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Overview of Noncommutative Geometry

Classical NCG
Riemannian Manifold (M, g) Spectral Triple (A, #H, D)
Vector Bundle E over M Projective Module £ over A

E=eAd, ec My(A), e*=e
indeE |nd Dvg
de Rham Homology/Cohomology | Cyclic Cohomology/Homology

Atiyah-Singer Index Formula Connes-Chern Character Ch(D)
indDge = [ A(RM) A Ch(FF) ind Dye = (Ch(D), Ch(&))

Local Index Theorem CM cocycle

)
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Cyclic Homology and Chern Character

Cyclic Homology

Hochschild Homology HH,(A) (Co(A), b)
Cyclic Homology (C)(A), b) and
H)MA) ~ HCo(A) (Ce(A), b, B)
Periodic Cyclic Homology HP,(.A) (Co)(A), b+ B)
Chern Character Ch(€) € HPo(A)

Cm(A) — A®(m+1)’
Co_1(A) ¢ Co(A) 2> Coya(A), b*=B%=bB+Bb=0,
Gi(A) = [] Gg+i(4).  i=0,1.

q=>0




Cyclic Cohomology

Cyclic Cohomology

Hochschild Cohomology HH®(.A) (C*(A),b)
Cyclic Cohomology (C3(A),b) and
HX(A) = HC*(A) (C*(A), b, B)

Periodic Cyclic Cohomology HP®(.A) (C['](.A), b+ B)

Connes-Chern Character Ch(D) € HP?(A)

C™(A) = {(m + 1)-linear forms ¢ : A" — C} = (A®(m+1))* ’

CU(A) = {p € CT(A); ¢ cyclic},
C*(A) 2= o (A) 2 c*TH(A), b2 =B2=bB+Bb=0.




Cyclic Cochains and Connes’ B-Operator

@ The cyclic operator T : C™(A) — C™(.A) is given by

(Te)(@,...,am) = (—1)"p(a™, a°%...,a™), v € C™(A).
@ A cochain ¢ € C™(A) is cyclic when Ty = .
© The operator B : C*(A) — C*~1(A) is the composition,
B=AB(1-T), A=1+T+ -+ 7™}
(Bop)(@°,...,aM) = o(1,a°%...,a™), @e C™(A).

A\

Lemma (Connes)

© B is annihilated by the cyclic cochains.
@ B?=0and Bb+ bB =0.




Periodic Cyclic Cohomology

The periodic cyclic cohomology is the cohomology of the complex,

b+B ; i
cll(4) ; clt(4), where Clil(A) = @ CIH(A).

q>0

@ An even periodic cocycle is a finite sequence ¢ = (¢24)q>0,
©2q € C?9(A), such that

poq=0for g>1 and byrs + Byorgrr =0 Vg > 0.

@ An even cyclic cocycle 7 € qu(A), br = 0, is naturally
identified with the even periodic cocycle,

(0,...,0,7,0,...) e cl%4), br=0, Br=0o.

© There are similar remarks for odd cochains. o /o7




Example: A = Ay

Noncommutative Torus

@ Noncommutative torus:

Ag = Ag = { D amaU™V"; (amn) € 3(Z2)},
m,n€7Z

Ur=uU"t, vi=vl wu=e7?mpv.

@ Unique normalized trace:

T0 <Z am,mU’" Vn> = 400-

@ Basic derivations:

UMV =mU™V" and &(UTV™)=nUTV".




Example: A = Ay

Theorem (Connes)
Q@ We have dim HP®(Ay) = dim HP*(Ay) = 2.
@ A basis of HPY(Ag) is given by the cyclic 1-cocycles,

pj(a° a') = o (aoéj(al)) . j=1,2.

@ A basis of HP®(Ayg) is given by the canonical trace To and the
cyclic 2-cocycle,

(2%, at, a%) = 1o [a° (d1(a")02(a%) — da(a")d1(a%))] -




Twisted Dirac Operators

@ M" is a compact spin (oriented) Riemannian manifold (n
even).

e E is a Hermitian vector bundle with Hermitian connection VE.
o D:C®(M,$) — C>*(M,$) is the Dirac operator on M.

Definition
The operator Pge : C*(M,$ ® E) — C>*(M,$ ® E) is defined by

Pye =P & 1 + (c ® 1)(15 ® VF),
where (c ® 1g)(1g ® VE) is given by the composition

E
C®(M,$® E) 2% C(M,§® T*"M @ E) 2% (M, $ ® E),

and ¢(o ® w) = c(w)o (Clifford action).




