
CHAPTER I

Spectrum and
Duality Between Spaces and Algebras

I.1. Banach algebras and C∗-algebras

In the sequel all the vector spaces and algebras are vector spaces or algebras
over C. Unless otherwise mentioned all the topological spaces are assumed to be
Hausdorff.

Definition I.1. A Banach algebra is an algebra A endowed with a Banach
norm ‖.‖ such that

‖xy‖ ≤ ‖x‖‖y‖ ∀x, y ∈ A.

Definition I.2. A C∗-algebra is a Banach algebra A together with an antilinear
involution x→ x∗ such that

(xy)∗ = y∗x∗ ∀x, y ∈ A,(I.1.1)

‖x∗‖ = ‖x‖ and ‖x∗x‖ = ‖x‖2 ∀x ∈ A.(I.1.2)

Definition I.3. Let A and B be C∗-algebras.
(1) A ∗-homomorphism φ : A→ B is a continuous homomorphism of algebras

such that φ(x∗) = x∗ for all x ∈ A.
(2) A ∗-isomorphism φ : A→ B is ∗-homomorphism which is bijective.

Recall that by the open mapping theorem any bijective continuous linear map
between Banach spaces has a continuous inverse, so the inverse of any ∗-isomorphism
is continuous. As we will see later any ∗-isomorphism between C∗-algebras is iso-
metric (cf. Proposition I.5).

Example I.4. Let Mn(C) be the algebra of n×n-matrices with complex entries.
It is equipped with the involution A→ A∗, where A∗ := A

t
is the adjoint of A. A

C∗-algebra norm is given by the norm defined by

‖A‖ := sup{‖Ax‖; x ∈ Cn, |x| = 1} ∀A ∈Mn(C).

Example I.5. Let H be a Hilbert space and let L(H) be the algebra of con-
tinuous linear operators T : H → H. The algebra L(H) comes equipped with the
involution T → T ∗, where T ∗ is the adjoint of T , i.e., the unique linear operator
on H such that

〈T ∗ξ, η〉 = 〈ξ, η〉 ∀ξ, η ∈ H.
The C∗-algebra norm of L(H) is given by

‖T‖ := sup
‖ξ‖=1

‖Tξ‖

More generally, any closed involutive subalgebra of L(H) is a C∗-algebra.
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Definition I.6. A ∗-representation of a C∗-algebra in a Hilbert space H is a
∗-homomorphism from A to L(H).

Theorem I.1 (Gel’fand-Naimark; see [GVF, pp. 29–31]). Any C∗-algebra A
admits an isometric ∗-representation π into some Hilbert space H.

Recall the following.

Lemma I.1. Let T : E1 → E2 be a linear map between Banach spaces which is
isometric, i.e.,

‖Tx‖E2 = ‖x‖E1 ∀x ∈ E1.

Then the image T (E1) is a closed subspace of E2 and T gives rise to an isometric
isomorphism from E1 onto T (E1).

Proof. Exercise! �

Using this lemma we see that in Gel’fand-Naimark’s theorem, π(A) is a closed
involutive subalgebra of L(H), and hence is a C∗-algebra. Moreover, the represen-
tation π provides with an isometric ∗-isomorphism of A onto π(A). Therefore, we
see that any C∗-algebra can be represented as sub-C∗-algebra of some L(H).

Example I.7. Let X be a compact (Hausdorff) space and let C(X) be its alge-
bra of continuous complex-valued functions. The algebra has the natural involution
f → f , where f denotes the complex conjugate of f . The C∗-algebra norm of C(X)
is the usual norm of C(X), i.e.,

‖f‖C(X) := sup
x∈X
|f(x)| ∀f ∈ C(X).

Notice that the constant function 1 is a unit for C(X), so C(X) is a unital com-
mutative C∗-algebra.

Example I.8. Let X be a compact topological space and let C0(X) be its
algebra of continuous functions “vanishing at infinity”. Recall that a function
f ∈ C(X) vanishes at infinity if, for all ε > 0, there exists a compact K ⊂ X such
that |f(x)| ≤ ε for all x ∈ X \K. As in the previous example C0(X) has the natural
involution given by taking complex conjugates and its C∗-algebra is its usual norm,

‖f‖C0(X) := sup
x∈X
|f(x)| ∀f ∈ C0(X).

The C∗-algebra C0(X) is commutative, but as it does not contain the constant
function 1 this is not a unital C∗-algebra.

As we will see later in Section I.4 the previous two examples are essentially the
only examples of commutative C∗-algebras.

Finally, there are some notions Banach algebras (e.g. spectrum; see below) that
requires the Banach algebra to have a unit. However, there is a way to add a unit
to any Banach algebra A. This can be explained as follows. Define

A+ = A⊕ C.
This is a vector space. We turn it into a Banach algebra by means of the product
and norm defined by

(x1, λ1).(x2, λ2) := (x1x2 + λ1x2 + λ2x1, λ1λ2) ∀(xj , λj) ∈ A+,

‖(x, λ)‖A+ := inf{‖xy + λy‖A; y ∈ A, ‖y‖A = 1} ∀(x, λ) ∈ A+.
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In particular A+ has unit
1A+ := (0, 1).

The map x → (x, 0) provides us with an isometric embedding of A into A+.
This allows us to identify A with the closed ideal A ⊗ {0} of A+. Using this
identification we can write any element of A+ as

(x, λ) = x+ λ1A+ , x ∈ A, λ ∈ C.
If A is C∗-algebra we further endow A+ with the involution

(x, λ) −→ (x∗, λ̄).

This turns A+ into a C∗-algebra and then A embeds into A+ as a C∗-algebra.

I.2. Spectrum

In this section we let A be a Banach algebra with a unit 1A such that ‖1A‖ = 1.
This latter condition is always satisfied when A is a (unital) C∗-algebra (exercise!).

In the sequel we denote by A−1 the group of invertible elements of A. This is
an open subset of A.

Definition I.9. Let x ∈ A. The spectrum of x is

SpA(x) := {λ ∈ C; x− λ 6∈ A−1}.
The complement of SpA(x) is called the resolvent set of x.

Remark I.10. When A is not unital, we define the spectrum of x ∈ A to
its spectrum in A+, i.e., SpA(x) := SpA+(x). Notice that 0 is always contained
in SpA+(x) because as A is a non-trivial ideal of A+ none of its elements can be
invertible in A+. In particular, when A is unital SpA+(x) = SpA(x) ∪ {0}.

Proposition I.1. Let x ∈ A. Then
(1) The spectrum SpA(x) is a non-empty compact subset of C.
(2) The resolvent λ→ (x− λ)−1 is an analytic map from C \ SpA(x) to A.

Definition I.11. Let x ∈ A. The spectrum radius of x is

ρ(x) = sup{|λ|; λ ∈ SpA(x)}.

Proposition I.2 (Gel’fand-Mazur; see [Ar, Thm. 1.7.3]). For all x ∈ A,

ρ(x) = lim
n→∞

n
√
‖xn‖ ≤ ‖x‖.

Proposition I.3. Suppose that A is a C∗-algebra and let x ∈ A be normal
(i.e. x∗x = xx∗). Then

ρ(x) = ‖x‖.

Proof. As A is a C∗-algebra and x∗x = xx∗, we have

‖x2‖ = ‖(x2)∗x2‖ 1
2 = ‖(x∗x)∗(x∗x)‖ 1

2 = ‖x∗x‖ = ‖x‖2.
An induction then shows that

‖x2n

‖ = ‖x‖2
n

∀n ∈ N.
Combining this with Proposition I.2 gives

ρ(x) = lim
n→∞

‖x2n

‖ 1
2n = ‖x‖,

proving the proposition. �
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In the sequel if A is a Banach algebra equipped with an antilinear, we called
C∗-norm a Banach norm satisfying (I.1) and (I.1.2).

Proposition I.4. If A is a C∗-algebra then its norm is its unique C∗-norm.

Proof. Possibly by embedding A into A+ we may assume that A is unital.
Assume that ‖.‖′ is another C∗-norms on A. The spectrum of an element x ∈ A
is independent of the choice of the norm. Therefore, if x ∈ A is normal, then from
Proposition I.3 we get

‖x‖ = ρ(x) = ‖x‖′.
In general, even if x is not normal, x∗x is. Therefore, using the fact that ‖.‖ and
‖.‖′ are C∗-norms we get

‖x‖2 = ‖x∗x‖ = ‖x∗x‖ = ‖x‖′2.

Thus the norms ‖.‖ and ‖.‖′ agree, proving the proposition. �

Proposition I.5. Every ∗-isomorphism between C∗-algebras is isometric.

Proof. If φ : A1 → A2 is a ∗-isomorphism between C∗-algebras A1 and A2,
then ‖φ(x)‖A2 is a C∗-norm on A1. Therefore, by Proposition I.4 it agrees with
the original norm of A1, i.e., φ is an isometry. �

I.3. Holomorphic Functional Calculus

Let A be a Banach algebra with a unit 1A such that ‖1A‖. Let x ∈ A and set
S = SpA(x). In addition, let Ω be an open subset of C containing S and denote
by Hol(Ω) the algebra of holomorphic functions on Ω. As usual we endow Hol(Ω)
with the topology of uniform convergence on compact subsets of Ω.

Let f ∈ Hol(Ω). Then by Cauchy’s formula, for all z ∈ S, we have

f(z) =
1

2iπ

∫
Γ

f(λ)
λ− z

dλ,

where Γ is any continuous and piecewise-C1 bounded contour contained in Ω such
that indΓ(λ) = 1 for all λ ∈ S.

Recall that the map λ→ (λ− x)−1 is analytic from C \ S to A. Therefore, we
can define

(I.3.1) f(x) =
1

2iπ

∫
Γ

f(λ)
λ− x

dλ,

where Γ is as above and the integral is defined as a limit of Riemann sums in A.
This integral does not depend on the choice of Γ.

Theorem I.2 (Holomorphic Functional Calculus; see [Yo, pp. 226-228]). Let
Ω be an open containing S = SpA x.

(1) The map f → f(x) is a continuous unital homomorphism of algebras from
Hol(Ω) to A.

(2) If f and g are elements of Hol(Ω) that agree on S, then f(x) = g(x).
(3) For all f ∈ Hol(Ω) we have

SpA f(x) = f(S).
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Example I.12. Let f(z) =
∑∞
n=0 be a power series with convergence radius

R > ‖x‖, and let Γ be a (direct-oriented) circle about the origin with radius r,
‖x‖ < r < R. Then

(I.3.2) f(x) =
1

2iπ

∫
Γ

( ∞∑
n=0

anλ
n

)
(λ− x)−1dλ =

∞∑
n=0

an
2iπ

∫
Γ

λn(λ− x)−1dλ.

If |λ| > ‖x‖ then ‖λ−1x‖ < 1, and so we have

(λ− x)−1 = λ−1(1− λ−1x) =
∞∑
k=0

λ−(k+1)xn,

where the series converges normally. Therefore, for n = 0, 1, . . . we have

(I.3.3)
1

2iπ

∫
Γ

λn(λ− x)−1dλ =
∞∑
k=0

(
1

2iπ

∫
Γ

λn−(k+1)dλ

)
xn = xn.

Combining this with (I.3.2) shows that

f(x) =
∞∑
n=0

anx
n.

Notice that for n = 0 Eq. (I.3.3) shows that when f(z) is the constant function 1
we have f(x) = 1, that is, Φ is a unital homomorphism of algebras.

This result has a couple of important applications.

Proposition I.6. Let B be a closed subalgebra of A containing the unit 1A.
(1) If x ∈ B is invertible in A, then x−1 belongs to B.
(2) For all x ∈ B we have

SpB(x) = SpA(x).

Proof. Let x ∈ B be invertible in A. By Proposition I.2 both SpA(x) and
SpB(x) are contained in the disk D(0, ‖x‖). Let Γ be a (direct-oriented) circle
about the origin with radius r > ‖x‖. By assumption 0 is not contained in SpA(x),
so i(z) = z−1 is a holomorphic function near SpA(x). Therefore the holomorphic
functional calculus allows to define i(x) as an element of A. Since the holomorphic
functional calculus for x is a homomorphism of algebras from Hol(C \ 0) to x and
z.i(z) = 1 on C \ 0, we see that xi(x) = 1, that is, i(x) = x−1. Thus,

x−1 = i(x) =
1

2iπ

∫
Γ

λ−1

λ− x
dλ.

As mentioned above SpB(x) too is contained in D(0, ‖x‖), so λ−x is invertible
in B for all λ ∈ C \D(0, ‖x‖). Thus λ−1(λ− x)−1 is an element of B for all λ ∈ Γ.
Since B is a closed subspace of A it follows that the integral in (I.3) converges in
B, proving that x−1 is contained in B.

It follows from this that B−1 = A−1 ∩ B. Therefore, if x ∈ B then, for all
λ ∈ C, we have

x− λ ∈ B−1 ⇐⇒ x− λ ∈ A−1 ∩B ⇐⇒ x− λ ∈ A−1,

proving that SpB(x) and SpA(x) agree. The proof is complete. �

In the sequel we denote by S1 the unit sphere of C.
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Proposition I.7. Assume that A is a C∗-algebra.
(1) If x ∈ A is unitary (i.e. x∗x = xx∗ = 1), then SpA(x) ⊂ S1.
(2) If x ∈ A is selfadjoint (i.e. x∗ = x), then SpA(x) ⊂ R.

Proof. Let x ∈ A be unitary. As ‖x‖2 = ‖x∗x‖ = ‖1A‖ = 1, using Proposi-
tion I.3 we see that SpA(x) is contained in the closed unit disk D(0, 1). Similarly
SpA x∗ is contained in D(0, 1) too. By assumption x∗ = x−1, so using Theorem I.2
we deduce that SpA x∗ = SpA(x−1) = (SpA x)−1. Therefore (SpA x)−1 is contained
in D(0, 1), and hence SpA x is contained in C \D(0, 1). Thus SpA x is contained in
D(0, 1) ∩ (C \D(0, 1)) = S1.

Let x ∈ A be selfadjoint. Set u = exp(ix). Here exp(ix) is defined by holomor-
phic functional calculus but, as shown in Example I.12,

(I.3.4) exp(ix) =
∞∑
n=0

(ix)n

n!
.

Thus,

u∗ =
∞∑
n=0

((ix)n)∗

n!
=
∞∑
n=0

(−ix)n

n!
= exp(−ix).

As the holomorphic functional calculus for x is an algebra homomorphism and
exp(−iz) exp(iz) = 1 for all z ∈ C, we deduce that u∗u = exp(−ix) exp(ix) = 1.
Similarly uu∗ = 1, so u is unitary. It then follows from the first part that SpA u is
contained in S1.

By Theorem I.2 we know that SpA(u) = SpA exp(ix) = exp(iSpA x), so we
see that exp(iλ) is contained in S1 for all λ ∈ SpA x. This implies that SpA x is
contained in R. The proof is complete. �

I.4. The Gel’fand Transform

In this section we let A be a unital commutative C∗-algebra.

Definition I.13. A character of A is a linear map χ : A→ C such that

χ(xy) = χ(x)χ(y) ∀x, y ∈ A,(I.4.1)

χ(1A) = 1.(I.4.2)

The set of characters of A is called the Gel’fand spectrum of A and is denoted SpA.

It can be shown that the characters of A are in one-to-one correspondence with
maximal ideals of A (see [GVF, p. 7]).

Example I.14. Let X be a compact space and consider the C∗-algebra C(X)
of continuous functions X. For any x ∈ X the evaluation by x defines a linear form
on C(X), namely,

(I.4.3) χx(f) := f(x) ∀f ∈ C(X).

Then χx is a character of C(X). Furthermore, it can be shown (cf. [GVF, pp. 9-10])
that

(I.4.4) SpC(X) = {χx; x ∈ X}.
Thus the characters of C(X) are in one-to-one correspondence with the points of X.

The connection between the spectrum of A and the spectra of its points is given
by the following.
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Proposition I.8. For all x ∈ A we have

SpA(x) = {χ(x); χ ∈ SpA}.

Proof. For all λ ∈ C \ SpA(x) and all χ ∈ SpA we have

χ
(
(x− λ)−1

)
(χ(x)− λ) = χ

(
(x− λ)−1(x− λ)

)
= χ(1) = 1,

and hence χ(x) 6= λ. This shows that C\SpA(x) is contained in the complement of
S := {χ(x); χ ∈ SpA}, that is, S is contained in SpA(x). The converse inclusion
is the content of Lemma 1.3 of [GVF]. �

This result has a few important consequences.

Proposition I.9. Let χ ∈ SpA. Then

χ(x∗) = χ(x) ∀x ∈ A.

Proof. Let x ∈ A. Assume first that x is selfadjoint. By Proposition I.8 we
know that χ(x) is contained in SpA(x). Since x is selfadjoint Proposition I.7 tells
us that SpA x is contained in R. Therefore we see that χ(x) is real number.

In general, set x1 = 1
2 (x+ x∗) and x2 = 1

2i (x− x
∗). Then x1 and x2 both are

selfadjoint and x = x1 + ix2. By linearity,

χ(x) = χ(x1 + ix2) = χ(x1) + iχ(x2).

Similarly,
χ(x∗) = χ(x1 − ix2) = χ(x1)− iχ(x2).

As x1 and x2 are selfadjoint both χ(x1) and χ(x2) are real numbers. Therefore
χ(x1)−iχ(x2) = χ(x1) + iχ(x2), that is, χ(x∗) = χ(x), proving the proposition. �

In the sequel we denote by A∗ the topological dual of A. This is a Banach
space equipped with the norm,

‖ϕ‖A∗ := sup
‖x‖=1

|〈ϕ, x〉| ∀ϕ ∈ A∗.

We denote by Ω the unit sphere of A∗.
The weak-∗ topology on A∗ is given by the topology of pointwise convergence.

By the Banach-Alaoglu theorem Ω is compact with respect to the weak-∗ topology.

Proposition I.10. SpA is contained in Ω.

Proof. Let χ ∈ SpA and let x ∈ A. Thanks to Proposition I.8 we know that
χ(x) is contained in SpA(x), and so using Proposition I.3 we get

|χ(x)| ≤ ρ(x) ≤ ‖x‖.
This shows that χ is a continuous linear form on A and we have ‖χ‖A∗ ≤ 1.
Moreover, as χ(1A) = 1 and ‖1A‖ = 1 (since A is a C∗-algebra), we see that
‖χ‖A∗ = 1, that is, χ belongs to Ω, proving the proposition. �

Notice that the maps χ→ χ(xy)−χ(x)χ(y), x, y ∈ A, and χ→ χ(1) are contin-
uous on A∗ with respect to the weak-∗ topology. Therefore the conditions (I.4.1)–
(I.4.2) defining SpA imply that SpA is a closed subset of A∗ with respect to weak-∗
topology. Since by the previous proposition SpA is contained Ω, which is compact
with respect to the weak-∗ topology, we obtain:

Proposition I.11. Equipped with the weak-∗ topology SpA is a compact space.
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In particular we can consider the C∗-algebra C(SpA). This a unital commu-
tative C∗-algebra.

Definition I.15. The Gel’fand transform of A is the map G : A → C(SpA)
defined by

G(x) = x̂, x̂(χ) := χ(x) ∀x ∈ A ∀χ ∈ SpA.

It is immediate to check that G is a homomorphism of algebras.

Theorem I.3 (Gel’fand-Naimark). The Gel’fand transform is an (isometric)
∗-isomorphism from A onto C(SpA).

Proof. Let x ∈ A. Using Proposition I.9 we see that, for all χ ∈ SpA,

G(x∗)(χ) = χ(x∗) = χ(x) = G(x)(χ),

that is, G(x∗) = G(x), proving that G is a ∗-homomorphism.
By Proposition I.8 we have

SpA(x) = {χ(x); χ ∈ SpA} = {G(x)(χ); χ ∈ SpA} = SpC(SpA)G(x),

and hence ρ(x) = ρ(G(x)). In particular, if x is normal, then so is G(x) and using
Proposition I.3 we get

‖G(x)‖ = ρ(G(x)) = ρ(x) = ‖x‖.

In general, as A is a C∗-algebra we have

‖x‖2 = ‖x∗x‖ = ‖G(x∗x)‖ = ‖G(x)G(x)‖ = ‖G(x)‖2,

proving that G is an isometry. It then follows from Lemma I.1 that G(A) is a
closed subalgebra C(SpA) and G gives rise to an isometric isomorphism from A
onto G(A).

To complete the proof we need to show that G is onto. As we have just seen
G(A) is sub-C∗-algebra of C(SpA). It contains the constant function 1 = G(1A).
Moreover, if χ1 and χ2 are two distinct elements of SpA, then there exists x ∈ A
such that χ1(x) 6= χ2(x), that is, G(x)(χ1) 6= G(x)(χ2). Thus G(A) separates the
points of SpA. We then can apply the Stone-Weierstrass theorem (as in its version
in [Fo, 4.51]) to conclude that G(A) = C(SpA), completing the proof. �

Combining this with Example I.14 shows that the Gel’fand transform provides
us with an equivalence,

{Compact Hausdorff spaces} {Unital commutative C∗-algebras}
X −→ C(X)

SpA ←− A

This actually gives rise to an equivalence of categories (cf. [GVF, pp. 9–16]). Thus
general unital C∗-algebras can be seen as the noncommutative analogue of compact
spaces.

When A is not unital we defined its characters as the non-zero homomorphisms
χ :→ C (when A is unital any non-zero homomorphism χ : A → C is unital;
exercise!). Denote by SpA the Gel’fand spectrum of A, that is, its set of characters.
Then SpA is contained in the (closed) unit ball BA∗(0, 1) of A∗ and it can be shown
to be a locally compact space. Indeed, consider

K = {χ ∈ BA∗(0, 1);χ(xy) = χ(x)χ(y)∀x, y ∈ A}.
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Then SpA = K \ {0}. Noticing that K is a closed subset of BA∗(0, 1), and hence
is compact with respect to the weak-* topology of A∗, we see that SpA becomes a
locally compact once endowed with the weak-* topology of A∗.

The Gel’fand transform G : A→ C(SpA) is defined as in Definition I.15. It can
be shown to give rise to an isometric ∗-isomorphism G : A→ C0(SpA). Therefore,
in this case again, the Gel’fand transform provided us with an equivalence,

{Locally compact Hausdorff spaces} {Commutative C∗-algebras}
X −→ C0(X)

SpA ←− A

I.5. Continuous Functional Calculus

In this section we let A be a C∗-algebra and we let x ∈ A be normal (i.e.,
x∗x = xx∗). Possibly by embedding A into A+ we may assume that A is unital. In
addition we denote by S the spectrum of x.

Let P be the space of polynomials f(z) =
∑
m, cmnz

mz̄n in the variables z and
z̄. We shall regard P as an involutive subalgebra of C(S). If f =

∑
n,m cmnz

nz̄m

is an element of P we set

f(x) =
∑
m,n

cmnx
m(x∗)m.

The map f → f(x) is a unital ∗-homomorphism of algebras from P to A. Let us
denote by B its image. This is an involutive unital subalgebra of A, so its closure
B := B is a unital C∗-algebra. The latter is the C∗-algebra generated by x. As x
is normal this a commutative C∗-algebra.

Since B is a unital commutative C∗-algebra, the Gel’fand transform G : B →
C(SpB) is an isometric unital isomorphism of C∗-algebras. Set a = G(x); this is
an element of C(SpB). If f =

∑
n,m cmnz

nz̄m is an element of P, then

G(f(x)) = G

(∑
m,n

cmnx
m(x∗)n

)
=
∑
m,n

cmnG(x)mG(x)
n

= f ◦ a.

Thus,

(I.5.1) f(x) = G−1(f ◦ a) ∀f ∈ P.

Since G is an isomorphism a(SpB) = SpC(SpB G(x) = SpB x, so using Propo-
sition I.6 we see that a(SpB) = SpA x = S. This means that for all f ∈ C(S) the
composite f ◦ a is a well-defined element of C(SpB).

Definition I.16. For all f ∈ C(S) we define

f(x) := G−1(f ◦ a) ∈ A.

Theorem I.4 (Continuous Functional Calculus). The following holds.
(1) The map Φ : x→ f(x) is an isometric ∗-homomorphism from C(S) to A,

whose image is the C∗-algebra generated by x.
(2) If f =

∑
n,m cmnz

nz̄m is an element of P, then

(I.5.2) f(x) =
∑
m,n

cmnx
m(x∗)n.
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(3) For all f ∈ C(S) we have

(I.5.3) SpA f(x) = f(S).

Proof. First, (I.5.2) immediately follows from (I.5.1). In particular we see
that the algebra B is contained in the image of Φ.

Observe that the map Ψ : f → f ◦ a is a unital ∗-homomorphism from C(S) to
C(SpB). In addition, using the fact that a(SpB) = S we see that, for all f ∈ C(S),

‖f ◦ a‖C(SpB) = sup
χ∈SpB

|f(a(χ))| = sup
z∈a(SpB)

|f(z)| = sup
z∈S
|f(z)| = ‖f‖C(S).

Therefore Ψ is an isometric unital ∗-homomorphism. Since G is an isometric unital
∗-isomorphism from B to C(SpB), we deduce that Φ = G−1 ◦ Ψ is an isometric
unital ∗-homomorphism from C(S) to B. In particular its image is closed. As
we know that Φ(C(S)) is contains the dense subalgebra B of B it follows that
Φ(C(S)) = B, i.e., Φ maps onto C∗-algebra generated by x.

As for the last part, combining Proposition I.6 with the fact that Φ is an
isomorphism of algebras from C(S) onto B shows that, for all f ∈ C(S),

SpA f(x) = SpB f(x) = SpC(S) f = f(S).

The proof is complete. �

Remark I.17. The continuity of the map f → f(x) from C(S) to A implies
that if a sequence (fk) ⊂ P converges uniformly on S to f , then

(I.5.4) f(x) = lim
k→∞

fk(x).

Together with (I.5.2) this provides us with an alternative, and somewhat more
concrete, definition of f(x).

Remark I.18. Notice that the selfadjoint elements of C(S) are exactly the
continuous functions on S that are real-valued. Therefore, the fact that the con-
tinuous functional calculus is a ∗-homomorphism implies that, for any real-valued
continuous function f(z) on S, the element f(x) is selfadjoint.

I.6. Examples of Noncommutative Quotients

I.6.1. Crossed-product algebra. Let A be a C∗-algebra and let G be a
locally compact group together with a continuous action (g, x)→ αg(x) of G on A.

A covariant representation of (A,G, α) in a Hilbert space H is a pair (πA, πG)
such that:

- πA : A→ L(H) is an isometric ∗-representation of A in H;
- πG : G→ L(H) is a unitary representation of G in H, i.e., π(g) is unitary

for all g ∈ G;
- For all x ∈ A and all g ∈ G,

πG(g)πA(x)πG(g)−1 = πA(αg(x)).

The covariant representation is said to be isometric when πA is isometric. There
always exists an isometric covariant representation of (A,G, α). For instance,
given an isometric ∗-representation π : A → L(H) of A into a Hilbert H as
given by Theorem I.1, then we have an isometric covariant representation (πA, πG)
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of (A,G, α) into the Hilbert space L2(G,H), with πA : A → L(L2(G,H)) and
πG : G→ L(L2(G,H)) given by

[πA(x)ξ] (h) := [π(αh−1x)ξ] (h) ∀x ∈ A ∀ξ ∈ L2(G,H) ∀h ∈ G,
[πG(g)ξ] (h) := ξ(g−1h) ∀g, h ∈ G ∀ξ ∈ L2(G,H).

Consider the algebra Cc(G,A) of continuous functions f : G→ A with compact
supports. We endow it with the convolution product,

f1 ∗ f2(g) :=
∫
G

f1(h)αh
[
f2(h−1g)

]
dλ(g) ∀fj ∈ Cc(G,A) ∀g ∈ G,

where dλ is a left-invariant Haar measure on G (such a measure is unique up to
constant multiple). We also equip Cc(G,A) with the involution f → f∗ given by

f∗(g) := ∆(g)−1f(g−1)∗ ∀f ∈ Cc(G,A) ∀g ∈ G
where ∆(g) is the modular function of G. The latter is uniquely determined by the
relation dλ(gh−1) = ∆(h)dλ(g) ∀h ∈ G or, equivalently, dλ(g−1) = ∆(g)−1dλ(g).

Remark I.19. If µ(x) is a Borel measure on G and φ : G → G is a Borel
function, then we denote by µφ(x) = µ(φ(x)) the Borel measure on G defined by

µφ(B) = µ(φ(B)) for any Borel set B.

For instance, if G = R, the measure µ(x) is the Lebesgue measure dx and the
function φ(x) is differentiable, then we have d(φ(x)) = φ′(x)dx.

Let (πA, πG) be a covariant representation of (A,G, α). We define a ∗-representation
π : Cc(G,A)→ L(H) by letting

(I.6.1) π(f) =
∫
G

πA(f(g))πG(g)dλ(g) ∀f ∈ Cc(G,A).

Then π(Cc(G,A)) is an involutive subalgebra of L(H).

Definition I.20. The C∗-algebra obtained as the closure of π(Cc(G,A)) in
L(H) is called the (reduced) crossed-product algebra of A by G and is denoted AorG.

Up to ∗-isomorphism the reduced crossed-product algebra does not depend on
the choice of the covariant representation (πA, πG) to define π.

I.6.2. Dual of a locally compact group. An important special case of the
previous construction is the reduced C∗-algebra of the group G obtained when
A = C and the action of G is trivial, i.e., αg(x) = x. This C∗-algebra is denoted
C∗r (G). It can be realized by using the left-regular representation of G in L2(G),
i.e., the unitary representation πG : G→ L2(G) defined by

[πG(g)ξ] (h) = ξ(g−1h) ∀g, h ∈ G ∀ξ ∈ L2(G).

The representation (I.6.1) then is the representation of Cc(G) in L2(G) such that,
for all f ∈ Cc(G) and all ξ ∈ L2(G) and h ∈ G, we have

[π(f)ξ] (h) =
∫
G

f(g) [πG(g)ξ] (h)dλ(g) =
∫
G

f(g)ξ(g−1h)dλ(g) = f ∗ ξ(h),

where ∗ is the convolution for functions on G. Thus π is the representation of Cc(G)
in L2(G) by left-convolution operators. Its closure in L(L2(G)) is the C∗-algebra
C∗r (G).
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Assume now that G is Abelian, and let Ĝ be its Pontryagin dual. As Ĝ is
Abelian Ĝ is set of characters of Γ, i.e., Ĝ consists of all continuous morphisms
χ : G→ S1. Equipped with the pointwise product and the topology of convergence
on compact sets, Ĝ is a locally compact group. The Fourier transform on G is the
linear map f → f̂ from L1(G) to C(Ĝ) defined by

f̂(χ) :=
∫
G

f(g)χ(g)dλ(g) f ∈ L1(G) ∀χ ∈ Ĝ.

For instance when G = R the characters are exactly those of the forms χ(t) = eixt

for some x ∈ R, so we recover the usual Fourier transform on R.
The range of the Fourier transform is contained in C0(Ĝ). Moreover it extends

to an isometric isomorphism from L2(G) onto L2(Ĝ) under which the convolution
of functions on G corresponds to the pointwise product of functions on Ĝ. In
particular, for f ∈ Cc(G) and ξ ∈ L2(G), we have

[π(f)ξ]∧ = (f ∗ ξ)∧ = f̂ .ξ̂.

Thus under the Fourier transform the representation π of Cc(G) coincides with the
representation of C0(Ĝ) by multiplication operators on L2(Ĝ). Since the latter is
isometric we get an isometric ∗-homomorphism φ̂ : π(Cc(G))→ C0(Ĝ) such that

φ̂ (π(f)) = f̂ ∀f ∈ Cc(G).

By definition C∗r (G) is the closure of π(Cc(G)) in L(L2(G)), so φ̂ immediately
extends to an isometric ∗-homomorphism φ̂ : C∗r (G)→ C0(Ĝ). This homomorphism
is onto. Indeed, for χ ∈ Ĝ denote by ρχ the multiplication by χ−1 on Ĝ. This gives
rise to an action (χ, f) → f ◦ ρχ of Ĝ on Cc(Ĝ). This action preserves φ̂(Cc(G)),
for we have

f̂(χ−1
1 χ2) = (χ1f)∧ (χ2) ∀f ∈ Cc(G) ∀χj ∈ Ĝ.

This implies that φ̂(Cc(G)) separates the points of Ĝ. Thus, we may use the Stone-
Weierstrass theorem as in its version of [Fo, 4.52] to deduce that φ̂(Cc(G)) is dense
in C0(G), and hence φ̂(C∗r (G)) = C0(Ĝ). Therefore, we obtain:

Proposition I.12. The Fourier transform on G gives rise to a ∗-isomorphism
from C∗r (G) onto C0(G).

When G is not Abelian the Pontryagin dual Ĝ is defined in terms of irreducible
unitary representations. Its topology may not even be Hausdorff, so in general we
cannot make use of techniques of classical topology to obtain much information on
Ĝ. However, the C∗-algebra C∗r (G) always makes sense and its representations are
intimately related to the unitary representations of G. This motivates the study of
the C∗-algebra C∗r (G) to gain information on G and its unitary representations.

I.6.3. Action of a Lie group on a manifold. Let G be a Lie group acting
smoothly on a smooth manifold M . We write the action of G on M as a left-action
(g, x)→ g.x. Then G acts continuously on the C∗-algebra C0(M) by

(g, f)→ αg(f), αg(f)(x) := f(g−1.x) ∀x ∈M.

We equip M with a smooth measure ρ(x) (in the terminology of (the forthcom-
ing) Chapter 4 this is a density). We form the Hilbert space L2(M) using dρ(x).
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We then have a natural isometric ∗-representation π1 : C0(M) → L(L2(M) given
by the action of C0(M) on L2(M) by multiplication operators, i.e.,

π1(f)ξ = fξ ∀f ∈ C0(M) ∀ξ ∈ L2(M).

In addition, a unitary representation π2 : G→ L2(M) is given by

[π2(g)ξ] (x) := κg(x)
1
2 ξ(g−1.x) ∀g ∈ G ∀ξ ∈ L2(M) ∀x ∈M,

where, for g ∈ G, we denote by κg(x) the positive smooth function on M such that
dρ(g.x) = κg(x)dρ(x).

