(n @ n*). Thus,
* 0\ * 1) & *\\ & — *
€@ = (@) €E@n)? = (lElFmen )z =gl (@ n).

Combining this with (III.15) we obtain

1€ @n*|ln = Trace € @ n*| = Trace (|€[ln~ (n @ n)*) = [€lllnl,
completing the proof. O

LEMMA II1I.7. The following hold.
(i) For all S € L',

(I11.3.3) IS]l1 = sup |Trace(ST)|.
I1T]1=1

(ii) For all S € L(H),

(I11.3.4) ISl = sup |Trace(ST)|.
IT]=1
PROOF. Let S € £!. Then by (IIL.1), for any T € L(H) of norm 1, we have
(IL.3.5) | Trace(ST)| < (IS T = [[S]x-

Let S = U|S| be the polar decomposition of S. Then by Proposition I1.2 ||[U*|| =
IU]| =1 and U*S = |S|, and hence

Trace(SU™) = Trace(U*S) = Trace |S| = ||5]]1.

Together with (I11.5) this gives (I11.3).
Now, let S € L(H). We may assume S # 0, since otherwise the equality (I111.4)
is trivially satisfied. By (III.1), for any 7" in the unit sphere of £,

(111.3.6) | Trace(ST)| < [ISI[IT]lx = I5]-
Moreover, as

sup (€,151€) = sup [IS12€]” = IISIE1 = N(SI) 8120 = ISl = 1)

we see that, for any € € (0, ||S]|), there exists a unit vector £ € H such that
(IIL.3.7) (& 1518) = ISl —e.

Let S = U|S| be the polar decomposition of S. Since |U]| = 1, we have |U¢]| <
l€]l = 1. Moreover, by Lemma II.1 and Proposition II1.2 ker U = ker S = ker|S5|,
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and so (II1.7) implies that U¢ is not in ker U. Therefore, using Lemma IIL.6 we see
that

1€ @ (U™l = IElUg] = Ug] € (0,1].
In addition, using (II1.15) and the fact that |S| = U*S we get
Trace [S(¢§ ® (US)")] = Trace ((5§) ® (US)") = (UE, S¢) = (£, U"SE) = (& |S[E])-

Combining this with (II1.7) then gives
(I11.3.8) Trace [S(€ ® (U&)*)] > |IS]] —e.

Set T = c (€@ (UE)*), with ¢ = ||€@(UE)*||1. Then ||T]|; = 1 and, asc™ > 1,
using (IT1.8) we see that, for any € € (0, ||S]|), we have

Trace ST = ¢! Trace [S(¢ @ (U)*)] > ¢ 1(||S|| —€) > ||| — e

Combining this with (II1.6) yields (III.4). The proposition is thus proved. O

In the sequel we denote by R the subspace of L(H) consisting of finite rank
operators. This is the subspace of H spanned by the rank 1, i.e., by all operators
of the form (IL5).

We know that the closure of R in L(H) is K (cf. Proposition II1.4). In
addition, the following holds.

LEMMA II1.8. The finite-rank operators are dense in L.

PROOF. Let T € L' have polar decomposition T = U|T|, and let (£,),>0 be
an orthonormal family of H such that TE, = pu,(T)E, for all n € Ng. Then by
Proposition I11.5 we have

n>0

where the series converges in norm. By Lemma III.6 we have

1(U&) @ &xlls = U&lERll < IUI€RII° =

and so we see that
S (DU 2 €4 < 3 pin(T) = T < o0
n>0 n>0

Thus the series Y, < pn(T)(UE,) ® & converges in L. Since it converges to T
in £(H) and the inclusion of £! into £(H) is continuous (cf. Remark IIL5), T
is its sum in £! too, that is, T is the limit in £' of the finite-rank operators
>onen bn(T)(UE,) ® &;. This shows that finite-rank operators are dense in £,
proving the lemma. ([

PROPOSITION IIL9. The map L(H) > S — (S,.) € (L£L') is an isometric
isomorphism.

PROOF. It follows from (IIL.4) that the map L(H) > S — (S,.) € (£!) is
isometric. Therefore, in view of Lemma I.1, in order to prove this map is an
isometric isomorphism we only have to check it is onto.

Let ¢ € (£'). Let S be the endomorphism of H defined by

(n,S€) =(p,£@n*)  VE&neH.
Thanks to Lemma II1.6 we have

[(n, SE] = e, € @07)] < llellcryll{w, € @0l < el ey HIE NIl
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Thus,
sup [|S¢]l = sup sup [(n,SE)| < [lell(cry,
lél=1 [Inll=1I€ll=1
showing that S is a continuous endomorphism, i.e., S is contained in L(H).
Now, thanks to III.15, for any &£ and 5 in ‘H, we have

(II1.3.9) (S,£®n*) = Trace(S(€®@n*)) = Trace((S¢) ®@n*) = (n, SE) = (¢, £Rn™),

that is, (5,.) and ¢ agree on operators of rank 1, and by linearity they agree on
their span, namely, Ro,. Both (S,.) and ¢ are continuous linear forms and by
Lemma IT1.8 the subspace R is dense in £!, so (S,.) and ¢ agree on all £. This
proves that the map £(H) 2 S — (S,.) € (£') is onto, completing the proof. O

It follows from the above the proposition that £(H) can be canonically identified
with the dual of £!. For this reason £! can be referred to as the predual of L(H).

The converse is not true. Namely, £! is not the dual of £(H), but instead is
that of the space K of compact operators. This is the content of the following.

PROPOSITION II1.10. The map L' > S — (S,.) € K’ is an isometric isomor-
phism.

PROOF. As in the proof of Proposition I11.9 we only have to prove that the
map £! 38 — (S,.) € K is onto. To this end let ¢ € K. Since the inclusion of £*
into K is contionuous (cf. Remark III.5), we see that ¢ induces a continuous linear
form on £', and hence by Proposition II1.9 there exists S € £(H) such that

(IT1.3.10) (p,T) = Trace(ST) VT € L.
In particular, by (II1.9) we have
(IIL.3.11) n,5¢) =(p,€®n") V&N eEH.

Let S = U|S| be the polar decomposition of S and let (&, ),>0 be an orthonor-
mal basis of H. As by Proposition I1.2 |S| = U*S, using (III.11) we see that, for
any n € Ny, we have
(IIL.3.12) (&ns 516n) = (&n, U™ SEn) = (Un, S&n) = (0, 6n @ (U&n)").

Notice that thanks to (II1.2) we have
£ ® (U&)" = (U&) &) = (U6 ® &))" = (6a ® E3)U,
and hence (&,,|S|&n) = (@, (§n ® £)U™). Therefore, for all N € N,

> Geg)Ur

n<N
> et

n<N

By Proposition IL.2 |[U*|| = ||U|| = 1 and, as ),y & ® &, is the orthogonal
projection onto the span of &, ..., &y, this operator has norm 1 too. Thus,

D (& ISlen) <llellr VN €N
n<N
Using (II1.3) and Lemma III.1 we then get
151 = NIS[ll = Y (€ns 1S1€n) < llllicr < oo,

n>0

< llellx

S (6 IS]E0) = ’<%(Z 6 €U

n<N n<N

< llepllx 1Tl
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and hence S is trace-class.

Since S is in £!, the map (9,.) : K > T — Trace(ST) is a continuous linear
map on K. Moreover, it follows from (II1.10) that it agrees with ¢ on £!, and
hence on Ry, As by Proposition II1.4 R, is dense in K, we see that (S,.) and ¢
agree on all K, showing that the map £! 5 S — (S5,.) € K is onto. The proof is
complete. O

I11.4. Hilbert-Schmidt Operators
For any T € L(H) we define

1
2
71 = (S w07
n>0
We then define
L2 :={T € L(H); ||T||2 < oo}
The elements of £2 are called Hilbert-Schmidt operators.
As in (II1.3)—(IIL.5) we have

(IIL4.1) [Tl =Tl = [Tlll2 VT € L(H),
(I11.4.2) IAT |2 = AIT]. YT € £(H) YA €C,
(111.4.3) AT B2 < [AIT]2|BIl  VA,T,B € L(H).

As an immediate consequence of (ITII.1) we see that, for any T € L(H),
TecL? =T cL? =T el
LEmMA II1.9. The following hold.
(i) For any T € L(H),
(ITT.4.4) I < Il < ITIF T,
(ii) We have the inclusions,
(I11.4.5) Ltcrrck.

PRrROOF. Let T € L(H). Since ||T|| = po(T") we have ||T|| < ||T||2. Moreover,
using (II1.3) we see that, for any n € N,
pin(T)? = pin (T)-pin (T) < po(T)pin(T) = || T || (T).
Thus,
> (T <ITIY S pn(T) = I TIIT 1,

n>0 n>0

from which we get ||T||2 < ||TH%HT||1% In particular, if T € £, then ||T]|2 < oo,
and hence T is in £2. Thus £! is contained in £2.
Let T € £2. Then Y., o pn(T)? < 00, and hence lim, o ptn(T) = 0. There-

fore T is compact by Proposition II1.4. This proves that £? is contained in . O

ExAMPLE IIL.9. Let ¢ and 5 be vectors in H. By Lemma II1.6 both ||§ ® n*||
and ||€ ® n*||; are equal to ||€]|||n|l, and so using (111.4) we get

1€ @0 12 = lIlnll-
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LEMMA II1.10. Let T € L(H). Then, for any orthonormal basis (£,)n>0, we
have

(I11.4.6) |73 = Trace|T|* = > |74,
n>0
and hence
(I11.4.7) T € L? <= Trace|T|* < 0o <= |T)? € L.

PROOF. Assume first that 7" is compact. Then thanks to (II1.12) u,(|T|*) =
n(T)? for all n € Ny, and so we have

1
2 1
17l = (3 wnl17P) = Crvnce 72

n>0

Suppose now that T is not compact. Then by (IIL.5) T is not in £2, and
hence |T||]2 = oo. By Proposition I1.7 the fact that T is not compact, implies
that |T'| is not compact either. Observe further that, as lim;_,q+ tz =0, it follows
from Proposition I1.9 that, for any positive compact operator S, the operator S 3 is
compact too. Therefore, if |T'|2 were compact, then |T'| = (|T2)2 would be compact
too. Since |T is not compact, we deduce that |T|? cannot be compact. Incidentally,
|T'|? is not trace-class, and hence

Trace |T|* = |[|T1?]l1 = 00 = | T2
In general, for any T € L(H), using Lemma III.2 we get
(I11.4.8) |73 = Trace [T = > (&, IT?En).
n>0
Since |T|?> = T*T, for any n € Ny, we have
Thus,
ITI5 =D 1Tl

n>0
Finally, the equivalences (II1.7) immediately follow from (II1.6). The lemma is
thus proved. O

LEMMA II1.11. We have
(I11.4.9) IS+ T2 < |ISll2 + 1T |2 VS, T € L(H).

PrOOF. Let S,T € L(H) and let (£,)n>0 be an orthonormal basis. Us-
ing (I11.6) and the Minkowski’s inequality for series we get

1S + Tl = (Z ||<S+T>sn||2)2 < (Z(II%AI n ||Tsn||>2)

n>0 n>0

< (Z ||ssn||2>2 T (Z ||T§n||2)2 = 1Sz + T2,

n>0 n>0

2

proving the lemma. (I
ProrosiTioN III.11. The following hold.
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(1) £ is a two-sided ideal of L(H).
(2) |I.Il1 is @ norm on LY with respect to which L' is a Banach space.

PROOF. It follows from (II1.2)—(II1.3), (II1.4) and (IIL.9) that £? is a two-sided
ideal of £(H) and ||.||2 is a norm on £2. Moreover, by arguing as in the proof
Proposition II1.6 we can show that £? is complete with respect to the norm ||.||2,
i.e., £2 is a Banach space for this norm. O

REMARK II1.10. Combining (II1.2) and (II1.4) shows that, for any T € L(H),
1T < IT]l2 < 1T}

Therefore, the inclusions £! € £2 and £2 C K are continuous.

In addition, arguing as in the proof of Lemma III.12 yields the following.

LEMMA IIL.12. The finite-rank operators are dense in L.

ProrosiTiON II1.12. Let S and T be Hilbert-Schmidt operators. Then ST and
TS are trace-class operators and we have

| Trace(ST)| < |ST[x < [IS][2[T]|2,
Trace(ST) = Trace(T'S).
PrROOF. Let ST = U|ST| be the polar decomposition of ST and let (&,),>0 be

an orthonormal basis of H. By Proposition I1.3 |ST| = U*ST, and so using (II1.6)
we get

STy =Y (&n, U*STE) = > (SU&, TE) <D ISUE I Ténll-
n>0 n>0 n>0

Using Cauchy-Schwartz Inequality for sequences together with (I11.6) we then get

1

15T < (Z ||5U€n||2> (Z ||T€n||2> = [ISUll2[ITNlz < ISl UTIT N2 < [I1Sl2l|T 12,

n>0 n>0

Notice that by Proposition I1.3 and (I111.3) we have [|SU|2 < ||S]]2]1U] < ||S]|2-
Thus,

(I11.4.10) 1ST |l < [[S[l211T||2-
This proves that ST is trace-class. Moreover, combining (II1.10) with (II1.12) yields
| Trace(ST)| < |1ST|lx < ISII211T |2,

proving (IT1.12).

It follows from all this that, if we fix S € £2, then both T" — Trace(ST)
and T — Trace(T'S) are continuous linear forms on £2. Moreover, as finite-rank
operators are trace-class, it follows from (III.14) that these linear forms agree on

finite-rank operators. Since the latter are dense in £2 by Lemma III.12, it follows
that Trace(ST) = Trace(T'S) for all T € £?, completing the proof. O

For S,T € £? we define
(S,T) := Trace(ST).

This defines a bilinear form on £2. If S € £2, then by (II1.4) its adjoint S* is in £
too. Therefore, for S,T € £? we may also define

(I11.4.11) (S,T) 2 := Trace(S™T).
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This defines a Hermitian form on £2. Moreover, as T*T = |T|?, using (I11.6) we
get

(T, T) 2 = Trace T*T = Trace |T|? = ||T|3.

Since ||.||2 is a norm on £2 this proves that (.,.) .2 is actually a positive-definite inner
product on £2? whose associated norm is just the Hilbert-Schmidt norm. Combining
this with Proposition II1.11 we obtain:

PRrROPOSITION II1.13. £? is a Hilbert space with respect to the inner prod-
uct (II1.11).

For S € £? denote by (S,.)z> the linear form T — (S,T)y>. Similarly, let
us denote by (S,.) the linear form 7' — (S,T). By definition of {(.,.),2 we have
(S,.) = (S*,.). Since (.,.) is a Hilbert-space inner product on £?. The map
S — (S, .) c2 is an isometric antilinear isomorphism from £2 onto (£2)’. Since (I1L.1)
implies that S — S* is an isometric antilinear isomorphism of £? we obtain:

PROPOSITION I11.14. The map L2 > S — (S,.) € (£2) is an isometric linear

isomorphism from L? onto (L?)'.

I11.5. Integral Operators

Let (X, p) be a o-finite measured space such that L7(X) is separable. Let

K(z,y) € L, (X x X). For f € L2(X) define

Ty f(x) = /X K (2, 9) (4)d(y).

The function Tk f(z) is measurable and by Cauchy-Schwartz’s Inequality,
Tr(@) < / K (2, ) Pduy) / (@) Pdua) = [1£12 / K (z,9) Pdu(y).
X X X
and hence
/X T () Ppu() < || 122 /X ( /X |K<x,y>|2du<y>) du(z) = | F12: 1 K12

Therefore the map Tk : f — Tk f is a continuous endomorphism of Li(X ). Such
an operator is called a integral operator.

EXAMPLE TIL11. Let ¢ and ¢ be in L2 (X). Then, for any f € L7(X),

(0 © ) (@) = (0. 1)9(w) = ole) [ W) = T (@)

— )
where ¢ ® 9 is the element of L;o ,

(p @) (x,y) = p(x)d(y).

This shows that any rank 1 operator is an integral operator, and hence by linearity
any finite rank operator is an integral operator.

(X x X) defined by

ProroSITION I11.15. Let K and K’ be in Li@u

T;; = TK* and TKTK/ = TK*KU

(X x X). Then
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where K* and K * K' are the functions in Lu@;A(X x X)) defined by
(IT5.1) K*(2,9) = K5, 2),

(I11.5.2) K K'(x,y) = /XK(x,z)K'(z,y)du(z).

PRrROOF. It is immediate from its definition that K*(x,y) is in L
Moreover, for any f and ¢ in L? (X)), we have

(1. 1xa) = [ Feitieatoyinto) = [ 7@ ([ K natduts ) duta)
-/ ( /. K*(y,x)f(x)du(x)) sinty) = [ T Tty

= <TK*f7g>7

#®#(X x X).

that is, Tk~ is the adjoint of Tk .