Fredholm Indices of Dirac Operators

@ The operator [Py is selfadjoint and takes the form,

e = (o, *5),

where DS, : C¥(M,$* ® E) — C®°(M, ¥ @ E).
@ The operator Dy is an elliptic differential operator, and
hence is a Fredholm operator.

Definition
The Fredholm index of Dy is defined by

indPye == indPL,
=dim kerﬁ)é,:- —dimkerDg.
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The Atiyah-Singer Index Theorem

Theorem (Atiyah-Singer ‘60s)

We have
indDye = /MZ\(RM)ACh(FE),
where
L M
A(RM) = det2 [5”15('*%/,2/2)} and Ch(FE)=Tr [exp(—FE)] ‘

v
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Local Index Theorem
Mckean-Singer Formula

We have

indPge = Str [ Pve|  ve>0,

where Str = Tr|$+®E — Tr|$_®E.

Local Index Theorem (Patodi, Gilkey, Atiyah-Bott-Patodi)
We have

lim Str [e*@éf] :/ A(RM) A Ch(FE).
M

t—0t

Combining this with the McKean-Singer formula proves the
Atiyah-Singer index theorem.

We obtain a purely analytical proof of the LIT by using Getzler's
rescaling.
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Spectral Triples

Definition (Connes-Moscovici)

A spectral triple (A, #H, D) consists of
@ A Z,-graded Hilbert space H = Ht & H .
@ A x-algebra A represented in H.
© A selfadjoint unbounded operator D on H such that
© D maps H* to HT.

@ (D +i)7!is compact.
© [D, a] is bounded for all a € A.
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Connections over a Spectral Triple

Setup
o (A, H,D) is a spectral triple.

e & is finitely generated projective (right) module over A.

Definition

The space of noncommutative 1-forms is
Qp(A) = Span{adb; a,b € A} C L(H),

where db = [D, b].

Definition

A connection on £ is a linear map V¢ : € — £ ® 4 QL (A) such
that

Vé(¢a)=€¢®da+ (VE¢)a VacAVEeE.
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Example: Dirac Spectral Triple

o (C>®(M),L*(M,$),D) is a Dirac spectral triple.
@ E is a vector bundle over M and £ = C*°(M, E).

@ We have

Qp(C2(M)) = ¢ (C®(M, T*M)) = C*(M,End §).
@ IfVE is a connection on E, then the composition
Ve =(c®1g) o VE : C®(M,E) = C>®(M, (End 8) ® E)

defines a connection on the f.g.. projective module
E=C>®(M,E).
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Example: Grassmannian Connection

e (A, H,D) is an arbitrary spectral triple.
o £=ed9 2 =ec My(A).

The Grassmannian connection V§ : £ — £ ® 4 Q% (A) is given by
the composition,

£ A7 BT QL A)9 ~ A7 5, Qh(A) 2 € 4 Qb(A).

@ The Grassmannian connection is a connection on £.

@ The set of connections on £ is a nonempty affine space
modelled on Hom 4 (£, ® 4 Qp(A)).
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Coupling with Connections

@ & is a finitely generated projective module over A.

@ V¢ is a connection on &.

Definition
The operator Dyge : E ®4dom D — £ ® 4 H is given by

Dye (£ ® () =€ ® D¢+ c(VE)(E® ),
where ¢(V¥¢) is the composition,

£Ri i
EQH L2 £ 0 l(A)@H 2225 £ oA,

where c(w ® ¢) = w(¢) (recall that Q}(A) C L(H)).
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Fredholm Index

RENEILS

The operator Dye takes the form,

0 D_s + . +
DVE:(D%} g), D3: : £ ®@dom D* — E@HT.

Proposition

@ The operator Dye is Fredholm.

© The Fredholm indices ind Dée do not depend on the choice of
the connection V¢ and agree up to sign factor.

Definition
The Fredholm index of Dye is defined by

ind Dge := ind D

= dim ker D'VFg — dim ker (D;rg)* .

18 /27



Connes-Chern Character

o (A, H,D) is pt-summable, i.e., u,(D~1) =0(n »), p>1.

Lemma

Assume £ = eA9, €2 = e € My(A), and V€ = V§ is the
Grassmanian connection. Then

| I
A\

1 1
ind Dgg = 5 Str {(D—l[D, e])2k+1} Vk > Sp,

where Str = Trjg+ — Trg— .