The pair (π1, π2) forms a covariant representation of (C0(M), G, α), using which
we can define an isometric ∗-representation π : Cc(G,C0(M)) → L(L2(M)) as
in (I.6.1). It is useful to consider the dense subalgebra Cc(G,Cc(M)) and to identify
it with Cc(G ×M). Then for f ∈ Cc(G ×M) the operator π(f) ∈ L(L2(M)) is
simply given by

[π(f)ξ] (x) =
∫
G

f(g, x)ξ(g−1.x)κg(x)
1
2 dλ(g) ∀ξ ∈ L2(M) ∀x ∈M.

Then the crossed-product algebra C0(M) or G is the C∗-algebra obtained as the
closure in L(L2(M)) of π(Cc(G×M)), where π : Cc(G×M)→ L(L2(M)) is defined
as above.

The action of G on M is said to be free if every g ∈ G \ 1 has no fixed points,
and it is said to be proper if the map (g, x)→ (x, g.x) is a proper map from G×M
to M × M . If the action is free and proper then the quotient topology of the
orbit space M/G is Hausdorff and M/G can be endowed with the unique smooth
manifold structure such that the canonical surjection M →M/G is a smooth map
(see, e.g., [Ca, Thm. 23.4]).

Assuming the action of G to be free and proper, we denote by H the bundle
of Hilbert spaces over M/G whose fiber at w = Gx is the L2-space L2(Gx) formed
by pushing-forward to Gx the left-Haar measure dλ(g) under the map g → g.x.
Denoting by K(H) the bundle of C∗-algebras over M/G whose fiber at w ∈M/G is
the C∗-algebra K(Hw) of compact operators on Hw, the space C0(M/G,K(H)) of
continuous sections of K(H) vanishing at ∞ is a C∗-algebra; this is the C∗-algebra
generated by the bundle H.

Proposition I.13 (Green [Gr]). If the action of G on M is free and proper,
then we have an (isometric) ∗-isomorphism,

(I.6.2) C0(M) or G ' C0(M/G,K(H)).

While C0(M/G,K(H)) may be complicated to describe, a consequence of Green’s
result is the strong Morita equivalence,

C0(M) or G '
M.E.

C0(M/G).

Two algebras A and B are said to be Morita equivalent if there is an (A−B)-
bimoduleM1 and a (B−A)-bimoduleM2 such that as an A-module isomorphism
M1 ⊗BM2 ' A and a B-module isomorphism M2 ⊗AM1 ' B. The notion of
strong Morita equivalence between C∗-algebras, due to Rieffel, is the equivalent
notion in terms of C∗-bimodules over C∗-algebras. We refer to [Co, Appendix A,
Chap. 2] and to [GVF, Sect. 4.5] for the main definitions and properties regarding
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strong Morita equivalence of C∗-algebras. For instance, the strong Morita equiva-
lence between C0(M/G) and C0(M/G,K(H)) is realized by C0(M/G,H) seen as a
C0(M/G)− C0(M/G,K(H)) C∗-bimodule.

Although strong Morita equivalence is a weaker notion of equivalence than
that provided by ∗-isomorphisms, many properties of the latter continue to hold
for Morita equivalence. For instance two Morita-equivalent C∗-algebras have same
representation theory, and anticipating the second half of the course, they have
same K-theory and cyclic cohomology.

When the action of G is not free the quotient space M/G need not even be
Hausdorff, and so we cannot make use of classical differential geometry to study
it. However, the crossed-product always makes well sense, so you can study it to
get geometric information on the action of G on M . This simple example is of
one of the main motivation for extending the tools of differential geometry into the
operator theoretic framework of noncommutative geometry.

I.6.4. Noncommutative torus. Consider the 1-dimensional torus,

T = S1 = {z ∈ C; |z| = 1}.
We represent the C∗-algebra A = C(T) by multiplication operators on L2(T), that
is, by using the representation πC(T) : C(T)→ L(L2(T)) given by

π1(f)g = fg ∀f ∈ C(T) ∀g ∈ L2(T).

Let θ ∈ R. This defines an action of Z on T by

(I.6.3) k.z := e−2ikπθz ∀(k, z) ∈ Z× T.
This yields an action of Z on C(T) by

(I.6.4) (k, f)→ αk(f), [αk(f)](z) = f(e2ikπθz).

This also gives rise the unitary representation πZ : Z→ L(L2(T)) defined by

π2(f)(z) = f(e2ikπθz) ∀f ∈ L2(T) ∀z ∈ T.
Then the pair (π1, π2) is an isometric covariant representation of (C(T),Z, α) in
L2(T).

Definition I.21. The noncommutative torus, denoted Aθ, is the crossed-product
C∗-algebra C(T) or Z, where the action of Z on C(T) is given by (I.6.4).

Let us now work out explicitly the construction of C(T) or Z. Since Z is
discrete, Cc(Z, C(T)) consists of finite sequences (fk)k∈Z with values in C(T). Let
f = (fk)k∈Z be such a sequence and let us further assume that each function fk is
a Fourier polynomial on T, i.e., fk =

∑
l∈Z aklz

l, akl ∈ C, where the sum is finite.
Since Z is discrete, as left-Haar measure we can take the counting measure.

Then Eq. (I.6.1) becomes
(I.6.5)

π(f) =
∑
k

π1(fk)π2(k) =
∑
k

π1

(∑
l

aklz
l

)
π2(k.1) =

∑
k,l

aklπ1(z)lπ2(1)k.

Set U = π1(z) and V = π2(1). These are the unitaries of L2(T) given by

Uf(z) = zf(z) and V f(z) = f(e2iπθz).

Moreover, we have
V U = e2iπθUV.

14



From (I.6.5) we see that π(f) =
∑
k,l aklU

kV l. Using the density of polynomials in
z and z̄ = z−1 in C(T) we obtain:

Proposition I.14. Aθ is the sub-C∗-algebra of L(L2(T)) generated by the uni-
taries U and V with relation V U = e2iπθUV .

It can be shown that any C∗-algebra generated by unitaries u and v with
relation vu = e2iπθuv is ∗-isomorphic to Aθ (see [GVF, Prop. 12.1]). In particular,
if θ ∈ Z then there is an isometric ∗-isomorphism,

Aθ ' C(T2).

In fact, the following holds.

Proposition I.15 (Rieffel; see [GVF, Prop. 12.2]). If θ = p
q , where p and q

are relatively prime integers, then there is an isometric ∗-isomorphism,

Aθ ' C(T2, E).

where E is a bundle of algebras over T2 with typical fiber Mq(C). In particular Aθ
is Morita equivalent to C(T2).

For θ 6∈ Q the noncommutative torus is one of the most basic examples of a
truly noncommutative space. We refer to [Co, Sect. 8, Chap. 2] and to [GVF,
Sect. 12] for more detailed accounts on it.
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geometry. Birkhäuser Boston, Boston, MA, 2001.

[Fo] Folland, G.: Real analysis. 2nd edition. John Wiley & Sons, Inc., New York,
1999.

[Yo] Yosida, K.: Functional analysis. 6th edition. Grundlehren der Mathematischen

Wissenschaften, 123. Springer-Verlag, Berlin-New York, 1980.

15



CHAPTER II

Operators on a Hilbert Space

This chapter is a review of basic results concerning operators on a Hilbert space.
The main reference for this chapter is the book of Reed-Simon [RS].

Throughout this chapter we let H be a separable Hilbert space and we denote
by L(H) its C∗-algebra of continuous endomorphisms.

II.1. Polar Decomposition

Definition II.1. An operator T ∈ L(H) is said to be positive if can be written
in the form T = S∗S with S ∈ L(H).

We denote by L(H)+ the set of positive elements of L(H).

Proposition II.1. For T ∈ L(H) the following are equivalent:
(i) T is positive.
(ii) There exists S ∈ L(H) selfadjoint such that T = S2.
(iii) T is selfadjoint and SpT ⊂ [0,∞).
(iv) 〈Tξ, ξ〉 ≥ 0 for all ξ ∈ H.

Proof. We shall prove the implications (i) ⇒ (iv), (ii) ⇒ (i), (iii) ⇒ (ii) and
(iv)⇒ (iii), which will give the proposition.
• (i)⇒ (iv): If T = S∗S for some S ∈ L(H) then, for all ξ ∈ H,

〈Tξ, ξ〉 = 〈S∗Sξ, ξ〉 = 〈Sξ, Sξ〉 = ‖Sξ‖2 ≥ 0,

proving that (i)⇒ (iv).
• (ii)⇒ (i): If T = S2 with S ∈ L(H) selfadjoint, then T = S∗S and hence T is
positive. Thus (ii)⇒ (i).
• (iii)⇒ (ii): Assume that T is selfadjoint and SpT ⊂ [0,∞). Then the function√
t is defined and continuous on SpT , and so we can define S :=

√
T by functional

continuous calculus. Notice that, as
√
t takes real values on SpT , it follows from

Remark I.18 that S is selfdajoint. Recall that the continuous functional calculus
f → f(T ) is a homomorphism of algebrs from C(SpT ) to L(H). Since (

√
t)2 = t on

SpT , it follows that S2 = (
√
T )2 = T , and hence T satisfies (ii). Thus (iii)⇒ (ii).

• (iv)⇒ (iii): Assume that 〈Tξ, ξ〉 ≥ 0 for all ξ ∈ H. Then T is selfadjoint. Indeed,
for all ξ, η in H, we have

4〈Tξ, η〉 = 〈T (ξ+η), ξ+η〉−〈T (ξ−η), ξ−η〉−i〈T (ξ+iη), ξ+iη〉+i〈T (ξ−iη), ξ−iη〉,

from which we see that 〈Tξ, η〉 = 〈Tη, ξ〉, and hence 〈Tξ, η〉 = 〈ξ, Tη〉.
Let us now show that SpT ⊂ [0,∞). Since T is selfadjoint, and hence SpT ⊂ R

by Proposition I.7, we only need to show that T −λ is invertible for all λ < 0. Thus
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let λ ∈ (−∞, 0) and let ξ ∈ H. As 〈Tξ, ξ〉 ≥ 0 we have

|λ|‖ξ‖2 = −λ〈ξ, ξ〉 ≤ 〈(T − λ)ξ, ξ〉 ≤ ‖(T − λ)ξ‖‖ξ‖.

Thus,

(II.1.1) ‖(T − λ)ξ‖ ≤ |λ|‖ξ‖ ∀ξ ∈ H.

This implies that ker(T − λ) = {0}. As T − λ is selfadjoint we then see that
im(T − λ) = (ker(T − λ))⊥ = H.

In fact, the inequality (II.1.1) also implies that im(T − λ) is closed. Indeed, if
η = lim(T − λ)ξn, then (II.1.1) implies that the sequence (ξn)n≥0 is Cauchy in H,
and hence ξn converges to some ξ in H. Then η = lim(T −λ)ξn = Tξ, showing that
η is contained in im(T − λ). Thus ker(T − λ) = 0 and im(T − λ) = H, i.e., T − λ
is bijective. Recall that by the open mapping theorem any bijective continuous
linear map of H onto H has a continuous inverse (see [Fo, p. 162]), so T − λ is an
invertible element of L(H). Thus SpT ⊂ [0,∞), and hence T satisfies (iii), showing
that (iv) implies (iii). The proof is complete. �

Corollary II.1. The set of positive operators L(H)+ is a positive cone of
L(H), i.e.,

λ1T1 + λ2T2 ∈ L(H)+ ∀Tj ∈ L(H)+ ∀λj ≥ 0.

Proof. For j = 1, 2 let Tj ∈ L(H)+ and let λj ∈ [0,∞). Using the character-
ization (iv) of Proposition II.1, we see that, for all ξ ∈ H,

〈(λ1T1 + λ2T2)ξ, ξ〉 = λ1〈T1ξ, ξ〉+ λ2〈T2ξ, ξ〉 ≥ 0,

proving that λ1T1 + λ2T2 is a positive operator. �

Corollary II.2. Let T ∈ L(H) be normal and let f ∈ C(SpT ) be non-
negative. Then the operator f(T ) is positive.

Proof. Since f is real-valued it follows from Remark I.18 that f(T ) is selfad-
joint. Moreover, by (I.5.3) we have Sp f(T ) = f(SpT ) ⊂ [0,∞), so it follows from
Proposition II.1 (iii) that f(T ) is positive. �

Let T ∈ L(H). Then T ∗T is a positive operator, so by the previous proposition
T ∗T is selfadjoint and its spectrum is contained in [0,∞). Therefore, by continuous
functional calculus we can define its square root

√
T ∗T as an element of L(H). It

follows from Corollary II.2 that |T | is a positive operator.

Definition II.2. For all T ∈ L(H) the operator
√
T ∗T is denoted |T | and is

called the modulus of T .

Lemma II.1. Let T ∈ L(H). Then
(i) |T | is the unique element of L(H)+ whose square is T ∗T .
(ii) We have

(II.1.2) ‖|T |ξ‖ = ‖Tξ‖ ∀ξ ∈ H,

and hence ker |T | = kerT .

Proof. The continuous functional calculus f → f(T ∗T ) is a ∗-homomorphism
from C(SpT ∗T ) to L(H). As (

√
t)2 = t on [0,∞) it follows that |T |2 = (

√
T ∗T )2 =

T ∗T .
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Let S ∈ L(H)+ be such that S2 = T . Since S is positive, by Proposition II.1
its spectrum is contained in [0,∞), and hence

√
t2 = t on SpS. Therefore, by

continuous functional calculus S =
√
S2 =

√
T ∗T = |T |. Thus |T | is the unique

element of L(H)+ whose square is T ∗T .
As |T | is selfadjoint |T |∗|T | = |T |2 = T ∗T . Therefore, for all ξ ∈ H,

‖|T |ξ‖2 = 〈|T |ξ, |T ||ξ|〉 = 〈|T |∗|T |ξ, ξ〉 = 〈T ∗Tξ, ξ〉 = 〈Tξ, Tξ〉 = ‖Tξ‖2,
proving (II.1.2). This immediately implies that |T | and T have same kernel. �

Proposition II.2 (Polar Decomposition). Let T ∈ L(H). Then there exists a
unique U ∈ L(H), called the phase of T , such that

(i) T = U |T |;
(ii) kerU = ker |T |.

Proof. Since |T is selfadjoint (ker |T |)⊥ = im |T |, and hence |T | is a bijection
from im |T | onto itself. Let |T |−1 : im |T | → im |T | be its inverse and denote by U
the linear map T |T |−1 : im |T | → H. Then, for any ξ ∈ im |T |, we have

‖Uξ‖2 = 〈T |T |−1ξ, T |T |−1ξ〉 = 〈T ∗T |T |−1ξ, |T |−1ξ〉 = 〈|T |2|T |−1ξ, |T |−1ξ〉
= 〈|T |ξ, |T |−1ξ〉 = 〈ξ, |T ||T |−1ξ〉 = ‖ξ‖2.

Thus U uniquely extends to an isometric linear map U : im |T | → H. Extending U
to be 0 on ker |T | = (im |T |)⊥ we then get a continuous endomorphism U : H → H
whose null space is ker |T |.

If ξ ∈ im |T |, then U |T |ξ = T |T |−1|T |ξ = ξ, and hence T = U |T | on im |T | by
continuity. Moreover, as by Lemma II.1 ker |T | = kerT , we have U |T |ξ = 0 = Tξ
for all ξ in ker |T | = (im |T |)⊥. Therefore, we see that T = U |T | on H, showing
that U satisfies the conditions (i) and (ii) of the proposition.

Let V ∈ L(H) be such that T = V |T | and kerV = ker |T |. If ξ ∈ ker |T |, then
obviously V ξ = 0 = Uξ. If ξ ∈ im |T |, then V ξ = V |T ||T |−1ξ = T |T |−1ξ = Uξ, so
by continuity V = U on im |T |. It follows from this that V = U on H, and hence
U is the unique element of L(H) such that T = U |T | and kerU = ker |T |, giving
the proposition. �

Proposition II.3. Let T ∈ L(H) have polar decomposition T = U |T | and
denote by Π0(T ) (resp. Π0(T ∗)) the orthogonal projection onto kerT (resp. kerT ∗).

(i) The range of U is imT .
(ii) We have

U∗U = 1−Π0(T ) and UU∗ = 1−Π0(T ∗),

so that U is a partial isometry and has norm 1 unless T = 0.
(iii) If T is injective and has dense range, then U is unitary.
(iv) We have

|T | = U∗T, T ∗ = UTU∗, |T ∗| = TU∗ = U |T |U∗.
(v) The phase of T ∗ is U∗.

Proof. As U vanishes on ker |T | we see that imU = U(ker |T |). Notice that
by its construction in the proof of Proposition II.2 the operator U is isometric
on (ker |T |)⊥ and agrees with T |T |−1 on im |T |. In particular, it follows from
Lemma I.1 that U((ker |T |)⊥) is closed and U induces a unitary operator from
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(ker |T |)⊥ onto U((ker |T |)⊥) = imU . As (ker |T |)⊥ = imT we then see that
imU = U(im |T |). Since U = T |T |−1 on im |T | we have U(im |T |) ⊂ imT , and
hence imU ⊂ imT . However, as T = U |T | we also have imT ⊂ imU , and as imU
is closed we see that imT is contained is imU , and so the range of U is imT .

As abovementioned U induces a unitary operator from (ker |T |)⊥ onto imU =
imT . Since by Lemma II.1 ker |T | = kerT this shows that U is a unitary endo-
morphism of H when T is injective and has dense range. In any case, as we have
imT = (kerT ∗)⊥ we see that U induces a unitary operator from (kerT )⊥ onto
(kerT ∗)⊥. Since kerU = ker |T | = kerT we then deduce that U∗U is the orthogo-
nal projection onto (kerT )⊥ and UU∗ is the orthogonal projection onto (kerT )⊥,
that is, U∗U = 1 − Π0(T ) and UU∗ = 1 − Π0(T ∗). In particular, if T 6= 0 then
‖U‖2 = ‖U∗U‖ = ‖1−Π0(T )‖ = 1, i.e., ‖U‖ = 1.

Notice that, as ker |T | = kerT , we have |T |(1−Π0(T )) = (1−Π0(T ))|T | = |T |,
and hence U∗T = U∗U |T | = (1−Π0(T ))|T | = |T |. Moreover,

(U |T |U∗)2 = U |T |U∗U |T |U∗ = U |T |(1−Π0(T ))|T |U∗ = (U |T |)(U |T |)∗ = TT ∗.

As |T | is positive, for any ξ ∈ H, we have 〈U |T |U∗ξ, ξ〉 = 〈|T |U∗ξ, U∗ξ〉 ≥ 0, and
hence U |T |U∗ is positive. Thus U |T |U∗ is a positive operator whose square is equal
to TT ∗, so using Lemma II.1 we see that U |T |U∗ = |T ∗|. Since T = U |T | this also
shows that |T ∗| = TU∗.

Notice that kerU∗ = (imU)⊥ = (imT )⊥ = kerT ∗ = ker |T ∗|. Moreover,

U∗|T ∗| = U∗U |T |U∗ = (1−Π0(T ))|T |U∗ = |T |U∗ = (U |T |)∗ = T ∗,

so by Proposition II.2 the phase of T ∗ is U∗. Notice that the above equalities include
the equality T ∗ = |T |U∗. As |T | = U∗T we see that T ∗ = U∗TU∗, completing the
proof. �

II.2. Spectral Theorem and Borel Functional Calculus

Let T ∈ L(H) be a normal operator (i.e., T ∗T = TT ∗) and set S = SpT .

Theorem II.1 (Spectral Theorem; see [RS, Thm. VII.3]). There exist a fi-
nite measure space (X,µ), a unitary operator U : H → L2

µ(X), and a bounded
measurable function f on X, in such way that

(II.2.1) UTU∗ξ = fξ ∀ξ ∈ L2
µ(X).

For F ∈ L∞(X) denote by TF the multiplication operator by F , i.e., the
operator TF ∈ L(L2

µ(X)) defined by

TF ξ = Fξ ξ ∈ L2
µ(X).

For instance, Eq. (II.2.1) says that UTU∗ = Tf .
The essential range of F consists of all λ ∈ C such that

µ(λ− ε < F < λ+ ε) > 0 ∀ε > 0.

It can be shown that SpTF agrees with the essential range of F . In particular, we
see that the essential range of Tf is S. Thus, without any loss of generality, we may
assume that the range of f is S.

We endow L∞(X) with its usual norm, i.e.,

‖F‖L∞(X) = {λ; λ in the essential range of |F |} ∀F ∈ L∞(R).
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We also endow L∞(X) with the involution F → F given by complex conjugation.
This turns L∞(X) into a commutative unital C∗-algebra. Then it is not difficult
to check that the map F → TF is a ∗-homomorphism from L∞(X) to L(L2

µ(X)).
Moreover, as TF is a normal operator, we have

‖TF ‖ = sup
λ∈SpTF

|λ| = ‖F‖L∞(S).

If g ∈ C(S) then g ◦ f is again a bounded measurable function on X. In fact,
the continuous functional calculus for f is just g → g ◦ f . Since the maps F → TF
(resp., F → U∗TFU) is an isometric ∗-homomorphisms from L∞(X) to L(L2

µ(X))
(resp., L(H)), it follows that, for all g ∈ C(S),

(II.2.2) g(T ) = g(U∗TfU) = U∗g(TF )U = U∗Tg◦fU.

We then can extend the definition of g(T ) for any any bounded Borel function g
on SpT by letting

g(T ) := U∗Tg◦fU.

This defines a bounded operator on H.

Theorem II.2 (Borel Functional Calculus; see [RS, Thm. VII.2]). The follow-
ing hold.

(1) The map g → g(T ) is a ∗-homomorphism from L∞(S) to L(H) such that

(II.2.3) ‖g(T )‖ ≤ ‖g‖L∞(S) ∀g ∈ L∞(S).

(2) If (gn)n≥0 is a sequence of (bounded) Borel functions on S such that gn →
g a.e. and there exists C > 0 such that ‖gn‖L∞(S) ≤ C for all n ∈ N0,
then gn(T )→ g(T ) strongly (i.e., gn(T )ξ → g(T )ξ for all ξ ∈ H).

(3) If g ∈ L∞(S) is real-valued (resp., non-negative), then g(T ) is selfadjoint
(resp., positive).

The spectral theorem and the Borel functional calculus can be extended to
unbounded operators as follows.

Definition II.3. An (unbounded) operator on H is a linear operator T :
D(T )→ H, where the domain D(T ) is a subspace of H. T

An operator T on H is said to be densily defined when its domain D(T ) is a
dense subspace of H. An operator S is said to be an extension of T , and we write
T ⊂ S, if D(T ) ⊂ D(S) and S agrees with T on D(T ).

The graph of an operator T is defined to be

G(T ) = {(ξ, η) ∈ H ⊕H; η = Tξ}.

The graph of T is a subspace of H ⊕H. We say that T is closed when G(T ) is a
closed subspace of H⊕H.

If T is densily defined, then its adjoint is the operator T ∗ with graph

G(T ∗) = {(ξ, η) ∈ H ⊕H; 〈Tζ, ξ〉 = 〈ζ, η〉 ∀ζ ∈ D(T )}.

Since G(T ∗) is a closed subspace, we see that T ∗ is always a closed operator.
The resolvent set of T consists of all λ ∈ C such that

(i) T − λ : D(T )→ H is a bijection.
(ii) The inverse (T − λ)−1 : H → D(T ) is bounded.
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The spectrum of T , denoted SpT , is the complement of the resolvent set.
It can be shown that SpT is a closed subset of C (which may be empty) and

the resolvent λ→ (T −λ)−1 is analytic from C \SpT to L(H) (provided we regard
the inverses (T − λ)−1 as elements of L(H)).

A densily defined operator T is said to be symmetric is T ⊂ T ∗. It is said to
be selfadjoint if T = T ∗.

Proposition II.4 ([RS, Thm. VIII.3]). Let T be a symmetric operator on H.
Then the following are equivalent:

(i) T is selfadjoint.
(ii) T is closed and ker(T ± i) = {0}.
(iii) im(T ± i) = H.

Let T be a selfadjoint (unbounded) operator on H.

Theorem II.3 (Spectral Theorem; see [RS, Thm. VIII.4]). There exist a finite
measure space (X,µ), a unitary operator U : H → L2

µ(X), and an a.e. bounded
measurable real-valued function f on X, in such way that

U (D(T )) = {ξ ∈ L2
µ(X); fξ ∈ L2

µ(X)},
UTU∗ξ = fξ ξ ∈ U (D(T )) .

If g is a bounded Borel function on R, then we define g(T ) as the bounded
operator on L(H) given by

g(T ) := U∗Tg◦fU.

Theorem II.4 (Borel Functional Calculus; [RS, Thm. VIII.5]). The following
hold.

(1) The map g → g(T ) is a ∗-homomorphism from L∞(R) to L(H) such that

(II.2.4) ‖g(T )‖ ≤ ‖g‖L∞(R) ∀g ∈ L∞(R).

(2) If (gn)n≥0 is a sequence of bounded Borel functions on R such that gn → g
a.e. and there exists C > 0 such that ‖gn‖L∞(R) ≤ C for all n ∈ N0, then
gn(T )→ g(T ) strongly.

(3) If g ∈ L∞(R) is real-valued (resp., non-negative), then g(T ) is selfadjoint
(resp., positive).

More generally, if g is a possibly unbounded Borel function on R, then g(T )
makes sense as an unbounded operator as follows. The domain of g(T ) is

D(g(T )) = U∗
(
{ξ ∈ L2

µ(X); (g ◦ f)ξ ∈ L2
µ(X)}

)
,

and we define g(T ) by the formula

g(T )ξ := U∗ ((g ◦ f)Uξ) ∀ξ ∈ D(g(T )).

For instance, if g(t) = t, then g(T ) = T . In addition, it is not hard to check that,
if (gn) be a sequence of Borel functions on R such that gn → g and |gn| ≤ |g|, then
as n→∞ we have

gn(T )ξ −→ g(T )ξ ∀ξ ∈ D(g(T )).
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Example II.4. Let ∆ = −(∂2
x1

+ . . .+ ∂2
xn

) be the (positive) Laplacian on Rn.
We shall regard ∆ as an operator on the space S ′(Rn) of tempered distributions on
Rn. Denoting by u→ û the Fourier transform on S ′(Rn), we have

(II.2.5) (∆u)∧ = |ξ|2û ∀u ∈ S ′(Rn).

Thus, we can regard ∆ as an unbounded operator on the Hilbert space H = L2(Rn)
with domain,

D(∆) = {u ∈ L2(Rn); |ξ|2û ∈ L2(Rn)}.
Notice that D(∆) agrees with the Sobolev space W 2,2(Rn). As such ∆ is a selfad-
joint operator with spectrum [0,∞).

Denote by U the unitary operator on L2(Rn) defined by

Uv = (2π)−
n
2 v̂ ∀v ∈ L2(Rn).

Then it follows from (II.2.5) that

∆v = U∗T|ξ|2Uv ∀v ∈W 2,2(Rn).

Therefore, we see that in this example the spectral theorem follows from elementary
Fourier-analytic considerations.

If g is a bounded Borel function on R, then g(∆) is given by

g(∆)v(x) = (U∗Tg(|ξ|2)Uv)(x) = (2π)−n
∫
eix.ξg(|ξ|2)û(ξ)dξ ∀v ∈ L2(Rn).

The following operators are of special interest:
- The heat semigroup e−t∆, t ≥ 0.
- The wave group eit∆, t ∈ R.
- The complex powers ∆z, <z ≥ 0.

These operators can be similarly defined by Borel functional calculus for any self-
adjoint unbounded operators with nonnegative spectrum.

II.3. Compact Operators

In the sequel for any r > 0 we denote by B(0, r) the (open) unit ball of H of
radius r about the origin.

Definition II.5. An operator T ∈ L(H) is said to be compact when T (B(0, 1)
is compact in H.

We denote by K the space of compact operators.
The following lemma will be useful to study compact operators.

Proposition II.5. Let T ∈ L(H). Then the following are equivalent:
(i) T is a compact operator.
(ii) For any bounded sequence (ξn)n≥0 ⊂ H there is a subsequence (ξnk

)k≥0

such that the sequence (Tξnk
)k≥0 converges in norm.

(iii) For any sequence (ξn)n≥0 ⊂ H converging weakly to 0 the sequence (Tξn)n≥0

converges to 0 in norm.
(iv) There is an orthonormal basis (ξn)n≥0 of H such that

lim
N→∞

‖T|E⊥N ‖ = 0,

where we have denoted by EN the span of ξ0, . . . , ξN−1.
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(v) For any orthonormal basis (ξn)n≥0 of H,

lim
N→∞

‖T|E⊥N ‖ = 0,

where we have denoted by EN the span of ξ0, . . . , ξN−1.

Proof. Taking into account that the implication (v) ⇒ (iv) is immediate, to
prove the proposition we only need to prove the implications (ii)⇒ (i), (iii)⇒ (ii),
(iv)⇒ (iii) and (i)⇒ (v).
• (ii)⇒ (i): Assume that T sastifies the condition (ii). Then for any sequence
(ξn)n≥0 ⊂ B(0, 1) the sequence (Tξn)n≥0 admits a convergent subsequence. By
virtue of the Bolzano-Weierstrass criterion this proves that T (B(0, 1)) is compact,
i.e., T is a compact operator. Thus (ii) implies (i).
• (iii)⇒ (ii): Suppose that T satisfies the condition (iii). Let (ξn)n≥0 ⊂ H be a
bounded sequence, i.e., there exists r > 0 such that ξn ∈ B(0, r) for all n. By
Alaoglu theorem (see [Fo, pp. 169-170]) the ball B(0, r) is precompact with respect
to the weak topology and, as H is separable, the weak topology is metrizable
(see [Fo]), so by the Bolzano-Weierstrass criterion there is a subsequence (ξnk

)k≥0

converging weakly to some ξ in H. Then ξnk
− ξ converges weakly to 0, so by (iii)

the sequence T (ξnk
− ξ) converges to 0 in norm, i.e., Tξnk

→ Tξ in norm. This
shows that (iii) implies (ii).
• (iv)⇒ (iii): Suppose that T satisfies (iv). Thus there exists an orthonormal basis
(ξn)n≥0 of H such that if, for any N ∈ N, we denote by EN the span of ξ0, . . . , ξN−1

then ‖T|E⊥N → 0 asN →∞. In addition, we denote by ΠN the orthogonal projection
onto EN .

Let (ηk)k≥0 ⊂ H be a sequence converging weakly to 0. In particular (ηk)k≥0

is weakly bounded, and hence is bounded in norm by the uniform boundedness
principle and the fact H is isometrically isomorphic to its dual (see [Fo, pp. 163,
174–175 ]). Thus there exists C > 0 such that ‖ηk‖ ≤ C for all k ∈ N0.

Let ε > 0. Since ΠNηk =
∑
n<N 〈ξn, ηk〉ξn we have

(II.3.1)

‖Tηk‖ ≤ ‖TΠNηk‖+ ‖T (1−ΠN )ηk‖ ≤
∑
n<N

|〈ξn, ηk〉|‖Tξn‖+ ‖T (1−ΠN )‖‖ηk‖

≤ ‖T‖
∑
n<N

|〈ξn, ηk〉|+ C‖T|E⊥N ‖.

Since ‖T|E⊥N ‖ → 0 as N →∞ by choosing N large enough we have

(II.3.2) ‖T (1−ΠN )‖ < ε.

As ηk converges weakly to 0 we see that
∑
n<N |〈ξn, ηk〉| goes to 0 as k →∞, and

hence there exists k0 ∈ N0 such that, for any k ≥ k0,

(II.3.3)
∑
n<N

|〈ξn, ηk〉| < ε.

Combining (II.3.1), (II.3.2) and (II.3.3) we see that, for all k ≥ k0, we have

‖Tηk‖ ≤ (ν0 + C)ε.

This shows that Tηk → 0 in norm as k →∞. Thus (iv) implies (iii).
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• (i)⇒ (v): Suppose that T is a compact operator. Let (ξn)n≥0 be an orthonormal
basis of H. For any N ∈ N we denote by EN the span of ξ0, . . . , ξN−1. Assume that
the sequence (‖T|E⊥N ‖)N≥1 does not converge to 0 as N → 0. Since this is a non-
increasing sequence of non-negative numbers there is c > 0 such that ‖T|E⊥N ‖ > c

for all N ∈ N. Therefore, for every N ∈ N, there is a unit vector ηN ∈ E⊥N such
that ‖TηN‖ > c.

Let ξ ∈ H. As ηN is contained in E⊥N , and hence ηN =
∑
n≥N 〈ξn, ηN 〉ξn, we

have

|〈ηn, ξ〉| ≤
∑
n≥N

|〈ηN , ξn〉〈ξ, ξn〉| ≤
(∑
n≥N

|〈ηN , ξn〉|2
)2(∑

n≥N

|〈ξ, ξn〉|2
)2

.

Since
∑
n≥N |〈ηN , ξn〉|2 = ‖ηN‖2 = 1 and

∑
n≥N |〈ξ, ξn〉|2 → 0 as N → ∞, it

follows that 〈ηn, ξ〉 → 0 as N →∞. Thus ηN converges weakly to 0 as N →∞. As
T is continuous with respect to the weak topology it follows that TηN converges
weakly to 0 as N →∞.

On the other hand, the sequence (TηN )n≥1 is contained in the image by T of the
unit sphere, which is precompact since T is compact. Therefore, by the Bolzano-
Weierstrass criterion there is a subsequence (ηNk

)k≥0 such that TηNk
converges in

norm to some ζ as k → ∞. As TηNk
converges weakly to 0 we must have ζ = 0,

i.e., TηNk
converges to 0 in norm. This contradicts the fact that ‖TηN‖ > c for all

N ∈ N. Therefore, it is not possible for the sequence (‖T|E⊥N ‖)N≥1 to not converge
to 0. This proves that ‖T|E⊥N ‖ → 0 as N → ∞. Thus (i) implies (v). The proof is
complete. �

Proposition II.6. K is a closed two-sided ideal of L(H).