Next, as K (z,y) and K'(x,y) both are in LZ ¢ (X x X) the function K+K'(z,y)

defined by (II1.2) is a well defined measurable function. This is in fact an element

of L2, (X x X), for we have

Kk @) < [ 1K@ lIK G ldn) < [ 1K G2 Pdutz) [ 1) Pdnto),

and hence

/ K+ K (2, ) Pdp(e) du(y) <
XxX

[ [ G P [ [ KGR < o«

Moreover, for any f € L2 (x), we have

TrTr f( /sz (T f) /sz (/ K'(z,y)f (y))du(z)
-/ ( / K(x,zm’(z,y)du(z)) F)dnts) = [ K« K ) S0)duts)

= Tr«x f(x),
which shows that Tk Tk = Tk«k'. The proof is complete. O

ProprosITION II1.16. The following hold.
(1) Forany K € L2 ,(X x X) the operator Tk is a Hilbert-Schmidt operator.
(2) The map K — Tk is an isometric isomorphism from L?. (X x X) onto

L2(L5(X)).

PROOF. Let K € L;ZMXW(X x X) and let (¢n)n>0 be an orthonormal basis of

2
LM(X)' By Lemma II1.10 we have
1Tk |5 = E I Txeenl? = E [(m, T pn)|?-

n>0 n,m

Hp

Notice that

(Pm: T pn) :/X Xwm(w)wn(x)ff(r,y)du(x)du(y) = (pm @Pn, K) 2 (xxx)-
X

18



Since (@m ® Pn)m,n>0 is an orthonormal basis of Lfb(X x X), it follows that

1Tk |5 = Z [{(om ® P, K) 12 (X><X)|2 = HKHZLZ(XxX)~

g
n,m

Thus Tk is a Hilbert-Schmidt operator and || Tk || = | K| £2(x x x)-

This shows that K — Tk is an isometric linear map from L2y (X x X) to
L?(L2(X)). Lemma I.1 then insures us that this map is an isometric isomorphism
from L2 (X x X)) onto its range which is a closed subspace of £(L? (X)). It follows
from Example II1.11 that any finite-rank operator on Li(X ) is an integral operator.
As by Lemma III.12 the finite-rank operators are dense in £2, we then deduce
that the map K — Tk is onto. Therefore, it realizes an isometric isomorphism

L2, (X x X) onto L2(L2(X)). The proof is complete. O

IT11.6. Trace Theorems for Integral Operators

In this section we prove a trace theorem for integral operators. Here we assume
that X is a separable metrizable locally compact Hausdorff space (e.g., X is a
manifold) and we also assume that p is a Radon measure on X.

The assumption on the topology of X implies that X is o-compact, and hence
(X, ) is a o-finite measured space. This assumption also insures us that, for any
compact K C X, the space Cx(X) is separable. Together with the o-compacity of
X and the density of C.(X) in L2 (X) this implies that L?(X) is separable.

Let us denote by supp p the support of u. Recall that X \ (supp p) is the union
set of all open sets O C X such that x(O) = 0, and hence supp p is a closed subset
of X.

LEMMA II1.13. The following hold.

(i) The open set X \ (supp ) has measure 0.
(ii) The support of fisuppp 5 equal to supp pu.
(iii) The support p & p is equal to (supp ) X (supp p).

PROOF. Set V = X\ (supp p). Since y is a Radon measure and X is o-compact,
1 is a regular measure, and hence

(I11.6.1) w(V) = sup{u(K); KcV, K compact}.

Let K be a compact set contained in V, i.e., K is covered by the family of
open subsets of measure 0. Since K is compact, there exist finitely many such open
sets Oq,...,0O that cover K, and hence K has measure zero. Thus any compact
contained in V has measure zero. Combining this with (III.1) shows that u(V) = 0.

Set E = supp u and let O be an open subset of E such that x(O) = 0. Then
there exists an open O’ C X such that O = O'NE. Then O’ C OUV. As both O
and V have measure zero, it follows that so does O’. Therefore O’ is contained in
V', and hence O must be the empty set. This shows that the only open subset of
that has measure zero is the empty set. Therefore the support of u|g is equal to E.

Set W =X x X \supp(p®pu). As O x X and X x O are open subsets of X x X
on which p ® p vanishes, we see that they both are contained in W. Conversely,
if (x,y) € W, then there exist an open neighborood O; of z in X and an open
neighborhood O3 of y in X such that O; x Oy C W. Then, using (i), we see that

1(01)(02) = (k@ p) (01 x O2) < u(W) =0,
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Thus (O;) or u(O1) must be zero, that is, O; or Oz must be contained in V,
and hence (z,y) is contained in (V' x X) U (X x V). It follows from all this that
W =(V x X)U (X x V), so taking complements shows that supp(y ® ) is equal
to (supp p) X (supp p) agree. The proof is complete. [

THEOREM II1.2 (Duflo [Dul). Let K(z,y) € L7, (X x X)NC(X x X) and
assume that the operator Tk is trace-class. Then the function K (x,x) is in L} (X)
and we have

TraceTK:/XK(x,x)du(x).

PrROOF. Let Tx = U|Tk| be the polar decomposition of Ty and let (&,)n>0
be an orthonormal family in L7 (X) such that [Tk |¢, = pn(T)E, for all n € N. For
n € N set 0, = U&,. As Tk is trace-class and the L?-norms of the functions &, are
equal to 1, we have

> [ (Tl dute) = 3 o (Ti) < .

n>0 X n>0
that is, the series 3, - pin(T)|&n(2)]? converges normally in L},(X). Therefore, its
sum is finite almost everywhere, i.e, the series >, - pn(T)[&, (2)|? converges almost
evrywhere. Likewise, the series Y, 5o pn(T) |1 (z)[* converges almost everywhere.

CLAIM. Let L be a compact subset of X. For any € > 0 there exists a compact
L' C L such that
(i) w(L\ L) <.
(ii) For all n € Ny the functions &, and 7, are continuous on L’.
(iii) The series Y., <o pn(T)|n(@)]? and >, <o pn(T)|nn(x)]? converge uni-
formly on L. -

PROOF OF THE CLAIM. By Lusin’s theorem (see, e.g., [Fol), for any n € Ny,
there exists a Borel set E,, C L such that u(L\ E,) < 2=("+D¢ and the functions
&n(z) and 7, (x) are continuous on E,. Set E = (1,5, En. Then E is a Borel set
of L such that pu(L \ E) < e and all the functions &, (z) and 7, (x) are continuous
on I.

As the series Y oo i (T)|€n (2)]? converges almost everywhere on E, Egoroff’s
theorem (see, e.g., [Fol]) implies that there exists a Borel set F© C F such that
W(E C F) < eand theseries Y - pn(T)]&n(2)|? and 3, < 1 (T) |0 () |* converge
uniformly on F. - B

Since p is a regular measure, there exists a compact subset L' of L such that
wF\L)<e AsL\L'=(L\E)U(E\F)U(F\ L), we then get

I\ L) < (L E) + p(E\ F) + u(F\ I') < 3e.
In addition, as L’ is contained in E and in F, all the functions &,(z) and 7, (x)

are continuous on L' and the series Y-, - pin(T)[En(2)[> and 32, <o pin(T)|1n (2)[?
converge uniformly on L’. The claim is thus proved. O

Since X is o-compact, there exists an increasing sequence (L;);>o of compact
sets such that X = Uj>0 L,. For every j € Ny the above claim insures us the
existence of a compact L; C L; satisfies the conditions (i), (ii) and (iii) above with

L=1Lj L'=Ljand e = .
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Let j € Ng. Set 17] = ngj L}, and Y; = supp py;. It follows from Lemma I11.13
that /1(57] \'Y;) = 0 and supp py, = Y. Moreover, as

Li\Y; = (L;\Y) U(Y;\Y)) C (L; \ L)) U (Y;\ Y)),
we see that

~ 1
(I11.6.2) (L \Y;) < p(Ly \ L) + p(Y;\ Y;) < T
In addition, as Yj is contained in (J;; L}, the following hold:
(a) All the functions ¢, (x) and 7, (z) are continuous on Y;.

(b) The series > <o tn(T)|&n(2)* and Y, <o pn(T)|nn(z)|* converge uni-
formly on Y;. - -

Set Y = J;50Y;. As X\ Y =J,;5¢(X; \'Y) and the sequence (X; \Y);>o is
increasing, we have (X \'Y) = lim;_o u(X; \ Y). As Y contains Yj, using (II.2)
we see that u(X; \Y) < u(X;\Y;) < ]% It then follows that u(X \'Y) = 0.

Cram. For all (z,y) € Y x Y, we have

n>0

PRrROOF. Let j € Ny. For all p,q € Ny we have

2

> @ @66 < (L i@ @F)

p<n<q p<n<q

(Z (D))

Therefore, using the property (b) above we see that the series » ., < o pn (7)1 (7)€ (v)
converges uniformaly on Y; x Y;.
For all (z,y) € Y; x Y, set

K'(z,y) =Y in(T)mn(2)€n ().

n>0

Since by the property (a) all the functions 7, (x)&, (y) are continuous on Y; xY; and
the above series converges uniformly on Y x Y}, this defines a continuous function
on Y; x Y;. Moreover, as Y; x Y; is compact, and hence has finite measure, since
© @ p is a Radon measure, the uniform convergence implies the convergence in
L?-norm.

On the other hand, as T is trace-class, the proof of Lemma III1.8 shows that

(I11.6.4) T=> (U&)®& =Y @&,

n>0 n>0

Since by Remark II1.10 the inclusion of £2 into £! is continuous, it follows that
the above series converges in £2-norm too. Combining this with Proposition I11.16
we deduce that the series of the corresponding kernel functions converge to K (z,y)
in L?-norm. As shown in Example III.11, for every n € Ny, the kernel function
of n, ® & is equal to 7, ()&, (y). Therefore, the series > < tin(T)0n(2)6n ()
converges to K(z,y) in L?*mnorm. Since we already know that it converges to
K'(x,y) in L?>-norm on Y; x Y;, it follows that

K(z,y) = K'(z,y) almost everywhere on Y; x Y.
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Observe that both K (z,y) and K'(z,y) are continuous functions on Y; x Y.
Therefore W := {(z,y) € ¥; xY;; K(z,y) # K'(z,y)} is an open subset Y; x Y; of
measure zero, and hence it is contained V' = X\ (supp B M)y, xY; ). By construction
supp fiy; = Yj, so using Lemma II1.13 we see that the support of (L@ u)y,xy; =
(11y;) ® (my;) is equal to Y x ;. Therefore, V must be the empty set, and hence
K(z,y) = K'(z,y) for all (z,y) € Y; x Y. Thus,

) =Y wn(T)mn(@)énly)  V(z,y) €Y x Y,
n>0

where the series converges uniformly on Y; x Yj.
All this shows that the equality (IT1.3) holds on all the products Y; x Y;. Since
YxY = Uj>0Yj x Y; the claim follows. O

Since p(X \'Y) =0, it follows from (II1.3) that, almost everywhere on X,
(I11.6.5) K(z,2) =Y pn(T)nn(2)6n ().
n>0

Moreover, as

[ i@t (/m|w>)

we see that
> [ i@l @@ ldue) < 3 ()

n>07X n>0

Therefore, the series in (I11.5) converges in L'-norm. This implies that K (z,z) is
contained in L},(X) and we have

= (T / (@)&n(@)du(x) = Y pn(T)(Ens 1n)-

(111.6.6) /Ko:xdu
n>0 n>0

On the other hand, as explained in Example II1.6, for every n, the trace of
the projection n, ® & is equal to (&,,7n,). Since in (II1.4) the series converges in
L'-norm and the functional T' — Trace(T) is continuous with respect to that norm,
we deduce that

Trace Tk = Z pn (T) Trace(n, ® &) Z M (T){Eny M) -
n>0 n>0

Combining this with (IT1.6) proves that
Trace Tk = / K(x,z)du(x).
X
The proof is complete. O

REMARK II1.12. If X is compact then the sole continuity of K(z,y) insures
us that K(x,y) is square-integrable on X x X and K(z,z) is integrable on X.
However, in general this is not enough to insure us that Tk is trace-class (see,
e.g., [GK, §10.3]). Thus in Theorem II1.2 we cannot remove the assumption on Tk
being trace-class (unless Tk is positive; see below).

When T, we don’t need to assume Tk to be trace-class, because we can make
use of Mercer’s theorem to prove:
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THEOREM IIL3 ([Du]). Let K(z,y) € L7, (X x X) N C(X x X) be such that
Tk is positive. Then
(1) K(xz,z) >0 forallz € X.
(2) We have

TraceTK:/XK(x,ac)du(x).

Thus,
Tk € L' < K(z,z) € L,(X).

REMARK III.13. We refer to [Br] for generalizations of Duflo’s theorems where
the assumptions on the continuity of K(z,y) are relaxed.

II1.7. Banach Ideals

In the remainder of the chapter we shall present a detailed account on the
theory of Calkin and Gohberg-Krein of operator ideals and operator ideals associ-
ated to symmetric norms. As we shall see these ideals play an important role in
noncommutative geometry.

Most of the material that follows is taken from [GK] and [Si] (see also [Co,
Chap. 4, Appendix C], [GVF, Section 7.C]).

This section is devoted to presenting the primary definitions and properties of
Banach ideals. We start with basic facts about two-sided ideals in £(H).

PROPOSITION II1.17. Let T be a two-sided ideal of L(H).
(1) For any T € L(H),
Tel«= T ecl<=T" €1l
(2) Any T € T can be written as
T=T ~T+i(Ts—Ty) withT; € TNLIH),.

PRrOOF. Once (1) is proved the proof of (2) follows along the same lines as that
of the proof of Lemma II1.8. Thus, we only have to prove (1).

Let T € L(H) have polar decomposition "= U|T|. If |T| is in Z then, as 7 is
an ideal, T' = U|T| is in Z too. Since by Proposition I1.3 |T'| = U*T we also see
that if |T'| is in Z, then so is T.

It also follows from Proposition I1.3 that T* = U*TU, and T = (U*TU*)* =
UT*U. Therefore T is in 7 if and only if is 7 in Z. The proof is complete. O

PROPOSITION I11.18. Let T be a two-sided ideal of L(H).

(1) If T 2 {0}, then every finite-rank operator is contained in I.
(2) If T € L(H), then every operator in I is compact.

PRrROOF. Assume Z 2 {0}. Since the finite-rank operators are linear combina-
tions of rank 1 operators £ ® n*, £,1 # 0, in order to prove (1) it is enough to show
that any such projection is contained in Z.

Let &,n € H\{0} and let T € Z\{0}. Since T # 0 there exists £’ € H\ {0} such
that 7/ :=T¢ #0. Set A=£®¢&* and B =1/ @ n*. Then the operator ATB is
contained in Z and is equal to (@7 *)T(E@n*) = (i, TEVE@n*) = |2 (E@7*).
Since 7’ # 0 it follows that £ ® n* is contained in Z, proving (1).

Suppose now that Z contains a non-compact operator T'. By Proposition I1.7
and Proposition II1.17 the operator |T'| too is non-compact and contained in Z.
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Therefore, possibly by replacing T by |T'|, we may assume T positive. For A > 0
set IIx = 1y o0)(T). If g(t) := tillp\,oo), then ¢g(7T') is a bounded operator. As
IT\ = Tg(T) it follows that IIy is contained in Z.

As | T — THN(T)[| = |[1jon)(T)|| < A, we see that TTIA(T) converges to T' in
norm as A — 0%. Since T is non-compact, it follows there is at least one A > 0
such that TTI, does not have finite rank. Then II, does not have finite rank.

Let (£,)n>0 be an orthonormal basis of H, let (1, ),>0 be an orthonormal basis
of imIIy, and let V € L(H) be such that V&, =n,. As V*n, =&, for all n € N,
we see that V*II\V = 1. Thus 1 € Z, which implies that Z = £(H). Therefore, if
Z C L(H), then Z cannot contain any non-compact operator, i.e., T is contained in
K. The proof is complete. O

The previous proposition shows that, among non-trivial ideals of £(H), the
ideal of finite-rank operators is minimal and the ideal of compact operators is
maximal. Since the former is the closure of the latter in £(H) we obtain:

COROLLARY II1.1. The only closed non-trivial two-sided ideal of L(H) is K.

DEFINITION II1.14. A Banach ideal is a two-ideal T of L(H) which is equipped
with a norm |||z such that

(i) Z is a Banach space for T.
(ii) We have
(IL.7.1) IATBllz < [AllTlz|BI  ¥vT €T VA,B & L(H).
ExaMpLE II1.15. £(H) and K are Banach ideals for the operator norm ||.|.

ExaMPLE II1.16. It follows from (II1.5) and Proposition II11.6 that £! is a
Banach ideal for the norm ||.||;. Likewise, using (II1.3) and Proposition III.11, we
see that £? is a Banach ideal for the Hilbert-Schmidt norm ||.||.

In the sequel we let Z be a Banach ideal with norm ||.||z. We assume Z non-
trivial, so by Proposition II1.18 all the finite-rank operators are contained in Z and
all the elements of 7 are compact operators.