\
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Connes-Chern Character

For k > 1p, let 75, € C?%(A) be the cochain defined by

2, ..., a%) = ¢ Str {D_l[D, a’l---D7D, a2k]} , d €A,
where ¢, = %(—1)"(2’1!)!. Let e € A, e? =e. Then

|
(1L e (o Dy g @),
1 1 D 1 D
:§ck (e e ....e)— 57-2,((1, e,...,e)r,

:é Str {(D—l[D, e])2k+1} 0,
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Connes-Chern Character

Theorem (Connes)

© The cochain 7-29( is a cyclic cocycle.
@ The class of 72 in HP(A) is independent of the value of k.

Definition

The class of 72 in HP%(A) is denoted by Ch(D) and called the
Connes-Chern character of (A, #, D).

Theorem (Connes)

We have
ind Dge = (Ch(D),Ch(€)) VY(&,V°).

21/27



Example: Spectral Triples over NC Tori

Theorem (Connes)

Let (Ag,H, D) be Connes’ spectral triple over the noncommutative
torus Ay (cf. Part 2). Then

@ (Ap,H,D) is 2" -summable.

@ Up to a constant multiple, the Connes-Chern character of
(Ag, H, D) is represented by the cyclic 2-cocycle,

m(a% at,a%) =1y [ao (61(31)52(32) - 62(31)51(32))] ,

where Tq is the canonical trace and the §; the basic
derivations of Ag.

This Connes-Chern character plays an important role in Bellissard’s
work on the (integral) quantum Hall effect.




The JLO Cochain

For t > 0and X°,...,X™ in L(H), set

_ 2 _ 2
Ht(XO, o ’Xm) — XOe sotD= | . XMe SmtD’ ,
Ap

where Ay, = {s; > 0;s0 + 51+ --- + 5 = 1}.

Definition (Jaffe-Lesniewski-Osterwalder)

For t > 0, the JLO cochain ¢?'© = (¢}50)k>0 is given by

AR, a%) = 19 Str{Ht (aO, [D,al],..., [D,a2k]>}, JecA
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The JLO Cochain

Proposition (Jaffe-Lesniewski-Osterwalder, Connes, Getzler-Szenes)

@ (b+ B)plO =0 forall t > 0.
@ Suppose that £ ~ e A9, e = e € My(A). Then

ind Dye = (©3°,Ch(e)) VYt > 0.

v
RENEIS

@ As it may have infinitely many components gogb?( #£0, in
general the JLO cochain is not an even periodic cyclic cocycle.

@ It is however a cocycle in “entire cyclic cohomology”.

© The JLO cochain can be interpreted as the Chern character of
some superconnection on the space of chains (Quillen).
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The CM Cocycle

@ (A,H,D) is pT-summable for some p > 1.

@ There are asymptotics in t*(log t)? for Str { H,(X?,..., X™)}
ast — 0T, for X = a, or [D, a], or D.

Theorem (Connes-Moscovici)

Define oM = (gogl'(v')kzo by

gog,i\/'(ao, co,a™) = Pfisor @}2‘2(30, e an), d e A,
where Pf is the “partie finie” (finite part). Then
(1] @%"7\" =0 for q > %p and (b + B)p™ =0, and hence oM is
an even periodic cocycle.
@ The class of ™M in HP?(A) agrees with Ch(D).
© We have

ind Dge = (oM, Ch(&)) V(& VE).
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Example: Dirac Spectral Triple

Proposition (Block-Fox, Connes-Moscovici, RP ‘03, RP+Wang

'15)
For a Dirac spectral triple (C>°(M), L>(M,$),D), we have

2im) =" ;
gogk“"(fo,...,f%):((’;;))! /Mfodfl/\---/\df2k/\A(RM),

That is, we have

M
(pC = ¥,

where C = (2im)~"A(RM)" is the Poincaré dual current of
(2im)~"A(RM).
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Example: Dirac Spectral Triple

@ E is a Hermitian vector bundle and £ = C*°(M, E).

@ VE is a connection on E with curvature VE.

Consequence
We have

indPe = ind Dye = (Ch(P), Ch(£) = (p™, o (Ch(FE)).
where a is the HKR map. Using the formula for ¢“M we get
(p™M, o (Ch(FE)) = (e, a (Ch(FE)) = (C, Ch(FE)).

Thus,
indPge = (C, Ch(FE)) = (2,'77)"/ A(RM) A Ch(FE).
M

This is the Atiyah-Singer index formula!