Proof. Let (ξn)n≥0 be any sequence converging weakly to 0.
For j = 1, 2 let Tj ∈ K and λj ∈ C. By Proposition II.5 (iii) the sequences

(T1ξn)n≥0 and (T2ξn)N converge to 0 in norm, and so (λ1T1 + λ2T2)ξn)n≥0 too
converges to 0 in norm. It then follows from Proposition II.5 (iii) that λ1T1 +λ2T2

is a compact operator. Thus K is a subspace of L(H).
Let T ∈ K and let A,B ∈ L(H). Since B is continuous with respect to the

weak topology the sequence (Bξn
)n≥0 converges weakly to 0. Since T is compact

Proposition II.5 (iii) insures us that (TBξn)n≥0 converges to 0 in norm. Then
(ATBξn)n≥0 converges to 0 in norm too. Thanks to Proposition II.5 (iii), this
shows that ATB is a compact operator. Therefore, we see that K is a two-sided
ideal of L(H).

It remains to show that K is closed. Thus, let (Tk)k≥0 ⊂ K be a sequence such
that Tk → T in L(H) and let us show that T is compact. Let ε > 0. Then for
k large enough ‖T − Tk‖ < ε. Since Tk is compact by Proposition II.5 (iii) the
sequence (Tkξn)n≥0 converges to 0 in norm, and hence there exists N ∈ N, such
that ‖Tkξn‖ < ε for all n ≥ N . Then, for any n ≥ N , we have

‖Tξn‖ ≤ ‖Tkξn‖+ ‖(T − Tk)ξn‖ ≤ ‖Tkξn‖+ ‖T − Tk‖‖ξn‖ < 2ε.

Thus (Tξn)n≥0 converges to 0 in norm, which by Proposition II.5 (iii) shows that
T is compact. This proves that K is closed, completing the proof. �

Proposition II.7. For any T ∈ L(H),

(II.3.4) T ∈ K ⇐⇒ T ∗ ∈ K ⇐⇒ |T | ∈ K.
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Proof. Let T ∈ L(H) and let T = U |T | be its polar decomposition. The
fact that K is a two-sided ideal then implies that if |T | is compact, then so is T .
Likewise, as by Proposition II.3 we have |T | = U∗T , if T is compact, then so is |T |.

Proposition II.3 also tells us that T ∗ = UTU∗. Therefore, we also see that if T
is compact then so is T ∗. Upon substituting T ∗ for T , we see that if T ∗ is compact,
then T is compact too. The proof is complete. �

Proposition II.8. K is a sub-C∗-algebra of L(H), and hence is a C∗-algebra.

Proof. Since Proposition II.6 tells us that K is a closed two-sided ideal, we
see that K is a closed subalgebra of L(H). As by Proposition II.7 K is closed under
the involution of L(H) it follows that K is a sub-C∗-algebra of L(H). �

Theorem II.5 (Riesz-Schauder; see [RS, Thm. VI.15]). Let T ∈ K.
(1) T always contains 0 in its spectrum.
(2) If λ ∈ SpT \ 0, then λ is an eigenvalue with finite multiplicity.
(3) SpT is either finite or consists of a sequence of complex numbers converg-

ing to 0.

In the sequel, for any vectors ξ and η in H, we denote by ξ⊗ η∗ the element of
L(H) defined by

(II.3.5) (ξ ⊗ η∗)ζ := 〈η, ξ′〉ξ ∀ζ ∈ H.
Thus in ketbra notation ξ ⊗ η∗ is just the operator |ξ〉〈η|. This is an operator of
rank 1. If ξ is a unit vector then ξ ⊗ ξ∗ is the orthogonal projection onto Cξ.

Theorem II.6 (Hilbert-Schmidt; see [RS, Thm. VI.16]). Let T ∈ K be normal.
Then T diagonalizes in an orthonormal basis, i.e., there exists an orthonormal basis
(ξn)n≥0 of H and a sequence (λn)n≥0 ⊂ C such that

(II.3.6) Tλn = λnξn ∀n ∈ N0.

This result allows us to reinterpret the Borel functional calculus for normal
compact operators as follows.

Proposition II.9. Let T ∈ K be normal and let (ξn)n≥0 be an orthonormal
basis of H respect to which T is diagonal, i.e., Tλn = λnξn for all n ∈ N0. In
addition, let f be bounded function on SpT = {λn; n ∈ N0}.

(1) We have

(II.3.7) f(T ) =
∑
n≥0

f(λn)(ξn ⊗ ξ∗n),

where the series converges strongly.
(2) f(T ) is a compact operator if and only if

lim
n→∞

f(λn) = 0.

Furthermore, in this case the series (II.3.7) converges in norm.

Proof. For any n ∈ N0 we have Tξn = λnξn. Since (ξn)n≥0 is an orthonormal
basis we deduce that T ∗ξn = λnξn for all n ∈ N0. Let n ∈ N0. For any polynomial
f(z) =

∑
ajkz

jzk, we have

f(T ) =
∑

ajkT
j(T ∗)kξn =

∑
ajkλ

j
n(λn)kξn = f(λn)ξn.
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It then follows from (I.5.4) that, for any f ∈ C(SpT ), we have

(II.3.8) f(T )ξn = λnξn ∀n ∈ N0.

Since SpT = {λn;n ∈ N0} any function on SpT is a Borel function. Moreover,
by Theorem II.5 0 is always in SpT and the non-zero eigenvalues of T have finite
multiplicities, i.e., each non-zero eigenvalue λ appears at most finitely many times
in the sequence (λn)n≥0. Thus λn → 0 as n → ∞, and hence a function f(λ) on
SpT is continuous iff limn→∞ f(λn) = f(0). Let f be a bounded function on SpT
and, for N ∈ N, let fN be the function on SpT defined by

fN (λ) =
{
f(λn) if λ = λn with n < N,
f(0) if λ = 0 or λ 6= λn for all n < N.

As limn→∞ fN (λn) = f(0) = fN (0), we see that fN is a continuous function on
SpT , and hence it satisfies (II.3.8). Moreover, for all n ∈ N0,

|fN (λn)| ≤ ‖f‖∞ and lim
N→∞

fN (λn) = f(λn).

Thus (fN )N≥1 is a bounded sequence in L∞(SpT ) which converges pointwise to f .
It then follows from Theorem II.2 and (II.3.8) that, for all n ∈ N0,

(II.3.9) f(T )ξn = lim
N→∞

fN (T )ξn = lim
N→∞

fN (λn)ξn = f(λn)ξn.

Let ξ ∈ H. Since ξ =
∑
n≥0〈ξn, ξ〉ξn and f(T ) is continuous, using (II.3.9) we

get

f(T )ξ =
∑
n≥0

〈ξn, ξ〉f(ξn) =
∑
n≥0

〈ξn, ξ〉f(λn)ξn =
∑
n≥0

f(λn)(ξn ⊗ ξ∗n)ξ,

which proves (II.3.7).
Next, for N ∈ N let EN the span of ξ0, . . . , ξN1 and denote by ΠN be the

orthogonal projection onto EN . Then by Proposition II.5 (iv) the operator f(T ) is
compact if and only if

(II.3.10) ‖f(T )|E⊥N ‖ = ‖f(T )(1−ΠN )‖ −→ 0 as N −→ 0.

Set νN = supn≥N |f(λn)|. Since f(T )ξn = f(λn)ξn for all n ∈ N0, we see that
νN ≤ ‖f(T )|E⊥N ‖ = ‖f(T )(1 − ΠN )‖. Conversely, let ξ ∈ H. Since (ξn)n≥0 is an
orthonormal basis, from (II.3.7) we get

‖f(T )(1−ΠN )ξ‖2 =
∑
n≥N

|〈ξn, ξ〉|2|f(λn)|2 ≤ ν2
N

∑
n≥0

|〈ξn, ξ〉|2 = ν2
N‖ξ‖2.

Thus ‖f(T )(1−ΠN )‖ ≤ νN . Thefore, we have

(II.3.11) ‖f(T )|E⊥N ‖ = ‖f(T )(1−ΠN )‖ = sup
n≥N
|f(λn)|.

Combining this with the condition (II.3.10) then shows that f(T ) is compact if and
only if limn→∞ f(λn) = 0.

Finally, using (II.3.7) we get

f(T )(1−ΠN ) =
∑
n≥N

f(λn)(ξn ⊗ ξ∗n),

where the series converges strongly. Thus,∥∥∥∥∑
n≥N

f(λn)(ξn ⊗ ξ∗n)
∥∥∥∥ = ‖f(T )(1−ΠN )‖ = sup

n≥N
|f(λn)|.
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Therefore, if limn→∞ f(λn) = 0, then the series (II.3.7) converges to f(T ) in norm.
The proof is complete. �

Example II.6. Let T ∈ K be normal. Then, with the notation of Proposi-
tion II.9, we have

(II.3.12) T =
∑
λn 6=0

λn(ξn ⊗ ξ∗n),

where the series converges in norm. Moreover, if we let T = U |T | be the polar
decomposition, then

U =
∑
λn 6=0

|λn|−1λn(ξn ⊗ ξ∗n) and |T | =
∑
n≥0

|λn|(ξn ⊗ ξ∗n),

where the first series converges strongly (unless T has finite rank, in which case it
is a finite sum), and the second series converges in norm.
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CHAPTER III

Characteristic Values and Operator Ideals

In this chapter we present basic results on characterstic values and ideals of
compact operators. Part of the material of this chapter is succinctly presented
in [Co, pp. 439–443] and [GVF, 310–317]. A thorough account on ideals of compact
operators is given in the book of Gohberg-Krein [GK] (see also [Si]).

Throughout this chapter we let H be a separable Hilbert space.

III.1. Characteristic Values

Definition III.1 (Characteristic Values). Let T ∈ L(H). For every n ∈ N0

the (n+ 1)-th characteristic value of T is

µn(T ) := inf{‖T|E⊥‖; dimE = n}.

It immediately follows from this definition that, for any T ∈ L(H),

(III.1.1) µn(λT ) = |λ|µn(T ) ∀λ ∈ C ∀n ∈ N0.

In the sequel we denote by Rn the space of operators T ∈ L(H) of rank ≤ n.

Proposition III.1. Let T ∈ L(H). Then

µn(T ) = dist(T,Rn) ∀n ∈ N0,(III.1.2)

µm(T ) ≤ µn(T ) ∀m,n ∈ N0, m ≥ n.(III.1.3)

Proof. Let n ∈ N0. By definition dist(T,Rn) = inf{‖T − R‖; R ∈ Rn}. Let
E be an n-dimensional subspace of H and denote by ΠE the orthogonal projection
onto E. Then rkTΠE ≤ rk ΠE = n, i.e., TΠE is contained in Rn. Thus,

dist(T,Rn) ≤ ‖T − TΠE‖ = ‖T (1−ΠE)‖ = ‖T|E⊥‖,

from which we deduce that dist(T,Rn) ≤ µn(T ).
Conversely, let R ∈ Rn. As rkR∗ = rkR ≤ n there exists an n-dimensional

subspace E of H containing imR∗, so that E⊥ is contained in (imR∗)⊥ = kerR.
Thus,

‖T −R‖ ≥ sup
ξ∈kerR
‖ξ‖=1

‖(T −R)ξ‖ = sup
ξ∈kerR
‖ξ‖=1

‖Tξ‖ ≥ sup
ξ∈E⊥
‖ξ‖=1

‖Tξ‖ = ‖T|E⊥‖ ≥ µn(T ).

This implies that dist(T,Rn) ≥ µn(T ), and hence µn(T ) = dist(T,Rn).
Next, let m ∈ N0, m ≥ n. Then Rm ⊃ Rn, and so dist(T,Rm) ≤ dist(T,Rn).

Since µm(T ) = dist(T,Rm) and µn(T ) = dist(T,Rn), the inequality (III.3) follows.
The proof is complete. �
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Proposition III.2. Let T ∈ L(H) and let n ∈ N0. Then

µn(T ) = µn(T ∗) = µn(|T |),(III.1.4)

µn(ATB) ≤ ‖A‖µn(T )‖B‖ ∀A,B ∈ L(H),(III.1.5)

µn(U∗TU) = µn(T ) ∀U ∈ L(H), U unitary.(III.1.6)

Proof. Let A and B be in L(H), and let R ∈ Rn. Then ARB is contained in
Rn too, and hence

µn(ATB) = dist(ATB,Rn) ≤ ‖ATB−ARB‖ = ‖A(T −R)B‖ ≤ ‖A‖‖T −R‖‖B‖.

Thus µn(ATB) ≤ ‖A‖ dist(T,Rn)‖B‖ = ‖A‖µn(T )‖B‖, proving (III.5).
If U is unitary and we take A = U∗ and B = U in (III.5), then we get

µn(U∗TU) ≤ ‖U∗‖µn(T )‖U‖ = µn(T ).

The above inequalities for U∗TU and U∗ yield µn(T ) ≤ µn(U∗TU). Thus µn(U∗TU)
agrees with µn(T ), proving (III.6).

It remains to prove (III.4). Let T = U |T | be the polar decomposition of T . As
‖U‖ = 1 from (III.5) we get µn(T ) = µn(U |T |) ≤ ‖U‖µn(|T |) = µn(|T |). Since
|T | = U∗T we similarly have µn(|T |) ≤ µn(T ), and hence µn(T ) = µn(|T |).

Finally, as |T ∗| = U∗|T |U and |T | = U |T ∗|U∗, arguing as above shows that
µn(|T |) = µn(|T ∗|). Since µn(|T ∗|) = µn(T ∗) this implies that µn(|T |) = µn(T ∗),
completing the proof. �

Remark III.2. Let H′ be a separable Hilbert space, let A ∈ L(H′,H) and let
B ∈ L(H,H′). Then by arguing as above we can show that, for any T ∈ L(H),

µn(ATB) ≤ ‖A‖L(H′,H)µn(T )‖B‖L(H,H′) ∀n ∈ N0.

In particular, if U ∈ L(H,H′) is unitary, then we can show that, for any T ∈ L(H),

µn(U∗TU) = µn(T ) ∀n ∈ N0.

Thus the characteristic values of T are invariant under the action of unitary iso-
morphisms.

Proposition III.3. Let S, T ∈ L(H) and let m,n ∈ N0. Then

µm+n(S + T ) ≤ µm(S) + µn(T ),(III.1.7)

|µm(S)− µn(T )| ≤ ‖S − T‖,(III.1.8)

µm+n(ST ) ≤ µm(S)µn(T ).(III.1.9)

Proof. Let R ∈ Rm and let R′ ∈ Rn. Then R + R′ is contained in Rm+m,
and hence

µm+n(S + T ) = dist(S + T,Rm+n) ≤ ‖S + T − (R+R′)‖ ≤ ‖S −R‖+ ‖T −R‖.

Thus µm+n(S + T ) ≤ dist(S,Rm) + dist(T,Rn) = µm(S) + µn(T ), proving (III.7).
If in (III.7) we substitute S − T for S and we take m = 0, then we obtain

µn(S) ≤ µ0(S − T ) + µn(T ) = ‖S − T‖+ µn(T ),

that is, µn(S)− µn(T ) ≤ ‖S − T‖. Interchanging S and T yields

µn(T )− µn(S) ≤ ‖S − T‖,

so we see that |µm(S)− µn(T )| ≤ ‖S − T‖, i.e., (III.8) holds true.
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It remains to prove (III.9). To this end let R ∈ Rm and let R′ ∈ Rn. Then

(S −R)(T −R′) = ST −R′′, R′′ := SR′ +R(T −R′).
Observe that SR′ is contained in Rn and R(T − R′) is contained in Rm, so R′′ is
contained in Rm+n. Thus,

µn+m(ST ) ≤ ‖ST −R′′‖ = ‖(S −R)(T −R′)‖ ≤ ‖S −R‖‖T −R′‖.
From this we deduce that µm+n(ST ) ≤ dist(S,Rm) dist(T,Rn) = µm(S)µn(T ),
completing the proof. �

Proposition III.4. Let T ∈ L(H). Then the following are equivalent:
(i) T is a compact operator.
(ii) T is the norm-limit of finite-rank operators.
(iii) µn(T )→ 0 as n→ 0.
(iv) For any ε > 0 there exists a finite-dimensional subspace E of H such that

‖T|E⊥‖ < ε.

Proof. The implication (i) ⇒ (iv) follows from Proposition II.5 (iv)–(v).
Therefore, to show that the conditions (i)–(iv) are equivalent it is enough to prove
the implications (ii)⇒ (i), (iii)⇒ (ii), (iv)⇒ (iii).
• (ii)⇒ (i): As any finite rank operator is compact and K is closed, any norm-limit
of finite rank operators remains in K. Thus (ii) implies (i).
• (iii)⇒ (ii): Suppose that limn→∞ µn(T ) = 0. Let k ∈ N. Then there exists
nk ∈ N0 such that dist(T,Rnk) = µnk(T ) < k−1. Thus there exists Rk ∈ Rnk such
that ‖T − Rk‖ ≤ 2k−1. Then the sequence (Rk)k≥1 converges to T in norm, so T
is a norm-limit of finite rank operators. This proves that (iii) implies (ii).
• (iv)⇒ (iii): Assume that (iv) holds. Let ε > 0. Then there exists a finite-
dimensional subspace E ⊂ H such that ‖T|E⊥‖ < ε. Set n0 = dimE. Then we
have µn0(T ) ≤ ‖T|E⊥‖ < ε. Since by (III.3) the sequence (µn(T ))n≥0 is decreasing,
we see that µn(T ) < ε for all n ≥ n0. This proves that µn(T )→ 0 as n→ 0. Thus
(iv) implies (iii). The proof is complete. �

Theorem III.1 (Min-Max Principle). Let T ∈ K. Then, for all n ∈ N0,

(III.1.10) µn(T ) = (n+ 1)-th eigenvalue of |T | counted with multiplicity.

Proof. Since µn(T ) = µn(|T |) it enough to prove the result for |T |, which
allows us to assume T positive. For any k ∈ N0 let λk be the (k + 1)-th eigenvalue
of T counted with multiplicity and let (ξk)k≥0 be an orthonormal basis of H such
that Tξk = λkξk for all k ∈ N0.

For k ∈ N denote by Ek be the k-dimensional subspace of H spanned by the
vectors ξ0, . . . , ξk−1. Then by (II.11) we have

‖T|E⊥n ‖ = sup
k≥n

λk = λn.

Thus, by the very definition of µn(T ) we have

(III.1.11) µn(T ) ≤ ‖T|E⊥n ‖ = λn.

Conversely, let E be an n-dimensional subspace of H and denote by Π the
orthogonal projection onto E. Since Π|En+1 maps the (n + 1)-dimensional space
En+1 to the n-dimensional subspace E, it cannot be one-to-one. Therefore, there
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exists a unit vector ξ which is contained in En+1 and in ker Π = E⊥. In particular
ξ =

∑
k≤n αkξk with

∑
k≤n |αk|2 = 1. Thus,

‖T|E⊥‖2 ≥ ‖Tξ‖2 =
∥∥∥∥∑
k≤n

αkTξk

∥∥∥∥2

=
∥∥∥∥∑
k≤n

αkλkξk

∥∥∥∥2

=
∑
k≤n

|αk|2λ2
k.

Since λn ≤ λk for all k ≤ n, we deduce that

‖T|E⊥‖2 ≥ λn
∑
k≤n

|αk|2 = λn.

As the inequality ‖T|E⊥‖ ≥ λn is valid for any n-dimensional subspace of H, it
follows that µn(T ) ≥ λn. Together with (III.11) this shows that λn = µn(T ). The
proposition is thus proved. �

Let us now look at some interesting consequences of the min-max principle.
First, in the light of (III.10) the inequality (III.8 ) shows the continuity of the
eigenvalues of positive compact operators.

Another interesting consequence is the following.

Proposition III.5. Let T ∈ K have polar decomposition T = U |T | and let
(ξn)n≥0 be an orthonormal family such that |T |ξn = µn(T )ξn for all n ∈ N0.

(1) We have

T =
∑
n≥0

µn(T )(Uξn)⊗ ξ∗n,

where the series converges in norm.
(2) Let f be a non-negative non-decreasing function on [0,∞) which is con-

tinuous and vanishes at 0. Then

µn(f(|T |) = f(µn(T )) ∀n ∈ N0,(III.1.12)

f(|T |) =
∑
n≥0

f(µn(T ))ξn ⊗ ξ∗n,(III.1.13)

where the series converges in norm.

Proof. Let E be the closed subspace spanned by all the vectors ξn. Observe
that E contains all the eigenvectors of |T | associated to a non-zero eigenvalue.
Therefore, E contains (ker |T |)⊥, and hence E⊥ is contained in ker |T |. Thus if
we let (ηk)k∈I be an orthonormal basis of E⊥, then {ηk}k∈I ∪ {ξn}n∈N0 is an
orthonormal basis of H which respect to which |T | is diagonal, namely,

(III.1.14) |T |ηk = 0 ∀k ∈ I and |T |ξn = µn(T )ξn ∀n ∈ N0.

Then by II.12 we have

(III.1.15) |T | =
∑
k∈I

0.ηk ⊗ η∗k +
∑
n≥0

µn(T )ξn ⊗ ξ∗n =
∑
n≥0

µn(T )ξn ⊗ ξ∗n,

where the series converge in norm. Since T = U |T | this gives

T = U
∑
n≥0

µn(T )ξn ⊗ ξ∗n =
∑
n≥0

µn(T )U
(
ξn ⊗ ξ∗n

)
=
∑
n≥0

µn(T )(Uξn)⊗ ξ∗n,

where the series converge in norm.
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Let f be a non-negative non-decreasing function on [0,∞) which is continuous
and vanishes at 0. Then using (III.14) and Proposition II.9 we see that f(|T |) is
compact and we have

f(|T |) =
∑
k∈I

f(0)ηk ⊗ η∗k +
∑
n≥0

f(µn(T ))ξn ⊗ ξ∗n =
∑
n≥0

f(µn(T ))ξn ⊗ ξ∗n,

where the series converges in norm. Since f is nondecreasing it follows from this
that the (n+ 1)-th eigenvalue of f(|T |) is f(µn(T )). Therefore, using the min-max
principle we deduce that

µn(f(|T |) = f(µn(T )) ∀n ∈ N0,

which completes the proof. �

Example III.3. Let p > 0 and let T ∈ K. Applying the above lemma to
f(t) = tp (with the convention that 0p = 0) shows that

µn(|T |p) = µn(T )p ∀n ∈ N0.

III.2. Trace-class operators

For all T ∈ L(H) we set

‖T‖1 :=
∑
n≥0

µn(T ).

We then define

(III.2.1) L1 := {T ∈ L(H); ‖T‖1 <∞}.

The elements of L1 are called trace-class operators.
Observe that if

∑
µn(T ) < ∞, then µn(T ) → 0 as n → ∞, and so using

Proposition III.4 we see that T is a compact operator. Thus any trace-class operator
is compact. Moreover,

(III.2.2) ‖T‖ = µ0(T ) ≤ ‖T‖1 ∀T ∈ L(H).

Notice also that it follows from (III.1), (III.4) and (III.5) that

‖T‖1 = ‖T ∗‖1 = ‖|T |‖1 ∀T ∈ L(H),(III.2.3)

‖λT‖1 = |λ|‖T‖1 ∀T ∈ L(H) ∀λ ∈ C,(III.2.4)

‖ATB‖1 ≤ ‖A‖‖T‖1‖B‖ ∀A, T,B ∈ L(H).(III.2.5)

As an immediate consequence of (III.3) we see that, for all T ∈ L(H),

T ∈ L1 =⇒ T ∗ ∈ L1 =⇒ |T | ∈ L1.

In the sequel we denote by L(H)+ the cone of operators in L(H) that are
positive.

Lemma III.1. Let T ∈ L(H)+ . Then, for any orthonormal basis (ξn)n≥0, we
have

(III.2.6) ‖T‖1 =
∑
n≥0

〈ξn, T ξn〉.
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Proof. Let us first assume that T is compact. By Theorem II.6 and Theo-
rem III.1 there exists an orthonormal basis (ηn)n≥0 such that Tηn = µn(T )ηn for
all n ∈ N0. Then

‖T‖1 =
∑
n≥0

µn(T ) =
∑
n≥0

〈ηn, Tηn〉 =
∑
n≥0

〈T 1
2 ηn, T

1
2 ηn〉 =

∑
n≥0

‖T 1
2 ηn‖2.

Since (ξn)≥0 is an orthonormal basis, we also have∑
n≥0

‖T 1
2 ηn‖2 =

∑
n≥0

(∑
k≥0

|〈ξk, T
1
2 ηn〉|2

)
=
∑
k≥0

(∑
n≥0

|〈T 1
2 ξk, ηn〉|2

)
=
∑
k≥0

‖T 1
2 ξn‖2 =

∑
k≥0

〈ξk, T ξk〉,

proving the lemma when T is compact.
Suppose now that T is not compact. Then T is not trace-class, and hence

‖T‖1 =∞. For N ∈ N denote by EN the span of ξ0, . . . , ξN−1. Moreover, since T is
positive we have T = (T

1
2 )(T

1
2 ), and so as K is a two-sided ideal T

1
2 cannot be com-

pact. It then follows from Proposition II.5-(v) that the sequence (‖(T 1
2 )|E⊥N ‖)N≥1

does not converge to 0. Since it is a non-increasing sequence of non-negative num-
bers this means there is c > 0 such that ‖(T 1

2 )|E⊥N ‖ > c for all N ∈ N.

Let N ∈ N and let ξ ∈ E⊥N be such that ‖ξ‖ = 1 and ‖T 1
2 ξ‖ > c. Notice that

‖T 1
2 ξ‖ =

∥∥∥∥∑
n≥N

〈ξn, ξ〉T
1
2 ξn

∥∥∥∥ ≤ ∑
n≥N

|〈ξn, ξ〉|‖T
1
2 ξn‖ ≤

(∑
n≥N

|〈ξn, ξ〉|2
) 1

2
(∑
n≥N

‖T 1
2 ξn‖2

) 1
2

.

Since
∑
n≥N |〈ξn, ξ〉|2 = ‖ξ‖2 = 1 and ‖T 1

2 ξn‖2 = 〈T 1
2 ξn, T

1
2 ξn〉 = 〈ξn, T ξn〉, it

follows that
c2 < ‖Tξ‖2 ≤

∑
n≥N

〈ξn, T ξn〉 ∀N ∈ N.

Therefore, the series
∑
n≥0〈ξn, T ξn〉 diverges, i.e.,

∑
n≥0〈ξn, T ξn〉 = ∞ = ‖T‖1.

The proof is complete. �

Definition III.4. Let T ∈ L(H)+. Then the trace of T is defined to be

(III.2.7) TraceT :=
∑
n≥0

〈ξn, T ξn〉,

where (ξn)n≥0 is any orthonormal basis.

Using (III.4) we see that, for all T ∈ L(H),

‖T‖1 = ‖|T |‖1 = Trace |T |.

In particular,
T ∈ L1 ⇐⇒ Trace |T | <∞.

We shall now extend the definition of TraceT to all operators T ∈ L1.

Lemma III.2. Let T ∈ L(H). Then, for any orthonormal basis (ξn)n≥0,∑
n≥0

|〈ξn, T ξn〉| ≤ ‖T‖1.
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Proof. Let T = U |T | be the polar decomposition of T . Then

|〈ξn, T ξn〉| = |〈ξn, U |T |ξn〉| = |〈|T |
1
2U∗ξn, |T |

1
2 ξn〉 ≤ ‖|T |

1
2U∗ξn‖‖|T |

1
2 ξn‖.

Thus,

(III.2.8)
∑
n≥0

|〈ξn, T ξn〉| ≤
∑
n≥0

‖|T | 12U∗ξn‖‖|T |
1
2 ξn‖

≤
(∑
n≥0

‖|T | 12U∗ξn‖2
) 1

2
(∑
n≥0

‖|T | 12 ξn‖2
) 1

2

.

Using Lemma III.1 and (III.2) we get∑
n≥0

‖|T | 12 ξn‖2 =
∑
n≥0

〈|T | 12 ξn, |T |
1
2 ξn〉 =

∑
n≥0

〈ξn, |T |ξn〉 = Trace |T | = ‖T‖1.

Similarly, we have∑
n≥0

‖|T | 12U∗ξn‖2 =
∑
n≥0

〈|T | 12U∗ξn, |T |
1
2U∗ξn〉 =

∑
n≥0

〈ξn, U |T |U∗ξn〉.

Proposition II.3) tells us that U∗|T |U = |T ∗|, and so using Lemma III.1 and (III.2)
we get

(III.2.9)
∑
n≥0

‖|T | 12U∗ξn‖2 =
∑
n≥0

〈ξn, |T ∗|ξn〉 = Trace |T ∗| = ‖T ∗‖1 = ‖T‖1.

Combining (III.8) with (III.2) and (III.9) gives∑
n≥0

|〈ξn, T ξn〉| ≤ ‖T‖
1
2
1 ‖T‖

1
2
1 = ‖T‖1,

proving the lemma. �

Lemma III.3. We have

(III.2.10) ‖S + T‖1 ≤ ‖S‖1 + ‖T‖1 ∀S, T ∈ L(H).

Proof. Let S, T ∈ L(H) and let S+T = U |S+T | be the polar decompositions
of S + T . Let (ξn)n≥0 be an orthonormal basis of H. Upon writing

|S + T | = U∗(S + T ) = U∗S + U∗T

and using Lemma III.1 and Lemma III.2 we get

‖S + T‖1 =
∑
n≥0

〈ξn, |S + T |ξn〉 ≤
∑
n≥0

|〈ξn, U∗Sξn〉|+
∑
n≥0

|〈ξn, U∗Tξn〉|

≤ ‖U∗S‖1 + ‖U∗T‖1.

Combining this with (III.5) gives

‖S + T‖1 ≤ ‖U∗‖‖S‖1 + ‖U∗‖‖T‖1 ≤ ‖S‖1 + ‖T‖1,

proving the lemma. �

Proposition III.6. The following hold.
(1) L1 is a two-sided ideal of L(H).
(2) ‖.‖1 is a norm on L1 with respect to which L1 is a Banach space.
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Proof. It follows from (III.2), (III.4), (III.5) and (III.10) that L1 is a two-sided
ideal and ‖.‖1 is a seminorm on L1.

It remains to show that L1 is complete with respect to the norm ‖.‖1. Thus,
let (Tn)n≥0 be a sequence with values in L1 which is Cauchy with respect to ‖.‖1.
Since by (III.2) ‖Tn − Tp‖ ≤ ‖Tp − Tn‖1 we see that (Tn)n≥0 is a Cauchy sequence
in L(H), and hence converges to some operator T in L(H).

Let ε > 0. Then there exists N ∈ N such that ‖Tn − Tp‖ < ε for all n, p ≥ N .
By (III.8), for all k ∈ N,

|µk(Tn − T )− µk(Tn − Tp)| ≤ ‖Tp − T‖.
Since ‖Tp − T‖ → 0 as p → ∞, we see that µk(Tn − T ) = limp→∞ µk(Tn − Tp).
Therefore,

M∑
k=0

µk(Tn − T ) = lim
p→∞

M∑
k=0

µk(Tn − T ) ∀M ∈ N.

Since for n, p ≥ N we have
M∑
k=0

µk(Tn − T ) ≤
∞∑
k=0

µk(Tn − T ) = ‖Tn − Tp‖1 < ε,

we deduce that, if n ≥ N , then
∑M
k=0 µk(Tn − T ) ≤ ε for all M ∈ N. Thus, for all

n ≥ N , we have

(III.2.11) ‖Tn − T‖1 =
∞∑
k=0

µk(Tn − T ) ≤ ε.

Therefore Tn − T is in L1 and, as L1 is a subspace containing Tn, we see that T is
trace-class. Then (III.11) shows that Tn converges to T with respect to the norm
‖.‖1. Thus L1 is complete with respect to the norm ‖.‖1, completing the proof. �

Remark III.5. It follows from (III.2) that the inclusions of L1 into K and L(H)
are continuous.

Lemma III.4. Any T ∈ L1 can be written in the form

T = T1 − T2 + iT3 − iT4, Tj ∈ L1 ∩ L(H)+.

Proof. Let T ∈ L1. Then T = S+ + iS− with S± = 1
2 (T ±T ∗). The operators

S± are selfadjoint and are contained in L1 by (III.2). Therefore, the proof reduces
to proving that any selfadjoint trace-class operator can be written as the difference
of two positive trace-class operators.

Let T ∈ L1 be selfadjoint. Then T = T+ − T− with T± = 1
2 (|T | ± T ). Observe

that by (III.2) the operators T± are trace-class. In addition, observe that T± =
f±(T ) where f±(t) = 1

2 (|t| ± t). As the functions f± are nonnegative on SpT ⊂ R,
the operators T± are positive by Corollary II.2. We deduce from this that T can
be written as the difference of two positive trace-class operators. This completes
the proof. �

We are now ready to prove the following.

Proposition III.7. Let T ∈ L1. For any orthonormal basis (ξn)n≥0 the series∑
n≥0

〈ξn, T ξn〉
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is absolutely convergent and the value of its sum does not depend on the choice of
the orthonormal basis (ξn)n≥0.

Proof. Let (ξn)n≥0 be an orthonormal basis ofH. It follows from Lemma III.2
that the series

∑
n≥0〈ξn, T ξn〉 is absolutely convergent. Moreover, Lemma III.4

allows us to write T = T1 − T2 + iT3 − iT4 with Tj ∈ L1 ∩ L(H)+. Then using
Lemma III.1 we get∑

n≥0

〈ξn, T ξn〉 =
∑
n≥0

〈ξn, T1ξn〉 −
∑
n≥0

〈ξn, T2ξn〉+ i
∑
n≥0

〈ξn, T3ξn〉 − i
∑
n≥0

〈ξn, T4ξn〉

= TraceT1 − TraceT2 + iTraceT3 − iTraceT4.

Therefore the value of the sum
∑
n≥0〈ξn, T ξn〉 does not depend on the orthonormal

basis (ξn)n≥0, proving the proposition. �

Definition III.6. The trace of an operator T ∈ L1 is defined to be

Trace(T ) :=
∑
n≥0

〈ξn, T ξn〉,

where (ξn)n≥0 is any orthonormal basis of H.

Lemma III.5. Any A ∈ L(H) is linear combination of 4 unitaries.

Proof. Upon writing A = ‖A‖(T+ +iT−) with T± = 1
2‖A‖ (T±T

∗) we see that
the proof reduces to showing that any selfadjoint operator A ∈ L(H) with ‖A‖ ≤ 1
is a linear combination of two unitaries.