LEMMA I11.14. Let T € Z and let S € K.
(1) If pn(S) < pn(T) Yn € Ny, then S € T and ||S||z < || Tz
(ii) If pn(S) = un(T) Vn € Ny, then S € T and ||S|z = || Tz
ProOF. We only have to prove (i), since it implies (ii). Thus, let us assume that
pn(S) < pn(T) Vn € Ny, and let T = U|T'| and S = V|S| be the respective polar

decompositions of T and S. Let (&,)n>0 and (1, )n>0 be orthonormal families in
H such that |T|¢, = pn(T)E, and [S|n, = pn(S)n, for all n € Ny. Let C € L(H)

be such that C' = 0 on ker|S| and Cn, = (/1o (S)// 1n(T))E, for all n € Ny
such that p,(T) > 0 (ie., &, is in im|S| = (ker|S|)*. This defines bounded
operator of norm < 1,since by assumption p,(S) < p,(T) for all n € Ny. As

C*& = (W 1n(S) [/ 1n(T))ny, for all n € Ny, we see that C*|T|C = |S|.

By Proposition I1.3 we know that |T| = U*T, so we have
VCrUrTC =VCH|T|IC =V|S| = S.

Therefore S is contained in Z and, by (I11.1), we have ||S||z < |[VIIIC*IITU T z]|C]|-
Since the operator norms of U, V and C are < 1, it follows that ||S||z < ||T||z, as
claimed. ]
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Combining this lemma with (III.4) and (II1.6) we see that, for any T € T,
1Tz = 1Tz = 1Tz,
|[U*TUlz = IT |z YU € L(H), U unitary.
ProrosiTioN II1.19. There exists a constant ¢ > 0 such that
(I11.7.2) 1Tz = ¢||T] VT € Rq.
Furthermore, we have
(I11.7.3) eI < 1Tz VT €.

PRrROOF. Let R € R; be such that ||R|| = 1 and set ¢ = ||R||z. It follows
from (II1.2) that po(R) = ||R|| = 1 and u,(R) = 0 for n > 1. Likewise, if S € Ry,
then 1o(S) = ||S|| and g, (S) = 0 for n > 1, so the operators S and ||.S||R have the
same characteristic values. Lemma III.14 then implies that ||S|lz = ||S||||R]lz =
eS|l

Let T € Z. Then po(T) = |T]| = po(|T[R) and 1 (T) > 0 = pn (|| T R2) for
n > 1, so by Lemma II1.14 we have ||T||z > ||[(|T||R)|lz = c||T||, as claimed. O

Because the norm ||.||z on rank-one operators is constant, we sometimes require
the normalization,

(I11.7.4) IT|lz = ||T|| for any operator T" of rank 1.
In this case, the inequality (II1.3) holds with ¢ = 1.

PROPOSITION II1.20. Any other Banach norm on T satisfying (II11.1) is equiv-
alent to ||.||z-

PRrROOF. Let ||.||; be another Banach norm on Z satisfying (III.1) and let |.|z
be the norm on Z defined by

|z :=sup{|[T|z, |Tllz} ~ VT €Z.

Let (T3,)n>0 be a Cauchy sequence in (Z, |.|7), i.e., it is a Cauchy sequence both in
(Z,|]-lz) and (Z,|.|I)- It thus converges in (Z,].||z) and in (Z,|.||7). The limits
may be different. However, using (II1.3) we see that (7},),>0 is a Cauchy sequence
in (L(H),||.]|) and its limit in (L(H),||.]]) agrees with the limits in (Z, ||.||z) and
(Z,|]-II%). Thus, the last two limits are equal and (T},)n>0 converges in (Z,|.|7).
This shows that (Z,|.|z) is a Banach space.

Notice that the identity map is continuous from (Z, |.|z) to (Z, ||.]|z). Since this
is a bijection and both (Z,|.|z) to (Z,].]|z) are Banach spaces, the open mapping
theorem insures us that its inverse is continuous. Therefore |.|7 and ||.||z are equiv-
alent norms. Likewise, the norms |.|z and ||.||; are equivalent, so ||.||z and ||.||; are
equivalent norms, proving the proposition. O

As we shall now see the separability of the topology of Z defined by the norm
|Illz is intimately related to the density of finite-rank operators.

DEFINITION II1.17. Z° is the closure in T of the the ideal Roo of finite-rank
operators.

Since Roo is a two-sided ideal, Z° can easily be seen to be a Banach ideal for
the norm of 7.
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Let T' € K have polar decomposition T' = U|T'| and let (&,),>0 be an orthonor-
mal family such that |T|¢,, = p,(T)&, for all n € Ny. Then, by Proposition IIL.5,

(IIL.7.5) T=> (1) (U&) @&,
n>0

where the series converges in . Any series of the form (I11.5) is called a Schmidt
series for T.
LEMMA II1.15. Let T € K. Then the following are equivalent:
(i) T is contained in Z°.
(ii) Any Schmidt series for T' converges in Z to T.
(iii) There is a Schmidt series for T which converges in I.

PROOF. Tt is clear that (ii) implies (iii). Moreover, if there is a Schmidt series
for T converging in Z then, as it converges to T in K, using (II1.3) we see that its
sum is equal to T'. Thus T is contained in Z and is the sum of a series of finite-rank
operators, hence T is an element of Z°.

Suppose now that T is in Z. For any N € N set

Tn:=T =Y u(TU&) @& =D p(T)(U&) @&

n<N n>N

As o oy n(T)(U&n) ® & has rank > N, it is immediate that
(II1.7.6) ITnllz > inf{HT —R|z; Re RN}.

It follows from Proposition I1.3 the operator U*U is the orthogonal projection
onto (ker T)* = (ker |T|)* = im T, so U*U&,, = &, if p,(T) # 0. Thus,

(IN)*Tw = > (TP @ &, and [Ty = D pn(T)é @&
n>N n>N
Using the min-max principle we then see that
(IIL7.7) pin(Tx) = pinsn(T)  VneN.
Let R € Ry. Then (I11.2) implies that py(R) = 0, so using (IT1.7) we get
tn(TN) = pnsN(T) < pn(T = R) + pn (R) = pin (T — R).

Therefore, applying Lemma III1.14 we see that | Tn ||z < ||T — R||z for all R € Ry.
Combining this with (II1.6) then shows that

> (D) (UE) ® &

n>N

= inf{”T — R”I; Re RN}.
s

This implies that T is a limit of finite-rank operators in Z (i.e., T is in Z°) if and
only if the Schmidt series > <, un(T)(U&,) @ & converges to T in Z. The proof
is complete. B ([

LEMMA II1.16. The Banach ideal I° is separable.

PRrOOF. Without any loss of generality we may assume that in (II1.2)—(III.3)
the constant c is equal to 1. Let ((x)r>0 be a countable dense subset of H. Let
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&,n € H. For any € > 0 there exist k,l € Ny such that || — (k]| < eand |[n—(|| <e.
Then using (II1.2) we get

(IL7.8) [€@n" =Gz <€ —C) @0 llz + 16 ® (n— Q)2
<E =) @n |+ 16k © (n = )"l
< 1€ = Celllnll + ISk lllln — Gl < ellnll + (e + [[€]])e.

Let D be the set of operators of the form,

> G,

(k,l)EKXL

where K and L range over all finite subsets of Ny. Then D is a countable subset of
Roo. As any operator in R, is a finite sum of rank one operators £ ® n*, it follows
from (IIL.8) that, for any T' € R, and for any € > 0, there exists R € D such that
|T — R||z < e. Combining this with the density of R in Z° we deduce that D is
dense in Z°. Since D is countable, this proves that Z° is separable. ([l

ProposiTION II1.21. The following are equivalent:

(1) The finite-rank operators are dense in I, i.e., T = Ij.
(2) T is separable.

PRrROOF. It immediately follows from Lemma II1.16 that if Z = Z° then Z is
separable.

Conversely, suppose that Zyp C Z. Let T' € Z \ Zyp. Since Z and Z; both are
ideals, using Proposition IT1.17 we see that |T| is in Z, but is not in Z. Therefore,
possibly by replacing T by |T'| we may assume T positive.

Since T is in T\ Zy and is positive, Lemma III.15 implies that there is a Schmidt
series Y <o tn(T)&, ® &, which does not converges in Z. As 7 is a Banach space,
this implies that the series does not satisfy Cauchy’s criterion, so there exists § > 0
and an increasing sequence (ng)r>0 C Ng such that

(111.7.9) >6  VkeN,.

T

Y )6 eE

nE<N<ng41

For any sequence a = (ag)g>0 € {0, 1} we set

Tazzzak( > un<T)£n®£;:)=Z Yo mDE e

k=0 nE<n<ng4i apF#0ng<n<ngi4q

If we let II, be the orthogonal projection onto the closure of the vector space
spanned by Uak;éo{fn? ng < n < ngi}, then T, = I, T. Therefore, the operator
T, isin 7.

Let b = (bg)k>0 € {0,1}"° be such that b # a, i.e., there exists k € Ny such
that by # ay. Set Il = Zn’““fl &, &5 Then

n=ng
Hk(Tb - Ta) = (bk - ak) Z lffn(T)gn ® f; =+ Z /‘n(T)gn & f:;
nE<n<np41 nE<n<ngii

Combining this with (II1.9) we get
0 < Wi(Ty — To)llz < [Me[[[[Ts = Tallz = 1 To — Tallz-

27



Since {0, 1} is not countable, it follows that no countable subset of Z can be dense,
so Z is not separable if 7o C 7. Equivalently, if 7 is separable, then 7 = 7. The
proof is complete. O

The following result hows that, among the non-trivial Banach ideals, the ideal
L' of trace-class operators is minimal.

ProrosITION II1.22. There is a continuous inclusion,

£t c 1’
In fact, if the normalization (II1.4) holds, then
(I11.7.10) 1Tz < |||l VT eZ.

ProOF. We may assume that the normalization (III.4) holds, so that we can
take ¢ = 1 in (IIL3). Let 7' € £ and let > o, un(T)(UE,) @ & be a Schmidt
series for T' as in (ITL.5). Using (II1.1) and (I11.3)) we see that, for all N and p in
N, we have

< Y mDIUNE @&z

7 N<n<N+p

(IIL.7.11) H > m(MU&) &,

N<n<N-+p

< Z i (D)[6n ® &l < Z i (T').
N<n<N+p N<n<N+p
Since Y, 5 tn(T) < oo it follows that the series >, < pn(T)(U&n) @&, converges
in Z. Lemma III.15 then insures us that T is contained in £° and the Schmidt
series converges to T in Z. Therefore, using (III.11), we get

IEDWAGEI N

n>0

1Tz =

Y ua(M(U&) ® &,

n>0

This proves (II1.10) when T is in £! and shows there is a continuous inclusion of
L' in Z° In addition, if T € Z\ £, then ||T||; = oo and (II1.10) holds trivially,
so (II1.10) holds for all T' € Z. The proof is complete. O

II1.8. Symmetric norms

In the sequel we denote by Iy the vector space of sequences a = (an)n>0 Of
complex numbers that have finite support (i.e., a,, = 0 for n large enough). We
denote by ly the space of sequences (ay)n>0 of complex numbers such that

lim a, = 0.
n—oo

For any sequence a = (an)n>0 in ly we denote by o(a) = (on(a))n>1) the
sequence defined by
on(a):= Y a, VNEeEN
n<N
In addition, for any a € Iy we denote by a* = (a}),>0 the sequence defined by
* = inf sup|a, Vn € No.
Ay, JICNO jEI; | ]| 0

JT=n
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In other word, the sequence (a}),>0 is the sequence obtained by re-ordering the
sequence (|a,|)n>0 into a non-increasing sequence. In particular, for any N € N,
we always have

o (an)l < Y Jan| < on(a).

n<N
It can also be shown (see [Si, Lem. 1.8]) that, for all a,b € Iy,

(I11.8.1) | anbal <Y anb;,  YNEN.
n<N n<N
DEFINITION III.18. Let ® be a norm on ly. We say that ® is symmetric when
P(a) = ¢(a”) Va € ly.

REMARK III.19. It is not difficult to check that a norm ® on [y is symmetric
if and only if it satisfies the following two conditions:

(i) For any sequence (a,)n>0 in lf and any bijection o : Ny — Ny, we have
@ ((ag(n))n>0) = @ ((an)nz0)-

(ii) For any sequence (an)n>o in Iy and any sequence (6,)n>0 C [0,27), we
have

@ ((61'971&”)720) = ® ((an)n>0) -

ExaMPpLE II1.20. For p € [1,00) the p-norm ®, on l; is defined by

®,(a) = (Z |an|p>; Va = (an)n>o € ly.

n>0

For p = co we define the ®,,-norm by

(I1.8.2) Do (a) = sup |ay| Va = (an)n>o0 € ly.
n>0

All the p-norms are symmetric norms on [y.

Let @ be a symmetric norm on Iy.

LeMMA II1.17 (Markus; see [GK, Lem. 3.1], [Si, Thm. 1.9]). Let a,b € ly.
Then

(111.8.3) (ow(a*) <on(b*) VN € N) = ®(a) < D(D).
If follows from Markus’ lemma that if o < b for all n € Ny, then ®(a) < &(b).
In particular, if a = (a,)>0 is a sequence in Iy, then
®(ag,...,an—-1,0,0,...) < ®(ag,...,an,0,0,...) VN € N.

This means that (®(ao,...,an,0,0,...))y>o is a non-decreasing sequence of non-
negative numbers, so it admits a limit as N — oco. We then set

(I11.8.4) ®(a) = lim ®(ao,...,an,0,0,...) = sup ®(aop,...,an,0,0,...)
N—o0 N>1

This extends ® to a function ® : Iy — [0, o0].
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It is not hard to check that

(IIL8.5) B(a) =0=>a=0,
(IIL.8.6) ®(Ma) = [\®(a) Vaely ¥AeC,
(I11.8.7) P(a+b) < P(a)+ D(b) Ya,b € ly.

In addition, we have

PRrROPOSITION II1.23 (see [Si, Thm. 1.16]). Let a,b € ly. Then
®(a) = ®(a"),

(ON(a*) <on(*) VNe N) = P(a) < P(b).
It follows from Proposition I11.23 that, for any a,b € Iy,
<a:‘L <b; Vne No> = ®(a) < D(D).

In the sequel, we denote by l;{ the positive cone of /¢ consisting of non-increasing
sequences of non-negative numbers with finite supports.

LEMMA II1.18 ([GK, Lem. 3.2]). Let @ : l}' — [0,00) be a function such that

(I11.8.8) ®(a) =0=a=(0,0,...),

(I11.8.9) ®(Xa) = A®(a)  Vaelf YA>0,

(I11.8.10) ®(a+b) < ®(a) + ®(b)  Va,belf,
(IT1.8.11) (UN(a) <on(b) VN € N) = P(a) < D().

Then ® can be uniquely extend into a symmetric norm on ly by letting
D(a) := P(a”) Va € ly.
Finally, let ® : {; — [0, 00) be the function defined by
> anbn
n>0

This is a norm on [; called the dual norm of ®. Using (III.1) and the fact that ®
is symmetric, we can check that

(I11.8.13) ' (a) = sup{z afbn; bell, &) < 1},

n>0

(I11.8.12) P (a) := sup{ s bely, ) < 1}

from which it follows that @’ is a symmetric norm. It also implies that
(I11.8.14) > apb;, << @'(a)®(b)  Va,b €.
n>0

LEMMA II1.19 ([GK, Thm. 1.11]). The dual norm of ®' is equal to P, i.e.,
(@) = a.

REMARK II1.21. Two norms ® and ¥ on Iy are equivalent when there exists
¢ > 0 such that
(I11.8.15) c'®(a) < ¥(a) < cP(a) Vacly.
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It is not hard to see that ® and ¥ are equivalent if and only if their dual norms are
equivalent.

ExaMPLE II1.22. Let p € [1,00] and let p’ € [1,00] be such that % + i =1
Then the dual norm of @, is equal to ®,,. This follows from the following simple
facts:

- The Holder inequality,

Z anbn

< <I>p/(a)<I>p(b) Ya,b € lf.

n>0
- If p > 1, the Holder inequality is an equality if b, = %\an\% =
ITZI an|? = when a, # 0 and b,, = 0 otherwise.
- If p = 1 the the Hélder inequality is an equality if b, = "¢ for n = ny

Ang
and b, = 0 for n # ng, where ng is such that |a,,| = P (a).
IT1.9. Banach ideals associated to symmetric norms

Let ® be a symmetric norm on [y. We shall also denote by ® its extension to
lo given by (II1.4).

For any operator T' € I, the sequence of characteristic values (1) := (pn (T))n>0
is an element if [y. Therefore, we can set

1T]|e == @(u(T)).
‘We then define
Ty = {T €K [[T]e < oo}.
For T € K and N € N we define
V() = (po(T), .. 1 (T),0,0,...) € 1.
Then by (I11.4) we have

(I1L.9.1) [Tl = Jim ®(u¥(1)) = sup @™ (7).

In addition, we set

on(T) ==Y pn(T) = on (1(T))-

n<N
For T € L(H) and N € N we set
(I11.9.2) on(T) =Y pn(T).
n<N

Using the properties (II1.1) and (II1.5) of characteristic values we get

(I11.9.3) on(cT) = |clon(T) Ve e C,
(I11.9.4) on(ATB) < || Allen (T)| B]| VA, B € L(H).
As pn(T) < po(T) = ||T)| for all n € N, we also see that

(I11.9.5) IT| < on(T) < N|T|.