Let A ∈ L(H) be selfadjoint and such that ‖A‖ ≤ 1. Then the spectrum of A
is contained in [−1, 1], and so we can write

A =
1
2

(U + U∗), U := A+ i
√

1−A2.

Observe that U = f(A) with f(t) = 1+i
√

1− t2 and f(t)f(t) = 1, so by continuous
functional calculus U∗U = UU∗ = f(A)f̄(A) = 1, i.e., U is unitary. Thus A is the
linear combination of two unitaries. This completes the proof. �

Proposition III.8. The map T → Trace(T ) is a linear form on L1 such that,
for any T ∈ L1, we have

|Trace(T )| ≤ ‖T‖1,(III.2.12)

Trace(T ∗) = Trace(T ),(III.2.13)

Trace(AT ) = Trace(TA) ∀A ∈ L(H).(III.2.14)

Proof. It is immediate from its definition that the map T → Trace(T ) is
linear. Moreover, if T ∈ L1, then by Lemma III.2, for any orthonormal basis
(ξn)n≥0,

|Trace(T )| = |
∑
n≥0

〈ξn, T ξn〉| ≤
∑
n≥0

|〈ξn, T ξn〉| ≤ ‖T‖1.

Moreover, by (III.2) the adjoint T ∗ is trace-class. Then, for any orthonormal basis
(ξn)n≥0, we have

Trace(T ∗) =
∑
n≥0

〈ξn, T ∗ξn〉 =
∑
n≥0

〈ξn, T ξn〉 = Trace(T ).
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Let U ∈ L(H) be unitary. Then

Trace(U∗TU) =
∑
n≥0

〈ξn, U∗TUξn〉 =
∑
n≥0

〈Uξn, TUξn〉.

Since U is unitary (Uξn)n≥0 is an orthonormal basis of H. Therefore, in view
of the definition of Trace(T ) we see that

∑
n≥0〈Uξn, TUξn〉 = Trace(T ). Thus

Trace(U∗TU) = Trace(T ). Upon replacing T by UT we deduce that

Trace(TU) = Trace(UT ) ∀U ∈ L(H) unitary.

As by Lemma III.5 any A ∈ L(H) is the linear combination of 4 unitaries, it follows
that

Trace(AT ) = Trace(TA) ∀A ∈ L(H).

This shows that T → Trace(T ) is a trace on L1. The proof is complete. �

Example III.7. Let ξ and η be nonzero vectors in H. Let (ξn)n≥0 be an
orthonormal basis of H such that ξ0 = ‖ξ‖−1ξ. Then, for any n ∈ N0,

〈ξn, (ξ ⊗ η∗)ξn〉 = 〈ξn, ξ〉〈η, ξn〉 = δn,0‖ξ‖−1〈η, ξ0〉 = δn,0〈η, ξ〉.

Therefore, we get

(III.2.15) Trace(ξ ⊗ η∗) =
∑
n≥0

〈ξn, (ξ ⊗ η∗)ξn〉 = 〈η, ξ〉.

Example III.8. Let T ∈ L1 be normal. Let (ξn)n≥0 be an orthonormal basis
of H in which T diagonalizes, i.e., Tλn = λnξn forall n ∈ N0. Then

(III.2.16) TraceT =
∑
n≥0

〈ξn, T ξn〉 =
∑
n≥0

〈ξn, λnξn〉 =
∑
n≥0

λn,

that is, TraceT is the sum of the eigenvalues of T counted with multiplicity.

III.3. Duality between L1 and L(H)

The Banach space L1 is in duality with the Banach spaces L(H) and K. This
can be seen as follows.

If S and T are in L(H) and one of these operators is trace-class, we set

(S, T ) := Trace(ST ).

Thanks to (III.5) and (III.12) we see that, if S ∈ L1 and T ∈ L(H), then

(III.3.1) |(T, S)| = |(S, T )| = |Trace(ST )| ≤ ‖ST‖1 ≤ ‖S‖1‖T‖.

From this we deduce the following:

- For any S ∈ L(H) the map (S, .) : L1 3 T → Trace(ST ) is a continuous
linear form on L1.

- For any S ∈ L1 the map (S, .) : L(H) ∈ T → Trace(ST ) gives rise to a
continuous linear form on L(H).

Lemma III.6. For any ξ and η in H, we have

‖ξ ⊗ η∗‖ = ‖ξ ⊗ η∗‖1 = ‖ξ‖‖η‖.
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Proof. First, in view of the definition (II.5) of ξ ⊗ η∗ we have

‖ξ ⊗ η∗‖ = sup
‖ζ‖=1

‖(ξ ⊗ η∗)ζ‖ = sup
‖ζ‖=1

‖〈η, ζ〉ξ‖ = ( sup
‖ζ‖=1

|〈η, ζ〉|)‖ξ‖ = ‖η‖‖ξ‖.

Moreover, for any ζ1 and ζ2 in H we have

〈ζ1, (ξ ⊗ η∗)ζ2〉 = 〈η, ζ2〉〈ζ1, ξ〉 = 〈〈ξ, ζ1〉η, ζ2〉 = 〈(η ⊗ ξ∗)ζ1, ζ2〉,
which shows that

(III.3.2) (ξ ⊗ η∗)∗ = η ⊗ ξ∗.
We then have

(ξ ⊗ η∗)∗(ξ ⊗ η∗) = (η ⊗ ξ∗)(ξ ⊗ η∗) = ‖ξ‖2(η ⊗ η∗).
Notice that ‖η‖−2(η ⊗ η∗) is the orthogonal projection onto Cη, and hence, as any
orthogonal projection, ‖η‖−2(η ⊗ η∗) is a positive operator which agrees with its
square root, i.e., η ⊗ η∗ is positive and (η ⊗ η∗) 1

2 = ‖η‖−1(η ⊗ η∗). Thus,

|ξ ⊗ η∗| = ((ξ ⊗ η∗)∗(ξ ⊗ η∗))
1
2 = (‖ξ‖2(η ⊗ η∗)) 1

2 = ‖ξ‖‖η‖−1(η ⊗ η∗).
Combining this with (III.15) we obtain

‖ξ ⊗ η∗‖1 = Trace |ξ ⊗ η∗| = Trace
(
‖ξ‖‖η‖−1(η ⊗ η)∗

)
= ‖ξ‖‖η‖,

completing the proof. �

Lemma III.7. The following hold.
(i) For all S ∈ L1,

(III.3.3) ‖S‖1 = sup
‖T‖=1

|Trace(ST )|.

(ii) For all S ∈ L(H),

(III.3.4) ‖S‖ = sup
‖T‖1=1

|Trace(ST )|.

Proof. Let S ∈ L1. Then by (III.1), for any T ∈ L(H) of norm 1, we have

(III.3.5) |Trace(ST )| ≤ ‖S‖1‖T‖ = ‖S‖1.
Let S = U |S| be the polar decomposition of S. Then by Proposition II.2 ‖U∗‖ =
‖U‖ = 1 and U∗S = |S|, and hence

Trace(SU∗) = Trace(U∗S) = Trace |S| = ‖S‖1.
Together with (III.5) this gives (III.3).

Now, let S ∈ L(H). We may assume S 6= 0, since otherwise the equality (III.4)
is trivially satisfied. By (III.1), for any T in the unit sphere of L1,

(III.3.6) |Trace(ST )| ≤ ‖S‖‖T‖1 = ‖S‖.
Moreover, as

sup
‖ξ‖=1

〈ξ, |S|ξ〉 = sup
‖ξ‖=1

‖|S| 12 ξ‖2 = ‖|S| 12 ‖2 = ‖(S| 12 )∗S| 12 ‖ = ‖|S|‖ = ‖S‖,

we see that, for any ε ∈ (0, ‖S‖), there exists a unit vector ξ ∈ H such that

(III.3.7) 〈ξ, |S|ξ〉 ≥ ‖S‖ − ε.
Let S = U |S| be the polar decomposition of S. Since ‖U‖ = 1, we have ‖Uξ‖ ≤

‖ξ‖ = 1. Moreover, by Lemma II.1 and Proposition II.2 kerU = kerS = ker |S|,
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and so (III.7) implies that Uξ is not in kerU . Therefore, using Lemma III.6 we see
that

‖ξ ⊗ (Uξ)∗‖1 = ‖ξ‖‖Uξ‖ = ‖Uξ‖ ∈ (0, 1].
In addition, using (III.15) and the fact that |S| = U∗S we get

Trace [S(ξ ⊗ (Uξ)∗)] = Trace ((Sξ)⊗ (Uξ)∗) = 〈Uξ, Sξ〉 = 〈ξ, U∗Sξ〉 = 〈ξ, |S|ξ|〉.
Combining this with (III.7) then gives

(III.3.8) Trace [S(ξ ⊗ (Uξ)∗)] ≥ ‖S‖ − ε.
Set T = c−1(ξ⊗(Uξ)∗), with c = ‖ξ⊗(Uξ)∗‖1. Then ‖T‖1 = 1 and, as c−1 ≥ 1,

using (III.8) we see that, for any ε ∈ (0, ‖S‖), we have

TraceST = c−1 Trace [S(ξ ⊗ (Uξ)∗)] ≥ c−1(‖S‖ − ε) ≥ ‖S‖ − ε.
Combining this with (III.6) yields (III.4). The proposition is thus proved. �

In the sequel we denote by R∞ the subspace of L(H) consisting of finite rank
operators. This is the subspace of H spanned by the rank 1, i.e., by all operators
of the form (II.5).

We know that the closure of R∞ in L(H) is K (cf. Proposition III.4). In
addition, the following holds.

Lemma III.8. The finite-rank operators are dense in L1.

Proof. Let T ∈ L1 have polar decomposition T = U |T |, and let (ξn)n≥0 be
an orthonormal family of H such that Tξn = µn(T )ξn for all n ∈ N0. Then by
Proposition III.5 we have

T =
∑
n≥0

µn(T )(Uξn)⊗ ξ∗n,

where the series converges in norm. By Lemma III.6 we have

‖(Uξn)⊗ ξ∗n‖1 = ‖Uξn‖‖ξn‖ ≤ ‖U‖‖ξn‖2 = 1,

and so we see that∑
n≥0

‖µn(T )(Uξn)⊗ ξ∗n‖1 ≤
∑
n≥0

µn(T ) = ‖T‖1 <∞.

Thus the series
∑
n≥0 µn(T )(Uξn) ⊗ ξ∗n converges in L1. Since it converges to T

in L(H) and the inclusion of L1 into L(H) is continuous (cf. Remark III.5), T
is its sum in L1 too, that is, T is the limit in L1 of the finite-rank operators∑
n<N µn(T )(Uξn) ⊗ ξ∗n. This shows that finite-rank operators are dense in L1,

proving the lemma. �

Proposition III.9. The map L(H) 3 S → (S, .) ∈ (L1)′ is an isometric
isomorphism.

Proof. It follows from (III.4) that the map L(H) 3 S → (S, .) ∈ (L1)′ is
isometric. Therefore, in view of Lemma I.1, in order to prove this map is an
isometric isomorphism we only have to check it is onto.

Let ϕ ∈ (L1)′. Let S be the endomorphism of H defined by

〈η, Sξ〉 = 〈ϕ, ξ ⊗ η∗〉 ∀ξ, η ∈ H.
Thanks to Lemma III.6 we have

|〈η, Sξ〉| = |〈ϕ, ξ ⊗ η∗〉| ≤ ‖ϕ‖(L1)′‖〈ϕ, ξ ⊗ η∗〉‖1 ≤ ‖ϕ‖(L1)′‖‖ξ‖‖η‖.
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Thus,
sup
‖ξ‖=1

‖Sξ‖ = sup
‖η‖=1

sup
‖ξ‖=1

|〈η, Sξ〉| ≤ ‖ϕ‖(L1)′ ,

showing that S is a continuous endomorphism, i.e., S is contained in L(H).
Now, thanks to III.15, for any ξ and η in H, we have

(III.3.9) (S, ξ⊗η∗) = Trace(S(ξ⊗η∗)) = Trace((Sξ)⊗η∗) = 〈η, Sξ〉 = 〈ϕ, ξ⊗η∗〉,
that is, (S, .) and ϕ agree on operators of rank 1, and by linearity they agree on
their span, namely, R∞. Both (S, .) and ϕ are continuous linear forms and by
Lemma III.8 the subspace R∞ is dense in L1, so (S, .) and ϕ agree on all L1. This
proves that the map L(H) 3 S → (S, .) ∈ (L1)′ is onto, completing the proof. �

It follows from the above the proposition that L(H) can be canonically identified
with the dual of L1. For this reason L1 can be referred to as the predual of L(H).

The converse is not true. Namely, L1 is not the dual of L(H), but instead is
that of the space K of compact operators. This is the content of the following.

Proposition III.10. The map L1 3 S → (S, .) ∈ K′ is an isometric isomor-
phism.

Proof. As in the proof of Proposition III.9 we only have to prove that the
map L1 3 S → (S, .) ∈ K′ is onto. To this end let ϕ ∈ K′. Since the inclusion of L1

into K is contionuous (cf. Remark III.5), we see that ϕ induces a continuous linear
form on L1, and hence by Proposition III.9 there exists S ∈ L(H) such that

(III.3.10) 〈ϕ, T 〉 = Trace(ST ) ∀T ∈ L1.

In particular, by (III.9) we have

(III.3.11) 〈η, Sξ〉 = 〈ϕ, ξ ⊗ η∗〉 ∀ξ, η ∈ H.
Let S = U |S| be the polar decomposition of S and let (ξn)n≥0 be an orthonor-

mal basis of H. As by Proposition II.2 |S| = U∗S, using (III.11) we see that, for
any n ∈ N0, we have

(III.3.12) 〈ξn, |S|ξn〉 = 〈ξn, U∗Sξn〉 = 〈Uξn, Sξn〉 = 〈ϕ, ξn ⊗ (Uξn)∗〉.
Notice that thanks to (III.2) we have

ξn ⊗ (Uξn)∗ = ((Uξn)⊗ ξ∗n)∗ = (U(ξn ⊗ ξ∗n))∗ = (ξn ⊗ ξ∗n)U∗,

and hence 〈ξn, |S|ξn〉 = 〈ϕ, (ξn ⊗ ξ∗n)U∗〉. Therefore, for all N ∈ N,∑
n<N

〈ξn, |S|ξn〉 =
∣∣∣∣〈ϕ, (∑

n<N

ξn ⊗ ξ∗n)U∗〉
∣∣∣∣ ≤ ‖ϕ‖K′∥∥∥∥(

∑
n<N

ξn ⊗ ξ∗n)U∗
∥∥∥∥

≤ ‖ϕ‖K′
∥∥∥∥∑
n<N

ξ∗n ⊗ ξn
∥∥∥∥‖U∗‖.

By Proposition II.2 ‖U∗‖ = ‖U‖ = 1 and, as
∑
n<N ξn ⊗ ξ∗n is the orthogonal

projection onto the span of ξ0, . . . , ξN , this operator has norm 1 too. Thus,∑
n<N

〈ξn, |S|ξn〉 ≤ ‖ϕ‖K′ ∀N ∈ N.

Using (III.3) and Lemma III.1 we then get

‖S‖1 = ‖|S|‖1 =
∑
n≥0

〈ξn, |S|ξn〉 ≤ ‖ϕ‖K′ <∞,
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and hence S is trace-class.
Since S is in L1, the map (S, .) : K 3 T → Trace(ST ) is a continuous linear

map on K. Moreover, it follows from (III.10) that it agrees with ϕ on L1, and
hence on R∞. As by Proposition III.4 R∞ is dense in K, we see that (S, .) and ϕ
agree on all K, showing that the map L1 3 S → (S, .) ∈ K′ is onto. The proof is
complete. �

III.4. Hilbert-Schmidt Operators

For any T ∈ L(H) we define

‖T‖2 =
(∑
n≥0

µn(T )2

) 1
2

.

We then define
L2 := {T ∈ L(H); ‖T‖2 <∞}.

The elements of L2 are called Hilbert-Schmidt operators.
As in (III.3)–(III.5) we have

‖T‖2 = ‖T ∗‖2 = ‖|T |‖2 ∀T ∈ L(H),(III.4.1)

‖λT‖2 = |λ|‖T‖2 ∀T ∈ L(H) ∀λ ∈ C,(III.4.2)

‖ATB‖2 ≤ ‖A‖‖T‖2‖B‖ ∀A, T,B ∈ L(H).(III.4.3)

As an immediate consequence of (III.1) we see that, for any T ∈ L(H),

T ∈ L2 ⇐⇒ T ∗ ∈ L2 ⇐⇒ |T | ∈ L2.

Lemma III.9. The following hold.
(i) For any T ∈ L(H),

(III.4.4) ‖T‖ ≤ ‖T‖2 ≤ ‖T‖
1
2 ‖T‖

1
2
1 .

(ii) We have the inclusions,

(III.4.5) L1 ⊂ L2 ⊂ K.

Proof. Let T ∈ L(H). Since ‖T‖ = µ0(T ) we have ‖T‖ ≤ ‖T‖2. Moreover,
using (III.3) we see that, for any n ∈ N0,

µn(T )2 = µn(T ).µn(T ) ≤ µ0(T )µn(T ) = ‖T‖µn(T ).

Thus, ∑
n≥0

µn(T )2 ≤ ‖T‖
∑
n≥0

µn(T ) = ‖T‖‖T‖1,

from which we get ‖T‖2 ≤ ‖T‖
1
2 ‖T‖

1
2
1 . In particular, if T ∈ L1, then ‖T‖2 < ∞,

and hence T is in L2. Thus L1 is contained in L2.
Let T ∈ L2. Then

∑
n≥0 µn(T )2 < ∞, and hence limn→∞ µn(T ) = 0. There-

fore T is compact by Proposition III.4. This proves that L2 is contained in K. �

Example III.9. Let ξ and η be vectors in H. By Lemma III.6 both ‖ξ ⊗ η∗‖
and ‖ξ ⊗ η∗‖1 are equal to ‖ξ‖‖η‖, and so using (III.4) we get

‖ξ ⊗ η∗‖2 = ‖ξ‖‖η‖.
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Lemma III.10. Let T ∈ L(H). Then, for any orthonormal basis (ξn)n≥0, we
have

(III.4.6) ‖T‖22 = Trace |T |2 =
∑
n≥0

‖Tξn‖2,

and hence

(III.4.7) T ∈ L2 ⇐⇒ Trace |T |2 <∞⇐⇒ |T |2 ∈ L1.

Proof. Assume first that T is compact. Then thanks to (III.12) µn(|T |2) =
µn(T )2 for all n ∈ N0, and so we have

‖T‖2 =
(∑
n≥0

µn(|T |2
) 1

2

= (Trace |T |2)
1
2 .

Suppose now that T is not compact. Then by (III.5) T is not in L2, and
hence ‖T‖2 = ∞. By Proposition II.7 the fact that T is not compact, implies
that |T | is not compact either. Observe further that, as limt→0+ t

1
2 = 0, it follows

from Proposition II.9 that, for any positive compact operator S, the operator S
1
2 is

compact too. Therefore, if |T |2 were compact, then |T | = (|T |2)
1
2 would be compact

too. Since |T is not compact, we deduce that |T |2 cannot be compact. Incidentally,
|T |2 is not trace-class, and hence

Trace |T |2 = ‖|T |2‖1 =∞ = ‖T‖2.
In general, for any T ∈ L(H), using Lemma III.2 we get

(III.4.8) ‖T‖22 = Trace |T |2 =
∑
n≥0

〈ξn, |T |2ξn〉.

Since |T |2 = T ∗T , for any n ∈ N0, we have

〈ξn, |T |ξn〉 = 〈ξn, T ∗Tξn〉 = 〈Tξn, T ξn〉 = ‖Tξn‖2.
Thus,

‖T‖22 =
∑
n≥0

‖Tξn‖2.

Finally, the equivalences (III.7) immediately follow from (III.6). The lemma is
thus proved. �

Lemma III.11. We have

(III.4.9) ‖S + T‖2 ≤ ‖S‖2 + ‖T‖2 ∀S, T ∈ L(H).

Proof. Let S, T ∈ L(H) and let (ξn)n≥0 be an orthonormal basis. Us-
ing (III.6) and the Minkowski’s inequality for series we get

‖S + T‖2 =
(∑
n≥0

‖(S + T )ξn‖2
) 1

2

≤
(∑
n≥0

(‖Sξn‖+ ‖Tξn‖)2

) 1
2

≤
(∑
n≥0

‖Sξn‖2
) 1

2

+
(∑
n≥0

‖Tξn‖2
) 1

2

= ‖S‖2 + ‖T‖2,

proving the lemma. �

Proposition III.11. The following hold.
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(1) L1 is a two-sided ideal of L(H).
(2) ‖.‖1 is a norm on L1 with respect to which L1 is a Banach space.

Proof. It follows from (III.2)–(III.3), (III.4) and (III.9) that L2 is a two-sided
ideal of L(H) and ‖.‖2 is a norm on L2. Moreover, by arguing as in the proof
Proposition III.6 we can show that L2 is complete with respect to the norm ‖.‖2,
i.e., L2 is a Banach space for this norm. �

Remark III.10. Combining (III.2) and (III.4) shows that, for any T ∈ L(H),

‖T‖ ≤ ‖T‖2 ≤ ‖T‖1.
Therefore, the inclusions L1 ⊂ L2 and L2 ⊂ K are continuous.

In addition, arguing as in the proof of Lemma III.12 yields the following.

Lemma III.12. The finite-rank operators are dense in L2.

Proposition III.12. Let S and T be Hilbert-Schmidt operators. Then ST and
TS are trace-class operators and we have

|Trace(ST )| ≤ ‖ST‖1 ≤ ‖S‖2‖T‖2,
Trace(ST ) = Trace(TS).

Proof. Let ST = U |ST | be the polar decomposition of ST and let (ξn)n≥0 be
an orthonormal basis of H. By Proposition II.3 |ST | = U∗ST , and so using (III.6)
we get

‖ST‖1 =
∑
n≥0

〈ξn, U∗STξn〉 =
∑
n≥0

〈SUξn, T ξn〉 ≤
∑
n≥0

‖SUξn‖‖Tξn‖.

Using Cauchy-Schwartz Inequality for sequences together with (III.6) we then get

‖ST‖1 ≤
(∑
n≥0

‖SUξn‖2
) 1

2
(∑
n≥0

‖Tξn‖2
) 1

2

= ‖SU‖2‖T‖2 ≤ ‖S‖2‖U‖‖T‖2 ≤ ‖S‖2‖T‖2,

Notice that by Proposition II.3 and (III.3) we have ‖SU‖2 ≤ ‖S‖2‖U‖ ≤ ‖S‖2.
Thus,

(III.4.10) ‖ST‖1 ≤ ‖S‖2‖T‖2.
This proves that ST is trace-class. Moreover, combining (III.10) with (III.12) yields

|Trace(ST )| ≤ ‖ST‖1 ≤ ‖S‖2‖T‖2,
proving (III.12).

It follows from all this that, if we fix S ∈ L2, then both T → Trace(ST )
and T → Trace(TS) are continuous linear forms on L2. Moreover, as finite-rank
operators are trace-class, it follows from (III.14) that these linear forms agree on
finite-rank operators. Since the latter are dense in L2 by Lemma III.12, it follows
that Trace(ST ) = Trace(TS) for all T ∈ L2, completing the proof. �

For S, T ∈ L2 we define

(S, T ) := Trace(ST ).

This defines a bilinear form on L2. If S ∈ L2, then by (III.4) its adjoint S∗ is in L2

too. Therefore, for S, T ∈ L2 we may also define

(III.4.11) 〈S, T 〉L2 := Trace(S∗T ).
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This defines a Hermitian form on L2. Moreover, as T ∗T = |T |2, using (III.6) we
get

〈T, T 〉L2 = TraceT ∗T = Trace |T |2 = ‖T‖22.
Since ‖.‖2 is a norm on L2 this proves that 〈., .〉L2 is actually a positive-definite inner
product on L2 whose associated norm is just the Hilbert-Schmidt norm. Combining
this with Proposition III.11 we obtain:

Proposition III.13. L2 is a Hilbert space with respect to the inner prod-
uct (III.11).

For S ∈ L2 denote by 〈S, .〉L2 the linear form T → 〈S, T 〉L2 . Similarly, let
us denote by (S, .) the linear form T → (S, T ). By definition of 〈., .〉L2 we have
(S, .) = 〈S∗, .〉. Since 〈., .〉 is a Hilbert-space inner product on L2. The map
S → 〈S, .〉L2 is an isometric antilinear isomorphism from L2 onto (L2)′. Since (III.1)
implies that S → S∗ is an isometric antilinear isomorphism of L2 we obtain:

Proposition III.14. The map L2 3 S → (S, .) ∈ (L2)′ is an isometric linear
isomorphism from L2 onto (L2)′.

III.5. Integral Operators

Let (X,µ) be a σ-finite measured space such that L2
µ(X) is separable. Let

K(x, y) ∈ L2
µ⊗µ(X ×X). For f ∈ L2

µ(X) define

TKf(x) =
∫
X

K(x, y)f(y)dµ(y).

The function TKf(x) is measurable and by Cauchy-Schwartz’s Inequality,

|TK(x)|2 ≤
∫
X

|K(x, y)|2dµ(y)
∫
X

|f(x)|2dµ(x) = ‖f‖2L2

∫
X

|K(x, y)|2dµ(y),

and hence∫
X

|TK(x)|2dµ(x) ≤ ‖f‖2L2

∫
X

(∫
X

|K(x, y)|2dµ(y)
)
dµ(x) = ‖f‖2L2‖K‖2L2

Therefore the map TK : f → TKf is a continuous endomorphism of L2
µ(X). Such

an operator is called a integral operator.

Example III.11. Let ϕ and ψ be in L2
µ(X). Then, for any f ∈ L2

µ(X),

(ϕ⊗ ψ∗)f(x) = 〈ψ, f〉ϕ(x) = ϕ(x)
∫
X

ψ(y)f(y)dµ(y) = Tϕ⊗ψf(x),

where ϕ⊗ ψ is the element of L2
µ⊗µ(X ×X) defined by

(ϕ⊗ ψ)(x, y) = ϕ(x)ψ(y).

This shows that any rank 1 operator is an integral operator, and hence by linearity
any finite rank operator is an integral operator.

Proposition III.15. Let K and K ′ be in L2
µ⊗µ(X ×X). Then

T ∗K = TK∗ and TKTK′ = TK∗K′ ,
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where K∗ and K ∗K ′ are the functions in L2
µ⊗µ(X ×X) defined by

K∗(x, y) = K(y, x),(III.5.1)

K ∗K ′(x, y) =
∫
X

K(x, z)K ′(z, y)dµ(z).(III.5.2)

Proof. It is immediate from its definition that K∗(x, y) is in L2
µ⊗µ(X ×X).

Moreover, for any f and g in L2
µ(X), we have

〈f, TKg〉 =
∫
X

f(x)TKg(x)dµ(x) =
∫
X

f(x)
(∫

X

K(x, y)g(y)dµ(y)
)
dµ(x)

=
∫
X

(∫
X

K∗(y, x)f(x)dµ(x)
)
g(y)dµ(y) =

∫
X

TK∗f(y)g(y)dµ(y)

= 〈TK∗f, g〉,
that is, TK∗ is the adjoint of TK .

Next, as K(x, y) and K ′(x, y) both are in L2
µ⊗µ(X×X) the function K∗K ′(x, y)

defined by (III.2) is a well defined measurable function. This is in fact an element
of L2

µ⊗µ(X ×X), for we have

|K∗K ′(x, y)|2 ≤
∫
X

|K(x, z)||K ′(z, x)|dµ(z) ≤
∫
X

|K(x, z)|2dµ(z)
∫
X

|K ′(z, y)|2dµ(z),

and hence∫
X×X

|K ∗K ′(x, y)|2dµ(x)dµ(y) ≤∫
X

∫
X

|K(x, z)|2dµ(z)dµ(x)
∫
X

∫
X

|K ′(z, y)|2dµ(z)dµ(y) <∞.

Moreover, for any f ∈ L2
µ(x), we have

TKTK′f(x) =
∫
X

K(x, z)(TK′f)(z)dµ(z) =
∫
X

K(x, z)
(∫

X

K ′(z, y)f(y)dµ(y)
)
dµ(z)

=
∫
X

(∫
X

K(x, z)K ′(z, y)dµ(z)
)
f(y)dµ(y) =

∫
X

K ∗K ′(x, y)f(y)dµ(y)

= TK∗K′f(x),

which shows that TKTK′ = TK∗K′ . The proof is complete. �

Proposition III.16. The following hold.
(1) For any K ∈ L2

µ⊗µ(X×X) the operator TK is a Hilbert-Schmidt operator.
(2) The map K → TK is an isometric isomorphism from L2

µ⊗µ(X ×X) onto
L2(L2

µ(X)).

Proof. Let K ∈ L2
µ⊗µ(X × X) and let (ϕn)n≥0 be an orthonormal basis of

L2
µ(X). By Lemma III.10 we have

‖TK‖22 =
∑
n≥0

‖TKϕn‖2 =
∑
n,m

|〈ϕm, TKϕn〉|2.

Notice that

〈ϕm, TKϕn〉 =
∫
X×X

ϕm(x)ϕn(x)K(x, y)dµ(x)dµ(y) = 〈ϕm ⊗ ϕn,K〉L2
µ⊗µ(X×X).
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Since (ϕm ⊗ ϕn)m,n≥0 is an orthonormal basis of L2
µ(X ×X), it follows that

‖TK‖22 =
∑
n,m

|〈ϕm ⊗ ϕn,K〉L2
µ⊗µ(X×X)|2 = ‖K‖2L2(X×X).

Thus TK is a Hilbert-Schmidt operator and ‖TK‖ = ‖K‖L2(X×X).
This shows that K → TK is an isometric linear map from L2

µ⊗µ(X × X) to
L2(L2

µ(X)). Lemma I.1 then insures us that this map is an isometric isomorphism
from L2

µ⊗µ(X×X) onto its range which is a closed subspace of L2(L2
µ(X)). It follows

from Example III.11 that any finite-rank operator on L2
µ(X) is an integral operator.

As by Lemma III.12 the finite-rank operators are dense in L2, we then deduce
that the map K → TK is onto. Therefore, it realizes an isometric isomorphism
L2
µ⊗µ(X ×X) onto L2(L2

µ(X)). The proof is complete. �

III.6. Trace Theorems for Integral Operators

In this section we prove a trace theorem for integral operators. Here we assume
that X is a separable metrizable locally compact Hausdorff space (e.g., X is a
manifold) and we also assume that µ is a Radon measure on X.

The assumption on the topology of X implies that X is σ-compact, and hence
(X,µ) is a σ-finite measured space. This assumption also insures us that, for any
compact K ⊂ X, the space CK(X) is separable. Together with the σ-compacity of
X and the density of Cc(X) in L2

µ(X) this implies that L2
µ(X) is separable.

Let us denote by suppµ the support of µ. Recall that X \ (suppµ) is the union
set of all open sets O ⊂ X such that µ(O) = 0, and hence suppµ is a closed subset
of X.

Lemma III.13. The following hold.
(i) The open set X \ (suppµ) has measure 0.

(ii) The support of µ| suppµ is equal to suppµ.
(iii) The support µ⊗ µ is equal to (suppµ)× (suppµ).

Proof. Set V = X\(suppµ). Since µ is a Radon measure and X is σ-compact,
µ is a regular measure, and hence

(III.6.1) µ(V ) = sup
{
µ(K); K ⊂ V, K compact

}
.

Let K be a compact set contained in V , i.e., K is covered by the family of
open subsets of measure 0. Since K is compact, there exist finitely many such open
sets O1, . . . , Ok that cover K, and hence K has measure zero. Thus any compact
contained in V has measure zero. Combining this with (III.1) shows that µ(V ) = 0.

Set E = suppµ and let O be an open subset of E such that µ(O) = 0. Then
there exists an open O′ ⊂ X such that O = O′ ∩E. Then O′ ⊂ O ∪ V . As both O
and V have measure zero, it follows that so does O′. Therefore O′ is contained in
V , and hence O must be the empty set. This shows that the only open subset of E
that has measure zero is the empty set. Therefore the support of µ|E is equal to E.

Set W = X×X \ supp(µ⊗µ). As O×X and X×O are open subsets of X×X
on which µ ⊗ µ vanishes, we see that they both are contained in W . Conversely,
if (x, y) ∈ W , then there exist an open neighborood O1 of x in X and an open
neighborhood O2 of y in X such that O1 ×O2 ⊂W . Then, using (i), we see that

µ(O1)µ(O2) = (µ⊗ µ)(O1 ×O2) ≤ µ(W ) = 0,
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Thus µ(O1) or µ(O1) must be zero, that is, O1 or O2 must be contained in V ,
and hence (x, y) is contained in (V × X) ∪ (X × V ). It follows from all this that
W = (V ×X) ∪ (X × V ), so taking complements shows that supp(µ⊗ µ) is equal
to (suppµ)× (suppµ) agree. The proof is complete. �

Theorem III.2 (Duflo [Du]). Let K(x, y) ∈ L2
µ⊗µ(X × X) ∩ C(X × X) and

assume that the operator TK is trace-class. Then the function K(x, x) is in L1
µ(X)

and we have

TraceTK =
∫
X

K(x, x)dµ(x).

Proof. Let TK = U |TK | be the polar decomposition of TK and let (ξn)n≥0

be an orthonormal family in L2
µ(X) such that |TK |ξn = µn(T )ξn for all n ∈ N. For

n ∈ N set ηn = Uξn. As TK is trace-class and the L2-norms of the functions ξn are
equal to 1, we have∑

n≥0

∫
X

µn(TK)|ξn(x)|2dµ(x) =
∑
n≥0

µn(TK) <∞,

that is, the series
∑
n≥0 µn(T )|ξn(x)|2 converges normally in L1

µ(X). Therefore, its
sum is finite almost everywhere, i.e, the series

∑
n≥0 µn(T )|ξn(x)|2 converges almost

evrywhere. Likewise, the series
∑
n≥0 µn(T )|ηn(x)|2 converges almost everywhere.

Claim. Let L be a compact subset of X. For any ε > 0 there exists a compact
L′ ⊂ L such that

(i) µ(L \ L′) < ε.
(ii) For all n ∈ N0 the functions ξn and ηn are continuous on L′.