In the sequel if F is a closed subspace of H we denote by IIg the orthogonal
projection onto E.
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LEMMA II1.20. Let T € K. For any N € N, we have

(I11.9.6) on(T) = sup{||THg|1; dim E = N},

(I11.9.7) = sup{| Trace(Tlg)|; dimE = N} (if T is positive).
ProoOF. It follows from (I11.4) that on(T) = on(|T|). Moreover, if E is a

closed subspace of H, then ||T|Ilg| = |[T1lg|, for ||T|I1g| is a positive operator such
that

ITE* = (|Te)*(IT|e) = Up| Ty = UpT*Tg = (T1E)* (T1E).
Therefore, upon replacing T by |T'| we may assume 1" positive.
Notice also that if F is a closed subspace of H, then by (III.12)
| Trace(TTLp)]| < |11,
and hence
(I11.9.8) sup{| Trace(TTg)|; dim E = N} < sup{||TTg||;; dim E = N}.

Let ({,)n>0 C H be an orthonormal family such that T¢, = u,(T") for all
n € Ng. Then by Proposition (II1.5) we have

T=> mn(T)n ®E,
n>0

where the series converges in norm. Let En be N-dimensional subspace spanned
by &o,...,&{n—1; this is a subspace of dimension N. Then g, = > _n & ® &,
and hence

Tg, = Z :un gn & fn

n<N
Thus the (n+ 1)’th eigenvalue of TTI; counted with multiplicity is equal to u,,(T)
if n < N and is zero if N > 0. Therefore, using (HI.16) we get

Trace(T1lg, ) = Z pn(T) = o (T).
n<N

Since dim Exy = N, it follows that
(I11.9.9) on(T) < sup{| Trace(TTlg)|; dim E = N}.

Let E be an N-dimensional subspace of H. Then TIIg has rank < N, and so
using Proposition II1.1 we see that p,,(TTlg) = 0 for n > N. Thus,

(I11.9.10) 1Tl =Y pn(THE) = Y pn(THE).
n>0 n<N

Thanks to (IIL1.5) and the fact that IIg is an orthogonal projection we have
pin (T ) < pn(T) Mg || < pin(T).
Combining this with (II1.10) we get

ITTElh < Y ua(T) = on(T),

n<N
and hence
sup{||Tlgl/1; dimE = N} < on(T).
Combining this with (II1.8) and (II1.9) proves the lemma. O
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Notice that for every subspace E of dimension N the function 7' — ||TTIg||; is
a semi-norm on /C, so as a supremum of all such semi-norms oy is a semi-norm on
K. In particular, we have:

LemMmA II1.21. Let N € N. Then
(I11.9.11) on(S+T) <on(S)+on(T) vS, T e K.
Granted this lemma we shall prove:

LEMMA II1.22. The following hold.
(1) Let T € K. Then

(111.9.12) IT||le¢ =0=T =0,
(111.9.13) IATlls = AITlls VYA €C,
(II1.9.14) [ATBlle < [All[Tllel|Bl| VA, B € L(H).

(2) Let S,T € K. Then
1S+ Tle <[ISle + T
(3) If 8(1,0,0,...) = 1, then
(I11.9.15) ITe =T VT € Ry,
(I11.9.16) 1T <I|IT|l® vT e K.

PRrROOF. The implication (III.12) is due to (IIL.5) and the fact that po(T) =
IT||. We obtain (II1.13) by using (III.1) and (II1.6). The inequality (II1.14) follows
by combining (III.5) and (IIL.8).

Let S,T € K. Then (IIL.11) shows that on(u(S +T)) < on((S) + p(T)) for
all N € N, so using Proposition IT1.23 and (I11.7) we get

1S+ Tle = 2(u(S+T)) < 2(u(S) + (1)) < @(u(S5)) +2(u(T)) = [[Slle + 1T

Suppose now that ®(1,0,0,...) =1 and let T € K. As u°(T) = ||T|(1,0,0,...)
we see that ®(u°(T)) = |T|®(1,0,0,...) = ||T||. Since p,(T) > p2(T) for all
n € Np, using (IIL.8) we see that ||T||e > ®(u°(T)) = ||T||. Moreover, if rkT = 1
then p(T) = pu°(T), and hence | T||¢ = ®(u°(T)) = ||T||. The lemma is proved. [

PROPOSITION II1.24. Zg is a Banach ideal for ||.||e, i-e., g is a two-sided ideal
of L(H) and ||.||s is a Banach norm on Zg satisfying (II1.1).

PRrROOF. It follows from Lemma II1.22 that Zg is a a two-sided ideal of L(H)
and |.||¢ is a norm on Zg satisfying (II1.1). It remains to check that Zg is complete
for the norm ||.||o.

Let (T},)n>0 be a Cauchy sequence in (Z, ||.||z) and let us show that it converges
in (Z,||.]|z). Then (IIT.16)implies that (7},)n>0 is a Cauchy sequence in /C, hence
converges in K to some operator T

Let € > 0. There exists ng € N such that |7, — T||le < € when p and p are
greater than ng. Let N € N and denote by eV = (eV),,>0 the sequence such that
eN =1forn< N andel) =0 forn > N. Let p and ¢ be integers greater than ng.
It follows from (IIL.8) that, for all n € N,

Ng(T - Tp)) < ﬂg(Tp - Tq) + [T — Tq||ef:f.
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Therefore, using (I11.7) and (II1.8) we see that
(™ (T —Tp) < (U™ (T, — Tp)) + (IT — Tylley))
STy = Tolls + 1T = T | @(e™) < e+ ||IT — Ty @(e™).
Letting ¢ — oo shows that
(uN(T —T,) < e+ |T —T,|®(Y) VNeN.
Combining this with (I11.4) we get
(I11.9.17) T —Tylle <€  ¥p>no.

This implies that T is contained in Zg and the sequence (T}, ), >0 converges to T' in
(Zs, ||-l®), proving that (Zs,||.||s) is a Banach space. The proof is complete. [

REMARK II1.23. If ¥ is another symmetric norm on [y then Zp = Zy if and
only if ® and ¥ are equivalent in the sense of (III.15). Furthermore, it is immediate
that in that case the norms ||.||¢ and |.||¢ are equivalent on Zg = Zyg.

LeEMMA II1.23. Let T € Zg. Then T is contained in I3 if and only if
(II19.18) Jim @ (T), px 1 (T), .. =0,

PROOF. Lemma II1.15 says that T is contained in Z$ if and only if any Schmidt
series (IIL.5) for T converges to T in Zg. Let T = U|T| be the polar decomposition
of T and let (&,)n>0 be an orthonormal family such that |T|¢, = w,(T)§, for all
n € Ny. It immediately follows from (IIL.7) that

n>N

Thus T is contained in Z3 if and only if (I11.18) holds. O

o Q(pun(T), pn41(T), ...

Combining this lemma with Proposition II1.21 we obtain:

ProposITION II1.25. The following are equivalent.

(1) The Banach ideal Iy is separable.
(2) The finite-rank operators are dense in Ly, i.e., I9 = Lg.
(3) For any a € lo,

(I11.9.19) ®(a) < 0o = A}im ®(an,any1,...) =0.

PROPOSITION I11.26. Let Z be a Banach ideal with norm ||.||z. Then
(1) There exists a unique symmetric norm on ly such that
(II1.9.20) ICls and 1Tz =Tlle VT € Reo.
(2) The Banach ideals I° and I3 coincide.

PRrROOF. Let (&,)n>0 be an orthonormal basis of H. For any a € [y set
Ta = Z anfn & f:;
n>0

As lim,, o a,, = 0 the above series converges in K, i.e., T, is a compact operator.
Observe also that p,(T,) = a;; Vn € Ny. In addition, if 7" € K, then u(T,1)) =
().
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Let @ : Iy — [0,00) be the function function defined by
®(a) = |Tullz  Vaely;.
It is not hard to check that @ is a norm on l;. Moreover, as u(T,) = a* = p(T,+),
using Lemma I11.14 we see that |T,||z = || Tax]|z, i-€., ®(a) = P(a*). Thus ® is a
symmetric norm on ly. Let Zg be the associated Banach ideal with norm |.||s.

Let T € Z and let N € N. As piy(Tyn (7)) = piy (T') < pn(T), it follows from
Lemma ITI.14 that

(u™(T)) = | Tuv yllz < NIT 2
Thus,
ITlle = sup (™ (T)) < || Tz < oo,
N>1

that is, the operator T is contained in Zg. If in addition 7" has finite-rank then, as
w(T) = p(Ty(7y), Lemma II1.14 insures us that

1Tz = | Tucr)llz = @(u(T)) = T
Therefore ||.||z and ||.||¢ agree on finite-rank operators.

Let ¥ be another symmetric norm on I such that Z C Zy and ||.||¢ = ||.||z on

Roo- Let a € Iy. As U is symmetric and p(7T,) = a*, we have

U(a) = ¥(a") = ¥(u(Ta)) = |Tollw = |Tallz = (a).
Therefore ¥ and ® agrees, so ® is the unique symmetric norm on [¢ satisfy-
ing (I11.20).

Let T € K. As a Schmidt series for T is a series of finite-rank operators, it
follows from (II1.20) that a Schmidt series for T" satisfies Cauchy’s criterion for ||.||z
if and and only it satisfies it for ||.||¢. Using Lemma III.15 we then deduce that
T is contained in ZV if and only if it is contained in Z3. Thus, as sets, Z° and Z3
agree.

Let T be in 7° = Z3 and let Y, <o 1 (T)(Unyp) @ m7% be a Schmidt series for T'.
As this series converges to T both in Z and in Zg, using (I11.20) we get

> (T JUm) @) > a(T)(Uny) DM
n<N n<N

Thus |||z and ||.||¢ agrees on Z°. This proves that the Banach ideals Z° and 73
coincide. The proof is complete. O

1Tz = hm = hm =7Ts.

Combining Proposition I11.25 and Proposition I11.26 we obtain:

ProrosiTioN I11.27. A Banach ideal T is separable if and only if there exists
a symmetric norm ® on ly such that I coincides with the Banach ideal Z3.

Next, let us denote by @’ the dual symmetric norm of ® as defined in (IIL.12).
We can relate the Banach ideal Zg: to the dual of Zg as follows.

LEMMA I11.24 (Horn Inequality; see [Si, Thm. 1.15]). Let S,T € K. Then
> un(ST) < D pn(S)un(T) YN €N,
n<N n<N
ProrosiTION II1.28. The following hold.
(1) For all S,T € K, we have

STl < [[Slla I T|e-
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(2) Let S € Iy and T € Zg. Then the operator ST is trace-class and

(111.9.21) | Trace(ST)| < ||S||o || T |5
(3) For all S € K, we have
(I11.9.22) |Sller = sup |Trace(ST)|.
I1T]|e=1
TER o

PROOF. Let S,T € K. Then using Horn’s inequality and (II1.14) we see that,
for any N € N, we have

Y ua(ST) <Dy (S)u™(T) < @' (1N ()@ (1™ (1) < [|Slla | Tl

n<N n>0
Thus,
ISy =~ 1 (ST) < [|Sla | T |-
n>0
Therefore, if S € Zgr and T € Zg, then ST is trace-class and, using (I11.12), we get
(I11.9.23) | Trace(ST)| < ST < |S/lo [T -
Let S € K. Then (I11.23) implies that
(I11.9.24) |S]ler > sup |Trace(ST)|.
17T e=1
TER

Let A € (0,]|S|l¢). In view of (IIT.1) we can find N € N large enough such that
A < ®'(uMN(S9)). Using (I11.14) we see that there exists a sequence b = (by,),>0 in

l;{ with same support as pV such that ®'(b) = 1 and
(I11.9.25) A<Dl (9)bn < pn(S)0

n>0 n>0

Let S = U|S| be the polar decomposition of S and let ({,)n>0 C H be an
orthonormal family such that |S|¢, = p,(S)é, Vn € Ny. Set

n>0

The operator T has finite rank, since the support of b is finite.
By Proposition I1.3, the operator U*U is the orthogonal projection onto (ker S)=+
(ker |S|)*, so U*UE,, = &, whenever p,(S) # 0. Therefore, we can check that

T*T =) b6 ®& and [T[ =) bué @&

n>0 n>0

Using the min-max principle we then deduce that p, (T) = b, for all n € Ny. Thus,
[T]le = @(u(T)) = 2(b) = 1.
We also have
(Zun U(én ®E) )(Zb (£ ® ) ) > un(S)bal (&n ® €U
n>0 n>0 n>0

Thus Trace(ST) is equal to
> i (8)bn Trace (U(&n @ E)U”) = Y in(S)bn Trace (UU (6 @ €7)) = Y _ i (S)

n>0 n>0 n>0



In view of (II1.25) this implies that Trace(ST) > A. Since ||T||¢ = 1 we deduce
that
A< sup |Trace(ST)| VA € (0,]5]e)-

IT]e=1
TER

Combining this with (II1.24) yields (II1.22). The proof is complete. O

Recall that by Proposition IT1.9 we have an isometric isomorphism from £(H)
onto (L) given by
(111.9.26)

LH)>85 — (S,)e(LY, (S,.):LH)>T — (S,T) := Trace(ST).

It follows from Proposition I11.28 that we also have linear map,
(I11.9.27)
Is 28— (S,.) € (Z9), (S,.): L(H) > T — (S,T) := Trace(ST).

and the density of £! in ZQ show that if S € Zg: then (S,.) uniquely extends
to a continuous linear map on Z$, which we shall continue to denote (S, .).

PROPOSITION 111.29. If Zg 2 LY, then (II1.27) yields an isometric isomor-
phism,
.,Z-qy ~ (Ig))/

PROOF. Let us denote by 7g the linear map (II1.27). It follows from (II1.21)
and (II1.22) that, for all S € Zg/,
|1S]|er = sup|r|y=1| Trace(ST)| < sup |Trace(ST)| < ||S]|¢:-
TER (IT]|e=1
TER o
Therefore 73 is an isometry, so it follows from Lemma I.1 that for proving that 7¢
is an isomorphism it is enough to show that it is onto.
Consider the following subspace of L(H),

T:=T Y1) = {S € L(H); sup [Trace(ST)| < oo}.

rera\o T lle

Let S €7, let A, B € L(H) and C = suprcr_\o % Then, for all T € R,

| Trace(ASBT)| = | Trace(SBTA)| < C||BT Alle < C||BI|[|T«[|All

hence ASB is contained in Z. This shows that Z is a two-sided ideal.

Suppose that Z is not contained in K. As 7 is a two-sided ideal, Proposi-
tion I11.18 then insures us that Z = L(H) and K = Z N K. Since (I111.22) shows
that ZN K = Zg/, we see that Zgr = K. Observe that KC is the Banach ideal Zg__
associated to the norm ®., in (II1.2). Using Remark II1.23 we see that ® and ®o,
are equivalent norms on /¢, so by Remark III.21 their dual norms. By Lemma I11.19
the dual norm of ®' is ® and, as shown in Example II1.22, the dual norm of &,
is the norm ®;. Combining this with Remark II1.23, we see that T = Zp, = Lt
This contradicts the assumption that Zg does not coincide with £!, so Z must be
contained in . As TN K = Zg/, this proves that 7 = Zg.

Let ¢ € (Z3)'. By Proposition I11.22 the inclusion £! C £ is continuous, so ¢
induces a continuous linear map on £!. The isomorphism (II1.26) insures us that
there exists S € L£(H) such that

(I11.9.28) (¢, T) = Trace(ST) VT € L.
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Then, for all T € R, we have
| Trace(ST)| = (¢, T)| < llollz; I T|e-

This shows that S is contained in Z = Zg/. Observe that (I11.28) shows that ¢ and
To agree on L'. In particular, they agree on finite-rank operators. As finite-rank
operators are dense in Z9, it follows that ¢ and 7g agrees on all Z3, i.e., 75(S) = ¢.
This proves that 7 is onto, completing the proof. O

II1.10. Schatten Ideals

Let p € [0,00]. The Schatten ideal L? is the Banach ideal Lg, associated to
the p-norm ®,. Thus, if for any T € K, we set

1
HTHP = ‘I)p ((,Un n>0 (Z Un ) )

n>0
then
7 ={T € K:|IT], < 0}

For p = 1 (resp. p = 2) we recover the Banach ideal of trace-class operators
(resp. Hilbert-Schmidt operators). As alluded to in the proof of Proposition III.29,
for p = oo the Banach ideal £L* = Zg_ is the whole Banach ideal of compact
operators.

As shown in Example II1.3 we have p, (|T|?) = pn(T)? Vn € N, so we have

Z pn(T)P = Trace |T|P VT € L(H).
n>0

Thus,
T € LP <= Trace |T|P < 0o <= |T|P € L.

ProposITION II1.30. Let g € (p,00). Then
ITl, <7, VT ek
In particular, there is a continuous inclusion,
LC LP.
PRrROOF. Let T € K. Observe that, for all n € Ny,
pn (1) = pn (D)2 (T) < (ITN1p) " (TP

Therefore, we get

Q=

1

17l = (@) < (1) (o) = (Tl 7 (U710 = 171

n>0 n>0

proving the lemma. (I

It can be easily seen that, for p < oo, the symmetric norm ®, satisfies the
condition (II1.19). Therefore, Proposition II1.25 gives

ProrosiTION III.31. The Schatten ideal LP is separable and the finite-rank
operators are dense in LP.
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Assume p > 1 and let p’ € (1, 00) be such that 1%4— 1% = 1. Then the dual norm
of ®, is the p’-norm ®,,. This follows from the Hélder inequality,

- :
3 aba| < <Zan|1)’>p (Z|bn|p> Va,b el
n>0

n>0 n>0

and the fact that we actually have an equality when b, = %\an\%. Therefore,
using Proposition II1.28 and Proposition I11.29 we obtain:

ProposiTION II1.32. The following hold.
(1) For all S,T € K, we have
ST Nly < [[Slp 17l -
(2) If S e L£P and T € LP, then the operator ST is trace-class and
| Trace(ST)| < [|S]lq/ITllp-
(3) The linear map (II1.27) gives rise to an isometric isomorphism,
LP ~ (LP).

The Horn inequality admits the following generalization (see [Si, Thm. 1.15]).
Let r € [1,00) and N € N. Then

S (ST)" <Y pn(S) un(T)" VS, T € K.
n<N n<N

Using this generalization we can show that, if p% +...+ pik = %, then

1TiTo - Tilly < 1 Tulpy 1 T2llps - 1T llpe - VT € K.

In particular, if for every j = 1,...,k the operator T} is in £P7, then 11Ty - - - T}, is
a trace-class operator and we have

| Trace(Ta Ty -+ Tio)| < [[T1llpy [ T2llps - T [l -

I11.11. Banach ideals associated to divergent series

Following [GK] we can produce a large class of non-separable ideals as follows.
Let m = (7, )n>0 be a non-increasing sequence of positive real numbers satisfy-
ing the following two conditions:

(I1.11.1) lim m, =0 and Y m, =oc.

n—oo
n>0

Examples of sequences satisfying all these conditions are provided by the sequences
(IT1.11.2) 7P = ((n+1)%)ps0, p>1.
Using Lemma II1.18 it is not difficult to check that we define a symmetric norm

on [y by letting

o) = T

We denote by Zg_ the associated Banach ideal. In particular,

(II1.11.3) Iy, = {T eK; on(T) = O(O’N(ﬂ'))}.

39



LEMMA II1.25. Let a = (an)n>0 be a non-increasing sequence in ly such that
O, (a) < oo. Then

. . on(a)
lim ®(ay,an+1,...) =limsup .
N—oo ( ) N—oo ON(T)
PrROOF. For N € N set a = ay, aAN+1,---) € lo. Let n € Ng. As the sequence
(@n)n>0 is non-decreasing, we have

M) = Z aj+N = Ontn(a) — on 2 on(a) — on(a).
J<N
Thus,
UN(a).
on ()

on(a) < on(a®) Lo ))
D j>0a;j = 00, we deduce that

on(a
on(m) = on(m)  on(m

Since (II1.1) implies that lim,, o oy (7 )

<d (aN)+

lim sup 224 < o,.(aV) VNEeN.

n—oo Un@ﬂ -

Thus,

(IIL.11.4) timsup 22 < jim @,(aV).

n—oo On(m) T~ N—oo

Let N and m be positive integers. As the sequence (ay,),>0 is non-decreasing,

for any n € N, we have
N):ZaN+j SZaj:Jn(a)
j<n j<n

Therefore, for all n > m, we have

N
on(a) < on(a) < su Up(a>.
on(m) on(T) = p>m op(m)
Notice also that, for alln <m — 1,
on(a®) < nad’ _ EGN
Un@ﬂ o o
Therefore, we have
N
®,(aV) = sup M < sup{su 7»(2) , maN}
n>1 On(T) p=m 0p(T) 7o

Since limy_. ay = 0, it follows that, ,

lim ®.(aV) < sup 7p(a) Vm € N.

N—oo p>m 0p(T)
Thus,
- N . op(a@) _ an(a)
lim ®,(a”) < lim sup = lim sup .
N-—-o0 m—00 ;> 0 (T7) n—oo  On(T)
Combining this with (III.4) yields the lemma. O

ProrosiTiON II1.33. The Banach ideal Iy is not separable and
(II1.11.5) Iy = {T e;on(T) = O(O’N(ﬂ'))}.

40



PRrROOF. It follows from Lemma II1.23 and Lemma II1.25 that an operator T €
K is in Z§ if and only if on (T) = o(on(7)).

Thanks to (III.1) the sequence m = (7, )n>0 is contained in ly. It is immediate
that ®.(m) = 1. Moreover, using Lemma II1.25, we see that

lim &, (7N, TN41,...) = limsup on(m)
N—o0 N—oo 0’1\/(71’)

Therefore (III1.19) does hold, so using Proposition II1.25 we see that the Banach
ideal Zg_ is not separable. The proof is complete. [l

=1.

PROPOSITION II1.34. Suppose that o, (7)) = O(nm,). Then

Ty = {T € K;on(T) = O(Wn)} and I = {T € K;on(T) = o(wn)}.

PROOF. Let T € K. Let m € N and set a;, = sup,,>,, 1eT)  For n > m we

Tn

have p, (T) = #7;7(”71'” < AT, so for all N > m we get

on(T) = on(T) + Z tn(T) < om(T) + am Z Tn < om(T) + amon (T).
m<n<N mn<N
Since limpy .o on(7) = 00, we deduce that

T
lim sup on(T) < ap, vYm € N.
N>oo ON(T)

Thus,

T n(T
(I11.11.6) lim sup on(T) < lim a,, = limsup fin )
N—o00 O-N(Tr) m—oo n— oo Tn

Set C' := sup,,>; Un"T(:) Since the sequence (i, (T))n>0 is non-decreasing, for

any n € N, we have 0,,(T) =37, _,, p;(T) > npn(T), and hence

i (T) < on(T) _ O'n(ﬂ').o'n(T) < CUH(T).
T, ~— nm, nm, op(m) T on(m)
Thus,
n(T . n(T
(I11.11.7) lim sup Hn(T) < Climsup Onl )
n—00 Tn n— o0 O'n(ﬂ')
Combining (II1.6)—(IIL.7) with (III.3) and (II1.5) yields the proposition. O

Let ®/. be the dual norm of @, as defined in (II1.12). This is a symmetric norm
on lf.

LEMMA I11.26. We have

(I11.11.8) P! (a) = Z man  Ya € ly.
n>0

PROOF. Let ® be the function on l}" defined by
®(a) = Zﬂ'nan Ya € l}'.
n>0

In view of Lemma II1.18, in order to prove that P agrees with ®/_ it is enough to
show that ® satisfies the conditions (II1.8)—(II1.11) and agrees with ®/ on l}'.
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Clearly, ® satisfies (IT1.8)—(II1.10). As, for all a € lf, we have
(IIL1L.9) Y mnan = m000 + Y _ Tn(0ns1(a) — on(a)) = Y (my_1 — 7n)on(a),

n>0 n>1 N>1

we see that ® satisfies (II1.11) as well.
It remains to prove that ® agrees with ®/ on l}". Let a € l}". Then by (II1.13)
we have

n>0

Notice that, for any N € N, the sequence (7, ...,7n,0,0,...) belongs to l}“ and
we can check that @, (m,...,7n,0,0,...) = 1. Therefore, if N is large enough so
that a,, = 0 for n > N, then

(I11.11.10) (a) > D anTn =Y anmn = B(a).
n<N n>0

Let b € I} be such that ®(b) = 1. Then on(b) < on(r) for all N € N.
Therefore, arguing as in (I111.9), we get

D anbn=> (ay —an-1)on(b) < Y (an —an—1)on(T) = Y apm,.

n>0 N>1 N>1 n>0
It then follows that ®/ (a) < ®(a). Combining this with (II1.10) proves that ® and
! agree on l}r. The proof is complete. O

It follows from Lemma II1.26 that
Te, = {T €K D mupn(T) < oo} and [T, = Y mupn(T) VT € K.
n>0 n>0

Using (II1.8) it is not hard to check that the symmetric norm ®/. satisfies (III.19).
Therefore, from Proposition I11.25 we get

ProprosITION II1.35. The Banach ideal Zg: is separable and the finite-rank
operators are dense in it, i.e., Ig), =Zgr .

Using Proposition 111.29, Lemma II1.19 and the fact that Z2, = Ty, we get

PRrOPOSITION II1.36. The linear map (II1.27) gives rise to isometric isomor-
phisms,
Iq);r >~ (I(%W), and Icpﬂ ~ (I(b%)/'

II1.12. The Banach ideals £®>) and £®D

Let p € (1,00). We denote by £#>) the Banach ideal Zs, ., associated to
the symmetric norm @, ) on Iy defined by

O’N(a)
1—1
P

D)0y (@) := sup Va € ly.

N>1 N
Thus,

LE) = {T €K; on(T) = O(Nl—é)},
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and £P>) is a Banach ideal for the norm,

O'N(T)

1
Ni=%

T = ||T ) = su
1Tl p,00) = 1T |2, Sup

Since ), -y (n+ 1)7% ~ i N'"% as N — oo, we see that P (p,00) is equivalent
p

to the symmetric norm @, associated to the sequence 7 in (III.2). Therefore,
the Banach ideals £ and g (» have same underlying sets and their norms are

equivalent. Since for p > 1 we have o, (7)) = O(mr,(f )), using Proposition III.33

and Proposition I11.34 we obtain:

PROPOSITION I11.37. Let p € (1,00). Then
(1) We have

L) = {T €K; pn(T) = O(n—p)}.

(2) The Banach ideal LP>) s not separable and the closure of finite-rank
operators in LP>) s

£Pe) = {T €K on(T) = O(Nlé)}
— {T €K; pn(T) = o(n;)}_

For p = 1 we let £(1>) be the Banach ideal Lo o
norm @, ) on Iy defined by

, associated to the symmetric

on(a
D (1,00) (@) := sup ~(a)

Va € ly.
NZQIOgN @< !

Thus,
o) _ {T ek; on(T) = O(logN)},

and the norm of £®>) is

O’N(z )
1 = ||T = .
|| ||(1,OO) || Hq)(l,oo) ]S\/'uZpQ IOgN

This Banach ideal is sometimes called the Dixmier ideal, since this is the natural
domain of the Dixmier trace (cf. Chapter IV).

As in the case p > 1, the symmetric norms ®; o) and ®, ) are equivalent, so
the Banach ideals £(1:>) and Icpﬂ (1, have same underlying sets and their norms are
equivalent. Therefore, using Proposition I11.33 we get:

PROPOSITION I11.38. The Banach ideal £ is not separable and the closure
of finite-rank operators in L) is

Eél’oo) = {T el on(T) = o(logN)}.
REMARK II1.24. Unlike in the case p > 1, we have a strict inclusion,
2029 2 {1 € s () = O~ .
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Clearly, if T € K is such that p,(T) = O(n™!), then ox(T) = O(log N), and hence
T is contained in £(1°°),

To show that the inclusion is strict we only have to exhibit a non-increasing
sequence of positive numbers (an,),>0 such that on(a) = O(log N) and na,, is not
bounded. An example of such a sequence is obtained as follows.

For any k € N set nj, = k¥ and let (a,),>0 be the sequence defined by

ag=a1 =1 and anzl_knﬂ for ng_1 < n < ng.
k

As npa,, =1+logk — oo as k — oo, we see that a,, is not a O(n~1).
Furthermore, for £ > 3, we have

> am= ) %(ng——nﬂ)g > (1+1ogy)

2<n<ny, 2<j<k J 2<j<k
k
< / (1+logz)dx = klogk = log ng.
1

Therefore, if ny_1 < N < ng, then

1 klogk

Yooans Y an< — % jogmy < o8 log N < C'log N,
log ng—1 (k—1)log(k—1)

2<n<N 2<n<ny

where we have set C' := sup;>3 (k_lk)ll(;%. This shows that onx(a) = O(log N),

concluding the remark.

Next, let p € (1,00] and denote by £ the Banach ideal associated to the
symmetric norm ®(; oy on [y defined by

Qpy(a) = Z(n + 1)%_1an Va € ly.
n>0
In other words,
L®Y = {T €K D (n+ 1) pa(T) < oo},
n>0
and the norm of £ is given by
Tl pay =Y (n+1)2 " (T).
n>0
When p = oo the Banach ideal £>1) is called the Macaev ideal.
Let p’ € [1,00) be such that % + i = 1. Since Lemma II1.26 shows that @, 1)
o> We see that £®1) is the Banach ideal qu( e Therefore,
Proposition I11.35 and Proposition I11.36 yield: "

is the dual norm CID;(

PRrROPOSITION II1.39. Let p € (1,00] and p’ € [1,00) be such that % + ﬁ =1.

(1) The Banach ideal L®PY) is separable and agrees with the closure of finite-
rank operators.
(2) The linear map (II1.27) yields isomorphisms,

£®1) ~ (5(()17'100))/ and ~ LP20) o~ (L)Y
Finally, the ideals £>) and £®1) can be compared to the Schatten ideals.
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PRrorosITION II1.40. We have continuous inclusions,

(I11.12.1) £rc P and £LP®) c L1, 1<p<q<oo,
(I11.12.2) £1c e, 1<qg<p< oo,
(111.12.3) P e 1<p<oo.

PROOF. In view of Proposition II1.39 it is enough to prove that we have con-
tinuous inclusions,

EPCE((JP’OO), 1<p< oo,
chﬁ(p’l), 1<g<p<oo,

since the other continuous inclusions would follow by duality.
Let p € (1,00] and let ¢ € [1,p). Let T € L£9. Let p’ and ¢’ be such that

+ =+ =1and % + % = 1. The Holder inequality gives

1
P

D=

1Tl = (04 1) 7 i (T) < (Z<n+ 1)‘5)q'||T||q.

n>0 n>0

’
.

The fact that ¢ < p insures us that ¢ > p/, so the series > . (n + 1) ¢ is
convergent, so we see that £9 is contained in £P1) and the inclusion is continuous.

Let p € [1,00) and let T € LP. Using the Holder inequality we see that, for any
N e N,

on(T) =) pm(T) < (Z 1‘”’);/ (Z un<T>p); <N,

n<N n<N n<N
In view of the definition of the norm of £®:°°) this implies that
1Tl poc) < I TNl VT € LP.
Thus £P is contained in £P>) and the inclusion is continuous. Since by Proposi-
tion III.31 the finite-rank operators are dense in LP, it follows that £P is contained

the closure of finite-rank operators in £°) that is, the ideal Egp 09) Therefore,

we actually have a continuous inclusion of £? in Egp ) The proof is complete. [

REMARK III.25. Let T' € K be such that
1n(T) = (n+1)"7 (log(n +2))"*  ¥n € N,.

The following observations hold:

o If = 1% and p € (1,00), then T is not in £P and Proposition I11.37 and

Proposition I11.38 insure us that 7" is in C(()p’oo).

o If « = —1 and p € [1,00), then T is contained in every ideal £? with
q > p. If p > 1, then using Proposition II1.37 we see that T is not in
L) Likewise, when p = 1 the operator T is not in £,
e Ifa=1andp € (1,00), then T is in £V but it is not in any ideal £
with ¢ > p.
e If pec (1,00 and a € (p~', 1), then T is in £P, but not in L@V,
This shows that all the inclusions in (ITI.1)—(II1.3) are strict.
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CHAPTER 1V

Quantized Calculus

The quantized calculus of Connes [Co] aims to translate the main tools of the
infinitesimal calculus into the operator theoretic language of quantum mechanics.
It allows us to write down a dictionary between classical notions in the infinitesimal
calculus and their quantum analogues.

IV.1. Noncommutative Infinitesimal Calculus

In the sequel we let H be a separable Hilbert space. In practice H comes from
a spectral triple (A, cH, D) and we shall set

F :=Sign(D) = D|D|™*.

The first few lines of this dictionary between classical notions in the infinitesimal
calculus and their quantum analogues are the following:

Classical Quantum
Complex variable Operator on H
Real variable Selfadjoint operator on ‘H
Infinitesimal variable Compact operator on H
Infinitesimal of order Compact operator T' such that
a>0 tn(T) = O(n™%)
Differential df = a%dxj da := [F, a].
Integral Dixmier Trace f

The first two lines comes directly from quantum mechanics. In that formalism
the observables are selfadjoint operators and the values that can be observed from
an observable are given by its spectrum. In addition, as we saw in Chapter I, we
have a holomorphic functional calculus for any bounded operator on H, but there
is a continuous functional calculus only for normal operators, including selfadjoint
operators.

Intuitively, an infinitesimal can be thought as an object which is smaller than
e for any € > 0. For an operator T the condition ||T'|| < € for all € > 0 holds only
when T' = 0, but it can be relaxed into the following:

For any e > 0 there is a finite-dimensional subspace E such that |T|E*|| < .

As shown by Proposition II1.4 this latter condition is equivalent to T" being compact.
By Proposition II1.4 we also know that an operator T is compact if and only if
its characteristic values p,,(T) converge to 0 as n — oo. Thus the compactness of
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T can be measured by the decay of its characteristic values. Thus, an infinitesimal
operator of order a,, & > 0, is just a compact operator 7" such that

i (T) = O(n=).
If & > 1 and we set p := o~ !, then we see that the set of infinitesimal operators
of order «v agrees with the operator ideal £(">°) introduced in the previous chapter.
For o = 1 every infinitesimal of order 1 is contained in the ideal £(1:°°), but

there are operators in £(1:°) that are not infinitesimal operators of order 1.
The following show that intuitive rules of the infinitesimal calculus are satisfied.