(iii) The series
∑
n≥0 µn(T )|ξn(x)|2 and

∑
n≥0 µn(T )|ηn(x)|2 converge uni-

formly on L′.

Proof of the claim. By Lusin’s theorem (see, e.g., [Fo]), for any n ∈ N0,
there exists a Borel set En ⊂ L such that µ(L \ En) ≤ 2−(n+1)ε and the functions
ξn(x) and ηn(x) are continuous on En. Set E =

⋂
n≥0En. Then E is a Borel set

of L such that µ(L \ E) ≤ ε and all the functions ξn(x) and ηn(x) are continuous
on E.

As the series
∑
n≥0 µn(T )|ξn(x)|2 converges almost everywhere on E, Egoroff’s

theorem (see, e.g., [Fo]) implies that there exists a Borel set F ⊂ E such that
µ(E ⊂ F ) < ε and the series

∑
n≥0 µn(T )|ξn(x)|2 and

∑
n≥0 µn(T )|ηn(x)|2 converge

uniformly on F .
Since µ is a regular measure, there exists a compact subset L′ of L such that

µ(F \ L′) ≤ ε. As L \ L′ = (L \ E) ∪ (E \ F ) ∪ (F \ L̃), we then get

µ(L \ L′) ≤ µ(L \ E) + µ(E \ F ) + µ(F \ L′) ≤ 3ε.

In addition, as L′ is contained in E and in F , all the functions ξn(x) and ηn(x)
are continuous on L′ and the series

∑
n≥0 µn(T )|ξn(x)|2 and

∑
n≥0 µn(T )|ηn(x)|2

converge uniformly on L′. The claim is thus proved. �

Since X is σ-compact, there exists an increasing sequence (Lj)j≥0 of compact
sets such that X =

⋃
j≥0 Ln. For every j ∈ N0 the above claim insures us the

existence of a compact L′j ⊂ Lj satisfies the conditions (i), (ii) and (iii) above with
L = Lj , L′ = L′j and ε = 1

j+1 .
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Let j ∈ N0. Set Ỹj =
⋃
k≤j L

′
k and Yj = suppµ|Yj . It follows from Lemma III.13

that µ(Ỹj \ Yj) = 0 and suppµ|Yj = Yj . Moreover, as

Lj \ Yj = (Lj \ Ỹj) ∪ (Ỹj \ Yj) ⊂ (Lj \ L′j) ∪ (Ỹj \ Yj),

we see that

(III.6.2) µ(Lj \ Yj) ≤ µ(Lj \ L′j) + µ(Ỹj \ Yj) ≤
1

j + 1
.

In addition, as Yj is contained in
⋃
k≤j L

′
k the following hold:

(a) All the functions ξn(x) and ηn(x) are continuous on Yj .
(b) The series

∑
n≥0 µn(T )|ξn(x)|2 and

∑
n≥0 µn(T )|ηn(x)|2 converge uni-

formly on Yj .
Set Y =

⋃
j≥0 Yj . As X \ Y =

⋃
j≥0(Xj \ Y ) and the sequence (Xj \ Y )j≥0 is

increasing, we have µ(X \ Y ) = limj→0 µ(Xj \ Y ). As Y contains Yj , using (III.2)
we see that µ(Xj \ Y ) ≤ µ(Xj \ Yj) ≤ 1

j+1 . It then follows that µ(X \ Y ) = 0.

Claim. For all (x, y) ∈ Y × Y , we have

(III.6.3) K(x, y) =
∑
n≥0

µn(T )ηn(x)ξn(y).

Proof. Let j ∈ N0. For all p, q ∈ N0 we have∑
p≤n≤q

µn(T )|ηn(x)ξn(y)| ≤
( ∑
p≤n≤q

µn(T )|ξn(x)|2
) 1

2
( ∑
p≤n≤q

µn(T )|ηn(x)|2
) 1

2

.

Therefore, using the property (b) above we see that the series
∑
n≥0 µn(T )ηn(x)ξn(y)

converges uniformaly on Yj × Yj .
For all (x, y) ∈ Yj × Yj set

K ′(x, y) =
∑
n≥0

µn(T )ηn(x)ξn(y).

Since by the property (a) all the functions ηn(x)ξn(y) are continuous on Yj×Yj and
the above series converges uniformly on Yj × Yj , this defines a continuous function
on Yj × Yj . Moreover, as Yj × Yj is compact, and hence has finite measure, since
µ ⊗ µ is a Radon measure, the uniform convergence implies the convergence in
L2-norm.

On the other hand, as TK is trace-class, the proof of Lemma III.8 shows that

(III.6.4) T =
∑
n≥0

(Uξn)⊗ ξ∗n =
∑
n≥0

ηn ⊗ ξ∗n,

Since by Remark III.10 the inclusion of L2 into L1 is continuous, it follows that
the above series converges in L2-norm too. Combining this with Proposition III.16
we deduce that the series of the corresponding kernel functions converge to K(x, y)
in L2-norm. As shown in Example III.11, for every n ∈ N0, the kernel function
of ηn ⊗ ξ∗n is equal to ηn(x)ξn(y). Therefore, the series

∑
n≥0 µn(T )ηn(x)ξn(y)

converges to K(x, y) in L2-norm. Since we already know that it converges to
K ′(x, y) in L2-norm on Yj × Yj , it follows that

K(x, y) = K ′(x, y) almost everywhere on Yj × Yj .
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Observe that both K(x, y) and K ′(x, y) are continuous functions on Yj × Yj .
Therefore W := {(x, y) ∈ Yj × Yj ;K(x, y) 6= K ′(x, y)} is an open subset Yj × Yj of
measure zero, and hence it is contained V = X\(suppµ⊗µ|Yj×Yj ). By construction
suppµ|Yj = Yj , so using Lemma III.13 we see that the support of (µ ⊗ µ)Yj×Yj =
(µ|Yj )⊗ (µ|Yj ) is equal to Yj × Yj . Therefore, V must be the empty set, and hence
K(x, y) = K ′(x, y) for all (x, y) ∈ Yj × Yj . Thus,

K(x, y) =
∑
n≥0

µn(T )ηn(x)ξn(y) ∀(x, y) ∈ Yj × Yj ,

where the series converges uniformly on Yj × Yj .
All this shows that the equality (III.3) holds on all the products Yj ×Yj . Since

Y × Y =
⋃
j≥0 Yj × Yj the claim follows. �

Since µ(X \ Y ) = 0, it follows from (III.3) that, almost everywhere on X,

(III.6.5) K(x, x) =
∑
n≥0

µn(T )ηn(x)ξn(x).

Moreover, as∫
X

|ηn(x)ξn(x)|dµ(x) ≤
(∫

X

|ηn(x)|2dµ(x)
) 1

2
(∫

X

|ξn(x)|2dµ(x)
) 1

2

≤ 1,

we see that ∑
n≥0

∫
X

µn(T )|ηn(x)ξn(x)|dµ(x) ≤
∑
n≥0

µn(T ) <∞.

Therefore, the series in (III.5) converges in L1-norm. This implies that K(x, x) is
contained in L1

µ(X) and we have

(III.6.6)
∫
X

K(x, x)dµ(x) =
∑
n≥0

µn(T )
∫
X

ηn(x)ξn(x)dµ(x) =
∑
n≥0

µn(T )〈ξn, ηn〉.

On the other hand, as explained in Example III.6, for every n, the trace of
the projection ηn ⊗ ξ∗n is equal to 〈ξn, ηn〉. Since in (III.4) the series converges in
L1-norm and the functional T → Trace(T ) is continuous with respect to that norm,
we deduce that

TraceTK =
∑
n≥0

µn(T ) Trace(ηn ⊗ ξ∗n) =
∑
n≥0

µn(T )〈ξn, ηn〉.

Combining this with (III.6) proves that

TraceTK =
∫
X

K(x, x)dµ(x).

The proof is complete. �

Remark III.12. If X is compact then the sole continuity of K(x, y) insures
us that K(x, y) is square-integrable on X × X and K(x, x) is integrable on X.
However, in general this is not enough to insure us that TK is trace-class (see,
e.g., [GK, §10.3]). Thus in Theorem III.2 we cannot remove the assumption on TK
being trace-class (unless TK is positive; see below).

When TK we don’t need to assume TK to be trace-class, because we can make
use of Mercer’s theorem to prove:
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Theorem III.3 ([Du]). Let K(x, y) ∈ L2
µ⊗µ(X ×X)∩C(X ×X) be such that

TK is positive. Then
(1) K(x, x) ≥ 0 for all x ∈ X.
(2) We have

TraceTK =
∫
X

K(x, x)dµ(x).

Thus,
TK ∈ L1 ⇐⇒ K(x, x) ∈ L1

µ(X).

Remark III.13. We refer to [Br] for generalizations of Duflo’s theorems where
the assumptions on the continuity of K(x, y) are relaxed.

III.7. Banach Ideals

In the remainder of the chapter we shall present a detailed account on the
theory of Calkin and Gohberg-Krein of operator ideals and operator ideals associ-
ated to symmetric norms. As we shall see these ideals play an important role in
noncommutative geometry.

Most of the material that follows is taken from [GK] and [Si] (see also [Co,
Chap. 4, Appendix C], [GVF, Section 7.C]).

This section is devoted to presenting the primary definitions and properties of
Banach ideals. We start with basic facts about two-sided ideals in L(H).

Proposition III.17. Let I be a two-sided ideal of L(H).
(1) For any T ∈ L(H),

T ∈ I ⇐⇒ |T | ∈ I ⇐⇒ T ∗ ∈ I.
(2) Any T ∈ I can be written as

T = T1 − T2 + i(T3 − T4) with Tj ∈ I ∩ L(H)+.

Proof. Once (1) is proved the proof of (2) follows along the same lines as that
of the proof of Lemma III.8. Thus, we only have to prove (1).

Let T ∈ L(H) have polar decomposition T = U |T |. If |T | is in I then, as I is
an ideal, T = U |T | is in I too. Since by Proposition II.3 |T | = U∗T we also see
that if |T | is in I, then so is T .

It also follows from Proposition II.3 that T ∗ = U∗TU , and T = (U∗TU∗)∗ =
UT ∗U . Therefore T is in I if and only if is T ∗ in I. The proof is complete. �

Proposition III.18. Let I be a two-sided ideal of L(H).
(1) If I ) {0}, then every finite-rank operator is contained in I.
(2) If I ( L(H), then every operator in I is compact.

Proof. Assume I ) {0}. Since the finite-rank operators are linear combina-
tions of rank 1 operators ξ⊗ η∗, ξ, η 6= 0, in order to prove (1) it is enough to show
that any such projection is contained in I.

Let ξ, η ∈ H\{0} and let T ∈ I \{0}. Since T 6= 0 there exists ξ′ ∈ H\{0} such
that η′ := Tξ′ 6= 0. Set A = ξ ⊗ ξ′∗ and B = η′ ⊗ η∗. Then the operator ATB is
contained in I and is equal to (ξ⊗η′∗)T (ξ⊗η∗) = 〈η′, T ξ′〉(ξ⊗η∗) = ‖η′‖2(ξ⊗η∗).
Since η′ 6= 0 it follows that ξ ⊗ η∗ is contained in I, proving (1).

Suppose now that I contains a non-compact operator T . By Proposition II.7
and Proposition III.17 the operator |T | too is non-compact and contained in I.
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Therefore, possibly by replacing T by |T |, we may assume T positive. For λ > 0
set Πλ = 1[λ,∞)(T ). If g(t) := t−11[λ,∞), then g(T ) is a bounded operator. As
Πλ = Tg(T ) it follows that Πλ is contained in I.

As ‖T − TΠλ(T )‖ = ‖1[0,λ)(T )‖ ≤ λ, we see that TΠλ(T ) converges to T in
norm as λ → 0+. Since T is non-compact, it follows there is at least one λ > 0
such that TΠλ does not have finite rank. Then Πλ does not have finite rank.

Let (ξn)n≥0 be an orthonormal basis of H, let (ηn)n≥0 be an orthonormal basis
of im Πλ, and let V ∈ L(H) be such that V ξn = ηn. As V ∗ηn = ξn for all n ∈ N,
we see that V ∗ΠλV = 1. Thus 1 ∈ I, which implies that I = L(H). Therefore, if
I ( L(H), then I cannot contain any non-compact operator, i.e., T is contained in
K. The proof is complete. �

The previous proposition shows that, among non-trivial ideals of L(H), the
ideal of finite-rank operators is minimal and the ideal of compact operators is
maximal. Since the former is the closure of the latter in L(H) we obtain:

Corollary III.1. The only closed non-trivial two-sided ideal of L(H) is K.

Definition III.14. A Banach ideal is a two-ideal I of L(H) which is equipped
with a norm ‖.‖I such that

(i) I is a Banach space for I.
(ii) We have

(III.7.1) ‖ATB‖I ≤ ‖A‖‖T‖I‖B‖ ∀T ∈ I ∀A,B ∈ L(H).

Example III.15. L(H) and K are Banach ideals for the operator norm ‖.‖.

Example III.16. It follows from (III.5) and Proposition III.6 that L1 is a
Banach ideal for the norm ‖.‖1. Likewise, using (III.3) and Proposition III.11, we
see that L2 is a Banach ideal for the Hilbert-Schmidt norm ‖.‖2.

In the sequel we let I be a Banach ideal with norm ‖.‖I . We assume I non-
trivial, so by Proposition III.18 all the finite-rank operators are contained in I and
all the elements of I are compact operators.

Lemma III.14. Let T ∈ I and let S ∈ K.
(i) If µn(S) ≤ µn(T ) ∀n ∈ N0, then S ∈ I and ‖S‖I ≤ ‖T‖I .

(ii) If µn(S) = µn(T ) ∀n ∈ N0, then S ∈ I and ‖S‖I = ‖T‖I .

Proof. We only have to prove (i), since it implies (ii). Thus, let us assume that
µn(S) ≤ µn(T ) ∀n ∈ N0, and let T = U |T | and S = V |S| be the respective polar
decompositions of T and S. Let (ξn)n≥0 and (ηn)n≥0 be orthonormal families in
H such that |T |ξn = µn(T )ξn and |S|ηn = µn(S)ηn for all n ∈ N0. Let C ∈ L(H)
be such that C = 0 on ker |S| and Cηn = (

√
µn(S)/

√
µn(T ))ξn for all n ∈ N0

such that µn(T ) > 0 (i.e., ξn is in im |S| = (ker |S|)⊥. This defines bounded
operator of norm ≤ 1,since by assumption µn(S) ≤ µn(T ) for all n ∈ N0. As
C∗ξn = (

√
µn(S)/

√
µn(T ))ηn for all n ∈ N0, we see that C∗|T |C = |S|.

By Proposition II.3 we know that |T | = U∗T , so we have

V C∗U∗TC = V C∗|T |C = V |S| = S.

Therefore S is contained in I and, by (III.1), we have ‖S‖I ≤ ‖V ‖‖C∗‖‖U‖‖T‖I‖C‖.
Since the operator norms of U , V and C are ≤ 1, it follows that ‖S‖I ≤ ‖T‖I , as
claimed. �
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Combining this lemma with (III.4) and (III.6) we see that, for any T ∈ I,

‖T‖I = ‖|T |‖I = ‖T ∗‖I ,
‖U∗TU‖I = ‖T‖I ∀U ∈ L(H), U unitary.

Proposition III.19. There exists a constant c > 0 such that

(III.7.2) ‖T‖I = c‖T‖ ∀T ∈ R1.

Furthermore, we have

(III.7.3) c‖T‖ ≤ ‖T‖I ∀T ∈ I.

Proof. Let R ∈ R1 be such that ‖R‖ = 1 and set c = ‖R‖I . It follows
from (III.2) that µ0(R) = ‖R‖ = 1 and µn(R) = 0 for n ≥ 1. Likewise, if S ∈ R1,
then µ0(S) = ‖S‖ and µn(S) = 0 for n ≥ 1, so the operators S and ‖S‖R have the
same characteristic values. Lemma III.14 then implies that ‖S‖I = ‖S‖‖R‖I =
c‖S‖.

Let T ∈ I. Then µ0(T ) = ‖T‖ = µ0(‖T‖R) and µn(T ) ≥ 0 = µn(‖T‖R) for
n ≥ 1, so by Lemma III.14 we have ‖T‖I ≥ ‖(‖T‖R)‖I = c‖T‖, as claimed. �

Because the norm ‖.‖I on rank-one operators is constant, we sometimes require
the normalization,

(III.7.4) ‖T‖I = ‖T‖ for any operator T of rank 1.

In this case, the inequality (III.3) holds with c = 1.

Proposition III.20. Any other Banach norm on I satisfying (III.1) is equiv-
alent to ‖.‖I .

Proof. Let ‖.‖′I be another Banach norm on I satisfying (III.1) and let |.|I
be the norm on I defined by

|T |I := sup{‖T‖I , ‖T‖′I} ∀T ∈ I.

Let (Tn)n≥0 be a Cauchy sequence in (I, |.|I), i.e., it is a Cauchy sequence both in
(I, ‖.‖I) and (I, ‖.‖′I). It thus converges in (I, ‖.‖I) and in (I, ‖.‖′I). The limits
may be different. However, using (III.3) we see that (Tn)n≥0 is a Cauchy sequence
in (L(H), ‖.‖) and its limit in (L(H), ‖.‖) agrees with the limits in (I, ‖.‖I) and
(I, ‖.‖′I). Thus, the last two limits are equal and (Tn)n≥0 converges in (I, |.|I).
This shows that (I, |.|I) is a Banach space.

Notice that the identity map is continuous from (I, |.|I) to (I, ‖.‖I). Since this
is a bijection and both (I, |.|I) to (I, ‖.‖I) are Banach spaces, the open mapping
theorem insures us that its inverse is continuous. Therefore |.|I and ‖.‖I are equiv-
alent norms. Likewise, the norms |.|I and ‖.‖′I are equivalent, so ‖.‖I and ‖.‖′I are
equivalent norms, proving the proposition. �

As we shall now see the separability of the topology of I defined by the norm
‖.‖I is intimately related to the density of finite-rank operators.

Definition III.17. I0 is the closure in I of the the ideal R∞ of finite-rank
operators.

Since R∞ is a two-sided ideal, I0 can easily be seen to be a Banach ideal for
the norm of I.
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Let T ∈ K have polar decomposition T = U |T | and let (ξn)n≥0 be an orthonor-
mal family such that |T |ξn = µn(T )ξn for all n ∈ N0. Then, by Proposition III.5,

(III.7.5) T =
∑
n≥0

µn(T )(Uξn)⊗ ξ∗n,

where the series converges in K. Any series of the form (III.5) is called a Schmidt
series for T .

Lemma III.15. Let T ∈ K. Then the following are equivalent:
(i) T is contained in I0.
(ii) Any Schmidt series for T converges in I to T .
(iii) There is a Schmidt series for T which converges in I.

Proof. It is clear that (ii) implies (iii). Moreover, if there is a Schmidt series
for T converging in I then, as it converges to T in K, using (III.3) we see that its
sum is equal to T . Thus T is contained in I and is the sum of a series of finite-rank
operators, hence T is an element of I0.

Suppose now that T is in I. For any N ∈ N set

TN := T −
∑
n<N

µn(T )(Uξn)⊗ ξ∗n =
∑
n≥N

µn(T )(Uξn)⊗ ξ∗n.

As
∑
n<N µn(T )(Uξn)⊗ ξ∗n has rank ≥ N , it is immediate that

(III.7.6) ‖TN‖I ≥ inf
{
‖T −R‖I ; R ∈ RN

}
.

It follows from Proposition II.3 the operator U∗U is the orthogonal projection
onto (kerT )⊥ = (ker |T |)⊥ = im |T |, so U∗Uξn = ξn if µn(T ) 6= 0. Thus,

(TN )∗TN =
∑
n≥N

µn(T )2ξn ⊗ ξ∗n and |TN | =
∑
n≥N

µn(T )ξn ⊗ ξ∗n.

Using the min-max principle we then see that

(III.7.7) µn(TN ) = µn+N (T ) ∀n ∈ N.

Let R ∈ RN . Then (III.2) implies that µN (R) = 0, so using (III.7) we get

µn(TN ) = µn+N (T ) ≤ µn(T −R) + µN (R) = µn(T −R).

Therefore, applying Lemma III.14 we see that ‖TN‖I ≤ ‖T −R‖I for all R ∈ RN .
Combining this with (III.6) then shows that∥∥∥∥∑

n≥N

µn(T )(Uξn)⊗ ξ∗n
∥∥∥∥
I
= inf

{
‖T −R‖I ;R ∈ RN

}
.

This implies that T is a limit of finite-rank operators in I (i.e., T is in I0) if and
only if the Schmidt series

∑
n≥0 µn(T )(Uξn) ⊗ ξ∗n converges to T in I. The proof

is complete. �

Lemma III.16. The Banach ideal I0 is separable.

Proof. Without any loss of generality we may assume that in (III.2)–(III.3)
the constant c is equal to 1. Let (ζk)k≥0 be a countable dense subset of H. Let
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ξ, η ∈ H. For any ε > 0 there exist k, l ∈ N0 such that ‖ξ−ζk‖ ≤ ε and ‖η−ζl‖ ≤ ε.
Then using (III.2) we get

(III.7.8) ‖ξ ⊗ η∗ − ζk ⊗ ζ∗l ‖I ≤ ‖(ξ − ζk)⊗ η∗‖I + ‖ζk ⊗ (η − ζl)∗‖I
≤ ‖(ξ − ζk)⊗ η∗‖+ ‖ζk ⊗ (η − ζl)∗‖

≤ ‖ξ − ζk‖‖η‖+ ‖ζk‖‖η − ζl‖ ≤ ε‖η‖+ (ε+ ‖ξ‖)ε.

Let D be the set of operators of the form,∑
(k,l)∈K×L

ζk ⊗ ζ∗l ,

where K and L range over all finite subsets of N0. Then D is a countable subset of
R∞. As any operator in R∞ is a finite sum of rank one operators ξ⊗ η∗, it follows
from (III.8) that, for any T ∈ R∞ and for any ε > 0, there exists R ∈ D such that
‖T − R‖I < ε. Combining this with the density of R∞ in I0 we deduce that D is
dense in I0. Since D is countable, this proves that I0 is separable. �

Proposition III.21. The following are equivalent:
(1) The finite-rank operators are dense in I, i.e., I = I0.
(2) I is separable.

Proof. It immediately follows from Lemma III.16 that if I = I0 then I is
separable.

Conversely, suppose that I0 ( I. Let T ∈ I \ I0. Since I and I0 both are
ideals, using Proposition III.17 we see that |T | is in I, but is not in I. Therefore,
possibly by replacing T by |T | we may assume T positive.

Since T is in I\I0 and is positive, Lemma III.15 implies that there is a Schmidt
series

∑
n≥0 µn(T )ξn ⊗ ξ∗n which does not converges in I. As I is a Banach space,

this implies that the series does not satisfy Cauchy’s criterion, so there exists δ > 0
and an increasing sequence (nk)k≥0 ⊂ N0 such that

(III.7.9)
∥∥∥∥ ∑
nk≤n<nk+1

µn(T )ξn ⊗ ξ∗n
∥∥∥∥
I
≥ δ ∀k ∈ N0.

For any sequence a = (ak)k≥0 ∈ {0, 1}N0 we set

Ta :=
∞∑
k=0

ak

( ∑
nk≤n<nk+1

µn(T )ξn ⊗ ξ∗n
)

=
∞∑

ak 6=0

∑
nk≤n<nk+1

µn(T )ξn ⊗ ξ∗n.

If we let Πa be the orthogonal projection onto the closure of the vector space
spanned by

⋃
ak 6=0{ξn; nk ≤ n < nk+1}, then Ta = ΠaT . Therefore, the operator

Ta is in I.
Let b = (bk)k≥0 ∈ {0, 1}N0 be such that b 6= a, i.e., there exists k ∈ N0 such

that bk 6= ak. Set Πk =
∑nk+1−1
n=nk

ξn ⊗ ξ∗n. Then

Πk(Tb − Ta) = (bk − ak)
∑

nk≤n<nk+1

µn(T )ξn ⊗ ξ∗n = ±
∑

nk≤n<nk+1

µn(T )ξn ⊗ ξ∗n.

Combining this with (III.9) we get

δ ≤ ‖Πk(Tb − Ta)‖I ≤ ‖Πk‖‖Tb − Ta‖I = ‖Tb − Ta‖I .
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Since {0, 1}N is not countable, it follows that no countable subset of I can be dense,
so I is not separable if I0 ( I. Equivalently, if I is separable, then I = I0. The
proof is complete. �

The following result hows that, among the non-trivial Banach ideals, the ideal
L1 of trace-class operators is minimal.

Proposition III.22. There is a continuous inclusion,

L1 ⊂ I0.

In fact, if the normalization (III.4) holds, then

(III.7.10) ‖T‖I ≤ ‖T‖1 ∀T ∈ I.

Proof. We may assume that the normalization (III.4) holds, so that we can
take c = 1 in (III.3). Let T ∈ L1 and let

∑
n≥0 µn(T )(Uξn) ⊗ ξ∗n be a Schmidt

series for T as in (III.5). Using (III.1) and (III.3)) we see that, for all N and p in
N, we have

(III.7.11)
∥∥∥∥ ∑
N≤n≤N+p

µn(T )(Uξn)⊗ ξ∗n
∥∥∥∥
I
≤

∑
N≤n≤N+p

µn(T )‖U‖‖ξn ⊗ ξ∗n‖I

≤
∑

N≤n≤N+p

µn(T )‖ξn ⊗ ξ∗n‖ ≤
∑

N≤n≤N+p

µn(T ).

Since
∑
n≥0 µn(T ) <∞ it follows that the series

∑
n≥0 µn(T )(Uξn)⊗ ξ∗n converges

in I. Lemma III.15 then insures us that T is contained in L0 and the Schmidt
series converges to T in I. Therefore, using (III.11), we get

‖T‖I =
∥∥∥∥∑
n≥0

µn(T )(Uξn)⊗ ξ∗n
∥∥∥∥
I
≤
∑
n≥0

µn(T ) = ‖T‖1.

This proves (III.10) when T is in L1 and shows there is a continuous inclusion of
L1 in I0. In addition, if T ∈ I \ L1, then ‖T‖1 = ∞ and (III.10) holds trivially,
so (III.10) holds for all T ∈ I. The proof is complete. �

III.8. Symmetric norms

In the sequel we denote by lf the vector space of sequences a = (an)n≥0 of
complex numbers that have finite support (i.e., an = 0 for n large enough). We
denote by l0 the space of sequences (an)n≥0 of complex numbers such that

lim
n→∞

an = 0.

For any sequence a = (an)n≥0 in l0 we denote by σ(a) = (σN (a))N≥1) the
sequence defined by

σN (a) :=
∑
n<N

an ∀N ∈ N.

In addition, for any a ∈ l0 we denote by a∗ = (a∗n)n≥0 the sequence defined by

a∗n = inf
J⊂N0
|J|=n

sup
j∈J
|aj | ∀n ∈ N0.
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In other word, the sequence (a∗n)n≥0 is the sequence obtained by re-ordering the
sequence (|an|)n≥0 into a non-increasing sequence. In particular, for any N ∈ N,
we always have

|σN (an)| ≤
∑
n<N

|an| ≤ σN (a∗).

It can also be shown (see [Si, Lem. 1.8]) that, for all a, b ∈ lf ,

(III.8.1) |
∑
n<N

anbn| ≤
∑
n<N

a∗nb
∗
n ∀N ∈ N.

Definition III.18. Let Φ be a norm on lf . We say that Φ is symmetric when

Φ(a) = Φ(a∗) ∀a ∈ lf .

Remark III.19. It is not difficult to check that a norm Φ on lf is symmetric
if and only if it satisfies the following two conditions:

(i) For any sequence (an)n≥0 in lf and any bijection σ : N0 → N0, we have

Φ
(
(aσ(n))n≥0

)
= Φ ((an)n≥0) .

(ii) For any sequence (an)n≥0 in lf and any sequence (θn)n≥0 ⊂ [0, 2π), we
have

Φ
(
(eiθnan)n≥0

)
= Φ ((an)n≥0) .

Example III.20. For p ∈ [1,∞) the p-norm Φp on lf is defined by

Φp(a) =
(∑
n≥0

|an|p
) 1
p

∀a = (an)n≥0 ∈ lf .

For p =∞ we define the Φ∞-norm by

(III.8.2) Φ∞(a) = sup
n≥0
|an| ∀a = (an)n≥0 ∈ lf .

All the p-norms are symmetric norms on lf .

Let Φ be a symmetric norm on lf .

Lemma III.17 (Markus; see [GK, Lem. 3.1], [Si, Thm. 1.9]). Let a, b ∈ lf .
Then

(III.8.3)
(
σN (a∗) ≤ σN (b∗) ∀N ∈ N

)
=⇒ Φ(a) ≤ Φ(b).

If follows from Markus’ lemma that if a∗n ≤ b∗n for all n ∈ N0, then Φ(a) ≤ Φ(b).
In particular, if a = (an)≥0 is a sequence in l0, then

Φ(a0, . . . , aN−1, 0, 0, . . .) ≤ Φ(a0, . . . , aN , 0, 0, . . .) ∀N ∈ N.

This means that (Φ(a0, . . . , aN , 0, 0, . . .))N≥0 is a non-decreasing sequence of non-
negative numbers, so it admits a limit as N →∞. We then set

(III.8.4) Φ(a) = lim
N→∞

Φ(a0, . . . , aN , 0, 0, . . .) = sup
N≥1

Φ(a0, . . . , aN , 0, 0, . . .)

This extends Φ to a function Φ : l0 → [0,∞].

29



It is not hard to check that

Φ(a) = 0 =⇒ a = 0,(III.8.5)

Φ(λa) = |λ|Φ(a) ∀a ∈ l0 ∀λ ∈ C,(III.8.6)

Φ(a+ b) ≤ Φ(a) + Φ(b) ∀a, b ∈ l0.(III.8.7)

In addition, we have

Proposition III.23 (see [Si, Thm. 1.16]). Let a, b ∈ l0. Then

Φ(a) = Φ(a∗),(
σN (a∗) ≤ σN (b∗) ∀N ∈ N

)
=⇒ Φ(a) ≤ Φ(b).

It follows from Proposition III.23 that, for any a, b ∈ l0,(
a∗n ≤ b∗n ∀n ∈ N0

)
=⇒ Φ(a) ≤ Φ(b).

In the sequel, we denote by l+f the positive cone of lf consisting of non-increasing
sequences of non-negative numbers with finite supports.

Lemma III.18 ([GK, Lem. 3.2]). Let Φ : l+f → [0,∞) be a function such that

Φ(a) = 0 =⇒ a = (0, 0, . . .),(III.8.8)

Φ(λa) = λΦ(a) ∀a ∈ l+f ∀λ ≥ 0,(III.8.9)

Φ(a+ b) ≤ Φ(a) + Φ(b) ∀a, b ∈ l+f ,(III.8.10) (
σN (a) ≤ σN (b) ∀N ∈ N

)
=⇒ Φ(a) ≤ Φ(b).(III.8.11)

Then Φ can be uniquely extend into a symmetric norm on lf by letting

Φ(a) := Φ(a∗) ∀a ∈ lf .

Finally, let Φ′ : lf → [0,∞) be the function defined by

(III.8.12) Φ′(a) := sup
{∣∣∣∣∑

n≥0

anbn

∣∣∣∣; b ∈ lf , Φ(b) ≤ 1
}

This is a norm on lf called the dual norm of Φ. Using (III.1) and the fact that Φ
is symmetric, we can check that

(III.8.13) Φ′(a) = sup
{∑
n≥0

a∗nbn; b ∈ l+f , Φ(b) ≤ 1
}
,

from which it follows that Φ′ is a symmetric norm. It also implies that

(III.8.14)
∑
n≥0

a∗nb
∗
n ≤≤ Φ′(a)Φ(b) ∀a, b ∈ l0.

Lemma III.19 ([GK, Thm. 1.11]). The dual norm of Φ′ is equal to Φ, i.e.,
(Φ′)

′
= Φ.

Remark III.21. Two norms Φ and Ψ on lf are equivalent when there exists
c > 0 such that

(III.8.15) c−1Φ(a) ≤ Ψ(a) ≤ cΦ(a) ∀a ∈ lf .
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It is not hard to see that Φ and Ψ are equivalent if and only if their dual norms are
equivalent.

Example III.22. Let p ∈ [1,∞] and let p′ ∈ [1,∞] be such that 1
p + 1

p′ = 1.
Then the dual norm of Φp is equal to Φp′ . This follows from the following simple
facts:

- The Hölder inequality,∣∣∣∣∑
n≥0

anbn

∣∣∣∣ ≤ Φp′(a)Φp(b) ∀a, b ∈ lf .

- If p > 1, the Hölder inequality is an equality if bn = an
|an| |an|

p′
p =

an
|an| |an|

p′−1 when an 6= 0 and bn = 0 otherwise.
- If p = 1 the the Hölder inequality is an equality if bn = an0

an0
for n = n0

and bn = 0 for n 6= n0, where n0 is such that |an0 | = Φ∞(a).

III.9. Banach ideals associated to symmetric norms

Let Φ be a symmetric norm on lf . We shall also denote by Φ its extension to
l0 given by (III.4).

For any operator T ∈ K, the sequence of characteristic values µ(T ) := (µn(T ))n≥0

is an element if l0. Therefore, we can set

‖T‖Φ := Φ(µ(T )).

We then define

IΦ :=
{
T ∈ K; ‖T‖Φ <∞

}
.

For T ∈ K and N ∈ N we define

µN (T ) := (µ0(T ), . . . , µN−1(T ), 0, 0, . . .) ∈ lf .
Then by (III.4) we have

(III.9.1) ‖T‖Φ = lim
N→∞

Φ(µN (T )) = sup
N≥1

Φ(µN (T )).

In addition, we set
σN (T ) :=

∑
n<N

µn(T ) = σN (µ(T )).

For T ∈ L(H) and N ∈ N we set

(III.9.2) σN (T ) =
∑
n<N

µn(T ).