LeEMMA IV.1. For j =1,2 let T} be an infinitesimal operator of order c;.

(1) Ty + T» is an infinitesimal operator of order min(ay, as).
(2) ThT5 is an infinitesimal operator of order ayas.

PRrOOF. Thanks to (III.1.7) we have
(IVll) ,LLnl+n(T1 + TQ) < /Lm(Tl) + ‘LLn(TQ) Vm,n € Np.

Let n € No. Since n Z 2[%], by (11113) we have ,un(Tl + TQ) = M[%]J’,[%](Tl + TQ),
and hence using (IV.1.1) we get
(Iv.1.2) pn(Th +T2) < ppoy(Th) + pyn)(T2).
Set o = min(ay, az). Then, as [§] > ”Tfl, we have
ny—% o o
(IV.1.3) niz)(T3) = O [5} — O(n~) = O(n~2).

Combining this with (IV.1.2) then shows that T} + 75 is an infinitesimal operator
of order a.
Next, by (II1.1.9) we have

,Un+m(T1T2) < ,Um(Tl),Un (Tg) VYm,n € Np.
Therefore, for any n € Ny,
pn(T1T2) < pny(z)(TiT2) < ppn)(Th)ppg) (T2).
Combining this with (IV.1.3) shows that p, (T1T%) = O(n=*1) O(n~2) = O(n~(e1ta2))
that is, T1T5 is an infinitesimal operator of order aiyas. The lemma is proved. [
The differential da := [F| a] is a derivation, and hence it satisfies Leibniz’s Rule,
d(ab) = (da)b + adb, a,be A
In practice, the spectral triple (A, H, D) is p-summable for some p > 1, that is,
_ 1
in(D1) = O(n"F).
This means that D~ is an infinitesimal operator of order %.
LEMMA IV.2 (cf. Chapter 11). If (A, H, D) is p-summable, then
in([F.a]) =0(n"7)  Vae A

In other words, if the spectral triple (A, H, D) is p-summable, then all the
differentials da = [F, a], a € A, are infinitesimal operators of order ]%.

If 21, .-, 2P form a system of local coordinates on a manifold M of dimension
p, then daz' A --- A dxP can be thought as an “infinitesimal” of order 1 and the
differentials dx', ..., daP as “infinitesimals” of order %. We see that, similarly, if
a’, ..., a? are in A, then da', ..., da? are infinitesimal operators of order % and
a’da’ - - - da” is an infinitesimal operator of order 1.

Next, the classical integral is a linear functional which the following properties:
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(i) Tt is defined on infinitesimals of order 1.

(ii) It vanishes on infinitesimals of order > 1, i.e., we can integrate by ne-
glecting higher-order infinitesimals (e.g., by approximating an integral by
Riemann sums).

(iii) It is positive, i.e., the integral of a non-negative function is a non-negative
number.

(iv) It vanishes on total differentials.

In the setting of quantized calculus we thus seek for a linear functional satisfying
noncommutative analogues of the above conditions. The first three conditions can
be easily translated into:

(i) Its domain contains the infinitesimal operators of order 1.
(ii”) It vanishes on infinitesimal operators of order > 1.
(iii’) Tt is positive, i.e., it takes on non-negative real values on the operators in
its domain that are positive.

At least in the p-summable case, the condition (iv) corresponds to the vanishing
of the quantum integral on operators of the form

d(a’da' - - - da?) = [F,a’da’ - - - da?] al € A.
In general, we require the noncommutative integral to vanish on commutators,
[4,T],

where A ranges over £(H) and T ranges over the domain of the quantum integral.
Thus we require

(iv’) The quantum integral is a trace.

One candidate that comes to mind is the operator trace T — Trace(T"). This
is a positive trace, but it satisfies none of the conditions (i’)—(ii’). More precisely:

- The domain of the operator trace is the ideal £! of trace-class operators,
but an infinitesimal operator of order 1 need not be trace-class, e.g., if
pn(T) = (n+1)71 then 3" 11, (T) = oo, and hence T is not trace-class.

- The operator trace does not vanish on all infinitesimal operators of order >
e.g., it does not vanish on (non-zero) finite-rank projections.

The solution for finding a positive linear trace satisfying (i’)—(ii’) is actually
provided by the Dixmier trace. This trace was constructed by Dixmier [Di] as an
example of a non-normal trace on L(H).

The rest of the chapter is devoted to presenting the construction of the Dixmier
trace. The exposition follows closely [CM, Appendix A] (see also [GVF, Sec-
tion 7.5]).

IV.2. The Dixmier Ideal £(1:°°)

As we shall see in the next section, the domain of the Dixmier trace is the
Dixmier ideal £(1°) introduced in the previous chapter. It is defined as follows.
For T € IC set
on(T)
log N °

HTH(l,oo) ‘= Sup
N>2
We then define
£(1,00) _ {T €K Tl1,00) < OO}‘
Equivalently,
L) — {T €K on(T) = O(logN)}’

PROPOSITION IV.1 (See Chapter III). The following hold.

3
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(1) L1 s a two-sided ideal and |.||(1,00) is a norm on L1:°°) for which
L£1:°°) s a Banach ideal. In particular,

(IV.21)  [ATB|m < IANIT]GsolBI VT € L0 VA, B € L(H).

(2) The Banach ideal £L1°°) is not separable.
(3) Let L'él’oo) be the closure of finite-rank operators in L), Then

(IV.2.2) £ = {T € K; on(T) = o(log N)}.

(4) There are continuous inclusions,
e and £ cK.

(5) There is a strict inclusion,

(IV.2.3) L) 5 {T €K; pn(T) = O()}.

n

REMARK IV.1. It can be shown that a Banach ideal is separable if and only
if the finite-rank operators are dense in it (see Chapter IIT). Therefore (IV.2.2)
implies that £(1°) is not separable. Notice that £((Jl"°°) is a Banach ideal with

respect to the norm ||.|(1,.), since this is the closure in £(1:°°) of the ideal of
finite-rank operators.

REMARK IV.2. The continuous inclusions (IV.2.3) hold for any non-trivial Ba-

nach ideal (see Chapter IIT). In the case of £(1:) the inclusion of £! in E(()l’oo)
follows from the fact that if T € £, then on(T) = O(1) = o(log N). The continu-
ity of the inclusions (IV.2.3) can also be deduced from the fact that, for any T € K,
we have

|7 = po(T) < on(T) <Y pn(T) = |T|h YN €N,
n>0
which implies that

(log2) TH|T|| < 1Tl (1,00) < (l0g2) Ty VT € K.
The Banach ideal £(1°) is in duality with the Macaev ideal £(>1). The latter

can be defined as follows.
For T € K we set

1T (s0,1) = Z(n + 1) (7).
n>0

We then define
£l = {T € K5 1T Moo,y < OO}‘

PROPOSITION IV.2 (See Chapter III). The following hold.

(1) £>Y s a two-sided ideal and |.||(s0,1) is a norm on LY for which
£V s a Banach ideal.

(2) The Banach ideal L) is separable and the finite-rank operators are
dense in it.

(3) There are continuous inclusions,

e b k.
(4) There are isomorphisms,

(IV24) £(17°°) ~ ([/(oo,l))/ and E(oo,l) ~ (,C(()LOO))/.
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REMARK IV.3. As explained in Chapter III, the duality isomorphisms (IV.2.4)
are inherited from the isometric isomorphism,
LH)>S —(S,.) e (LYY, (S,T) = Trace(ST) VT € L .
More precisely, if S € £ and T € £ then ST is trace-class and (S,.)
uniquely extends to a continuous linear form on E(()l’oo). This yields the isomorphism
from £(>1) onto ([,E)l’oo))’. Similarly, if S € £:°°), then (S,.) uniquely extends
to a continuous linear form on £(°1) which allows us to get an isomorphism from
L£1:2°) onto (£>1))’. Notice also that these isomorphisms become isometries if we
replace the norm ||.||(1,00) by the equivalent norm,
on(T)
T =8P .
1T (1,00) szl S onmt+ )T

In the sequel we let H' be a (separable) Hilbert space.

LEMMA IV.3. Let ® be a continuous x-homomorphism from L(H) to L(H')
such that

(IV.2.5) wn(D(T)) = pn(T) VT € L(H) Vn € No.
Then ® induces an isometric linear map from L) (H) to L8 (H').

PrOOF. Using Proposition II1.4-(iii) and (IV.2.5) we see that ® maps KC(H)
to K(H'). Moreover, if T € K, then (IV.2.5) implies that on(®(T)) = on(T') for
all N € N, and hence || ®(T)[(1,00) = IT']/(1,00)- Thus ® gives rise to an isometric
linear map from £ (H) to £1>°)(H'). The lemma is proved. O

Let S : H' — 'H be a continuous linear isomorphism from M’ onto H. We
denote by ~g the conjugation by S, i.e., the map

LH)>T — S™'TS € L(H).
This a continuous isomorphism from £(H) onto L(H').

PRrOPOSITION IV.3. The conjugation by S gives rise to a continuous isomor-

phism from L) (H) onto L) (H), and hence
LEX)(H) = §71LL2) (H)S.
Furthermore, if S is unitary, then this isomorphism is isometric.

PROOF. Let S € L(H) be invertible. Since £(1°)(H) is a two-sided ideal of
L(H) both vg and its inverse 75! = yg-1 maps L1%)(H) to itself, and hence
~vs induces a linear map from E(l’oo)(H) to itself. Furthermore, this linear map is
continuous, for by (IV.2.1) we have

IST TSl ,00) < USHISTH T 1,00) VT € L& (R).
Let U € L(H', H) be unitary. Then by Remark III.2 we have
(U TU) = pn(T) VT € L(H),
that is, vy satisfies (IV.2.5). Thus, it follows from Lemma IV.3 that 4y induces
a linear isometry from £ (H) to £(1:°°)(H’). Similarly, its inverse 7' = Y+
induces a linear isometry from £(1%)(H’) to £1:>°)(H), so vy induces an isometric
linear isomorphism from £1:°°)(H) onto £ (H).

Now, let S € L(H',H) be a general isomorphism. Set |S| = ($*S)z and
U = S|S|='. Then |S| is an invertible element of £(H’) and U is an unitary
element of L(H', H), for it is invertible and, as |S|71S*S|S|~t = |S|~1S?|S| 7L,
for any £ € H', we have

Ul = (SISI7'€, SISI 7 €)r = (&, ISI71 8" SIS T ) = (€, E)m = II€]I3-
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Thus, by the first two parts of the proof 75| induces a continuous linear isomorphism
from £1°°)(H') onto itself and vy induces an isometric linear isomorphism from
L£1:2°)(H) onto L2 (H'). Since S = U|S|, and hence vg = 5| © v, it follows
that s a continuous linear isomorphism from £1:°°)(H) onto £(1:%°)(H’), proving
the proposition. O

In particular, if we let H’ be the Hilbert space with same underlying vector
space as ‘H and equipped with an equivalent inner product and we let S be the
identity map, then we obtain:

COROLLARY IV.1. Neither L8°°)(H) nor its topology depend on the choice of
the inner product of 'H.

IV.3. The Dixmier Trace

In this section, we shall construct the Dixmier trace as a trace on the Banach
ideal £(1°), Tt will occur from the analysis of the logarithmic divergency of the
partial traces,

on(T) =Y un(T), TeK, NeN
n<N

The first step is to extend the definition of on(T") to non-integer values of N.
To this end recall that by Proposition I11.21 we have

(IV.3.1) UN(S+T) SO’N(S)+0N(T) VS, T e K.
LEMMA IV.4. Let N € N. Then, for all T € IC,
(Iv.3.2) on(T) = inf{||z|y + N|yl; (z,y) € L' xK and x +y =T}.

PRrROOF. Let T € K. Let (z,y) € £L! x K be such that z+y = T. Using (IV.3.1)
we get
on(T)=on(z+y) <on(@)+on(y)
Notice that by (I111.9.5) we have ox(y) < N||y||. Moreover,
on(@) =Y pnl(@) <D pnlz) = |zl

n<N n>0
Therefore, we have

on(T) < |[zfly + Nllyll-
It then follows that
(IV.3.3) on(T) < inf{|z|y + N|yl; (z,y) € L' x K and z +y = T}.

Let T' = U|T| be the polar decomposition of T', and let (£,),>0 be an orthonor-
mal family such that |T'|£, = pn(T)E, for all n € Ny. Denote by Iy the orthogonal
projection onto the span of &y, ...,&x_1. Define

(Iv.3.4) an:=(T] - pn(T)y and yn = pn(T)IIy + |T|(1 — I1y).
Notice that xnx + yny = |T|. Thus,
(Iv.3.5) T=U|T|=Uxn+ Uyn.

Notice also that, as Uz y has finite-rank, this is a trace-class operator. In addition,
as Iy =), cn §n @& and, by (IIL1.15), |T| = ano tn(T)En @ &, we have

(IV.3.6) e =Y (pn(T) = pn(T))n @ &,
n<N
(IV.3.7) unv =Y un(Den @&+ > in(T)én @&
n<N n>N



It follows from (IV.3.6) and the min-max principle that u,(zxy) is equal to
wn(T) — pun(T) for n < N and is zero for n > N. Thus,

lenll =Y pn(n) = D (pa(T) = pn(T)) = on(T) = Nun(T).
n>0 n<N
Since by Proposition I1.3 ||U]| < 1, combining this with (III.2.5) gives
(IV.3.8) [Uznly < [Ulllen s < on(T) = Npun (T).

As for yy, it follows from (IV.3.7) that yx is a positive operator whose greatest
eigenvalue is uxn(7T), and so using the min-max principle we get

lynll = polyn) = pn(T),

and hence
(IV.3.9) IUyn [ < [UNlyn || < pn (T).
Combining this with (IV.3.8) gives

[Uzn|ls + N{|Uyn || < on(T) = Nun(T) + Nun (T) = on(T).
In view of (IV.3.5) it follows that

on(T) > inf{|z|l1 + N|yl; (z,y) € L' x K and = +y = T}.
Combining this with (IV.3.3) then proves the lemma. O

The previous lemma allow us to extend the definition of ox to non-integer
values of N.

DEFINITION IV.4. Let T € K. Then, for any A > 0, we define
ox(T) = inf{||z||1 + N|y|l; (z,y) € L' xK and xz +y =T}.

Lemma IV.4 shows that, when A is an integer, the above definition of o (T')
agrees with that given in (111.9.2).

LEMMA IV.5. Let T € K. Then

(i) The function A — ox(T) is concave.
(ii) For any A > 0, we have

(Iv.3.10) ox(T) =on(T) + aun(T),
(IV.3.11) =1 —-a)on(T)+ acnt1(T),
where we have set N = [\] and a = X\ — [A].

PROOF. Let A\, p € [0,00) and let a € [0,1]. For any (x,y) € £! x K be such
that x +y =T we have

2]y + (A + (1 = a)p)llyll = alllzlls + AllylD) + (1 = ) (=[x + pllyl)

> aox\(T)+ (1 —a)o,(T).

Thus,
Tart(1-ayu(T) Z aox(T) + (1 — a)ou(T),
which shows that the function A — o (T) is concave.
Let A € [0,00) and set N = [N\ and a« = A= N. Ason41(T) = on(T)+ pun(T),
we have
(Iv.3.12) (1—a)on(T)+aon+1(T) = (1 —a)on(T) 4+ alon(T) + pn(T))
— on(T) + aun (T).



Notice also that A = (1 — @) N + a(N + 1). As the function A — o5 (T) is concave,
it follows that

(IV.3.13) oA(T) > (1 — a)on(T) + aon41(T).

Let T = U|T| be the polar decomposition of T' and let zy and yy be as
in (IV.3.4), so that T = Uz + Uyy and, as in (IV.3.8) and (IV.3.9), we have

[Uzn[ly <on(T) = Nun(T) and  |[Uyn| < pn(T).

Then
ox(T) < [[Uzn |l + Allyn |l < on(T) + (A = N)un(T).

Combining this with (IV.3.12) and (IV.3.13) proves (IV.3.10) and (IV.3.11). The
proof is complete. U

REMARK IV.5. The equality (IV.3.10) can be rewritten as

A
(@) = [ (T

Thus, when T is positive, 05(T") can be seen as the cut-off by A of the trace,
TraceT :/ ) (T) du.
0

REMARK IV.6. It follows from (IV.3.11) that the function A — o (T) is affine
between on(T) and on11(T), so this function agrees with the affine interpolation
of the on(T)’s.

REMARK IV.7. Since the opn’s are norms on K, it follows from (IV.3.11) that
the o)’s too are norms. Thus, for any A > 0, we have

(Iv.3.14) ox(cT) = |clor(T) VT € K VeeC,

(Iv.3.15) ox(S+T) <ox(S)+ox(T) VS, T € K.
LEMMA IV.6. Let Ty and 15 be positive compact operators. Then

(Iv.3.16) Oxntx.(Th +T2) > 00, (Th) + 0, (T3) VA; > 0.
Proor. For j = 1,2 let N; € N and let us show that

(IV.3.17) oN +N, (Th +T2) > on, (T1) + on, (T3).