Using the properties (III.1) and (III.5) of characteristic values we get

σN (cT ) = |c|σN (T ) ∀c ∈ C,(III.9.3)

σN (ATB) ≤ ‖A‖σN (T )‖B‖ ∀A,B ∈ L(H).(III.9.4)

As µn(T ) ≤ µ0(T ) = ‖T‖ for all n ∈ N, we also see that

(III.9.5) ‖T‖ ≤ σN (T ) ≤ N‖T‖.
In the sequel if E is a closed subspace of H we denote by ΠE the orthogonal

projection onto E.
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Lemma III.20. Let T ∈ K. For any N ∈ N, we have

σN (T ) = sup{‖TΠE‖1; dimE = N},(III.9.6)

= sup{|Trace(TΠE)|; dimE = N} (if T is positive).(III.9.7)

Proof. It follows from (III.4) that σN (T ) = σN (|T |). Moreover, if E is a
closed subspace of H, then ||T |ΠE | = |TΠE |, for ||T |ΠE | is a positive operator such
that

||T |ΠE |2 = (|T |ΠE)∗(|T |ΠE) = ΠE |T |2ΠE = ΠET
∗TΠE = (TΠE)∗(TΠE).

Therefore, upon replacing T by |T | we may assume T positive.
Notice also that if E is a closed subspace of H, then by (III.12)

|Trace(TΠE)| ≤ ‖TΠE‖1,

and hence

(III.9.8) sup{|Trace(TΠE)|; dimE = N} ≤ sup{‖TΠE‖1; dimE = N}.

Let (ξn)n≥0 ⊂ H be an orthonormal family such that Tξn = µn(T ) for all
n ∈ N0. Then by Proposition (III.5) we have

T =
∑
n≥0

µn(T )ξn ⊗ ξ∗n,

where the series converges in norm. Let EN be N -dimensional subspace spanned
by ξ0, . . . , ξN−1; this is a subspace of dimension N . Then ΠEN =

∑
n<N ξn ⊗ ξ∗n,

and hence
TΠEN =

∑
n<N

µn(T )ξn ⊗ ξ∗n.

Thus the (n+ 1)’th eigenvalue of TΠN counted with multiplicity is equal to µn(T )
if n < N and is zero if N ≥ 0. Therefore, using (III.16) we get

Trace(TΠEN ) =
∑
n<N

µn(T ) = σn(T ).

Since dimEN = N , it follows that

(III.9.9) σN (T ) ≤ sup{|Trace(TΠE)|; dimE = N}.

Let E be an N -dimensional subspace of H. Then TΠE has rank ≤ N , and so
using Proposition III.1 we see that µn(TΠE) = 0 for n ≥ N . Thus,

(III.9.10) ‖TΠE‖1 =
∑
n≥0

µn(TΠE) =
∑
n<N

µn(TΠE).

Thanks to (III.5) and the fact that ΠE is an orthogonal projection we have

µn(TΠE) ≤ µn(T )‖ΠE‖ ≤ µn(T ).

Combining this with (III.10) we get

‖TΠE‖1 ≤
∑
n<N

µn(T ) = σN (T ),

and hence
sup{‖TΠE‖1; dimE = N} ≤ σN (T ).

Combining this with (III.8) and (III.9) proves the lemma. �
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Notice that for every subspace E of dimension N the function T → ‖TΠE‖1 is
a semi-norm on K, so as a supremum of all such semi-norms σN is a semi-norm on
K. In particular, we have:

Lemma III.21. Let N ∈ N. Then

(III.9.11) σN (S + T ) ≤ σN (S) + σN (T ) ∀S, T ∈ K.

Granted this lemma we shall prove:

Lemma III.22. The following hold.
(1) Let T ∈ K. Then

‖T‖Φ = 0 =⇒ T = 0,(III.9.12)

‖λT‖Φ = |λ|‖T‖Φ ∀λ ∈ C,(III.9.13)

‖ATB‖Φ ≤ ‖A‖‖T‖Φ‖B‖ ∀A,B ∈ L(H).(III.9.14)

(2) Let S, T ∈ K. Then

‖S + T‖Φ ≤ ‖S‖Φ + ‖T‖Φ.

(3) If Φ(1, 0, 0, . . .) = 1, then

‖T‖Φ = ‖T‖ ∀T ∈ R1,(III.9.15)

‖T‖ ≤ ‖T‖Φ ∀T ∈ K.(III.9.16)

Proof. The implication (III.12) is due to (III.5) and the fact that µ0(T ) =
‖T‖. We obtain (III.13) by using (III.1) and (III.6). The inequality (III.14) follows
by combining (III.5) and (III.8).

Let S, T ∈ K. Then (III.11) shows that σN (µ(S + T )) ≤ σN (µ(S) + µ(T )) for
all N ∈ N, so using Proposition III.23 and (III.7) we get

‖S + T‖Φ = Φ(µ(S + T )) ≤ Φ(µ(S) +µ(T )) ≤ Φ(µ(S)) + Φ(µ(T )) = ‖S‖Φ + ‖T‖Φ.

Suppose now that Φ(1, 0, 0, . . .) = 1 and let T ∈ K. As µ0(T ) = ‖T‖(1, 0, 0, . . .)
we see that Φ(µ0(T )) = ‖T‖Φ(1, 0, 0, . . .) = ‖T‖. Since µn(T ) ≥ µ0

n(T ) for all
n ∈ N0, using (III.8) we see that ‖T‖Φ ≥ Φ(µ0(T )) = ‖T‖. Moreover, if rkT = 1
then µ(T ) = µ0(T ), and hence ‖T‖Φ = Φ(µ0(T )) = ‖T‖. The lemma is proved. �

Proposition III.24. IΦ is a Banach ideal for ‖.‖Φ, i.e., IΦ is a two-sided ideal
of L(H) and ‖.‖Φ is a Banach norm on IΦ satisfying (III.1).

Proof. It follows from Lemma III.22 that IΦ is a a two-sided ideal of L(H)
and ‖.‖Φ is a norm on IΦ satisfying (III.1). It remains to check that IΦ is complete
for the norm ‖.‖Φ.

Let (Tn)n≥0 be a Cauchy sequence in (I, ‖.‖I) and let us show that it converges
in (I, ‖.‖I). Then (III.16)implies that (Tn)n≥0 is a Cauchy sequence in K, hence
converges in K to some operator T .

Let ε > 0. There exists n0 ∈ N such that ‖Tp − Tq‖Φ < ε when p and p are
greater than n0. Let N ∈ N and denote by eN = (eN )n≥0 the sequence such that
eNn = 1 for n < N and eNn = 0 for n ≥ N . Let p and q be integers greater than n0.
It follows from (III.8) that, for all n ∈ N0,

µNn (T − Tp)) ≤ µNn (Tp − Tq) + ‖T − Tq‖eNn .
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Therefore, using (III.7) and (III.8) we see that

Φ(µN (T − Tp) ≤ Φ(µN (Tp − Tq)) + Φ(‖T − Tq‖eNn )

≤ ‖Tp − Tq‖Φ + ‖T − Tq‖Φ(eN ) ≤ ε+ ‖T − Tq‖Φ(eN ).

Letting q →∞ shows that

Φ(µN (T − Tp) ≤ ε+ ‖T − Tq‖Φ(eN ) ∀N ∈ N.

Combining this with (III.4) we get

(III.9.17) ‖T − Tp‖Φ ≤ ε ∀p > n0.

This implies that T is contained in IΦ and the sequence (Tn)n≥0 converges to T in
(IΦ, ‖.‖Φ), proving that (IΦ, ‖.‖Φ) is a Banach space. The proof is complete. �

Remark III.23. If Ψ is another symmetric norm on lf then IΦ = IΨ if and
only if Φ and Ψ are equivalent in the sense of (III.15). Furthermore, it is immediate
that in that case the norms ‖.‖Φ and ‖.‖Ψ are equivalent on IΦ = IΨ.

Lemma III.23. Let T ∈ IΦ. Then T is contained in I0
Φ if and only if

(III.9.18) lim
N→∞

Φ(µN (T ), µN+1(T ), . . .) = 0.

Proof. Lemma III.15 says that T is contained in I0
Φ if and only if any Schmidt

series (III.5) for T converges to T in IΦ. Let T = U |T | be the polar decomposition
of T and let (ξn)n≥0 be an orthonormal family such that |T |ξn = µn(T )ξn for all
n ∈ N0. It immediately follows from (III.7) that∥∥∥∥∑

n≥N

µn(T )(Uξn)⊗ ξ∗n
∥∥∥∥

Φ

= Φ(µN (T ), µN+1(T ), . . .).

Thus T is contained in I0
Φ if and only if (III.18) holds. �

Combining this lemma with Proposition III.21 we obtain:

Proposition III.25. The following are equivalent.
(1) The Banach ideal IΦ is separable.
(2) The finite-rank operators are dense in IΦ, i.e., I0

Φ = IΦ.
(3) For any a ∈ l0,

(III.9.19) Φ(a) <∞ =⇒ lim
N→∞

Φ(aN , aN+1, . . .) = 0.

Proposition III.26. Let I be a Banach ideal with norm ‖.‖I . Then
(1) There exists a unique symmetric norm on lf such that

(III.9.20) I ⊂ IΦ and ‖T‖I = ‖T‖Φ ∀T ∈ R∞.
(2) The Banach ideals I0 and I0

Φ coincide.

Proof. Let (ξn)n≥0 be an orthonormal basis of H. For any a ∈ l0 set

Ta =
∑
n≥0

anξn ⊗ ξ∗n.

As limn→∞ an = 0 the above series converges in K, i.e., Ta is a compact operator.
Observe also that µn(Ta) = a∗n ∀n ∈ N0. In addition, if T ∈ K, then µ(Tµ(T )) =
µ(T ).
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Let Φ : lf → [0,∞) be the function function defined by

Φ(a) = ‖Ta‖I ∀a ∈ lf .
It is not hard to check that Φ is a norm on lf . Moreover, as µ(Ta) = a∗ = µ(Ta∗),
using Lemma III.14 we see that ‖Ta‖I = ‖Ta∗‖I , i.e., Φ(a) = Φ(a∗). Thus Φ is a
symmetric norm on lf . Let IΦ be the associated Banach ideal with norm ‖.‖Φ.

Let T ∈ I and let N ∈ N. As µn(TµN (T )) = µNn (T ) ≤ µn(T ), it follows from
Lemma III.14 that

Φ(µN (T )) = ‖TµN (T )‖I ≤ ‖T‖I .
Thus,

‖T‖Φ = sup
N≥1

Φ(µN (T )) ≤ ‖T‖I <∞,

that is, the operator T is contained in IΦ. If in addition T has finite-rank then, as
µ(T ) = µ(Tµ(T )), Lemma III.14 insures us that

‖T‖I = ‖Tµ(T )‖I = Φ(µ(T )) = ‖T‖Φ.
Therefore ‖.‖I and ‖.‖Φ agree on finite-rank operators.

Let Ψ be another symmetric norm on lf such that I ⊂ IΨ and ‖.‖Ψ = ‖.‖I on
R∞. Let a ∈ lf . As Ψ is symmetric and µ(Ta) = a∗, we have

Ψ(a) = Ψ(a∗) = Ψ(µ(Ta)) = ‖Ta‖Ψ = ‖Ta‖I = Φ(a).

Therefore Ψ and Φ agrees, so Φ is the unique symmetric norm on lf satisfy-
ing (III.20).

Let T ∈ K. As a Schmidt series for T is a series of finite-rank operators, it
follows from (III.20) that a Schmidt series for T satisfies Cauchy’s criterion for ‖.‖I
if and and only it satisfies it for ‖.‖Φ. Using Lemma III.15 we then deduce that
T is contained in I0 if and only if it is contained in I0

Φ. Thus, as sets, I0 and I0
Φ

agree.
Let T be in I0 = I0

Φ and let
∑
n≥0 µn(T )(Uηn)⊗ η∗n be a Schmidt series for T .

As this series converges to T both in I and in IΦ, using (III.20) we get

‖T‖I = lim
N→∞

∥∥∥∥∑
n<N

µn(T )(Uηn)⊗ η∗n
∥∥∥∥
I

= lim
N→∞

∥∥∥∥∑
n<N

µn(T )(Uηn)⊗ η∗n
∥∥∥∥

Φ

= ‖T‖Φ.

Thus ‖.‖I and ‖.‖Φ agrees on I0. This proves that the Banach ideals I0 and I0
Φ

coincide. The proof is complete. �

Combining Proposition III.25 and Proposition III.26 we obtain:

Proposition III.27. A Banach ideal I is separable if and only if there exists
a symmetric norm Φ on lf such that I coincides with the Banach ideal I0

Φ.

Next, let us denote by Φ′ the dual symmetric norm of Φ as defined in (III.12).
We can relate the Banach ideal IΦ′ to the dual of IΦ as follows.

Lemma III.24 (Horn Inequality; see [Si, Thm. 1.15]). Let S, T ∈ K. Then∑
n<N

µn(ST ) ≤
∑
n<N

µn(S)µn(T ) ∀N ∈ N.

Proposition III.28. The following hold.
(1) For all S, T ∈ K, we have

‖ST‖1 ≤ ‖S‖Φ′‖T‖Φ.
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(2) Let S ∈ IΦ′ and T ∈ IΦ. Then the operator ST is trace-class and

(III.9.21) |Trace(ST )| ≤ ‖S‖Φ′‖T‖Φ.
(3) For all S ∈ K, we have

(III.9.22) ‖S‖Φ′ = sup
‖T‖Φ=1
T∈R∞

|Trace(ST )|.

Proof. Let S, T ∈ K. Then using Horn’s inequality and (III.14) we see that,
for any N ∈ N, we have∑

n<N

µn(ST ) ≤
∑
n≥0

µNn (S)µN (T ) ≤ Φ′(µN (S))Φ(µN (T )) ≤ ‖S‖Φ′‖T‖Φ.

Thus,
‖ST‖1 =

∑
n≥0

µn(ST ) ≤ ‖S‖Φ′‖T‖Φ.

Therefore, if S ∈ IΦ′ and T ∈ IΦ, then ST is trace-class and, using (III.12), we get

(III.9.23) |Trace(ST )| ≤ ‖ST‖1 ≤ ‖S‖Φ′‖T‖Φ.
Let S ∈ K. Then (III.23) implies that

(III.9.24) ‖S‖Φ′ ≥ sup
‖T‖Φ=1
T∈R∞

|Trace(ST )|.

Let A ∈ (0, ‖S‖Φ). In view of (III.1) we can find N ∈ N large enough such that
A < Φ′(µN (S)). Using (III.14) we see that there exists a sequence b = (bn)n≥0 in
l+f with same support as µN such that Φ′(b) = 1 and

(III.9.25) A <
∑
n≥0

µNn (S)bn ≤
∑
n≥0

µn(S)bn.

Let S = U |S| be the polar decomposition of S and let (ξn)n≥0 ⊂ H be an
orthonormal family such that |S|ξn = µn(S)ξn ∀n ∈ N0. Set

T =
∑
n≥0

bn(ξn ⊗ ξ∗n)U∗.

The operator T has finite rank, since the support of b is finite.
By Proposition II.3, the operator U∗U is the orthogonal projection onto (kerS)⊥ =

(ker |S|)⊥, so U∗Uξn = ξn whenever µn(S) 6= 0. Therefore, we can check that

T ∗T =
∑
n≥0

b2nξn ⊗ ξ∗n and |T | =
∑
n≥0

bnξn ⊗ ξ∗n

Using the min-max principle we then deduce that µn(T ) = bn for all n ∈ N0. Thus,

‖T‖Φ = Φ(µ(T )) = Φ(b) = 1.

We also have

ST =
(∑
n≥0

µn(S)U(ξn ⊗ ξ∗n)
)(∑

n≥0

bn(ξn ⊗ ξ∗n)U∗
)

=
∑
n≥0

µn(S)bnU(ξn ⊗ ξ∗n)U∗,

Thus Trace(ST ) is equal to∑
n≥0

µn(S)bn Trace (U(ξn ⊗ ξ∗n)U∗) =
∑
n≥0

µn(S)bn Trace (U∗U(ξn ⊗ ξ∗n)) =
∑
n≥0

µn(S)bn.
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In view of (III.25) this implies that Trace(ST ) > A. Since ‖T‖Φ = 1 we deduce
that

A < sup
‖T‖Φ=1
T∈R∞

|Trace(ST )| ∀A ∈ (0, ‖S‖Φ).

Combining this with (III.24) yields (III.22). The proof is complete. �

Recall that by Proposition III.9 we have an isometric isomorphism from L(H)
onto (L1)

′
given by

(III.9.26)
L(H) 3 S −→ (S, .) ∈ (L1)

′
, (S, .) : L(H) 3 T −→ (S, T ) := Trace(ST ).

It follows from Proposition III.28 that we also have linear map,
(III.9.27)

IΦ′ 3 S −→ (S, .) ∈ (I0
Φ)′, (S, .) : L(H) 3 T −→ (S, T ) := Trace(ST ).

and the density of L1 in I0
Φ show that if S ∈ IΦ′ then (S, .) uniquely extends

to a continuous linear map on I0
Φ, which we shall continue to denote (S, .).

Proposition III.29. If IΦ ) L1, then (III.27) yields an isometric isomor-
phism,

IΦ′ ' (I0
Φ)′.

Proof. Let us denote by TΦ the linear map (III.27). It follows from (III.21)
and (III.22) that, for all S ∈ IΦ′ ,

‖S‖Φ′ = sup‖T‖Φ=1
T∈R∞

|Trace(ST )| ≤ sup
‖T‖Φ=1
T∈R∞

|Trace(ST )| ≤ ‖S‖Φ′ .

Therefore TΦ is an isometry, so it follows from Lemma I.1 that for proving that TΦ

is an isomorphism it is enough to show that it is onto.
Consider the following subspace of L(H),

I := T −1((I0
Φ)′) =

{
S ∈ L(H); sup

T∈R∞\0

|Trace(ST )|
‖T‖Φ

<∞
}
.

Let S ∈ I, let A,B ∈ L(H) and C := supT∈R∞\0
|Trace(ST )|
‖T‖Φ . Then, for all T ∈ R∞,

|Trace(ASBT )| = |Trace(SBTA)| ≤ C‖BTA‖Φ ≤ C‖B‖‖T‖Φ‖A‖,
hence ASB is contained in I. This shows that I is a two-sided ideal.

Suppose that I is not contained in K. As I is a two-sided ideal, Proposi-
tion III.18 then insures us that I = L(H) and K = I ∩ K. Since (III.22) shows
that I ∩ K = IΦ′ , we see that IΦ′ = K. Observe that K is the Banach ideal IΦ∞

associated to the norm Φ∞ in (III.2). Using Remark III.23 we see that Φ′ and Φ∞
are equivalent norms on lf , so by Remark III.21 their dual norms. By Lemma III.19
the dual norm of Φ′ is Φ and, as shown in Example III.22, the dual norm of Φ∞
is the norm Φ1. Combining this with Remark III.23, we see that IΦ = IΦ1 = L1.
This contradicts the assumption that IΦ does not coincide with L1, so I must be
contained in K. As I ∩ K = IΦ′ , this proves that I = IΦ′ .

Let ϕ ∈ (I0
Φ)′. By Proposition III.22 the inclusion L1 ⊂ L0

Φ is continuous, so ϕ
induces a continuous linear map on L1. The isomorphism (III.26) insures us that
there exists S ∈ L(H) such that

(III.9.28) 〈ϕ, T 〉 = Trace(ST ) ∀T ∈ L1.
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Then, for all T ∈ R∞, we have

|Trace(ST )| = |〈ϕ, T 〉| ≤ ‖ϕ‖I′Φ‖T‖Φ.

This shows that S is contained in I = IΦ′ . Observe that (III.28) shows that ϕ and
TΦ agree on L1. In particular, they agree on finite-rank operators. As finite-rank
operators are dense in I0

Φ, it follows that ϕ and TΦ agrees on all I0
Φ, i.e., TΦ(S) = ϕ.

This proves that TΦ is onto, completing the proof. �

III.10. Schatten Ideals

Let p ∈ [0,∞]. The Schatten ideal Lp is the Banach ideal LΦp associated to
the p-norm Φp. Thus, if for any T ∈ K, we set

‖T‖p := Φp ((µn(T ))n≥0) =
(∑
n≥0

µn(T )p
) 1
p

,

then
Lp = {T ∈ K; ‖T‖p <∞} .

For p = 1 (resp. p = 2) we recover the Banach ideal of trace-class operators
(resp. Hilbert-Schmidt operators). As alluded to in the proof of Proposition III.29,
for p = ∞ the Banach ideal L∞ = IΦ∞ is the whole Banach ideal of compact
operators.

As shown in Example III.3 we have µn(|T |p) = µn(T )p ∀n ∈ N, so we have∑
n≥0

µn(T )p = Trace |T |p ∀T ∈ L(H).

Thus,
T ∈ Lp ⇐⇒ Trace |T |p <∞⇐⇒ |T |p ∈ L1.

Proposition III.30. Let q ∈ (p,∞). Then

‖T‖q ≤ ‖T‖p ∀T ∈ K.

In particular, there is a continuous inclusion,

Lq ⊂ Lp.

Proof. Let T ∈ K. Observe that, for all n ∈ N0,

µn(T )q = µn(T )q−p.µn(T )p ≤ (‖T‖p)q−p.µn(T )p.

Therefore, we get

‖T‖q =
(∑
n≥0

µn(T )q
) 1
q

≤ (‖T‖p)
q−p
q

(∑
n≥0

µn(T )p
) 1
q

= (‖T‖p)
q−p
q (‖T‖p)

p
q = ‖T‖p,

proving the lemma. �

It can be easily seen that, for p < ∞, the symmetric norm Φp satisfies the
condition (III.19). Therefore, Proposition III.25 gives

Proposition III.31. The Schatten ideal Lp is separable and the finite-rank
operators are dense in Lp.
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Assume p > 1 and let p′ ∈ (1,∞) be such that 1
p + 1

p′ = 1. Then the dual norm
of Φp is the p′-norm Φp′ . This follows from the Hölder inequality,∣∣∣∣∑

n≥0

anbn

∣∣∣∣ ≤ (∑
n≥0

|an|p
′
) 1
p′
(∑
n≥0

|bn|p
) 1
p

∀a, b ∈ lf ,

and the fact that we actually have an equality when bn = an
|an| |an|

p′
p . Therefore,

using Proposition III.28 and Proposition III.29 we obtain:

Proposition III.32. The following hold.
(1) For all S, T ∈ K, we have

‖ST‖1 ≤ ‖S‖p′‖T‖p.

(2) If S ∈ Lp′ and T ∈ Lp, then the operator ST is trace-class and

|Trace(ST )| ≤ ‖S‖q‖T‖p.
(3) The linear map (III.27) gives rise to an isometric isomorphism,

Lp
′
' (Lp)′.

The Horn inequality admits the following generalization (see [Si, Thm. 1.15]).
Let r ∈ [1,∞) and N ∈ N. Then∑

n<N

µn(ST )r ≤
∑
n<N

µn(S)rµn(T )r ∀S, T ∈ K.

Using this generalization we can show that, if 1
p1

+ . . .+ 1
pk

= 1
r , then

‖T1T2 · · ·Tk‖1 ≤ ‖T1‖p1‖T2‖p2 · · · ‖T1‖pk ∀Tj ∈ K.
In particular, if for every j = 1, . . . , k the operator Tj is in Lpj , then T1T2 · · ·Tk is
a trace-class operator and we have

|Trace(T1T2 · · ·Tk)| ≤ ‖T1‖p1‖T2‖p2 · · · ‖T1‖pk .

III.11. Banach ideals associated to divergent series

Following [GK] we can produce a large class of non-separable ideals as follows.
Let π = (πn)n≥0 be a non-increasing sequence of positive real numbers satisfy-

ing the following two conditions:

(III.11.1) lim
n→∞

πn = 0 and
∑
n≥0

πn =∞.

Examples of sequences satisfying all these conditions are provided by the sequences

(III.11.2) π(p) := ((n+ 1)
1
p )n≥0, p ≥ 1.

Using Lemma III.18 it is not difficult to check that we define a symmetric norm
on lf by letting

Φπ(a) := sup
N≥1

σN (a∗)
σN (π)

.

We denote by IΦπ the associated Banach ideal. In particular,

(III.11.3) IΦπ =
{
T ∈ K; σN (T ) = O(σN (π))

}
.
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Lemma III.25. Let a = (an)n≥0 be a non-increasing sequence in l0 such that
Φπ(a) <∞. Then

lim
N→∞

Φ(aN , aN+1, . . .) = lim sup
N→∞

σN (a)
σN (π)

.

Proof. For N ∈ N set aN = aN , aN+1, . . .) ∈ l0. Let n ∈ N0. As the sequence
(an)n≥0 is non-decreasing, we have

σn(aN ) =
∑
j<N

aj+N = σn+N (a)− σn ≥ σn(a)− σN (a).

Thus,
σn(a)
σn(π)

≤ σn(aN )
σn(π)

+
σN (a)
σn(π)

≤ Φπ(aN ) +
σN (a)
σn(π)

.

Since (III.1) implies that limn→∞ σn(π) =
∑
j≥0 aj =∞, we deduce that

lim sup
n→∞

σn(a)
σn(π)

≤ Φπ(aN ) ∀N ∈ N.

Thus,

(III.11.4) lim sup
n→∞

σn(a)
σn(π)

≤ lim
N→∞

Φπ(aN ).

Let N and m be positive integers. As the sequence (an)n≥0 is non-decreasing,
for any n ∈ N, we have

σn(aN ) =
∑
j<n

aN+j ≤
∑
j<n

aj = σn(a).

Therefore, for all n ≥ m, we have

σn(aN )
σn(π)

≤ σn(a)
σn(π)

≤ sup
p≥m

σp(a)
σp(π)

.

Notice also that, for all n ≤ m− 1,

σn(aN )
σn(π)

≤ naN0
π0

=
m

π0
aN .

Therefore, we have

Φπ(aN ) = sup
n≥1

σn(aN )
σn(π)

≤ sup
{

sup
p≥m

σp(a)
σp(π)

,
m

π0
aN

}
.

Since limN→∞ aN = 0, it follows that, ,

lim
N→∞

Φπ(aN ) ≤ sup
p≥m

σp(a)
σp(π)

∀m ∈ N.

Thus,

lim
N→∞

Φπ(aN ) ≤ lim
m→∞

sup
p≥m

σp(a)
σp(π)

= lim sup
n→∞

σn(a)
σn(π)

.

Combining this with (III.4) yields the lemma. �

Proposition III.33. The Banach ideal IΦπ is not separable and

(III.11.5) I0
Φπ =

{
T ∈ K;σN (T ) = o(σN (π))

}
.
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Proof. It follows from Lemma III.23 and Lemma III.25 that an operator T ∈
K is in I0

Φπ
if and only if σN (T ) = o(σN (π)).

Thanks to (III.1) the sequence π = (πn)n≥0 is contained in l0. It is immediate
that Φπ(π) = 1. Moreover, using Lemma III.25, we see that

lim
N→∞

Φπ(πN , πN+1, . . .) = lim sup
N→∞

σN (π)
σN (π)

= 1.

Therefore (III.19) does hold, so using Proposition III.25 we see that the Banach
ideal IΦπ is not separable. The proof is complete. �

Proposition III.34. Suppose that σn(π) = O(nπn). Then

IΦπ =
{
T ∈ K;σN (T ) = O(πn)

}
and I0

Φπ =
{
T ∈ K;σN (T ) = o(πn)

}
.

Proof. Let T ∈ K. Let m ∈ N and set am = supn≥m
µn(T )
πn

. For n ≥ m we

have µn(T ) = µn(T )
πn

πn ≤ amπn, so for all N > m we get

σN (T ) = σm(T ) +
∑

m≤n<N

µn(T ) ≤ σm(T ) + am
∑

m≤n<N

πn ≤ σm(T ) + amσN (T ).

Since limN→∞ σN (π) =∞, we deduce that

lim sup
N≥∞

σN (T )
σN (π)

≤ am ∀m ∈ N.

Thus,

(III.11.6) lim sup
N→∞

σN (T )
σN (π)

≤ lim
m→∞

am = lim sup
n→∞

µn(T )
πn

.

Set C := supn≥1
σn(π)
nπn

. Since the sequence (µn(T ))n≥0 is non-decreasing, for
any n ∈ N, we have σn(T ) =

∑
j<n µj(T ) ≥ nµn(T ), and hence

µn(T )
πn

≤ σn(T )
nπn

=
σn(π)
nπn

.
σn(T )
σn(π)

≤ Cσn(T )
σn(π)

.

Thus,

(III.11.7) lim sup
n→∞

µn(T )
πn

≤ C lim sup
n→∞

σn(T )
σn(π)

.

Combining (III.6)–(III.7) with (III.3) and (III.5) yields the proposition. �

Let Φ′π be the dual norm of Φπ as defined in (III.12). This is a symmetric norm
on lf .

Lemma III.26. We have

(III.11.8) Φ′π(a) =
∑
n≥0

πna
∗
n ∀a ∈ lf .

Proof. Let Φ̃ be the function on l+f defined by

Φ̃(a) :=
∑
n≥0

πnan ∀a ∈ l+f .

In view of Lemma III.18, in order to prove that Φ̃ agrees with Φ′π it is enough to
show that Φ̃ satisfies the conditions (III.8)–(III.11) and agrees with Φ′π on l+f .
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Clearly, Φ̃ satisfies (III.8)–(III.10). As, for all a ∈ lf , we have

(III.11.9)
∑
n≥0

πnan = π0σ0 +
∑
n≥1

πn(σn+1(a)− σn(a)) =
∑
N≥1

(πN−1 − πN )σN (a),

we see that Φ̃ satisfies (III.11) as well.
It remains to prove that Φ̃ agrees with Φ′π on l+f . Let a ∈ l+f . Then by (III.13)

we have

Φ′π(a) = sup
{∑
n≥0

anbn; b ∈ l+f , Φπ(b) = 1
}
.

Notice that, for any N ∈ N, the sequence (π0, . . . , πN , 0, 0, . . .) belongs to l+f and
we can check that Φπ(π0, . . . , πN , 0, 0, . . .) = 1. Therefore, if N is large enough so
that an = 0 for n ≥ N , then

(III.11.10) Φ′π(a) ≥
∑
n≤N

anπn =
∑
n≥0

anπn = Φ̃(a).

Let b ∈ l+f be such that Φπ(b) = 1. Then σN (b) ≤ σN (π) for all N ∈ N.
Therefore, arguing as in (III.9), we get∑

n≥0

anbn =
∑
N≥1

(aN − aN−1)σN (b) ≤
∑
N≥1

(aN − aN−1)σN (π) =
∑
n≥0

anπn.

It then follows that Φ′π(a) ≤ Φ̃(a). Combining this with (III.10) proves that Φ̃ and
Φ′π agree on l+f . The proof is complete. �

It follows from Lemma III.26 that

IΦ′π =
{
T ∈ K;

∑
n≥0

πnµn(T ) <∞
}

and ‖T‖Φ′π =
∑
n≥0

πnµn(T ) ∀T ∈ K.

Using (III.8) it is not hard to check that the symmetric norm Φ′π satisfies (III.19).
Therefore, from Proposition III.25 we get

Proposition III.35. The Banach ideal IΦ′π is separable and the finite-rank
operators are dense in it, i.e., I0

Φ′π
= IΦ′π

.

Using Proposition III.29, Lemma III.19 and the fact that I0
Φ′π

= IΦ′π we get

Proposition III.36. The linear map (III.27) gives rise to isometric isomor-
phisms,

IΦ′π
' (I0

Φπ )′ and IΦπ ' (IΦ′π
)′.

III.12. The Banach ideals L(p,∞) and L(p,1)

Let p ∈ (1,∞). We denote by L(p,∞) the Banach ideal IΦ(p,∞) associated to
the symmetric norm Φ(p,∞) on lf defined by

Φ(p,∞)(a) := sup
N≥1

σN (a)

N1− 1
p

∀a ∈ lf .

Thus,

L(p,∞) =
{
T ∈ K; σN (T ) = O(N1− 1

p )
}
,
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and L(p,∞) is a Banach ideal for the norm,

‖T‖(p,∞) := ‖T‖Φ(p,∞) = sup
N≥1

σN (T )

N1− 1
p

.

Since
∑
n<N (n+1)−

1
p ∼ 1

1− 1
p

N1− 1
p as N →∞, we see that Φ(p,∞) is equivalent

to the symmetric norm Φπ(p) associated to the sequence π(p) in (III.2). Therefore,
the Banach ideals L(p,∞) and IΦ

π(p) have same underlying sets and their norms are

equivalent. Since for p > 1 we have σn(π(p)) = O(nπ(p)
n ), using Proposition III.33

and Proposition III.34 we obtain:

Proposition III.37. Let p ∈ (1,∞). Then
(1) We have

L(p,∞) =
{
T ∈ K; µn(T ) = O(n−

1
p )
}
.

(2) The Banach ideal L(p,∞) is not separable and the closure of finite-rank
operators in L(p,∞) is

L(p,∞)
0 =

{
T ∈ K; σN (T ) = o(N1− 1

p )
}

=
{
T ∈ K; µn(T ) = o(n−

1
p )
}
.

For p = 1 we let L(1,∞) be the Banach ideal IΦ(1,∞) associated to the symmetric
norm Φ(p,∞) on lf defined by

Φ(1,∞)(a) := sup
N≥2

σN (a)
logN

∀a ∈ lf .

Thus,

L(1,∞) =
{
T ∈ K; σN (T ) = O(logN)

}
,

and the norm of L(p,∞) is

‖T‖(1,∞) := ‖T‖Φ(1,∞) = sup
N≥2

σN (T )
logN

.

This Banach ideal is sometimes called the Dixmier ideal, since this is the natural
domain of the Dixmier trace (cf. Chapter IV).

As in the case p > 1, the symmetric norms Φ(1,∞) and Φπ(1) are equivalent, so
the Banach ideals L(1,∞) and IΦ

π(1) have same underlying sets and their norms are
equivalent. Therefore, using Proposition III.33 we get:

Proposition III.38. The Banach ideal L(1,∞) is not separable and the closure
of finite-rank operators in L(1,∞) is

L(1,∞)
0 =

{
T ∈ K; σN (T ) = o(logN)

}
.

Remark III.24. Unlike in the case p > 1, we have a strict inclusion,

L(1,∞) )
{
T ∈ K; µn(T ) = O(n−1)

}
.
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Clearly, if T ∈ K is such that µn(T ) = O(n−1), then σN (T ) = O(logN), and hence
T is contained in L(1,∞).

To show that the inclusion is strict we only have to exhibit a non-increasing
sequence of positive numbers (an)n≥0 such that σN (a) = O(logN) and nan is not
bounded. An example of such a sequence is obtained as follows.

For any k ∈ N set nk = kk and let (an)n≥0 be the sequence defined by

a0 = a1 = 1 and an =
1 + log k

nk
for nk−1 < n ≤ nk.

As nkank = 1 + log k →∞ as k →∞, we see that an is not a O(n−1).
Furthermore, for k ≥ 3, we have∑

2≤n≤nk

an =
∑

2≤j≤k

1 + log j
nj

(nj − nj−1) ≤
∑

2≤j≤k

(1 + log j)

≤
∫ k

1

(1 + log x)dx = k log k = log nk.

Therefore, if nk−1 ≤ N ≤ nk, then∑
2≤n<N

an ≤
∑

2≤n≤nk

an ≤
log nk

log nk−1
log nk−1 ≤

k log k
(k − 1) log(k − 1)

logN ≤ C logN,

where we have set C := supk≥3
k log k

(k−1) log(k−1) . This shows that σN (a) = O(logN),
concluding the remark.

Next, let p ∈ (1,∞] and denote by L(p,1) the Banach ideal associated to the
symmetric norm Φ(1,∞) on lf defined by

Φ(p,1)(a) :=
∑
n≥0

(n+ 1)
1
p−1an ∀a ∈ lf .

In other words,

L(p,1) =
{
T ∈ K;

∑
n≥0

(n+ 1)
1
p−1µn(T ) <∞

}
,

and the norm of L(p,1) is given by

‖T‖(p,1) :=
∑
n≥0

(n+ 1)
1
p−1µn(T ).

When p =∞ the Banach ideal L(∞,1) is called the Macaev ideal.
Let p′ ∈ [1,∞) be such that 1

p + 1
p′ = 1. Since Lemma III.26 shows that Φ(p,1)

is the dual norm Φ′
π(p′) , we see that L(p,1) is the Banach ideal IΦ′

π(p′)
. Therefore,

Proposition III.35 and Proposition III.36 yield:

Proposition III.39. Let p ∈ (1,∞] and p′ ∈ [1,∞) be such that 1
p + 1

p′ = 1.

(1) The Banach ideal L(p,1) is separable and agrees with the closure of finite-
rank operators.

(2) The linear map (III.27) yields isomorphisms,

L(p,1) ' (L(p′,∞)
0 )′ and L(p′,∞) ' (L(p,1))′

Finally, the ideals L(p,∞) and L(p,1) can be compared to the Schatten ideals.
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Proposition III.40. We have continuous inclusions,

Lp ⊂ L(p,∞)
0 and L(p,∞) ⊂ Lq, 1 ≤ p < q <∞,(III.12.1)

Lq ⊂ L(p,1), 1 ≤ q < p ≤ ∞,(III.12.2)

L(p,1) ⊂ Lp, 1 ≤ p <∞.(III.12.3)

Proof. In view of Proposition III.39 it is enough to prove that we have con-
tinuous inclusions,

Lp ⊂ L(p,∞)
0 , 1 ≤ p <∞,

Lq ⊂ L(p,1), 1 ≤ q < p ≤ ∞,

since the other continuous inclusions would follow by duality.
Let p ∈ (1,∞] and let q ∈ [1, p). Let T ∈ Lq. Let p′ and q′ be such that

1
p + 1

p′ = 1 and 1
q + 1

q′ = 1. The Hölder inequality gives

‖T‖(p,1) =
∑
n≥0

(n+ 1)−
1
p′ µn(T ) ≤

(∑
n≥0

(n+ 1)−
q′
p′

) 1
q′

‖T‖q.

The fact that q < p insures us that q′ > p′, so the series
∑
n≥0(n + 1)−

q′
p′ is

convergent, so we see that Lq is contained in L(p,1) and the inclusion is continuous.
Let p ∈ [1,∞) and let T ∈ Lp. Using the Hölder inequality we see that, for any

N ∈ N,

σN (T ) =
∑
n<N

µn(T ) ≤
(∑
n<N

1p
′
) 1
p′
(∑
n<N

µn(T )p
) 1
p

≤ N1− 1
p ‖T‖p.

In view of the definition of the norm of L(p,∞) this implies that

‖T‖(p,∞) ≤ ‖T‖p ∀T ∈ Lp.

Thus Lp is contained in L(p,∞) and the inclusion is continuous. Since by Proposi-
tion III.31 the finite-rank operators are dense in Lp, it follows that Lp is contained
the closure of finite-rank operators in L(p,∞), that is, the ideal L(p,∞)

0 . Therefore,
we actually have a continuous inclusion of Lp in L(p,∞)

0 . The proof is complete. �

Remark III.25. Let T ∈ K be such that

µn(T ) = (n+ 1)−
1
p (log(n+ 2))−α ∀n ∈ N0.

The following observations hold:
• If α = 1

p and p ∈ (1,∞), then T is not in Lp and Proposition III.37 and

Proposition III.38 insure us that T is in L(p,∞)
0 .

• If α = −1 and p ∈ [1,∞), then T is contained in every ideal Lq with
q > p. If p > 1, then using Proposition III.37 we see that T is not in
L(p,∞). Likewise, when p = 1 the operator T is not in L(1,∞).

• If α = 1 and p ∈ (1,∞), then T is in L(p,1), but it is not in any ideal Lq
with q > p.

• If p ∈ (1,∞] and α ∈ (p−1, 1), then T is in Lp, but not in L(p,1).
This shows that all the inclusions in (III.1)–(III.3) are strict.
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CHAPTER IV

Quantized Calculus

The quantized calculus of Connes [Co] aims to translate the main tools of the
infinitesimal calculus into the operator theoretic language of quantum mechanics.
It allows us to write down a dictionary between classical notions in the infinitesimal
calculus and their quantum analogues.

IV.1. Noncommutative Infinitesimal Calculus

In the sequel we let H be a separable Hilbert space. In practice H comes from
a spectral triple (A, cH,D) and we shall set

F := Sign(D) = D|D|−1.

The first few lines of this dictionary between classical notions in the infinitesimal
calculus and their quantum analogues are the following:

Classical Quantum

Complex variable Operator on H

Real variable Selfadjoint operator on H

Infinitesimal variable Compact operator on H

Infinitesimal of order Compact operator T such that
α > 0 µn(T ) = O(n−α)

Differential df =
∑

∂
∂xj dx

j da := [F, a].

Integral Dixmier Trace −
∫

The first two lines comes directly from quantum mechanics. In that formalism
the observables are selfadjoint operators and the values that can be observed from
an observable are given by its spectrum. In addition, as we saw in Chapter I, we
have a holomorphic functional calculus for any bounded operator on H, but there
is a continuous functional calculus only for normal operators, including selfadjoint
operators.

Intuitively, an infinitesimal can be thought as an object which is smaller than
ε for any ε > 0. For an operator T the condition ‖T‖ < ε for all ε > 0 holds only
when T = 0, but it can be relaxed into the following:

For any ε > 0 there is a finite-dimensional subspace E such that ‖T |E⊥‖ < ε.

As shown by Proposition III.4 this latter condition is equivalent to T being compact.
By Proposition III.4 we also know that an operator T is compact if and only if

its characteristic values µn(T ) converge to 0 as n → ∞. Thus the compactness of
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T can be measured by the decay of its characteristic values. Thus, an infinitesimal
operator of order α, α > 0, is just a compact operator T such that

µn(T ) = O(n−α).

If α > 1 and we set p := α−1, then we see that the set of infinitesimal operators
of order α agrees with the operator ideal L(p,∞) introduced in the previous chapter.

For α = 1 every infinitesimal of order 1 is contained in the ideal L(1,∞), but
there are operators in L(1,∞) that are not infinitesimal operators of order 1.

The following show that intuitive rules of the infinitesimal calculus are satisfied.

Lemma IV.1. For j = 1, 2 let Tj be an infinitesimal operator of order αj.
(1) T1 + T2 is an infinitesimal operator of order min(α1, α2).
(2) T1T2 is an infinitesimal operator of order α1α2.

Proof. Thanks to (III.1.7) we have

(IV.1.1) µm+n(T1 + T2) ≤ µm(T1) + µn(T2) ∀m,n ∈ N0.

Let n ∈ N0. Since n ≥ 2[n2 ], by (III.1.3) we have µn(T1 + T2) = µ[n2 ]+[n2 ](T1 + T2),
and hence using (IV.1.1) we get

(IV.1.2) µn(T1 + T2) ≤ µ[n2 ](T1) + µ[n2 ](T2).

Set α = min(α1, α2). Then, as [n2 ] ≥ n−1
2 , we have

(IV.1.3) µ[n2 ](Tj) = O
([n

2

]−αj)
= O(n−αj ) = O(n−α).

Combining this with (IV.1.2) then shows that T1 + T2 is an infinitesimal operator
of order α.

Next, by (III.1.9) we have

µn+m(T1T2) ≤ µm(T1)µn(T2) ∀m,n ∈ N0.

Therefore, for any n ∈ N0,

µn(T1T2) ≤ µ[n2 ]+[n2 ](T1T2) ≤ µ[n2 ](T1)µ[n2 ](T2).

Combining this with (IV.1.3) shows that µn(T1T2) = O(n−α1) O(n−α2) = O(n−(α1+α2)),
that is, T1T2 is an infinitesimal operator of order α1α2. The lemma is proved. �

The differential da := [F, a] is a derivation, and hence it satisfies Leibniz’s Rule,

d(ab) = (da)b+ adb, a, b ∈ A.
In practice, the spectral triple (A,H, D) is p-summable for some p ≥ 1, that is,

µn(D−1) = O(n−
1
p ).

This means that D−1 is an infinitesimal operator of order 1
p .

Lemma IV.2 (cf. Chapter 11). If (A,H, D) is p-summable, then

µn([F, a]) = O(n−
1
p ) ∀a ∈ A.

In other words, if the spectral triple (A,H, D) is p-summable, then all the
differentials da = [F, a], a ∈ A, are infinitesimal operators of order 1

p .
If x1, · · · , xp form a system of local coordinates on a manifold M of dimension

p, then dx1 ∧ · · · ∧ dxp can be thought as an “infinitesimal” of order 1 and the
differentials dx1, . . . , dxp as “infinitesimals” of order 1

p . We see that, similarly, if
a0, ..., ap are in A, then da1, ..., dap are infinitesimal operators of order 1

p and
a0da1 · · · dap is an infinitesimal operator of order 1.

Next, the classical integral is a linear functional which the following properties:
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(i) It is defined on infinitesimals of order 1.
(ii) It vanishes on infinitesimals of order > 1, i.e., we can integrate by ne-

glecting higher-order infinitesimals (e.g., by approximating an integral by
Riemann sums).

(iii) It is positive, i.e., the integral of a non-negative function is a non-negative
number.

(iv) It vanishes on total differentials.
In the setting of quantized calculus we thus seek for a linear functional satisfying

noncommutative analogues of the above conditions. The first three conditions can
be easily translated into:

(i’) Its domain contains the infinitesimal operators of order 1.
(ii’) It vanishes on infinitesimal operators of order > 1.
(iii’) It is positive, i.e., it takes on non-negative real values on the operators in

its domain that are positive.
At least in the p-summable case, the condition (iv) corresponds to the vanishing

of the quantum integral on operators of the form

d(a0da1 · · · dap) = [F, a0da1 · · · dap] aj ∈ A.
In general, we require the noncommutative integral to vanish on commutators,

[A, T ],

where A ranges over L(H) and T ranges over the domain of the quantum integral.
Thus we require

(iv’) The quantum integral is a trace.
One candidate that comes to mind is the operator trace T → Trace(T ). This

is a positive trace, but it satisfies none of the conditions (i’)–(ii’). More precisely:
- The domain of the operator trace is the ideal L1 of trace-class operators,

but an infinitesimal operator of order 1 need not be trace-class, e.g., if
µn(T ) = (n+ 1)−1, then

∑
µn(T ) =∞, and hence T is not trace-class.

- The operator trace does not vanish on all infinitesimal operators of order > 1,
e.g., it does not vanish on (non-zero) finite-rank projections.

The solution for finding a positive linear trace satisfying (i’)–(ii’) is actually
provided by the Dixmier trace. This trace was constructed by Dixmier [Di] as an
example of a non-normal trace on L(H).

The rest of the chapter is devoted to presenting the construction of the Dixmier
trace. The exposition follows closely [CM, Appendix A] (see also [GVF, Sec-
tion 7.5]).

IV.2. The Dixmier Ideal L(1,∞)

As we shall see in the next section, the domain of the Dixmier trace is the
Dixmier ideal L(1,∞) introduced in the previous chapter. It is defined as follows.

For T ∈ K set

‖T‖(1,∞) := sup
N≥2

σN (T )
logN

.

We then define

L(1,∞) =
{
T ∈ K; ‖T‖(1,∞) <∞

}
.

Equivalently,

L(1,∞) =
{
T ∈ K; σN (T ) = O(logN)

}
.

Proposition IV.1 (See Chapter III). The following hold.
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(1) L(1,∞) is a two-sided ideal and ‖.‖(1,∞) is a norm on L(1,∞) for which
L(1,∞) is a Banach ideal. In particular,

(IV.2.1) ‖ATB‖(1,∞) ≤ ‖A‖‖T‖(1,∞)‖B‖ ∀T ∈ L(1,∞) ∀A,B ∈ L(H).

(2) The Banach ideal L(1,∞) is not separable.
(3) Let L(1,∞)

0 be the closure of finite-rank operators in L(1,∞). Then

(IV.2.2) L(1,∞)
0 =

{
T ∈ K; σN (T ) = o(logN)

}
.

(4) There are continuous inclusions,

L1 ⊂ L(1,∞)
0 and L(1,∞) ⊂ K.

(5) There is a strict inclusion,

(IV.2.3) L(1,∞) )
{
T ∈ K; µn(T ) = O(

1
n

)
}
.

Remark IV.1. It can be shown that a Banach ideal is separable if and only
if the finite-rank operators are dense in it (see Chapter III). Therefore (IV.2.2)
implies that L(1,∞) is not separable. Notice that L(1,∞)

0 is a Banach ideal with
respect to the norm ‖.‖(1,∞), since this is the closure in L(1,∞) of the ideal of
finite-rank operators.

Remark IV.2. The continuous inclusions (IV.2.3) hold for any non-trivial Ba-
nach ideal (see Chapter III). In the case of L(1,∞), the inclusion of L1 in L(1,∞)

0

follows from the fact that if T ∈ L1, then σN (T ) = O(1) = o(logN). The continu-
ity of the inclusions (IV.2.3) can also be deduced from the fact that, for any T ∈ K,
we have

‖T‖ = µ0(T ) ≤ σN (T ) ≤
∑
n≥0

µn(T ) = ‖T‖1 ∀N ∈ N,

which implies that

(log 2)−1‖T‖ ≤ ‖T‖(1,∞) ≤ (log 2)−1‖T‖1 ∀T ∈ K.

The Banach ideal L(1,∞) is in duality with the Macaev ideal L(∞,1). The latter
can be defined as follows.

For T ∈ K we set

‖T‖(∞,1) :=
∑
n≥0

(n+ 1)−1µn(T ).

We then define

L(∞,1) =
{
T ∈ K; ‖T‖(∞,1) <∞

}
.

Proposition IV.2 (See Chapter III). The following hold.
(1) L(∞,1) is a two-sided ideal and ‖.‖(∞,1) is a norm on L(∞,1) for which
L(∞,1) is a Banach ideal.

(2) The Banach ideal L(∞,1) is separable and the finite-rank operators are
dense in it.

(3) There are continuous inclusions,

L1 ⊂ L(∞,1) ⊂ K.

(4) There are isomorphisms,

(IV.2.4) L(1,∞) ' (L(∞,1))′ and L(∞,1) ' (L(1,∞)
0 )′.
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Remark IV.3. As explained in Chapter III, the duality isomorphisms (IV.2.4)
are inherited from the isometric isomorphism,

L(H) 3 S −→ (S, .) ∈ (L1)′, (S, T ) = Trace(ST ) ∀T ∈ L1.

More precisely, if S ∈ L(∞,1) and T ∈ L(1,∞), then ST is trace-class and (S, .)
uniquely extends to a continuous linear form on L(1,∞)

0 . This yields the isomorphism
from L(∞,1) onto (L(1,∞)

0 )′. Similarly, if S ∈ L(1,∞), then (S, .) uniquely extends
to a continuous linear form on L(∞,1), which allows us to get an isomorphism from
L(1,∞) onto (L(∞,1))′. Notice also that these isomorphisms become isometries if we
replace the norm ‖.‖(1,∞) by the equivalent norm,

‖T‖′(1,∞) := sup
N≥1

σN (T )∑
n<N (n+ 1)−1

.

In the sequel we let H′ be a (separable) Hilbert space.

Lemma IV.3. Let Φ be a continuous ∗-homomorphism from L(H) to L(H′)
such that

(IV.2.5) µn(Φ(T )) = µn(T ) ∀T ∈ L(H) ∀n ∈ N0.

Then Φ induces an isometric linear map from L(1,∞)(H) to L(1,∞)(H′).

Proof. Using Proposition III.4-(iii) and (IV.2.5) we see that Φ maps K(H)
to K(H′). Moreover, if T ∈ K, then (IV.2.5) implies that σN (Φ(T )) = σN (T ) for
all N ∈ N, and hence ‖Φ(T )‖(1,∞) = ‖T‖(1,∞). Thus Φ gives rise to an isometric
linear map from L(1,∞)(H) to L(1,∞)(H′). The lemma is proved. �

Let S : H′ → H be a continuous linear isomorphism from H′ onto H. We
denote by γS the conjugation by S, i.e., the map

L(H) 3 T −→ S−1TS ∈ L(H′).
This a continuous isomorphism from L(H) onto L(H′).

Proposition IV.3. The conjugation by S gives rise to a continuous isomor-
phism from L(1,∞)(H) onto L(1,∞)(H′), and hence

L(1,∞)(H′) = S−1L(1,∞)(H)S.

Furthermore, if S is unitary, then this isomorphism is isometric.

Proof. Let S ∈ L(H) be invertible. Since L(1,∞)(H) is a two-sided ideal of
L(H) both γS and its inverse γ−1

S = γS−1 maps L(1,∞)(H) to itself, and hence
γS induces a linear map from L(1,∞)(H) to itself. Furthermore, this linear map is
continuous, for by (IV.2.1) we have

‖S−1TS‖(1,∞) ≤ ‖S‖‖S−1‖‖T‖(1,∞) ∀T ∈ L(1,∞)(H).

Let U ∈ L(H′,H) be unitary. Then by Remark III.2 we have

µn(U∗TU) = µn(T ) ∀T ∈ L(H),

that is, γU satisfies (IV.2.5). Thus, it follows from Lemma IV.3 that γU induces
a linear isometry from L(1,∞)(H) to L(1,∞)(H′). Similarly, its inverse γ−1

U = γU∗

induces a linear isometry from L(1,∞)(H′) to L(1,∞)(H), so γU induces an isometric
linear isomorphism from L(1,∞)(H) onto L(1,∞)(H′).

Now, let S ∈ L(H′,H) be a general isomorphism. Set |S| = (S∗S)
1
2 and

U = S|S|−1. Then |S| is an invertible element of L(H′) and U is an unitary
element of L(H′,H), for it is invertible and, as |S|−1S∗S|S|−1 = |S|−1|S|2|S|−1,
for any ξ ∈ H′, we have

‖Uξ‖2H = 〈S|S|−1ξ, S|S|−1ξ〉H = 〈ξ, |S|−1S∗S|S|−1ξ〉H′ = 〈ξ, ξ〉H = ‖ξ‖2H′ .
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Thus, by the first two parts of the proof γ|S| induces a continuous linear isomorphism
from L(1,∞)(H′) onto itself and γU induces an isometric linear isomorphism from
L(1,∞)(H) onto L(1,∞)(H′). Since S = U |S|, and hence γS = γ|S| ◦ γU , it follows
that γS a continuous linear isomorphism from L(1,∞)(H) onto L(1,∞)(H′), proving
the proposition. �

In particular, if we let H′ be the Hilbert space with same underlying vector
space as H and equipped with an equivalent inner product and we let S be the
identity map, then we obtain:

Corollary IV.1. Neither L(1,∞)(H) nor its topology depend on the choice of
the inner product of H.

IV.3. The Dixmier Trace

In this section, we shall construct the Dixmier trace as a trace on the Banach
ideal L(1,∞). It will occur from the analysis of the logarithmic divergency of the
partial traces,

σN (T ) =
∑
n<N

µn(T ), T ∈ K, N ∈ N.

The first step is to extend the definition of σN (T ) to non-integer values of N .
To this end recall that by Proposition III.21 we have

(IV.3.1) σN (S + T ) ≤ σN (S) + σN (T ) ∀S, T ∈ K.

Lemma IV.4. Let N ∈ N. Then, for all T ∈ K,

(IV.3.2) σN (T ) = inf{‖x‖1 +N‖y‖; (x, y) ∈ L1 ×K and x+ y = T}.

Proof. Let T ∈ K. Let (x, y) ∈ L1×K be such that x+y = T . Using (IV.3.1)
we get

σN (T ) = σN (x+ y) ≤ σN (x) + σN (y).
Notice that by (III.9.5) we have σN (y) ≤ N‖y‖. Moreover,

σN (x) =
∑
n<N

µn(x) ≤
∑
n≥0

µn(x) = ‖x‖1.

Therefore, we have
σN (T ) ≤ ‖x‖1 +N‖y‖.

It then follows that

(IV.3.3) σN (T ) ≤ inf{‖x‖1 +N‖y‖; (x, y) ∈ L1 ×K and x+ y = T}.
Let T = U |T | be the polar decomposition of T , and let (ξn)n≥0 be an orthonor-

mal family such that |T |ξn = µn(T )ξn for all n ∈ N0. Denote by ΠN the orthogonal
projection onto the span of ξ0, . . . , ξN−1. Define

(IV.3.4) xN := (|T | − µN (T ))ΠN and yN := µN (T )ΠN + |T |(1−ΠN ).

Notice that xN + yN = |T |. Thus,

(IV.3.5) T = U |T | = UxN + UyN .

Notice also that, as UxN has finite-rank, this is a trace-class operator. In addition,
as ΠN =

∑
n<N ξn ⊗ ξ∗n and, by (III.1.15), |T | =

∑
n≥0 µn(T )ξn ⊗ ξ∗n, we have

xN =
∑
n<N

(µn(T )− µN (T ))ξn ⊗ ξ∗n,(IV.3.6)

yN =
∑
n<N

µN (T )ξn ⊗ ξ∗n +
∑
n≥N

µn(T )ξn ⊗ ξ∗n.(IV.3.7)
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It follows from (IV.3.6) and the min-max principle that µn(xN ) is equal to
µn(T )− µN (T ) for n < N and is zero for n ≥ N . Thus,

‖xN‖1 =
∑
n≥0

µn(xN ) =
∑
n<N

(µn(T )− µN (T )) = σN (T )−NµN (T ).

Since by Proposition II.3 ‖U‖ ≤ 1, combining this with (III.2.5) gives

(IV.3.8) ‖UxN‖1 ≤ ‖U‖‖xN‖1 ≤ σN (T )−NµN (T ).

As for yN , it follows from (IV.3.7) that yN is a positive operator whose greatest
eigenvalue is µN (T ), and so using the min-max principle we get

‖yN‖ = µ0(yN ) = µN (T ),

and hence

(IV.3.9) ‖UyN‖ ≤ ‖U‖‖yN‖ ≤ µN (T ).

Combining this with (IV.3.8) gives

‖UxN‖1 +N‖UyN‖ ≤ σN (T )−NµN (T ) +NµN (T ) = σN (T ).

In view of (IV.3.5) it follows that

σN (T ) ≥ inf{‖x‖1 +N‖y‖; (x, y) ∈ L1 ×K and x+ y = T}.

Combining this with (IV.3.3) then proves the lemma. �

The previous lemma allow us to extend the definition of σN to non-integer
values of N .

Definition IV.4. Let T ∈ K. Then, for any λ ≥ 0, we define

σλ(T ) = inf{‖x‖1 +N‖y‖; (x, y) ∈ L1 ×K and x+ y = T}.

Lemma IV.4 shows that, when λ is an integer, the above definition of σλ(T )
agrees with that given in (III.9.2).

Lemma IV.5. Let T ∈ K. Then
(i) The function λ→ σλ(T ) is concave.
(ii) For any λ ≥ 0, we have

σλ(T ) = σN (T ) + αµN (T ),(IV.3.10)

= (1− α)σN (T ) + ασN+1(T ),(IV.3.11)

where we have set N = [λ] and α = λ− [λ].

Proof. Let λ, µ ∈ [0,∞) and let α ∈ [0, 1]. For any (x, y) ∈ L1 × K be such
that x+ y = T we have

‖x‖1 + (αλ+ (1− α)µ)‖y‖ = α(‖x‖1 + λ‖y‖) + (1− α)(‖x‖1 + µ‖y‖)
≥ ασλ(T ) + (1− α)σµ(T ).

Thus,
σαλ+(1−α)µ(T ) ≥ ασλ(T ) + (1− α)σµ(T ),

which shows that the function λ→ σλ(T ) is concave.
Let λ ∈ [0,∞) and set N = [λ] and α = λ−N . As σN+1(T ) = σN (T )+µN (T ),

we have

(IV.3.12) (1− α)σN (T ) + ασN+1(T ) = (1− α)σN (T ) + α(σN (T ) + µN (T ))

= σN (T ) + αµN (T ).
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Notice also that λ = (1− α)N + α(N + 1). As the function λ→ σλ(T ) is concave,
it follows that

(IV.3.13) σλ(T ) ≥ (1− α)σN (T ) + ασN+1(T ).

Let T = U |T | be the polar decomposition of T and let xN and yN be as
in (IV.3.4), so that T = UxN + UyN and, as in (IV.3.8) and (IV.3.9), we have

‖UxN‖1 ≤ σN (T )−NµN (T ) and ‖UyN‖ ≤ µN (T ).

Then
σλ(T ) ≤ ‖UxN‖1 + λ‖yN‖ ≤ σN (T ) + (λ−N)µN (T ).

Combining this with (IV.3.12) and (IV.3.13) proves (IV.3.10) and (IV.3.11). The
proof is complete. �

Remark IV.5. The equality (IV.3.10) can be rewritten as

σλ(T ) =
∫ λ

0

µ[u](T )du.

Thus, when T is positive, σλ(T ) can be seen as the cut-off by λ of the trace,

TraceT =
∫ ∞

0

µ[u](T )du.

Remark IV.6. It follows from (IV.3.11) that the function λ→ σλ(T ) is affine
between σN (T ) and σN+1(T ), so this function agrees with the affine interpolation
of the σN (T )’s.

Remark IV.7. Since the σN ’s are norms on K, it follows from (IV.3.11) that
the σλ’s too are norms. Thus, for any λ ≥ 0, we have

σλ(cT ) = |c|σλ(T ) ∀T ∈ K ∀c ∈ C,(IV.3.14)

σλ(S + T ) ≤ σλ(S) + σλ(T ) ∀S, T ∈ K.(IV.3.15)

Lemma IV.6. Let T1 and T2 be positive compact operators. Then

(IV.3.16) σλ1+λ2(T1 + T2) ≥ σλ1(T1) + σλ2(T2) ∀λj ≥ 0.

Proof. For j = 1, 2 let Nj ∈ N and let us show that

(IV.3.17) σN1+N2(T1 + T2) ≥ σN1(T1) + σN2(T2).

For j = 1, 2 let Ej be a subspace of H of dimension Nj , and let E be a subspace of
dimension N1 +N1 containing E1 and E2. Let (ξn)n≥0 be an orthonormal basis of
H such that ξ0, . . . , ξN1−1 span E1 and ξ0, . . . , ξN−1 span E. Then

Trace(T1ΠE1) =
∑
n≥0

〈ξn, T1ΠE1ξn〉 =
∑
n<N1

〈ξn, T1ξn〉.

Similarly, we have
Trace(T1ΠE) =

∑
n<N

〈ξn, T1ξn〉.

As T1 is positive 〈ξn, T1ξn〉 ≥ 0 for all n ∈ N0, and hence

Trace(T1ΠE1) ≤ Trace(T1ΠE).

Similarly Trace(T2ΠE2) ≤ Trace(T2ΠE), and hence using (III.9.7) we get

Trace(T1ΠE1) + Trace(T2ΠE2) ≤ Trace ((T1 + T2)ΠE)) ≤ σN1+N2(T1 + T2).

Thanks to (III.9.7) taking the supremum of Trace(T1ΠE1) + Trace(T2ΠE2) over all
subspaces E1 of dimension N1 and all subspaces E2 of dimension N2 gives (IV.3.17).
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Now, for j = 1, 2 let λj be a non-negative real number and set Nj = [λj ] and
αj = λj − Nj . In addition, define λ = λ1 + λ2 and set N = [λ] and α = λ − N .
Notice that either N = N1 +N2 or N = N1 +N2 + 1.

Assume that N = N1 +N2. Then α = α1 +α2, and hence by (IV.3.11) we have

(IV.3.18) σλ(T1 + T2) = (1− α1 − α2)σN (T1 + T2) + (α1 + α2)σN+1(T1 + T2)

= (1− α1 − α2)σN1+N2(T1 + T2) + (α1 + α2)σN1+N2+1(T1 + T2).

By (IV.3.17) we have

σN1+N2(T1 + T2) ≥ σN1(T1) + σN2(T2),(IV.3.19)

σN1+N2+1(T1 + T2) ≥ σN1+1(T1) + σN2(T2),(IV.3.20)

σN1+N2+1(T1 + T2) ≥ σN1(T1) + σN2+1(T2).(IV.3.21)

Combining this with (IV.3.11) and (IV.3.18) we get

σλ(T1 + T2) ≥ (1− α1 − α2)(σN1(T1) + σN2(T2))

+ α1(σN1+1(T1) + σN2(T2)) + α2(σN1(T1) + σN2+1(T2)),

≥ (1− α1)σN1(T1) + α1σN1+1(T1) + (1− α2)σN2(T2) + α2σN2+1(T2)

≥ σλ1(T1) + σλ2(T2).(IV.3.22)

Suppose now that N = N1 +N2 +1. Then α = α1 +α2−1, and hence (IV.3.11)
gives

σλ(T1 + T2) = (2− α1 − α2)σN+1(T1 + T2) + (α1 + α2 − 1)σN+2(T1 + T2)

= [(1− α1) + (1− α2)]σN1+N2+1(T1 + T2) + (α1 + α2 − 1)σN1+1+N2+1(T1 + T2).

By (IV.3.17) we have

σN1+1+N2+1(T1 + T2) ≥ σN1+1(T1) + σN2+1(T2),

Combining this with (IV.3.11) and (IV.3.19)–(IV.3.21) we get

σλ(T1 + T2) ≥(1− α1)(σN1(T1) + σN2+1(T2)) + (1− α2)(σN1+1(T1) + σN2(T2))

+ (α1 + α2 − 1)(σN1+1(T1) + σN2+1(T2)),

≥(1− α1)σN1(T1) + α1σN1+1(T1) + (1− α2)σN2(T2) + α2σN2+1(T2),

≥σλ1(T1) + σλ2(T2).

The proof is complete. �

In the sequel we denote by L(1,∞)
+ the cone of positive operators of L(1,∞).

Let T ∈ L(1,∞)
+ . For λ ≥ e we define

(IV.3.23) τλ(T ) :=
1

log λ

∫ λ

e

σu(T )
log u

du

u
.

In other words, the function λ → τλ(T ) is the Cesāro mean of σλ(T )
log λ with respect

to the Haar measure du
u of the multiplicative group R∗+.

Lemma IV.7. We have

σλ(T ) ≤ 2‖T‖(1,∞) log λ ∀λ ≥ 2.(IV.3.24)

0 ≤ τλ(T ) ≤ 2‖T‖(1,∞) ∀λ ≥ e.(IV.3.25)

Proof. Let λ ∈ [2,∞) and set N = [λ]. Then

σλ(T )
log λ

≤ σN+1

logN
≤ log(N + 1)

logN
.
σN+1(T )

log(N + 1)
≤ 2‖T‖(1,∞)
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where we have used the fact that supu≥2
log(u+1)

log u = log 2
log 3 ≤ 2. It follows from this,

that for all λ ≥ e, we have

τλ(T ) =
1

log λ

∫ λ

e

σu(T )
log u

du

u
≤ 1

log λ

∫ λ

e

2‖T‖(1,∞)
du

u
≤ 2‖T‖(1,∞).

The lemma is proved. �

In particular, this lemma shows that the function λ → τλ(T ) is contained in
Cb[e,∞), the C∗-algebra of bounded continuous functions on the interval [e,∞).

The interest of considering the above Cesāro mean stems from the fact that,
while σλ(T )

log λ is not additive with respect to T , its Cesāro mean is asymptotically
additive as λ→∞. Namely, we have:

Lemma IV.8. Let T1 and T2 be in L(1,∞)
+ . Then, for all λ ≥ e,

|τλ(T1 + T2)− τλ(T1)− τλ(T2)| ≤ 2‖T1 + T2‖(1,∞)
(log(log λ) + 2)

log λ
.

Proof. First, it follows from (IV.3.15) that

(IV.3.26) τλ(T1 + T2) ≤ τλ(T1) + τλ(T2) ∀λ ≥ e.

It remains to find an upper bound for τλ(T1) + τλ(T2) − τλ(T1 + T2). By
Lemma IV.6 we have

σu(T1) + σu(T2) ≤ σ2u(T1 + T2) ∀u ≥ e.

Thus,

τλ(T1) + τλ(T2) ≤ 1
log λ

∫ λ

e

σ2u(T1 + T2)
log u

du

u
=

1
log λ

∫ 2λ

2e

σu(T1 + T2)
log(u2 )

du

u
.