For j = 1,2 let E; be a subspace of H of dimension N;, and let £ be a subspace of
dimension Ny + N; containing E; and Es. Let (§,)n>0 be an orthonormal basis of
‘H such that &g, ...,&n,—1 span E; and &, ...,{n—1 span E. Then

Trace(T11Eg,) = Z(fmTlHElfn> = Z (&n, T1&n).

n>0 n<N;

Similarly, we have

Trace(Ti11g) = Z (&ns T1&n)-

n<N
As Ty is positive (&,, T1&,) > 0 for all n € Ny, and hence

Trace(T111g, ) < Trace(Th1g).
Similarly Trace(T5I1g,) < Trace(T2I1g), and hence using (I111.9.7) we get
Trace(T111g, ) + Trace(ToIlg,) < Trace ((Th + T2)lg)) < on,+n,(T1 + T3).

Thanks to (I111.9.7) taking the supremum of Trace(T1I1g, ) + Trace(T2Ilg,) over all
subspaces E; of dimension N; and all subspaces Es of dimension N gives (IV.3.17).
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Now, for j = 1,2 let A\; be a non-negative real number and set N; = [\;] and
a; = Aj — N;. In addition, define A = Ay + A2 and set N = [A\] and @ = A — N.
Notice that either N = N7y + Ny or N = N7 + No + 1.
Assume that N = Ny + Ny. Then a = a; + a3, and hence by (IV.3.11) we have
(IV318) O’)\<T1 + Tg) =1-a; — a2)UN(T1 + Tz) + (041 + 042)0']\]+]_(T]_ + Tg)
=(1—oa1 —a)on,+n,(Th + T2) + (a1 + @2)on, + Ny +1(T1 + T2).
By (IV.3.17) we have

(IV.3.19) ON; 4Ny (Tl + Tg) > 0N (Tl) +on, (Tg),
(Iv.3.20) N+ No+1 (T + T2) 2 ony41(Th) + o, (T2),
(IV321) ON;+Ny+1 (Tl + TQ) 2 ON. (Tl + UN2+1(T2)

Combining this with (IV.3.11) and (IV.3.18) we get
ox(T1 +T2) > (1 — a1 — az)(on, (T1) + on, (T2))
+ o (on,+1(Th) + 0N, (T2)) + az(on, (Th) + ony+1(T2)),
> (1 =)oy, (Th) + aron, 41 (Th) + (1 — az)on, (Tz) + aeon, 11(T3)

(IV.3.22) > oo, (T)) + on (Th).

Suppose now that N = Ny + No+1. Then @ = a1 + a3 — 1, and hence (IV.3.11)
gives

oA+ 1) =(2—ar —a)oni1 (T + Tz) + (a1 + g — Loyyo(Ty + T2)

=[1—a1)+ A —)lon+n+1(T1 +T2) + (1 + a2 — D)on 4148,41(T1 + T2).
By (IV.3.17) we have

ON 414N +1(T1 + T2) > oy, 11(Th) + ony 11 (T2),
Combining this with (IV.3.11) and (IV.3.19)—(IV.3.21) we get
ox(T1 +T2) 2(1 = an)(on, (T1) + onp+1(T2)) + (1 — az2)(on, +1(T1) + on, (T2))
+ (a1 + a2 = 1)(on,+1(T1) + ony41(T2)),
>(1 =)oy, (T1) + aron, 11 (Th) + (1 — az)on, (T2) + aaon, 11(T2),
2o, (T1) + ox, (T3).
The proof is complete. O

In the sequel we denote by ES_I’OO) the cone of positive operators of £1:°°),
Let T € /:(j"o). For \ > e we define

(IV.3.23) (T) = — /A"“(T)d“.

log A logu u

In other words, the function A — 7,(T) is the Cesaro mean of C;gg\) with respect

’LL

to the Haar measure of the multiplicative group R? .

LEMMA IV.7. We have
(Iv.3.24) ox(T) < 2||T||(1,00) log A VA > 2.
(IV.3.25) 0< T,\(T) < 2||T||(1’oo) V> e.
PROOF. Let A € [2,00) and set N = [A]. Then

oAT) _ oni1 _log(N+1) oni(T)
logA ~logN — logN ‘log(N +1)

9
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where we have used the fact that sup, >, loglé’g‘zl) = 122; < 2. It follows from this,
that for all A > e, we have

1 X o (T ) du 1 A du
T = < 21T — < 2T .
™ (T) log)\/e logu u log)\/ Tl 100) u 1Tl .00

The lemma is proved. O

In particular, this lemma shows that the function A — 7, (7T') is contained in
Chle, 00), the C*-algebra of bounded continuous functions on the interval [e, 00).

The interest of considering the above Cesaro mean stems from the fact that,
while Ulgg) is not additive with respect to T, its Cesaro mean is asymptotically

additive as A — co. Namely, we have:

LEMMA IV.8. Let Ty and Ty be in £0°°). Then, for all A > e,

log(log A) 42
T3+ T2) = 13 (T) = T ()] < 2ITh + Tl ey " E D),
PROOF. First, it follows from (IV.3.15) that
(IV326) T,\(Tl + Tg) < T,\(Tl) + T)\(TQ) V> e.

It remains to find an upper bound for 7)(T1) + 7A(T2) — Ta(T1 + T2). By
Lemma IV.6 we have

ou(Th) + 0u(T2) < 024 (T1 + T2) Yu > e.

Thus,
1 A o2u(Th + 13) du 1 ou(T1 + 1) du
T T: .
™T) + 7 (T2) < lo g)\/ log u U log)\/ log(§) w
Since Ty (Tl + T2 log)\ J"A Uu(lzlg:Tz du o deduce that

(IV.3.27)  (log \{7x(T1) + 72 (T2) — T (T1 + T»)}

) /2)\ ou(Th tT2)d7U B /’\ ou(Ty + 1) du _ 544,
2e log(f) u e 1Ogu

2\
1 1 du
5= T+ T [ )2
/ze u(Ti+ 1) <log(") logU> u

o [l o
2e e

where we have let

log u u log u U
Notice that log( ) ~logu = bglz%. Since 0, (Ty +T2) < 2||Ty +T3|(1,00) log u,
we then see that
(Iv.3.28)
21 du

0 <21 + Tzl (1,00 log2/ e 2|71 + T3 || (1,00) (log 2) log(log A).
2¢ 1085 U

In addition, we have

y_/WME+Ru@ /”%m+nwm(fmﬂ}uwm
2e e A

logu U logu U logu u
</”%m+nmu
N log u u
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Since o, (T1 + T) < 2||Th + T2 ||(1,00) log u, it follows that

2 du

du 2
o <2Th + T2||(1,oo)/ o 1T + T2||(1,oo)/ o 171 + T2l(1,00) log 2.
A 1
Combining this with (IV.3.26), (IV.3.27) and (IV.3.28) proves the lemma. O

Next, recall that Cyle, 00) is a closed two-sided ideal of Cyle, 00). Therefore,
the quotient
Q= Ob[ev OO)/OO [67 OO)

is a (commutative) C*-algebra with respect to the quotient norm,

[[flle=_inf |If+glec  Vf € Cile,0),
geCole,00)

where [f] denotes the class of f in Q. Notice also that
(IV.3.29) I lle < A Vf € Cole, 00).

Notice also that Q is a commutative C*-algebra.
We define a map 7 : £$*°°) — Q by

7(T) = class of A = 7, (T) in Q vT e Eg_l’oo).
LEMMA IV.9. The following hold.

(IV.3.30) 7(eT) = er(T) VT € L8 ve > 0.

(IV.3.31) T +T) =7(T)) +7(Ty)  VT; € £0.

(IV.3.32) Ir(DI < 20Tl o) VT € L8,

(IV.3.33) F(UTU) =(T) VT € L1 VU € L(H), U unitary.

PROOF. Let Ty and T» be in £(+1’°°). It follows from Lemma IV.8 that
T)\(Tl + TQ) = T)\(Tl) + T)\(TQ) mod 00[6, OO),

and hence 7(Ty + Tz) = 7(Th) + 7(T3).
Let T € £, Then by (IV.3.25) and (IV.3.29) we have

I7(T)lle < ilipTA(T) < 2T (1,00)-

In addition, for any ¢ € [0,00), it follows from (IV.3.14) and (IV.3.23) that that
72 (cT) = e\ (T) for all A > e, and hence 7(cT) = cr(T).

Let U € £(H) be unitary. Then U*TU € £ and by (IIL.1.6) p,, (U*TU) =
wn(T) for all n € Ny, and hence o (U*TU) = on(T) for all N € N. Combining this
with (IV.3.11) and (IV.3.23) then shows that o)\(U*TU) = ox(T) and 7\ (U*TU) =
TA(T) for all A > e, and hence 7(U*TU) = 7(T'). The proof is complete. O

In the sequel we say that z € Q is positive if x = y*y for some y € Q. Thus
the condition (i) just says that a state on Q must take non-negative real values on
positive elements of Q.

It is not difficult to check that x € Q if x = [f] for some non-negative function
f € C4[0,00). In particular, for any T € Es_l’oo) the class 7(7') is a positive element
of Q.

We shall also write z1 < 9 to mean that xo — x1 is positive. Notice that if
x € Q is selfadjoint, then —||z]g.1 < z < |jz| .1, for the functions ||z| g ¢ are
non-negative on Spx C [0, ||z] o]

DEFINITION IV.8. A state on Q is a linear map w : @ — C such that
(i) w is positive, i.e., w(x) > 0 if © is positive;
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(ii) w is normalized, i.e., w(1) = 1.
We denote by Q(Q) the set of states on Q

ExXAMPLE IV.9. Any character y : @ — C is a state on Q. Thus, there are
plenty of states on Q.

LEMMA IV.10. Let w be a state on Q. Then
(i) w(z*) =w(x) for ol z € Q.

(ii) w is a continuous linear form on Q. In fact,
(IV.3.34) lw(z)] < ||z]lo Vo € Q.

PROOF. Let x € Q be selfadjoint. As above-mentioned ||z|/ .1+ are positive,
and hence using the positivity of w and the fact that w(1) = 1 we get

0<w(llzlle ) = llzlow(l) + w(z) = [zl + w(x).
Thus,
(Iv.3.35) lw(@)] < ||lz]lo Vo € Q, x selfadjoint.

Assume now that x is any element of Q and let us write x = xy + ixy with

> .
x1 = £ and 25 = 255, Then

w(z) = w(x1) + iw(z2).

As z1 and x5 are selfadjoint, both w(z1) and w(z2) are real numbers, and hence

w(x®) =w(ry —ixe) = w(x1) — iw(xs) = w(zy) + iw(xe) = w(x).

In particular,

(IV.3.36) R(w(@)) = w(z1) = w (“’ +2”3> .

It remains to show that |w(x)| < [[z[|g. Since this inequality is obvious when

w(z) = 0, we may assume w(x) # 0. Set a = ﬂég‘ Then w(az) = aw(x) = |w(x)|,

and hence using (IV.3.36) we get

foa)] = Rwaa)) = (CDGEDY,

2

Since 1 ((ax) + (az)*) is selfadjoint, using (IV.3.35) we obtain

1 — %
3 (lezlle +llaz™llo) = llzlle,

o) < 224

(ax) + (ax)* H <
Q

completing the proof.
O

The states on Q should be thought of as generalizations of the limit at co of a
function on [e, 00), very much in the same way Banach limits are generalizations of
the limit of sequence. More precisely, we have

ProproOSITION 1V 4.

(1) Q(Q) separates the points of Q.
(2) Let f € Cyle,0). Then

/\h_)n;o fAN=L<=w(f])=L YweQO).
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PROOF. Let € Q\ 0. Denote by Sp@ the spectrum of Q, i.e., the set of
characters on Q endowed with the weak topology of @*. Since Q is a commutative
C*-algebra, the injectivity of the Gel’fand transform Gg : @ — C(Sp Q), implies
that there exists x € Sp @ such that x(z) # 0. Since x is a state, this shows that
Q(Q) separates the points of Q.

Let f € Cyle,00). Then

Allrr;of(A) =L <= f=Lmod Cyle,0) < [f] = L in Q.
Since Q(Q) separates the point of Q and w(L) = Lw(1) = L, it follows that
Jim f(3) = L= w({f]) = w(L) Yo € Q) <= w((f)) = L Voo € Q(Q).
completing the proof. O
Let w be a state on Q. We define a functional Tr,, : /.Zsrl’oo) — [0, 00) by letting
Tr, T:=w(r(T)) VT e L.

Notice that as w is linear and 7
We shall now extend Tr,, into a linear form on £:°°). To this end we recall
the following result, a proof of which can be found in Chapter III.

LEMMA IV.11. Let T be a two-sided ideal of L(H). Then
(i) For any T € L(H), we have

(Iv.3.37) Tel=|TeI —T"€el.
(ii) Any T € T can be written in the form,
(IV338) T = (T1 — Tg) + Z(T3 — T4) with TJ eln E(H)Jr

ProrosiTION IV.5. The functional Tr,, uniquely extends to a linear form
Tr, : L5 — C.
PRrROOF. Thanks to (IV.3.31) and the linearity of w we have
(IV.3.39) Ty (T + 1) = Tr, Tt + Tr, Tp VT, € £9°.
Let T € £(1°), Thanks to (IV.3.38) we can write T = T} — Ty + i(T3 — T})
with T; € £(+1’°°). Let T = T] — Ty + i(T§ — T;) be another such decomposition
with T} € Eg_l’oo). Observe that

1 1
gT+T)=Ti~To=T{ T and (T+T")=T;~Ta=T; T,
1

and hence Ty + T4 = T + T and T5 + T, = T4 + Ty. Therefore, using (IV.3.39) we
get

Tr,, (T1) + Try, (Ty) = Tr, (T7) + Tro, (Ts),

Try, (T3) + Try,(Ty) = Try,(Ty) + Try,(T}).
Thus,

Tr, (T1) — Try(T2) + i(Try, (T3) — Tr, (1))
= Tr,(T}) — Tr,(T5) + i(Try, (T3) — Try,(TY)).

This shows that the value of the right-hand side above is the same for any decom-

position T =Ty —Tp + (T3 — Ty) with T} € LS:’OO), and hence depends only on T'.
We then define

(Iv.3.40) Tr,(T) := Try,(T1) — Try(T2) + i(Try, (T3) — Try,(Ty)),
where the T}’s are any operators in £(+1’°°) such that T =T, — To +i(T5 — Ty).
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Let § € £0:°) and let us write S = S — S 4 i(S3 — S4) with §; € £
Then S + T = (Sl + Tl) — (SQ + TQ) + Z((S3 + Tg) - (S4 + T4)) Observe that
each operator S; 4+ Tj is in L) and is positive by Corollary IL.1. Therefore,
using (IV.3.40) and (IV.3.39) we get

(IV.3.41)
T‘I‘W(S + T) = Trw(Sl —|— Tl) — TI'W(SQ + TQ) —|— l(T‘rw(Sg + T3) — T‘I‘W(S4 —|— T4)>
= TI‘W(Sl)—TI‘w(SQ)-Fi(TI‘w(S3)—Trw(54))+TI‘w (Tl)—Trw(TQ)—Fi(Trw (Tg)—TI‘w(T4))
= Tr, S+ Tr, T,

showing that Tr,, is additive on £1:°°).
Next, combining (IV.3.30) with the linearity of w we get

(IV.3.42) Tro(\T) = ATr, T ¥T € £°) wA > 0.

Let T € £1°°) and let us write T =Ty — Ty + i(T3 — Ty) with T € Eil’oo). Let A
be a non-negative real number. Then \T' = AT} — AT + i(AT3 — ATy). Since each
operator \Tj is positive, using (IV.3.40) and (IV.3.42) we get
(IvV.3.43) Tr,(A\T) = Tr,(A\Ty) — Tr,(A\T3) + i(Tr, (AT5) — Tr, (ATy))
= A (Tr,(Th) — Try,(T2) 4+ i(Try, (T5) — Tro,(Ty))) = A Tro, (7).
Notice also that =T = (T — T1) + i(Ty — T5) and T = (Ty — T3) + i(T1 — T»), and
hence from (IV.3.40) we get
Tr,(—T) = Try,(T2) — Tr,,(T1) + i(Try, (Ty) — Tr,,(T3)) = — Tr, (1),
Tr, (iT) = Tr,(Ty) — Try,(T3) 4+ i(Tr, (Th) — Try (1)) = i Try (7).
Let A € C and let us write A = A1 — A2 +i(A3 — A4) with A; > 0. Then combining
the additivity of Tr,, with (IV.3.43)—(IV.3) gives
Tr,(AT) = Try, (M T 4+ (= X2T) + (iA3T) + (—i\yT))
= Trw()\lT) + Trw(—)\gT) + Trw(z)\3T) + Trw(—)\4T)
= (/\1 — Ao+ A3 — i>\4)Ter =A\Tr, T
Together with (IV.3.41) this shows that Tr,, is a linear map.
Finally, since (IV.3.38) shows that EE&’OO) spans £1:°)any linear map that

agrees with Tr,, on L$’°°) must agree with Tr,, on all £(1:>), Thus Tr,,, as defined

n (IV.3.40), is the unique linear extension to L£3:°) of Tr 1.0y = wo 7. The

w|LY
proof is complete. O

PrOPOSITION IV.6. The following hold.
(i) Tr, is a continuous linear form on L), In fact,
|Tro, T| < 2T (1,00) VT € L.
(ii) Tr, is positive, i.e., Tr, T >0 for all T € E (2.00),

(iii) Tr, T* = Tr, T for all T € L),
(iii) Tr, is a trace, that is,

Tr,(TA) = Tr,(AT) VT € L1 VA € L(H).