Since τλ(T1 + T2) = 1
log λ

∫ λ
e
σu(T1+T2)

log u
du
u we deduce that

(IV.3.27) (log λ){τλ(T1) + τλ(T2)− τλ(T1 + T2)}

≤
∫ 2λ

2e

σu(T1 + T2)
log(u2 )

du

u
−
∫ λ

e

σu(T1 + T2)
log u

du

u
= δ + δ′,

where we have let

δ =
∫ 2λ

2e

σu(T1 + T2)
(

1
log(u2 )

− 1
log u

)
du

u
,

δ′ =
∫ 2λ

2e

σu(T1 + T2)
log u

du

u
−
∫ λ

e

σu(T1 + T2)
log u

du

u
.

Notice that 1
log(u2 )−

1
log u = log 2

log u log u
2

. Since σu(T1+T2) ≤ 2‖T1+T2‖(1,∞) log u,
we then see that
(IV.3.28)

δ ≤ 2‖T1 + T2‖(1,∞) log 2
∫ 2λ

2e

1
log u

2

du

u
= 2‖T1 + T2‖(1,∞)(log 2) log(log λ).

In addition, we have

δ′ =
∫ e

2e

σu(T1 + T2)
log u

du

u
+
∫ 2λ

e

σu(T1 + T2)
log u

du

u
+
∫ e

λ

σu(T1 + T2)
log u

du

u

≤
∫ 2λ

λ

σu(T1 + T2)
log u

du

u
.
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Since σu(T1 + T2) ≤ 2‖T1 + T2‖(1,∞) log u, it follows that

δ′ ≤ 2‖T1 + T2‖(1,∞)

∫ 2λ

λ

du

u
= ‖T1 + T2‖(1,∞)

∫ 2

1

du

u
= ‖T1 + T2‖(1,∞) log 2.

Combining this with (IV.3.26), (IV.3.27) and (IV.3.28) proves the lemma. �

Next, recall that C0[e,∞) is a closed two-sided ideal of Cb[e,∞). Therefore,
the quotient

Q = Cb[e,∞)/C0[e,∞).
is a (commutative) C∗-algebra with respect to the quotient norm,

‖[f ]‖Q = inf
g∈C0[e,∞)

‖f + g‖∞ ∀f ∈ Cb[e,∞),

where [f ] denotes the class of f in Q. Notice also that

(IV.3.29) ‖[f ]‖Q ≤ ‖f‖ ∀f ∈ Cb[e,∞).

Notice also that Q is a commutative C∗-algebra.
We define a map τ : L(1,∞)

+ → Q by

τ(T ) = class of λ→ τλ(T ) in Q ∀T ∈ L(1,∞)
+ .

Lemma IV.9. The following hold.

τ(cT ) = cτ(T ) ∀T ∈ L(1,∞)
+ ∀c ≥ 0.(IV.3.30)

τ(T1 + T2) = τ(T1) + τ(T2) ∀Tj ∈ L(1,∞)
+ .(IV.3.31)

‖τ(T )‖ ≤ 2‖T‖(1,∞) ∀T ∈ L(1,∞)
+ ,(IV.3.32)

τ(U∗TU) = τ(T ) ∀T ∈ L(1,∞)
+ ∀U ∈ L(H), U unitary.(IV.3.33)

Proof. Let T1 and T2 be in L(1,∞)
+ . It follows from Lemma IV.8 that

τλ(T1 + T2) = τλ(T1) + τλ(T2) mod C0[e,∞),

and hence τ(T1 + T2) = τ(T1) + τ(T2).
Let T ∈ L(1,∞)

+ . Then by (IV.3.25) and (IV.3.29) we have

‖τ(T )‖Q ≤ sup
λ≥e

τλ(T ) ≤ 2‖T‖(1,∞).

In addition, for any c ∈ [0,∞), it follows from (IV.3.14) and (IV.3.23) that that
τλ(cT ) = cτλ(T ) for all λ ≥ e, and hence τ(cT ) = cτ(T ).

Let U ∈ L(H) be unitary. Then U∗TU ∈ L(1,∞)
+ and by (III.1.6) µn(U∗TU) =

µn(T ) for all n ∈ N0, and hence σN (U∗TU) = σN (T ) for all N ∈ N. Combining this
with (IV.3.11) and (IV.3.23) then shows that σλ(U∗TU) = σλ(T ) and τλ(U∗TU) =
τλ(T ) for all λ ≥ e, and hence τ(U∗TU) = τ(T ). The proof is complete. �

In the sequel we say that x ∈ Q is positive if x = y∗y for some y ∈ Q. Thus
the condition (i) just says that a state on Q must take non-negative real values on
positive elements of Q.

It is not difficult to check that x ∈ Q if x = [f ] for some non-negative function
f ∈ Cb[0,∞). In particular, for any T ∈ L(1,∞)

+ the class τ(T ) is a positive element
of Q.

We shall also write x1 ≤ x2 to mean that x2 − x1 is positive. Notice that if
x ∈ Q is selfadjoint, then −‖x‖Q.1 ≤ x ≤ ‖x‖Q.1, for the functions ‖x‖Q ± t are
non-negative on Spx ⊂ [0, ‖x‖Q].

Definition IV.8. A state on Q is a linear map ω : Q → C such that
(i) ω is positive, i.e., ω(x) ≥ 0 if x is positive;
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(ii) ω is normalized, i.e., ω(1) = 1.

We denote by Ω(Q) the set of states on Q

Example IV.9. Any character χ : Q → C is a state on Q. Thus, there are
plenty of states on Q.

Lemma IV.10. Let ω be a state on Q. Then

(i) ω(x∗) = ω(x) for all x ∈ Q.
(ii) ω is a continuous linear form on Q. In fact,

(IV.3.34) |ω(x)| ≤ ‖x‖Q ∀x ∈ Q.

Proof. Let x ∈ Q be selfadjoint. As above-mentioned ‖x‖Q.1±x are positive,
and hence using the positivity of ω and the fact that ω(1) = 1 we get

0 ≤ ω(‖x‖Q ± x) = ‖x‖Qω(1)± ω(x) = ‖x‖Q ± ω(x).

Thus,

(IV.3.35) |ω(x)| ≤ ‖x‖Q ∀x ∈ Q, x selfadjoint.

Assume now that x is any element of Q and let us write x = x1 + ix2 with
x1 = x+x∗

2 and x2 = x−x∗
2i . Then

ω(x) = ω(x1) + iω(x2).

As x1 and x2 are selfadjoint, both ω(x1) and ω(x2) are real numbers, and hence

ω(x∗) = ω(x1 − ix2) = ω(x1)− iω(x2) = ω(x1) + iω(x2) = ω(x).

In particular,

(IV.3.36) <(ω(x)) = ω(x1) = ω

(
x+ x∗

2

)
.

It remains to show that |ω(x)| ≤ ‖x‖Q. Since this inequality is obvious when

ω(x) = 0, we may assume ω(x) 6= 0. Set α = ω(x)
|ω(x)| . Then ω(αx) = αω(x) = |ω(x)|,

and hence using (IV.3.36) we get

|ω(x)| = <(ω(αx)) = ω

(
(αx) + (αx)∗

2

)
.

Since 1
2 ((αx) + (αx)∗) is selfadjoint, using (IV.3.35) we obtain

|ω(x)| ≤
∥∥∥∥ (αx) + (αx)∗

2

∥∥∥∥
Q
≤ 1

2
(‖αx‖Q + ‖αx∗‖Q) = ‖x‖Q,

completing the proof.
�

The states on Q should be thought of as generalizations of the limit at ∞ of a
function on [e,∞), very much in the same way Banach limits are generalizations of
the limit of sequence. More precisely, we have

Proposition IV.4.

(1) Ω(Q) separates the points of Q.
(2) Let f ∈ Cb[e,∞). Then

lim
λ→∞

f(λ) = L⇐⇒ ω([f ]) = L ∀ω ∈ Ω(Q).
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Proof. Let x ∈ Q \ 0. Denote by SpQ the spectrum of Q, i.e., the set of
characters on Q endowed with the weak topology of Q∗. Since Q is a commutative
C∗-algebra, the injectivity of the Gel’fand transform GQ : Q → C(SpQ), implies
that there exists χ ∈ SpQ such that χ(x) 6= 0. Since χ is a state, this shows that
Ω(Q) separates the points of Q.

Let f ∈ Cb[e,∞). Then

lim
λ→∞

f(λ) = L⇐⇒ f = L mod C0[e,∞)⇐⇒ [f ] = L in Q.

Since Ω(Q) separates the point of Q and ω(L) = Lω(1) = L, it follows that

lim
λ→∞

f(λ) = L⇐⇒ ω([f ]) = ω(L) ∀ω ∈ Ω(Q)⇐⇒ ω([f ]) = L ∀ω ∈ Ω(Q),

completing the proof. �

Let ω be a state on Q. We define a functional Trω : L(1,∞)
+ → [0,∞) by letting

Trω T := ω(τ(T )) ∀T ∈ L(1,∞)
+ .

Notice that as ω is linear and τ
We shall now extend Trω into a linear form on L(1,∞). To this end we recall

the following result, a proof of which can be found in Chapter III.

Lemma IV.11. Let I be a two-sided ideal of L(H). Then
(i) For any T ∈ L(H), we have

(IV.3.37) T ∈ I =⇒ |T | ∈ I −→ T ∗ ∈ I.
(ii) Any T ∈ I can be written in the form,

(IV.3.38) T = (T1 − T2) + i(T3 − T4) with Tj ∈ I ∩ L(H)+.

Proposition IV.5. The functional Trω uniquely extends to a linear form

Trω : L(1,∞) −→ C.

Proof. Thanks to (IV.3.31) and the linearity of ω we have

(IV.3.39) Trω(T1 + T2) = Trω T1 + Trω T2 ∀Tj ∈ L(1,∞)
+ .

Let T ∈ L(1,∞). Thanks to (IV.3.38) we can write T = T1 − T2 + i(T3 − T4)
with Tj ∈ L(1,∞)

+ . Let T = T ′1 − T ′2 + i(T ′3 − T ′4) be another such decomposition
with T ′j ∈ L

(1,∞)
+ . Observe that

1
2

(T + T ∗) = T1 − T2 = T ′1 − T ′2 and
1
2i

(T + T ∗) = T3 − T4 = T ′3 − T ′4,

and hence T1 + T ′2 = T ′1 + T2 and T3 + T ′4 = T ′3 + T4. Therefore, using (IV.3.39) we
get

Trω(T1) + Trω(T ′2) = Trω(T ′1) + Trω(T ′2),

Trω(T3) + Trω(T ′4) = Trω(T ′3) + Trω(T ′4).

Thus,

Trω(T1)− Trω(T2) + i(Trω(T3)− Trω(T4))

= Trω(T ′1)− Trω(T ′2) + i(Trω(T ′3)− Trω(T ′4)).

This shows that the value of the right-hand side above is the same for any decom-
position T = T1 − T2 + i(T3 − T4) with Tj ∈ L(1,∞)

+ , and hence depends only on T .
We then define

(IV.3.40) Trω(T ) := Trω(T1)− Trω(T2) + i(Trω(T3)− Trω(T4)),

where the Tj ’s are any operators in L(1,∞)
+ such that T = T1 − T2 + i(T3 − T4).
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Let S ∈ L(1,∞) and let us write S = S1 − S2 + i(S3 − S4) with Sj ∈ L(1,∞)
+ .

Then S + T = (S1 + T1) − (S2 + T2) + i ((S3 + T3)− (S4 + T4)). Observe that
each operator Sj + Tj is in L(1,∞) and is positive by Corollary II.1. Therefore,
using (IV.3.40) and (IV.3.39) we get

(IV.3.41)
Trω(S + T ) = Trω(S1 + T1)− Trω(S2 + T2) + i(Trω(S3 + T3)− Trω(S4 + T4))

= Trω(S1)−Trω(S2)+i(Trω(S3)−Trω(S4))+Trω(T1)−Trω(T2)+i(Trω(T3)−Trω(T4))
= Trω S + Trω T,

showing that Trω is additive on L(1,∞).
Next, combining (IV.3.30) with the linearity of ω we get

(IV.3.42) Trω(λT ) = λTrω T ∀T ∈ L(1,∞)
+ ∀λ ≥ 0.

Let T ∈ L(1,∞) and let us write T = T1 − T2 + i(T3 − T4) with Tj ∈ L(1,∞)
+ . Let λ

be a non-negative real number. Then λT = λT1 − λT2 + i(λT3 − λT4). Since each
operator λTj is positive, using (IV.3.40) and (IV.3.42) we get

(IV.3.43) Trω(λT ) = Trω(λT1)− Trω(λT2) + i(Trω(λT3)− Trω(λT4))

= λ (Trω(T1)− Trω(T2) + i(Trω(T3)− Trω(T4))) = λTrω(T ).

Notice also that −T = (T2 − T1) + i(T4 − T3) and iT = (T4 − T3) + i(T1 − T2), and
hence from (IV.3.40) we get

Trω(−T ) = Trω(T2)− Trω(T1) + i(Trω(T4)− Trω(T3)) = −Trω(T ),

Trω(iT ) = Trω(T4)− Trω(T3) + i(Trω(T1)− Trω(T2)) = iTrω(T ).

Let λ ∈ C and let us write λ = λ1 − λ2 + i(λ3 − λ4) with λj ≥ 0. Then combining
the additivity of Trω with (IV.3.43)–(IV.3) gives

Trω(λT ) = Trω (λ1T + (−λ2T ) + (iλ3T ) + (−iλ4T ))

= Trω(λ1T ) + Trω(−λ2T ) + Trω(iλ3T ) + Trω(−λ4T )

= (λ1 − λ2 + iλ3 − iλ4) Trω T = λTrω T.

Together with (IV.3.41) this shows that Trω is a linear map.
Finally, since (IV.3.38) shows that L(1,∞)

+ spans L(1,∞), any linear map that
agrees with Trω on L(1,∞)

+ must agree with Trω on all L(1,∞). Thus Trω, as defined
in (IV.3.40), is the unique linear extension to L(1,∞) of Tr

ω|L(1,∞)
+

= ω ◦ τ . The
proof is complete. �

Proposition IV.6. The following hold.
(i) Trω is a continuous linear form on L(1,∞). In fact,

|Trω T | ≤ 2‖T‖(1,∞) ∀T ∈ L(1,∞).

(ii) Trω is positive, i.e., Trω T ≥ 0 for all T ∈ L(1,∞)
+ .

(iii) Trω T ∗ = Trω T for all T ∈ L(1,∞).
(iii) Trω is a trace, that is,

Trω(TA) = Trω(AT ) ∀T ∈ L(1,∞) ∀A ∈ L(H).

Proof. Let T ∈ L(1,∞)
+ . Then τ(T ) is a positive element of Q. As ω is a state,

and hence is a positive linear form, it follows that Trω(T ) = ω(τ(T )) ≥ 0. Thus
Trω is positive. In addition, combining (IV.3.32) and (IV.3.34) gives

(IV.3.44) |Trω(T )| = ω(τ(T )) ≤ ‖τ(T )‖Q ≤ 2‖T‖(1,∞).
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Let T ∈ L(1,∞) be selfadjoint. Using (IV.3.37) we see that |T |±T is an element
of L(1,∞)

+ . Thus,
0 ≤ Trω(|T | ± T ) = Trω |T | ± Trω T.

Therefore, using (IV.3.44) we get

|Trω T | ≤ Trω |T | ≤ 2‖|T |‖(1,∞) = 2‖T‖(1,∞).

Granted this, we then can argue as in the proof of Lemma IV.10 to show that, for
all T ∈ L(1,∞), we have

Trω T ∗ = Trω T and |Trω T | ≤ ‖T‖(1,∞).

Next, let U ∈ L(H) be unitary. Using (IV.3.33) we see that, for any T ∈ L(1,∞)
+ ,

Trω(U∗TU) = ω(τ(U∗TU)) = ω(τ(T )) = Trω(T ).

Thus T → Trω(U∗T ) is a linear form on L(1,∞) that agrees with Trω on L(1,∞)
+ ,

and so by Proposition IV.5 it agrees with Trω on all L(1,∞). Thus,

Trω(U∗TU) = Trω(T ) ∀T ∈ L(1,∞).

Upon changing T by UT this shows that

Trω(TU) = Trω(UT ) ∀T ∈ L(1,∞).

Since by Lemma III.5 the unitary operators span L(H), it follows that

Trω(TA) = Trω(AT ) ∀T ∈ L(1,∞) ∀A ∈ L(H),

that is, Trω is a trace. The proof is complete. �

Definition IV.10. The functional Trω from Proposition IV.5 is called the
Dixmier trace associated to ω.

In the sequel we let H′ be a separable Hilbert space.

Lemma IV.12. Let Φ be a continuous ∗-homomorphism from L(H) to L(H′)
satisfying (IV.2.5). Then

Trω,H′(Φ(T )) = Trω,H(T ) ∀T ∈ L(1,∞)(H).

Proof. We know by Lemma IV.3 that φ induces an isometric linear map from
L(1,∞)(H) to L(1,∞)(H′). Moreover, as by assumption Φ is a homomorphism of
C∗-algebras, it maps L(H)+ to L(H′)+. Thus Φ maps L(1,∞)(H)+ to L(1,∞)(H′)+.

Let T ∈ L(1,∞)(H′)+. As shown in proof of Lemma IV.3, the property (IV.2.5)
implies that σu(Φ(T )) = σu(T ) for all u ≥ e. Incidentally, τλ(Φ(T )) = τλ(T ) for all
λ ≥ e, and hence τ(Φ(T )) = τ(T ), which immediately implies that Trω,H′(Φ(T )) =
Trω,H(T ).

It follows from all this that Trω,H′ ◦Φ is a well-defined linear map on L(1,∞)

which agrees with Trω,H on L(1,∞)(H)+, and so it follows from Proposition IV.5
that Trω,H′ ◦Φ and Trω,H agree on all L(1,∞)(H), proving the lemma. �

Proposition IV.7. Let S : H′ → H be a continuous linear isomorphism from
H′ onto H. Then

Trω,H′(S−1TS) = Trω,H T ∀T ∈ L(1,∞)(H).

Proof. Recall that by Proposition IV.3 the conjugation by S gives rise to a
continuous isomorphism from L(1,∞)(H) onto L(1,∞)(H′). In addition, set |S| =
(S∗S)

1
2 and U = S|S|−1. As shown in the proof of Proposition IV.3 |S| is an

invertible element of L(H′) and U is a unitary element of L(H′,H).
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Notice that, as Trω,H′ is a trace on L(1,∞)(H′), for any T ∈ L(1,∞)(H′), we
have

(IV.3.45) Trω(|S|−1T |S|) = Trω(T |S|S−1) = Trω(T ).

Furthermore, as U is unitary, Remark III.2 tells us that the conjugation by U
satisfies (IV.2.5), and hence by Lemma IV.12 we have

(IV.3.46) Trω,H′(U∗TU) = Trω,H(T ) ∀T ∈ L(1,∞)(H).

Since S = U |S|, combining (IV.3.45) and (IV.3.46) we see that, for all T ∈
L(1,∞)(H),

Trω,H′(S−1TS) = Trω,H′
(
|S|−1(U∗TU)|S|

)
= Trω,H′ U∗T |U) = Trω,H(T ),

proving the proposition. �

In particular, if we let H′ be the hilbert space with same underlying vector
space as H and equipped with an equivalent inner product, and we let S be the
identity map, then we obtain

Corollary IV.2. The Dixmier trace Trω does not depend on the choice of the
inner product of H.

Definition IV.11. An operator T ∈ L(1,∞) is said to be measurable if the value
of Trω T is independent of the choice of the state ω.

We denote byM the subspace of L(1,∞) consisting of all measurable operators.

Definition IV.12. The Dixmier trace of T ∈M, denoted −
∫
T , is defined by

−
∫
T := Trω T, ω any state on Q.

We shall refer to the functional −
∫

: T → −
∫
T as the Dixmier trace on M.

Proposition IV.8. The following hold.
(1) M is a closed subspace of L(1,∞) on which the Dixmier trace −

∫
is a con-

tinuous linear form.
(2) Let H′ be a (separable) Hilbert space and let Φ be a continuous ∗-homomorphism

from L(H) to L(H′) satisfying (IV.2.5). Then Φ(M(H)) ⊂M(H′) and

−
∫
H′

Φ(T ) = −
∫
H
T ∀T ∈ L(1,∞)(H).

(3) Let S : H → H′ be a continuous linear isomorphism from H onto a Hilbert
space H′. Then M(H′) = S−1M(H)S and

−
∫
H′
S−1TS = −

∫
H
T ∀T ∈ L(1,∞)(H).

(4) M and −
∫

don’t depend on the choice of the inner product on H.

Proof. By definition

M =
⋂

ω,ω′∈Ω(Q)

{T ∈ L(1,∞); Trω(T ) = Trω′ T}.

Since each Dixmier trace Trω is a continuous linear form on L(1,∞) it follows that
M is a closed subspace of M. In addition, since −

∫
agrees on M with any Dixmier

trace, it follows from Proposition IV.6 that −
∫

is a continuous linear form on M.
This proves the first part of the proposition. The other parts immediately follow
from Lemma IV.12 and Proposition IV.7. �

Proposition IV.9. The following hold.
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(1) For any T ∈ L(1,∞)
+ ,(

T ∈M and −
∫
T = L

)
⇐⇒ lim

λ→∞
τλ(T ) = L.

(2) For any T ∈ K positive,

lim
N→∞

1
logN

∑
n<N

µn(T ) = L =⇒
(
T ∈M and −

∫
T = L

)
.

Proof. Let T ∈ L(1,∞)
+ . Then it follows from Proposition IV.4 that

lim
λ→∞

τλ(T ) = L⇔
(
ω(τ(T )) = L ∀ω ∈ Ω(Q)

)
⇔
(
T ∈M and −

∫
T = L

)
.

Next, let T be a positive compact operator such that

lim
N→∞

1
logN

σN (T ) = L.

Then σN (T ) = O(logN), i.e., T is contained in L(1,∞).
Let λ ∈ [e,∞) and set N = [λ]. Then we have

σλ(T )
log λ

≤ σN+1(T )
logN

=
log(N + 1)

logN
.
σN+1(T )

log(N + 1)
,

σλ(T )
log λ

≥ σN (T )
log(N + 1)

=
logN

log(N + 1)
.
σN (T )
logN

.

Since log(N+1)
logN and logN

log(N+1) both converge to 1 as N →∞, it follows that

lim
λ→∞

σu(T )
log u

−→ L as λ→∞.

If L 6= 0, then as λ→∞ we have σλ(T )
log λ

1
λ ∼

L
λ , and hence∫ λ

e

σu(T )
log u

du

u
∼ L

∫ λ

e

du

u
∼ L log λ.

If L = 0, then σλ(T )
log λ

1
λ = o( 1

λ ), and hence∫ λ

e

σu(T )
log u

du

u
= o

(∫ λ

e

du

u

)
= o(log λ).

In both cases, we deduce that

τλ(T ) =
1

log λ

∫ λ

e

σu(T )
log u

du

u
−→ L as λ→∞.

It then follows from the first part of the proposition that T is measurable and
−
∫
T = L. The proof is complete. �

Proposition IV.10. The following types of operators are measurable and have
a vanishing Dixmier trace:

(i) Any operator in L(1,∞)
0 .

(ii) Any trace-class operator.
(iii) Any infinitesimal operator of order > 1.

Proof. Since L(1,∞)
0 contains L1 and the infinitesimal operators of order > 1,

(ii) and (iii) follows from (i). Therefore, we only have to prove that if T ∈ L(1,∞)
0

then T is measurable and its Dixmier trace is zero.
Since L(1,∞)

0 is a two-sided ideal (cf. Remark IV.1), Lemma IV.11 allows us
to write T as T = T1 − T2 + i(T3 − T4) with Tj ∈ L(1,∞)

0 ∩ L(H)+. Since
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σN (Tj) = o(logN), it follows from Proposition IV.9 that Tj is measurable and
have a vanishing Dixmier trace. By linearity the same is true for T . The proof is
complete. �

Next, we shall make use of the following Tauberian theorem to obtain a mea-
surability criterion.

Lemma IV.13 (See [GVF, Lemmas 7.19–7.20]). Let (λn)n≥0 be a nonincreasing
sequence of positive real numbers such that

(i)
∑
n≥0 λ

s
n <∞ for all s > 1.

(ii) lims→1+(s− 1)
∑
n≥0 λ

s
n = 1.

Then
lim
N→∞

1
logN

∑
n<N

λn = 1.

Proposition IV.11. Let T ∈ K be positive and assume there exists p > 0 such
that the following holds

(i) T s is trace-class for all s > p.
(ii) lims→p+(s− p) TraceT s = L 6= 0.

Then T p is measurable and
−
∫
T p =

L

p
.

Proof. For n ∈ N0 set λn = pL−1µn(T p). If s > 0, then by Proposition III.5
we have µn(T p) = µn(T ps) for all n ∈ N0, and hence∑

n≥0

λsn =
∑
n≥0

(pL−1)sµn(T p)s = (pL−1)s
∑
n≥0

µn(T ps) = (pL−1)s TraceT ps.

Therefore, we see that
- The series

∑
n≥0 λ

s
n is convergent for all s > 1.

- As s→ 1+ we have∑
n≥0

λsn = (pL−1)s TraceT ps = (pL−1)(sp− p)−1L+ o(1) = (s− 1) + o(1).

We then can apply Lemma IV.13 to deduce that limN→∞
1

logN

∑
n<N λn = 1. Since

µn(T p) = Lp−1λn this gives

(IV.3.47) lim
N→∞

1
logN

∑
n<N

µn(T p) =
L

p
.

It then follows from Proposition IV.9 that T p is measurable and −
∫
T p = L

p , proving
the proposition. �

Example IV.13. Let ∆ = −(∂2
x1

+ . . . + ∂2
xn) be the (positive) Laplacian on

the n-dimensional torus Tn = Rn/(2πZ)n. For k ∈ Zn set ek = (2π)−
n
2 eik.x. Then

(ek)k∈Zn is an orthonormal basis of L2(Tn). Furthermore,

∆ek = |k|2ek ∀k ∈ Zn.
Thus (|k|2)k∈Zn is the family of eigenvalues of ∆ counted with multiplicity. We
order it in a non-decreasing sequence (λj)j≥0, i.e., λj is the (j+ 1)’th eigenvalue of
∆ counted with multiplicity. (In fact, as 0 is an eigenvalue with multiplicity 1, if
j ≥ 1 then λj is the j’th nonzero eigenvalue counted with multiplicity.)

Lemma IV.14 (Weyl Asymptotic). As j →∞ we have

(IV.3.48) λj '
(
j

c

) 2
n

, c :=
π
n
2

Γ(n2 + 1)
.
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Proof. For λ > 0 define

N1(λ) = #{j ∈ N0; λj < λ} and N2(λ) = #{j ∈ N0; λj < λ}.
Observe that

N1(λ) = #{k ∈ Zn; |k|2 < λ} = 2n#{k ∈ Nn0 ; |k| <
√
λ},(IV.3.49)

N2(λ) = #{k ∈ Zn; |k|2 ≤ λ} = 2n#{k ∈ Nn0 ; |k| ≤
√
λ}.(IV.3.50)

In addition, for any j ∈ N, we have

(IV.3.51) N1(λj) ≤ j ≤ N2(λj).

For r > 0 we denote by B(0, r) the (open) ball of radius r about the origin
in Rn and we set B+(0, r) = B(0, r)

⋂
[0,∞)n. For k = (k1, . . . , kn) in Nn0 we set

Ik := [k1, k1 + 1) × . . . × [kn, kn + 1). In addition, for any Borel set A we shall
denote by |A| its Lebesgue measure. For instance |Ik| = 1 and |B(0, r)| = 2−ncrn,
with c = |B(0, 1)| = π

n
2

Γ(n2 +1) .
If x ∈ Ik, then |k| ≤ |x| < |k|+

√
n. Therefore, for any λ > 0, we have

B+(0,
√
λ) ⊂

⋃
|k|<
√
λ

Ik and
⋃
|k|≤
√
λ

Ik ⊂ B+(0,
√
λ+
√
n).

Thus,

|B+(0,
√
λ)| ≤

∣∣∣∣ ⋃
|k|<
√
λ

Ik

∣∣∣∣ = #{k ∈ Nn0 ; |k| <
√
λ},

|B+(0,
√
λ+
√
n)| ≥

∣∣∣∣ ⋃
|k|≤
√
λ

Ik

∣∣∣∣ = #{k ∈ Nn0 ; |k| ≤
√
λ}.

Since |B+(0, r)| = 2−n|B(0, r)| = 2−ncrn, using (IV.3.49)–(IV.3.50) we deduce that

cλ
n
2 ≤ N1(λ) and N2(λ) ≤ cλn2

(
1 +
√
n√
λ

)n
.

Combining this with (IV.3.51) shows that, for any j ∈ N, we have

cλ
n
2
j ≤ N1(λj) ≤ j ≤ N2(λj) ≤ cλ

n
2
j

(
1 +

√
n√
λj

)n
.

Thus,

(IV.3.52)
(

1 +
√
n√
λj

)− 1
2

≤ λj(cj−1)
2
n ≤ 1.

As the sequence (λ)j≥0 is non-decreasing and unbounded it converges to ∞ and
(1 +

√
n√
λj

)−
1
2 converges to 1 as j →∞. Combining this with (IV.3.52) shows that

λj(cj−1)
2
n −→ 1 as j →∞,

proving the claim. �

Next, the operator ∆−
n
2 as the bounded operator on L2(Tn) such that

∆−se0 = 0 and ∆−sek = |k|−nek ∀k ∈ Zn \ 0.

Therefore, using Proposition II.5 (iv) we see that ∆−
n
2 is a positive compact op-

erator. Moreover, as the definition of ∆−
n
2 implies that ((λj)−

n
2 )j≥1 is the non-

increasing sequence of its eigenvalues with multiplicity, the min-max principle in-
sures us that, for all j ∈ N0,

µj(∆−
n
2 ) = (j + 1)’th eigenvalue of ∆−

n
2 counted with multiplicity = (λj+1)−

n
2 .
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Combining this with (IV.3.48) shows that µj(∆−
n
2 ) ' c

j as j →∞. Thus,

lim
N→∞

1
logN

∑
j<N

µj(∆−
n
2 ) = c.

We then may use Proposition IV.9 to deduce that ∆−
n
2 is measurable and

−
∫

∆−
n
2 = c =

π
n
2

Γ(n2 + 1)
.

Example IV.14. Let us present an example of an operator in L(1,∞) which is
not measurable. To this end, let σ be the function on (1,∞) defined by

σ(t) = log t {4 + cos (log(log t))− sin (log(log t))} .
Notice that σ is a smooth function and

σ′(t) =
2
t
{2− sin (log(log t))}

σ′′(t) =
−2
t2
{

2− sin (log(log t))− (log t)−1 cos (log(log t))
}
.

Using (IV.14) we see that σ(t) is increasing on (1,∞) and

(IV.3.53) |σ′(t)| ≤ 6
t

∀t ≥ 1.

Thus,

(IV.3.54) |σ(n+ 1)− σ(n)| ≤ 6
n

∀n ∈ N.

In addition, using (IV.14) we can check that σ(t) is concave on (e,∞) and hence,
for any integer n ≥ 3, we have

1
2

(σ(n+ 2) + σ(n)) ≤ σ(n+ 1)

that is,

(IV.3.55) σ(n+ 2)− σ(n+ 1) ≤ σ(n+ 1)− σ(n).

Let (ξn)n≥0 be an orthonormal basis of H and let T ∈ L(H) be defined by

(IV.3.56) Tξn =
{

(σ(4)− σ(3))ξn for n = 0, 1, 2,
(σ(n+ 1)− σ(n))ξn for n ≥ 3.

The operator T is positive and using Proposition II.5-(iv) and (IV.3.54) we see
that T is a compact operator. Furthermore, by (IV.3.55) the sequence (σ(n+ 1)−
σ(n))n≥3 is decreasing, and so using (IV.3.56) and the min-max principle we deduce
that
(IV.3.57)
µ0(T ) = µ1(T ) = µ2(T ) = σ(4)− σ(3) and µn(T ) = σ(n+ 1)− σ(n) for n ≥ 3.

Combining this with (IV.3.54) we see that that µn(T ) = O( 1
n ), and hence T is an

element of L(1,∞).
Let N be an integer ≥ 4. Then (IV.3.57) immediately implies that

σN (T ) =
∑
n<N

µn(T ) = σ(N) + a, a := 3σ(4)− 4σ(3).

Let u ∈ [4,∞) and set N = [u] and α = u − N . Then combining (IV.3.11)
and (IV.14) we get

σu(T ) = ασN+1(T ) + (1− α)σN (T ) = ασ(N + 1) + (1− α)σ(N) + a,

and hence

|σu(T )− σ(u)− a| ≤ α|σ(N + 1)− σ(u)|+ (1− α)|σ(N)− σ(u)|.
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Thanks to (IV.3.53) we have

|σ(N + 1)− σ(u)| ≤ 6
u
,

|σ(N)− σ(u)| ≤ 6
N
≤ N + 1

N

6
N + 1

≤ 5
4

6
u

=
15
2u
,

where we have used the fact that t+1
t ≤

5
4 for all t ≥ 4. Thus,

|σu(T )− σ(u)− a| ≤ 15
2u

∀u ≥ 4,

and hence
σu(T ) = σ(u) + O(1) as u→∞.

It follows from this that, as λ→∞, we have

τλ(T ) =
1

log λ

∫ λ

e

σu(T )
log u

du

u
=

1
log λ

∫ λ

e

σ(u)
log u

du

u
+ O

(
1

log λ

∫ λ

e

du

u log u

)
.

Since
∫ λ
e

du
u log u =

∫ log λ

1
dv
v = log log λ = o(log λ), we see that

(IV.3.58) τλ(T ) =
1

log λ

∫ λ

e

σ(u)
log u

du

u
+ o(1).

Next, we have∫ λ

e

σ(u)
log u

du

u
=
∫ log λ

1

σ(eu)
u

du =
∫ log λ

1

(4 + cos(log u)− sin(log u)) du.

Observing that d
du [u (4 + cos(log u))] = (4 + cos(log u)− sin(log u)), we get∫ λ

e

σ(u)
log u

du

u
= log λ {4 + cos (log(log λ))} − 4.

Combining this with (IV.3.58) we then obtain

τλ(T ) = 4 + cos (log(log λ)) + o(1) as λ→∞.
Therefore τλ(T ) does not have a limit as λ → ∞. It then follows from Proposi-
tion IV.9 that T is an element of L(1,∞) which is not measurable.
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