PROOF. Let T € LSFLOO). Then 7(T') is a positive element of Q. As w is a state,
and hence is a positive linear form, it follows that Tr,,(T) = w(7(T)) > 0. Thus
Tr,, is positive. In addition, combining (IV.3.32) and (IV.3.34) gives

(IV.3.44) | Tro,(T)] = w(r(T)) < [IT7(T)lle < 2[T(1.00)-
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Let T € £1:°°) be selfadjoint. Using (IV.3.37) we see that |T'| 4T is an element
of £(+1’°°). Thus,
0 < Tr,(|T| £ T) = Tr, |T| + Tr,, T.
Therefore, using (IV.3.44) we get
| Tro, T| < Ty [T] < 2[l[Tl| 1,00) = 20T Ml 1,009

Granted this, we then can argue as in the proof of Lemma IV.10 to show that, for
all T e £(1:°) we have

Trw T* — Trw T and ‘ Trw Tl S ||T||(1’OO)'

Next, let U € L(H) be unitary. Using (IV.3.33) we see that, for any T € Eg_l’oo),
Tr,(U'TU) = w(r(UTU)) = w(r(T)) = Tr,(T).
Thus T — Tr,(U*T) is a linear form on £(1:>°) that agrees with Tr, on £$’°°),
and so by Proposition IV.5 it agrees with Tr,, on all £(1:°), Thus,
Tr, (U*TU) = Tr,(T) VT € L),
Upon changing T by UT this shows that
Tr (TU) = Tr(UT) VT e £,
Since by Lemma IIL.5 the unitary operators span £(H), it follows that
Tr,(TA) = Tr,(AT) VT € L) VA € L(H),
that is, Tr,, is a trace. The proof is complete. O

DEFINITION IV.10. The functional Tr, from Proposition IV.5 is called the
Dizmier trace associated to w.

In the sequel we let H’ be a separable Hilbert space.

LEMMA IV.12. Let ® be a continuous x-homomorphism from L(H) to L(H')
satisfying (IV.2.5). Then

Trw,H'((I)(T)) = T‘rw,'H(T) VT € [’(LOO) (H)

PROOF. We know by Lemma IV.3 that ¢ induces an isometric linear map from
L1 (H) to L) (H'). Moreover, as by assumption ® is a homomorphism of
C*-algebras, it maps £(H)4 to L(H'),. Thus ® maps L) (H), to L) (H),.

Let T € L) (H'),. As shown in proof of Lemma IV.3, the property (IV.2.5)
implies that o, (®(T")) = 0, (T) for all uw > e. Incidentally, 75 (®(T")) = 7A(T) for all
A > e, and hence 7(®(T")) = 7(T), which immediately implies that Tr,, 3/ (®(T)) =
Trw,H (T)

It follows from all this that Tr, 3 o® is a well-defined linear map on L£(1:20)
which agrees with Tr,, » on £ (H),, and so it follows from Proposition IV.5
that Tr,, 7 o® and Tr, 3, agree on all £(1:>)(H), proving the lemma. O

PROPOSITION IV.7. Let S : H' — H be a continuous linear isomorphism from
H' onto H. Then

Trop (STITS) = Try T VT € LU (H).

PrOOF. Recall that by Proposition 1V.3 the conjugation by S gives rise to a
continuous isomorphism from £1:°)(H) onto £:°°)(H). In addition, set |S| =
(§*S)z and U = S|S|=*. As shown in the proof of Proposition IV.3 || is an
invertible element of £(H’) and U is a unitary element of L(H', H).
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Notice that, as Tr, 3 is a trace on L1 (H), for any T € L) (H), we
have

(IV.3.45) Tr,(|S|71TS)) = Tro,(T]S|S™1) = Tr (7).

Furthermore, as U is unitary, Remark II[.2 tells us that the conjugation by U
satisfies (IV.2.5), and hence by Lemma IV.12 we have

(IV.3.46) Try 30 (U*TU) = Tro, 1(T) VT € LI (H).

Since S = U|S|, combining (IV.3.45) and (IV.3.46) we see that, for all T €
LK),

Tro 0 (S™'TS) = Tro g0 (IS|7H(U*TU)|S|) = Trw,p UT|U) = Tro, 1(T),
proving the proposition. O

In particular, if we let H’ be the hilbert space with same underlying vector
space as ‘H and equipped with an equivalent inner product, and we let S be the
identity map, then we obtain

COROLLARY IV.2. The Dizmier trace Tr,, does not depend on the choice of the
inner product of H.

DEFINITION IV.11. An operator T € £1°°) is said to be measurable if the value
of Tr,, T is independent of the choice of the state w.

We denote by M the subspace of £1:>) consisting of all measurable operators.

DEFINITION 1V.12. The Dizmier trace of T € M, denoted T, is defined by
][T = Tr, T, w any state on Q.

We shall refer to the functional f T — f T as the Dizmier trace on M.
ProprosITION IV.8. The following hold.

(1) M is a closed subspace of L) on which the Dizmier trace f is a con-
tinuous linear form.
(2) LetH' be a (separable) Hilbert space and let ® be a continuous x-homomorphism

from L(H) to L(H') satisfying (IV.2.5). Then ®(M(H)) C M(H') and
][ ®(T) =][ T VT e LE(H).
/ H

(3) Let S:H — H be a continuous linear isomorphism from H onto a Hilbert
space H'. Then M(H') = ST'M(H)S and

SITs :][ T VT e £0H),
H’ H

(4) M and § don’t depend on the choice of the inner product on H.
PRrROOF. By definition
M= (] {TeL£h); Tr (T) = Tr, T}
w,w'€N(Q)

Since each Dixmier trace Tr,, is a continuous linear form on £(1:°°) it follows that
M is a closed subspace of M. In addition, since { agrees on M with any Dixmier
trace, it follows from Proposition IV.6 that { is a continuous linear form on M.
This proves the first part of the proposition. The other parts immediately follow
from Lemma IV.12 and Proposition IV.7. (|

PROPOSITION IV.9. The following hold.
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(1) ForanyTGEloo)
<T eM and][T = L> = AIEI;OT)\(T) =1L
(2) For any T € K positive,
Z\}Enoolo;NT;Vun(T) =L—= <T6M a,nd][T:L) .
PrOOF. Let T € CS_LOO). Then it follows from Proposition IV.4 that

lim 7\(T) = L & <W(T(T)> —LVwe Q(Q)) s (T € M and ][T - L) .

— 00

Next, let T' be a positive compact operator such that

]\}gnoo logNUN(T) =1L

Then on(T) = O(log N), i.e., T is contained in £1:>).
Let X € [e,00) and set N = [A]. Then we have
oAT) _ onti(T) _log(N+1) onii(T)

logh — logN logN  log(N +1)’
o) . on(T) _ logN  oy(T)
logA ~ log(N+1) log(N+1) logN "~
Since logic()g]'\tl) and loé(zlg\fjil) both converge to 1 as N — oo, it follows that
M — L as A — 00.
A—oo logu
If L # 0, then as A — oo we have Ulgg\) L ~ & and hence

.
/ / —leog/\
e logu U

= 0(%), and hence

— ox(T) 1
If L =0, then lz\)g/\ X

/e/\(ﬁé??:o</:?>:0(log)\).

In both cases, we deduce that

1 A ou(T) du
T) = — — L .
() log)\/ logu u as A = 00

It then follows from the first part of the proposition that 7T is measurable and
§T = L. The proof is complete. O

ProPOSITION IV.10. The following types of operators are measurable and have
a vanishing Dixmier trace:
(i) Any operator in Lél’oo).
(ii) Any trace-class operator.
(iii) Any inﬁnitesimal operator of order > 1.

PRrROOF. Since E ) contains £! and the infinitesimal operators of order > 1,

(ii) and (iii) follows from (i). Therefore, we only have to prove that if T € E(()l )
then T is measurable and its Dixmier trace is zero.
Since ﬁél’oo) is a two-sided ideal (cf. Remark IV.1), Lemma IV.11 allows us

to write T as T = Ty — Ty + i(T3 — Ty) with T; € £§Jl’°°) N L(H)4. Since
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on(T;) = o(log N), it follows from Proposition IV.9 that T; is measurable and
have a vanishing Dixmier trace. By linearity the same is true for T. The proof is
complete. O

Next, we shall make use of the following Tauberian theorem to obtain a mea-
surability criterion.

LEMMA IV.13 (See [GVF, Lemmas 7.19-7.20]). Let (A, )n>0 be a nonincreasing
sequence of positive real numbers such that
(1) >ps0An < oo foralls>1.
(ii) limy_ 1+ (s — 1) Dm0 =1
Then

> =1

lim
N log N =

ProroOSITION IV.11. Let T € K be positive and assume there exists p > 0 such
that the following holds
(i) T is trace-class for all s > p.
(ii) limg_p+(s —p) TraceT® = L # 0.
Then TP is measurable and
][ =L
p

PROOF. For n € Ny set A, = pL ™'y, (TP). If s > 0, then by Proposition II1.5
we have p, (T?) = u, (T?%) for all n € No, and hence

DOX =D (L) (TP DY T pn(T7%) = (pL™")* Trace T7*.
n>0 n>0 n>0
Therefore, we see that
- The series ), -, AS is convergent for all s > 1.
- Ass — 1+ we have

Z Ay = ) Trace TP* = (pL~")(sp — p) 'L+ o(1) = (s — 1) + o(1).
n>0

We then can apply Lemma IV.13 to deduce that imy o o5 o N > = 1. Since

pn(TP) = Lp~—t\, this gives

n<N

> (17 = .

n<N p

(IV.3.47)

lim
N logN

It then follows from Proposition IV.9 that T? is measurable and { TP = %, proving
the proposition. O

EXAMPLE IV.13. Let A = —(02, 4 ... 4 92 ) be the (positive) Laplacian on
the n-dimensional torus T" = R™/(27Z)". For k € Z" set e}, = (2r)~ 2 e***. Then
(ex)rezn is an orthonormal basis of L?(T"). Furthermore,

Aey, = |k|%er,  Vk €Z"

Thus (|k|?)rezn is the family of eigenvalues of A counted with multiplicity. We
order it in a non-decreasing sequence (\;);>0, i.e., A; is the (j 4+ 1)’th eigenvalue of
A counted with multiplicity. (In fact, as 0 is an eigenvalue with multiplicity 1, if
j > 1 then ), is the j’th nonzero eigenvalue counted with multiplicity.)

LEMMA TV.14 (Weyl Asymptotic). As j — oo we have
2

(IV.3.48) A = (j> " e=

T
c r2+1)
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PrROOF. For A\ > 0 define
Ni(A) =#{j € No; A; <A} and No(A) =#{j € No; \; <A}
Observe that

(IV.3.49) Ni(A) = #{k € Z"; |k|> < A} = 2"#{k e NI; |k| < VA,
(IV.3.50) No(\) = #{k € Z"; k> <A} = 2"#{k e Ng; |k| < VA}.
In addition, for any j € N, we have

(IV.3.51) Ni(Aj) < < Na(Xg).

For r > 0 we denote by B(0,7) the (open) ball of radius r about the origin
in R™ and we set BT (0,7) = B(0,7)([0,00)". For k = (k1,...,k,) in NI we set
I = [k1, k1 +1) X ... X [k, kn + 1). In addition, for any Borel set A we shall

n

denote by |A] its Lebesgue measure. For instance |Ix| =1 and |B(0,7)| = 27 "er™,
with ¢ = ‘B(O 1)| = Tl)
If « € I, then |k| < |z| < |k| + v/n. Therefore, for any A > 0, we have

BY0,vA)c |J Ik and U & c B 0,Vx+vn).

kl<Vx k| <VA
Thus,
IBFOVNI < | | In| = #{k € N§; [kl < VAL
[k|<v/X
IBYO,VA+ V)| > | | In| = #{k € Ng; [k| <V}
[kI<VX
Since |B1(0,7)] = 27"|B(0,7)| = 27 "cr™, using (IV.3.49)—(IV.3.50) we deduce that
" " n n
AF <N\ and  Na(A) < erd (1 n :g) .

Combining this with (IV.3.51) shows that, for any j € N, we have

n ) n n "
A} < Ni(Ay) <G < No(dg) < ed? (1 LY ) :

Vi

Thus,
(IV.3.52) <1 + \/\/)\i) < )\j(cjfl)% <1.
J

As the sequence (A);j>o is non-decreasing and unbounded it converges to co and
(1+ ﬁ)’% converges to 1 as j — oo. Combining this with (IV.3.52) shows that

Vi
)\j(cj_l)% —1 as j — oo,
proving the claim. O
Next, the operator A% as the bounded operator on L2(T") such that
A™%er =0 and A%, = |k| e, Vk e Z™\O.

Therefore, using Proposition IL.5 (iv) we see that A™% is a positive compact op-
erator. Moreover, as the definition of A~% implies that ((A\;)”%);>; is the non-
increasing sequence of its eigenvalues with multiplicity, the min-max principle in-
sures us that, for all j € Ny,

_n
2

1;(A72) = (j + 1)’th eigenvalue of A™% counted with multiplicity = (\;41)
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Combining this with (IV.3.48) shows that p;(A~%) ~

. 1 _n
J\;gnoologN ZH;‘(A =
J<N

? as j — oo. Thus,

We then may use Proposition IV.9 to deduce that A~% is measurable and

n T3
A_E = = —
][ BERYCERY

EXAMPLE IV.14. Let us present an example of an operator in £(1°) which is
not measurable. To this end, let o be the function on (1,00) defined by

o(t) =logt {4 + cos (log(logt)) — sin (log(logt))}.

Notice that o is a smooth function and

0"(t> _ % {2 — sin (log(logt))}

a%w:%ﬁ@—gmbw%wy4byr%%@gmy»}

Using (IV.14) we see that o(t) is increasing on (1, 00) and

(IV.3.53) Pl vzl
Thus,
(IV.3.54) lo(n+1) —o(n)| < g Vn € N.

In addition, using (IV.14) we can check that o(t) is concave on (e, 00) and hence,
for any integer n > 3, we have

Lot +2) +o(n) < o(n + 1)

2
that is,
(IV.3.55) on+2)—on+1)<on+1)—on).
Let (&,)n>0 be an orthonormal basis of H and let T' € £(H) be defined by
| (o(4) —a(3))n forn=0,1,2,
(IV.3.56) Ten = { (c(n+1) —o(n))é, forn > 3.

The operator T is positive and using Proposition I1.5-(iv) and (IV.3.54) we see
that T is a compact operator. Furthermore, by (IV.3.55) the sequence (o(n+ 1) —
o(n))n>3 is decreasing, and so using (IV.3.56) and the min-max principle we deduce
that

(IV.3.57)

po(T) = pa(T) = p2(T) = 0(4) =0 (3) and  pn(T) = o(n+1) —o(n) for n > 3.
Combining this with (IV.3.54) we see that that y,(7) = O(2), and hence T is an

element of £(1:°),
Let N be an integer > 4. Then (IV.3.57) immediately implies that

on(T) =D un(T) =0(N)+a,  a:=30(4)—40(3).

Let u € [4,00) and set N = [u] and & = u — N. Then combining (IV.3.11)
and (IV.14) we get

ou(T)=aoni1(T)+ (1 —a)on(T) = ac(N + 1)+ (1 — a)o(N) + a,
and hence
|ou(T) = o(u) —a < alo(N +1) —o(u)| + (1 - a)|o(N) — o(u)]-
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Thanks to (IV.3.53) we have

6
lo(N +1) —o(u)] < "
6 N+1 6 56 15
N) — << <22 =
o) —oll s § < N375 10 "
where we have used the fact tha % < 3 for all ¢ > 4. Thus,
1
ou(T) ~o(w) —al < > Vuz4,

and hence
ou(T) = o(u) + O(1) as u — 00.
It follows from this that, as A — oo, we have

(T log)\/ logu u log/\ logu u <1og)\ ulogu) '
Since f ulogu = ngA 4o — Joglog A = o(log \), we see that
1 A o(u) du
1V.3.58 T) = — 1).
( ) () log)\/e logu u +o(1)

Next, we have

A log A u log A
/ o(u) du _ / a(e )du — / (4 + cos(log u) — sin(log u)) du.
e 1 1

logu u U

Observing that - [u (4 + cos(log u))] = (4 + cos(log u) — sin(log u)), we get

A
o(u) du
/e logu @ log A {4 + cos (log(log \))}

Combining this with (IV.3.58) we then obtain
A(T) = 4 + cos (log(log \)) + o(1) as A — o0.

Therefore 7)(T) does not have a limit as A\ — oo. It then follows from Proposi-
tion IV.9 that T is an element of £(3°°) which is not measurable.
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